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Monovariant: quantity that only increases or 
decreases as we “move”.



Monovariant: quantity that only increases or 
decreases as we “move”.

Question: where else can we find monovariants? 



Fibonacci numbers: F1 = 1, F2 = 2, Fn+1 = Fn + Fn-1.

Zeckendorf’s Theorem: Every positive integer can be written 
uniquely as a sum of non-adjacent Fibonacci numbers.

Example: 82 = 55 + 21 + 5 + 1 (Greedy algorithm)
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Zeckendorf’s Theorem: Every positive integer can be written 
uniquely as a sum of non-adjacent Fibonacci numbers.

Example: 82 = 55 + 21 + 5 + 1 (Greedy algorithm)

Given any decomposition as a sum of Fibonaccis, two moves:
• Split a double: 2 Fn = Fn + Fn-1 + Fn-2 = Fn+1 + Fn-2.
• Combine adjacent: Fn + Fn-1 = Fn+1.



Fibonacci numbers: F1 = 1, F2 = 2, Fn+1 = Fn + Fn-1.

Zeckendorf’s Theorem: Every positive integer can be written 
uniquely as a sum of non-adjacent Fibonacci numbers.

Example: 82 = 55 + 21 + 5 + 1 (Greedy algorithm)

Given any decomposition as a sum of Fibonaccis, two moves:
• Split a double: 2 Fn = Fn + Fn-1 + Fn-2 = Fn+1 + Fn-2.
• Combine adjacent: Fn + Fn-1 = Fn+1.

THEOREM: Among all decompositions of a number as a sum of 
Fibonaccis, none have fewer summands than the Zeckendorf.




















































































