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THE VARIATION OF CERTAIN SPECULATIVE PRICES*
BENOIT MANDELBROTt
I. INTRODUCTION

Ename of Louis Bachelier is often
mentioned in books on diffusion
process. Until very recently, however, few people realized that his early
(1900) and path-breaking contribution
was the construction of a random-walk
model for security and commodity markets.' Bachelier'ssimplest and most important model goes as follows:let Z(t) be
the price of a stock, or of a unit of a com*The theorydevelopedin this paperis a natural
continuationof my study of the distributionof income.I was still workingon the latterwhenHendrik
S. Houthakker directed my interest toward the
distributionof pricechanges.The presentmodelwas
thus suggestedby Houthakker'sdata; it was discussed with him all along and was first publicly
presentedat his seminar.I thereforeowehima great
debt of gratitude.
The extensive computations required by this
work were performedon the 7090 computerof the
I.B.M. Research Center and were mostly programmedby N. J. Anthony, R. Coren,and F. L.
Zarnfaller.Many of the data whichI have usedwere
most kindly suppliedby F. Lowensteinand J. Donald of the EconomicStatisticssectionof the United
States Departmentof Agriculture.Some stages of
the present work were supportedin part by the
Officeof Naval Research,under contract number
Nonr-3775(00),NR-047040.
t HarvardUniversityand ResearchCenterof the
InternationalBusinessMachinesCorporation.
1The materialsof this paperwill be includedin
greaterdetailin my booktentativelytitledStudiesin
Speculation, Economics, and Statistics, to be pub-

lishedwithin a year by John Wiley and Sons.
The presenttext is a modifiedversionof my "ResearchNote," NC-87, issuedon March 26, 1962 by
the ResearchCenter of the InternationalBusiness
MachinesCorporation.I have been carefulto avoid
any change in substance,but certainparts of that
expositionhave been clarified,and I have omitted
some less essential sections, paragraphs,or sentences. Sections I and II correspondroughly to
chaps. i and ii of the original,SectionsIII and IV
correspondto chaps.iv and v, SectionsV and VI, to
chap. vi, and SectionVII, to chap. vii.

modity, at the end of time periodt. Then
it is assumed that successive differences
of the form Z(t + T) - Z(t) are independent, Gaussian or normally distributed, random variables with zero mean
and variance proportionalto the differencing interval T.2
Despite the fundamental importance
of Bachelier'sprocess,which has come to
be called "Brownianmotion," it is now
obvious that it does not account for the
abundant data accumulated since 1900
by empiricaleconomists, simply because
theempiricaldistributionsof price changes
are usually too "peaked"to be relativeto
samplesfrom Gaussianpopulations.3That
2 The simple Bacheliermodel implicitlyassumes
that the varianceof the differencesZ(t + T) - Z(t)
is independentof the level of Z(t). Thereis reasonto
expect, however, that the standard deviation of
AZ(t)will be proportionalto the pricelevel, and for
this reason many modernauthors have suggested
that the originalassumptionof independentincrements of Z(t) be replacedby the assumptionof independentand Gaussianincrementsof log. Z(t).
Since Bachelier'soriginalwork is fairly inaccessible, it is good to mentionmorethan one reference:
"Theoriede la speculation"(ParisDoctoralDissertation in Mathematics,March29, 1900) Annalesde

l'Ecole Normale Superieure, ser. 3, XVII (1900), 21-

86; "Theorie mathematiquedu jeu," Annales de
l'Ecole Normale Superieure, ser. 3, XVIII (1901),
143-210; Calcul des probabilites (Paris: GauthierVillars, 1912); Le jeu, la chance et le hasard (Paris,

1914 [reprintedup to 1929at least]).
3 To the best of my knowledge,the first to note
this fact was Wesley C. Mitchell,"The Makingand
Using of Index Numbers,"Introductionto Index
Numbers and Wholesale Prices in the United States
and Foreign Countries (published in 1915 as Bulletin

No. 173 of the U.S. Bureauof Labor Statistics,reprinted in 1921 as Bulletin No. 284). But unquestionableproofwas only given by MauriceOlivierin
"Les Nombres indices de la variation des prix"
(Parisdoctoraldissertation,1926),and FrederickC.
Mills in The Behavior of Prices (New York: National

Bureau of Economic Research, 1927). Other evi-
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is, the histogramsof price changesare indeed unimodal and their central "bells"
remindone of the "Gaussianogive." But
there are typically so many "outliers"
that ogives fitted to the mean square of
price changesare much lower and flatter
than the distribution of the data themselves (see, e.g., Fig. 1). The tails of the
distributionsof price changes are in fact
so extraordinarilylong that the sample
second moments typically vary in an
erratic fashion. For example, the second
moment reproducedin Figure 2 does not
seem to tend to any limit even though
the sample size is enormousby economic
standards,and even though the series to
which it applies is presumably stationary.
It is my opinion that these facts warrant a radically new approach to the
problemof price variation.4The purpose
of this paper will be to present and test
such a new model of price behavior in
speculative markets. The principal feature of this model is that starting from
the Bachelier process as applied to log,
Z(t) instead of Z(t), I shall replace the
Gaussian distributions throughout by
another family of probabilitylaws, to be
referredto as "stable Paretian," which
were first describedin Paul Levy's classic
dence, referringeither to Z(t) or to log,Z(t) and
plottedon variouskindsof coordinates,can be found
in ArnoldLarson,"Measurementof a RandomProcess in FuturePrices,"FoodResearchInstituteStudies,
I (1960), 313-24; M. F. M. Osborne,"Brownian
Motion in the Stock Market,"OperationsResearch,
VII (1959), 145-73, 807-11; S. S. Alexander,
"Price Movementsin SpeculativeMarkets:Trends
of RandomWalks?"IndustrialManagementReview
of M.I.T., II, pt. 2 (1961), 7-26.
4Such an approachhas also been necessary-and
successful-in other contexts;for backgroundinformation and many additionalexplanationssee my
"New Methodsin StatisticalEconomics,"Journalof
PoliticalEconomy,Vol. LXXI (October,1963).
I believe,however,that each of the applications
shouldstand on their own feet and have minimized
the numberof crossreferences.
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Calculdes probabilites(1925). In a somewhat complex way, the Gaussian is a
limiting case of this new family, so the
new model is actually a generalizationof
that of Bachelier.
Since the stable Paretian probability
laws are relatively unknown, I shall begin with a discussionof some of the more

FIG. 1.-Two histogramsillustrating departure
from normalityof the fifth and tenth differenceof
monthly wool prices, 1890-1937.In each case, the
continuousbell-shapedcurve representsthe Gaussian "interpolate"based upon the samplevariance.
Source: Gerhard Tintner, The Variate-Difference
Method(Bloomington,Ind., 1940).

important mathematical properties of
these laws. Following this, the results of
empirical tests of the stable Paretian
model will be examined. The remaining
sections of the paperwill then be devoted
to a discussion of some of the more
sophisticatedmathematical and descriptive properties of the stable Paretian
model. I shall, in particular,examine its
bearing on the very possibility of implementing the stop-lossrules of speculation
(Section VI).

396
II.

THE JOURNALOF BUSINESS
MATHIEMATICAL TOOLS: PAUL LEVY'S
STABLE

PARETIAN

LAWS

A. PROPERTY OF ?CSTABILITYYY
OF THE GAUSSIAN
LAW AND ITS GENERALIZATION

One of the principalattractions of the
modified Bachelier process is that the
logarithmicrelative
L(t, T) = loge Z(t + T) - log, Z(t)

of mean squares respectivelyequal to o-J2
and o0-12. Then,the sum G' + G" is also a
Gaussianvariable,of meansquareequalto
0)2 + 0u"2. In particular, the "reduced"
Gaussian variable, with zero mean and
unit mean square,is a solutionto
s'U + s"U = sU,

(S)

wheres is a function of s' and s" given by
is a Gaussian random variable for every the auxiliary relation
value of T; the only thing that changes
s2 =
+ S"2
S-2
with T is the standard deviation of L(t, (A2)
T). This featureis the consequenceof the
It should be stressedthat, from the viewfollowingfact:
point of equation (S) and relation (A2),
Let G' and G" betwoindependentGaus- the quantities s', s", and s are simply
sian randomvariables,of zeromeans and scale factors that "happen"to be closely
related to the root-mean-squarein the
Gaussiancase.
The property (S) expresses a kind of
stability or invariance under addition,
which is so fundamental in probability
theory that it came to be referred to
simply as "stability." The Gaussian is
the only solution of equation (S) for
which the second moment is finite-or
for which the relation (A2) is satisfied.
,When the variance is allowed to be infinite, however, (S) possessesmany other
solutions. This was shown constructively
by Cauchy, who consideredthe random
variable U for which
Pr(U > u) = Pr(U <-u)
=
FIG. 2.-Both graphsare relativeto the sequential samplesecondmomentof cotton price changes.
Horizontalscale representstime in days, with two
differentorigins T?: on the upper graph, T? was
September21, 1900; on the lower graph T? was
August 1, 1900.Verticallines representthe value of
the function

[L0t11)

(T-7T?)-1j

12 X

t= TO

where L(t, 1) = log. Z(t + 1) - log. Z(t) and Z(t)
is the closingspot priceof cottonon day 1,as privately reportedby the United States Department of
Agriculture.

a-(1/7r)

tan-l

(u),

so that its density is of the form
dPr(U < u) = [7r(l + u2)]f.
For this law, integral moments of all
ordersare infinite, and the auxiliaryrelation takes the form
s = si + si/
(A1)
where the scale factors s', s", and s are
not defined by any moment.
As to the general solution of equation
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(S), discoveredby Paul Levy,5 the loga- of s'U' + s"U" is the product of those
rithm of its characteristicfunction takes of s'U' and of s"U", the equation (S) is
readily seen to be accompanied by the
the form
co
auxiliary relation
exp(iuz)dPr( U< u)=i6z
(PL)log f
S s=S + S"t
(A)
-yZ

a [1+j

( Z/

Z I )tan(axr/2)]

It is clear that the Gaussianlaw and
the law of Cauchy are stable and that
they correspondto the cases (a = 2) and
(a = 1; A = 0), respectively.
Equation (PL) determines a family
of distribution and density functions
Pr(U < u) and dPr(U < u) that depend
continuouslyuponfourparameterswhich
also happen to play the roles usually associated with the first four moments of
U, as, for example, in Karl Pearson's
classification.
First of all, the a is an index of "peakedness" that varies from 0 (excluded) to
2 (included); if a = 1, A must vanish.
This a will turn out to be intimately
related to Pareto's exponent. The A is an
index of "skewness"that can vary from
=- 0, the stable densities
- 1 to + 1. If
are symmetric.
One can say that a and f together determine the "type" of a stable random
variable, and such a variable can be
called "reduced"if y =- 1 and a = 0. It
is easy to see that, if U is reduced,sU is
a stable variable having the same values
for a, f and a and having a value of y
equal to sa: this means that the third
parameter, y, is a scale factor raised to
the power a. Suppose now that U' and
U" are two independentstable variables,
reduced and having the same values for
a and $; since the characteristicfunction
Paul L6vy, Calcul des probabilitds(Paris:
Gauthier-Villars,
1925);PaulLevy, Thdoriedel'addilion des variablesal.atoires(Paris: Gauthier-Villars,
1937 [2d ed., 1954]).The most accessiblesourceon
these problemsis, however, B. V. Gnedenkoand
A. N. Kolmogoroff,Limit Distributions
for Sums of
IndependentRandomVariables,trans. K. L. Chung
(Reading,Mass.: Addison-WesleyPress, 1954).

If on the contrary U' and U" are stable
with the same values of a, a and of
8 = 0, but with differentvalues of oy(respectively, oy'and oy"),the sum U' + U"
is stable with the parameters a, (, 7 =
7' + y" and 8 = 0. Thus the familiar
additivity property of the Gaussian
"variance" (defined by a mean-square)
is now played by either oyor by a scale
factor raised to the power a.
The finalparameterof (PL) is 8;strictly speaking, equation (S) requires that
8 = 0, but we have added the termi8z to
(PL) in order to introduce a location
parameter.If 1 < a ? 2 SOthat E(U) is
finite, one has 8 = E(U); if A = 0 so that
the stable variable has a symmetric density function, 8 is the median or modal
value of U; but 8has no obviousinterpretation when 0 < a < 1 with A 0 0.
B. ADDITION OF MORE THAN TWO
STABLE RANDOM VARIABLES

Let the independentvariables U. satisfy the condition (PL) with values of a,
A, y, and 8 equal for all n. Then, the logarithm of the characteristicfunction of
SN =

Ul +U2

+ *

*Un

+ **

UN

is N times the logarithmof the characteristic function of Un, and it equals
Za [1 + iO(z/Izf ) tan (ar/2)],
i 8Nz- Ny zI
so that SN is stable with the same a and
( as Un, and with parameters 8 and y
multiplied by N. It readily follows that
N
U. - a andN-'/a E (US-6)
n=1

have identical characteristic functions
and thus are identically distributed ran-
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dom variables. (This is, of course,a most Thus, if the expressionZ(t + 1) - Z(t)
familiar fact in the Gaussian case, is a stable variable U(t) with a = 0, the
a = 2.)
difference between successive means of
The generalization of the classical '"T1/2 values of Z is given by
Law."-In the Gaussianmodel of Bache- U(tO)+ [(N - 1)/N] [U(to + 1)
lier, in which daily incrementsof Z(t) are
+ U(t - 1)] + [(N - n)/N] [U(to + n)
Gaussian with the standard deviation
a (1), the standarddeviationof the change
+U (t?-n)] + . . . [U(t?+ N-1)
of Z(t) over T days is equal to a(T) =
+ U(tO--N + 1)].
T1/2 o(1).
The correspondingprediction of my
This is clearly a stable variable, with the
model is the following: consider any
same a and A as the original U, and with
scale factor such as the intersextilerange,
a scale parameterequal to
that is, the differencebetween the quantity U+ which is exceeded by one-sixth
'y0(N) = [1 + 2(N -)a N-a +
of the data, and the quantity U- which
.. + 2] y(U).
2(N-n) N-+.
is larger than one-sixth of the data. It is
easy to find that the expected range As N - co, one has
satisfies
E[U+(T)

-

'y0(N)/'y(U) --+ 2N/(a + 1),

U-(T)]=

whereas a genuine monthly change of
Z(t) has a parameter 'y(N) = Ny(U);
We should also expect that the devia- thus the effect of averaging is to multions from these expectations exceed tiply "y by the expression 2/(a + 1),
those observedin the Gaussiancase.
which is smaller than 1 if a > 1.
Diferences betweensuccessivemeans of
C. STABLE DISTRIBUTIONS AND THE
Z(t).-In all cases, the average of Z(t)
LAW OF PARETO
over the time span t? + 1 to t? + N can
Except for the Gaussianlimit case, the
then be written as
densities of the stable random variables
(1/N) [Z(t?+ 1) + Z(t? + 2) + ...
follow a generalizationof the asymptotic
behavior of the Cauchy law. It is clear
Z(t?+ N)] = (1/N) {N Z(t?+ 1)
for example that, as u -> c, the Cauchy
+ (N- 1) [Z(t?+ 2) -Z(t? + 1)]+...
density behaves as follows:
+ (N- n) [Z(t?+ n + 1) -Z(to + n)]
u Pr(U > u) = u Pr(U < -u) --+1/r .
+ . .. [Z(t?+ N) -Z(t? + N -1)]} .
More generally,Levy has shown that the
On the contrary, let the average over tails of all non-Gaussianstable laws folthe time span t? - N - 1 to t? be written low an asymptotic form of the law of
Pareto, in the sense that there exist two
as
TuIaE[U+(1) - U-(1)].

(1/N) {N Z(tO) -(N

-1)] -. . .-(N

-Z(t?-n)]-.
-Z(t?-N+1)]}.

-

1) [Z(tO) -

Z(tO

-n) [Z(to?-n + 1
. . [Z(t?-N + 2)

constants C' = a" and C" = a', linked
by ( = (C' - C")/(C' + C"), such that,
when u -> c, uaPr(U > u) - C' =
and uaPr(U < -u) -> C" = ".
O/a
Hence both tails are Paretian if I(1

1, a solid reason for replacing the term
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"stable non-Gaussian"by the less negative one of "stableParetian." The two
numbers a' and a" share the role of the
standard deviation of a Gaussian variable and will be designatedas the "standard positive deviation" and the "standard negative deviation."
In the extreme cases where A = 1 and
hence C" = 0 (respectively, where ( =
-1 and C' = 0), the negative tail (respectively, the positive tail) decreases
faster than the law of Pareto of index a.
In fact, one can prove6 that it withers
away even faster than the Gaussiandensity so that the extreme cases of stable
laws are practicallyJ-shaped. They play
an important role in my theory of the
distributions of personal income or of
city sizes. A numberof furtherproperties
of stable laws may thereforebe found in
my publicationsdevoted to these topics.7
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N

NlimN-1
N -+co

[ Un-E (U)]

-1E
n=1

is a reducedGaussianvariable.
This result is of coursethe basis of the
explanation of the presumed occurrence
of the Gaussian law in many practical
applicationsrelative to sums of a variety
of random effects. But the essential
thing in all -these aggregative arguments
is not that [U - E(U)] is weighted by
any special factor, such as N-1/2, but
rather that the following is true:
There exist two functions, A(N) and
B (N), such that, as N -? o, the weighted
sum
N

(L)

A (N)

E~

Un-B (N)

n=1

has a limit thatis finite and is not reduced
to a non-randomconstant.
If the varianceof Unis not finite, howD. STABLE VARIABLES AS THE ONLY POSSIBLE LIMever,
condition (L) may remain satisfied
ITS OF WEIGHTED SUMS OF INDEPENDENT
while the limit ceasesto be Gaussian.For
IDENTICALLY DISTRIBUTED ADDENDS
example, if Un is stable non-Gaussian,
The stability of the Gaussianlaw may
the linearly weighted sum
be consideredas being only a matter of
)
N-l/af2 ( Un convenience,and it is often thought that
the following property is more imporwas seen to be identicalin law to Un, so
tant.
that the "limit" of that expressionis alLet the Un be independent,identically
ready attained for N = 1 and is a stable
distributed,randomvariables,with afinite non-Gaussian law. Let us now
suppose
a2 = E[Un - E(U)]2. Then the classical
that U. is asymptotically Paretian with
centrallimit theoremassertsthat
0 < a < 2, but not stable; one can show
6A. V. Skorohod, "Asymptotic Formulas for that the limit exists in a real sense, and
Stable Distribution Laws," Dokl. Ak. Nauk SSSR,
that it is the stable Paretian law having
XCVIII (1954), 731-35, or Sdect. Tranl. Math. Stat. the
same value of a. Again the function
Proba. Am. Math. Soc. (1961), pp. 157-61.
7 Benoit Mandelbrot, "The Pareto-L6vy Law

A (N) can be chosen equal to N-/ .

These results are crucialbut I had better
not attempt to rederivethem here. There
is little sense in copying the readily available full mathematical arguments, and
experienceshows that what was intended
to be an illuminating heuristic explanation
often looks like another instance in
Maximization," QuarterlyJournal of Economics,
which far-reachingconclusionsare based
LXXVI (1962), 57-85.
and the Distribution of Income," International Economic Review, I (1960), 79-106, as amended in "The
Stable Paretian Income Distribution, When the Apparent Exponent Is near Two," InternationalEconomic Review, IV (1963), 111-15; see also my "Stable
Paretian Random Functions and the Multiplicative
Variation of Income," Econometrica, XXIX (1961),
517-43, and "Paretian Distributions and Income
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on loose thoughts. Let me thereforejust
quote the facts:
The problemof the existenceof a limit
for A (N)iUn - B(N) can be solved by
introducing the following generalization
of the asymptotic law of Pareto:8
The conditions of Pareto-DoeblinGnedenko.-Introducethe notations
Pr(U > u) = Q(u)m-a ;
Pr(U <-u)

= Q"(u)ua-,.

The conditionsof P-D-G requirethat (a)
when u -*

(Whichever the value of a, the P-D-G
condition (b) also plays a central role in
the study of the distributionof the random variable max Us.)
As an applicationof the above definition and theorem, let us examine the
product of two independent, identically
distributed Paretian (but not stable)
variables U' and U". First of all, for
u > 0, one can write
Pr(U'UI" > u) = Pr(U' > 0; U" > 0
and log U' + log U" > log u)

c, Q'(u)/Q"(u) tends to a limit

IU"< O and
+ Pr(U' <;
C'/C", (b) thereexists a value of a > 0
log IU'I + log U"I > logu).
suchthatfor everyk > 0, andfor u -*
one has
But it followsfrom the law of Pareto that
Q (u) +Q ( ) Pr(U > ez) -' C' exp(- az) and
Q'(ku) +Q"(ku)
Pr(U < - ez) -,' C" exp(- az),
These conditionsgeneralizethe law of
Pareto, for which Q'(u) and Q"(u) them- where U is either U' or U". Hence, the
selves tend to limits as u -> c. With two terms P' and P" that add up to
their help, and unless a = 1, the prob- Pr(U'U" > u) satisfy
lem of the existence of weighting factors
PI,,
C'2 az exp(- az) and
A (N) and B(N) is solved by the following theorem:
PI' , C"2 az exp(- az).
If the Un,are independent,identically
distributedrandom variables, there may Therefore
exist no functions A(N) and B (N) such Pr(U'U" > u) -,' a(C'2 + C"2) (log, U) Ua.
thatA(N) Z Un- B (N) tendsto a proper
limit. But, if such functions A(N) and Similarly
B (N) exist, one knowsthatthe limit is one Pr(U'U" < - u) --' a2C'C" (loge u) U-a.
of thesolutionsof thestabilityequation(S).
It is obvious that the Pareto-DoeblinMoreprecisely,thelimit is Gaussianif and
Gnedenkoconditionsare satisfiedfor the
only if the Un hasfinite variance;the limit functions
(CI2+ C"2)a loge U
Q'(u)
is stablenon-Gaussianif and only if the
and Q"(u) -,' 2C'C"a log, u. Hence the
are
conditionsof Pareto-Doeblin-Gnedenko
weighted expression
satisfiedfor some 0 < a < 2. Then A =
(C' - C")/(C' + C") and A(N) is de(N log N) 1/a2S U' U"n
n=1
terminedby the requirementthat
N Pr[U > u A-'(N)] -* C'u-a
convergestoward a stable Paretian limit
with
the exponent a and the skewness
8

See Gnedenkoand Kolmogoroff,op. cit., n. 4,
p. 175,who use a notationthat does not emphasize,
as I hope to do, the relation between the law of
Pareto and its presentgeneralization.

= (C'2 + C"2

-

2C'C"l)/(C'2 + C"12

+ 2C'C") = [(C'- C")/(C' +

C"I)]2 > 0.
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In particular,the positive tail should always be bigger than the negative.
E.

SHAPE

OF STABLE PARETIAN DISTRIBUTIONS
OUTSIDE ASYMPTOTIC RANGE

The result of Section IIC should not
hide the fact that the asymptotic behavior is seldom the main thing in the
applications. For example, if the sample
size is N, the ordersof magnitude of the
largest and smallest item are given by
N Pr[U > u+(N)] = 1,
and
1,
NPr[U <-u-(N)=
and the interesting values of u lie between -u- and u+. Unfortunately, except in the cases of Gaussand of Cauchy
and the case (a = 2; = 1), there are no
known closed expressionsfor the stable
densities and the theory only says the
following: (a) the densities are always
unimodal; (b) the densities depend continuously upon the parameters; (c) if
A > 0, the positive tail is the fatterhence, if the mean is finite (i.e., if 1 <
a < 2), it is greater than the most probable value and greater than the median.
To go further, I had to resort to numerical calculations. Let us, however,
begin by interpolative arguments.
The symmetric cases,

fi =

O.-For a

=

1, one has the Cauchylaw, whose density
[ir(1 + u2)]-l is always smaller than the
Paretian density 1/wXu2toward which it
tends in relative value as u -->

fore,

. There-
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Hence, again by continuity, the graphfor
a = 2 - e must also begin by a rapid
decrease. But, since its ultimate slope is
close to 2, it must have a point of inflection correspondingto a maximum slope
greater than 2, and it must begin by
"overshooting" its straight asymptote.
Interpolatingbetween 1 and 2, we see
that there exists a smallestvalue of a, say
ao, for -which the doubly logarithmic
graph begins by overshootingits asymptote. In the neighborhood of a?, the
asymptotic a can be measuredas a slope
even if the sample is small. If a < a?, the
asymptotic slope will be underestimated
by the slope of small samples;for a > a0
it will be overestimated. The numerical
evaluation of the densities yields a value
of a0in the neighborhoodof 1.5. A graphical presentation of the results of this
section is given in Figure 3.
The skew cases.-If the positive tail is
fatter than the negative one, it may well
happenthat its doubly logarithmicgraph
begins by overshooting its asymptote,
while the doubly logarithmicgraphof the
negative tail does not. Hence, there are
two criticalvalues of a0,one for each tail;
if the skewness is slight, a is between the
critical values and the sample size is not
large enough, the graphs of the two tails
will have slightly different over-all apparent slopes.
F. JOINT DISTRIBUTION OF INDEPENDENT
STABLE PARETIAN VARIABLES

Let p1(u1)and p2(u2)be the densities
of Ui and of U2. If both u1 and u2 are
and it follows that for a = 1 the doubly large, the joint probability density is
logarithmicgraph of loge [Pr(U > u)] is given by
entirely on the left side of its straight
asymptote. By continuity, the same p0(Uli U2) = aC1'u ( a+1) aC2'u2 (a+1)
shape must apply when a is only a little
= a2C 'C2' (U1U2)( a+l)
higher or a little lower than 1.
For a = 2, the doubly logarithmic Hence, the lines of equal probability are
graph of the Gaussianloge [Pr(U > u)] portions of the hyperbolas
constant.
Ulu2=
dropsdown very fast to negligiblevalues.
Pr (U>

u) <l/lr

u,
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In the regions where either U1 or U2 is
large (but not both), these bits of hyperbolas are linked together as in Figure 4.
That is, the isolines of small probability
have a characteristic"plus-sign"shape.
On the contrary, when both U1 and U2
are small, loge pl(ul) and loge p2(u2) are
near their maxima and therefore can be
locally approximated by a, - (ul/bl)2 and

a2 - (U2/b2)2. Hence, the probability isolines are ellipses of the form
(ul/b1)2 + (u2/b2)2= constant.

The transition between the ellipses
and the "plus signs" is, of course, continuous.
G. DISTRIBUTION OF U1, WHEN U1 AND U2 ARE
INDEPENDENT STABLE PARETIAN VARIABLES AND U1 + U2 = U IS KNOWN

This conditional distribution can be
obtained as the intersectionbetween the
surface that representsthe joint density
po(ul, u2) and the plane ul + u2 = u.
Hence the conditional distribution is
unimodal for small u. For large u, it has
two sharplydistinct maximalocated near
ul = 0 and near u2 = 0.
More precisely, the conditional density of Ui is given by p1(u1)p2(u - u)/
q(u), where q(u) is the density of U =
U1 + U2. Let u be positive and very
large; if ul is small, one can use the
Paretian approximationsfor p2(u2) and
q(u), obtaining
-ui)/q(u)

P1(u1)P2(u
+

[Cl'/(Cl'

If

U2 iS

C2')]pl(ul).

small,one similarlyobtains
P1(U1)P2(U
[C2'/C1'

+

-ui)/q(u)
C2')]p2(U

-

U1)

In other words, the conditional denlooks as if
-ul)/q(u)
two unconditioned distributions scaled
down in the ratios Cl'/(Cl' + C2') and

sity pl(ul)p2(u

C2'/(C1' + C2') had been placed near
ul = 0 and ul = u. If u is negative but
3.-The various lines are doubly logarithmic
plots of the symmetric stable Paretian probability
distributions with a = 0, y = 1, B = 0 and various
values of a. Horizontally, log, u; vertically, log,
Pr(U > u) = log, Pr(U < - u). Sources: unpublished tables based upon numerical computations
performed at the author's request by the I.B.M.
Research Center.
FIG.

Jul is very large, a similar result holds
with Ci" and C2" replacing Cl' and C2'.
and Cl' =
For example, for a = 2 C2', the conditioneddistributionis made

up of two almost Gaussian bells, scaled
down to one-half of their height. But, as
a tends toward 2, these two bells become
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smaller and a third bell appears near
Ul = u/2. Ultimately, the two side bells
vanish and one is left with a central bell
which correspondsto the fact that when
the sum U1 + U2 is known, the conditional distribution of a Gaussian UI is
itself Gaussian.
III. EMPIRICAL TESTS OF THE STABLE
PARETIAN LAWS: COTTON PRICES
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tributions, one of which has a small
weight but a large variance and is considered as a random "contaminator."In
order to explain the sample behavior of
the moments, it unfortunately becomes
necessaryto introducea largernumberof
contaminators,and the simplicity of the
model is destroyed.

This section will have two main goals.
First, from the viewpoint of statistical
economics, its purpose is to motiVate
and develop a model of the variation of
speculative prices based on the stable
Paretian laws discussed in the previous
section. Second, from the viewpoint of
statistics consideredas the theory of data
analysis, I shall use the theorems concerningthe sums 22Unto build a new test
of the law of Pareto. Before moving on to
the main points of the section, however,
let us examine two alternative ways of
treating the excessive numbers of large
price changes usually observed in the
data.
A. EXPLANATION OF LARGE PRICE CHANGES BY
CAUSAL OR RANDOM "CONTAMINATORS"

One very common approachis to note
that, a posteriori,large price changesare
usually traceable to well-determined
"causes" that should be eliminated before one attempts a stochastic model of
the remainder.Such preliminarycensorship obviously brings any distribution
closer to the Gaussian. This is, for example, what happens when one restricts
himself to the study of "quiet periods"of
price change. There need not be any observablediscontinuitybetween the "outliers" and the rest of the distribution,
however, and the above censorship is
thereforeusually undeterminate.
Another popular and classical procedure assumes that observationsare generated by a mixture of two normal dis-

FIG. 4.-Joint distribution of successive price
relativesL(t, 1) and L(t + 1, 1) undertwo alternative models.If L(t, 1) and L(t + 1, 1) are independent, they shouldbe plotted alongthe horizontaland
verticalcoordinateaxes. If L(t, 1) andL(t + 1, 1) are
linked by the model in SectionVII, they shouldbe
plotted along the bisectrixes, or else the above
figureshould be rotated by 45? before L(t, 1) and
L(t + 1, 1) are plotted along the coordinateaxes.
B. INTRODUCTION OF THE LAW OF PARETO
TO REPRESENT PRICE CHANGES

I propose to explain the erratic behavior of sample moments by assuming
that the populationmomentsare infinite,
an approachthat I have used with success in a number of other applications
and which I have explainedand demonstrated in detail elsewhere.
This hypothesis amounts practically
to the law of Pareto. Let us indeed assume that the increment
L(t, 1) = loge Z(t + 1) - logeZ(t)
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is a random variable with infinite popu- Cotton provideda good example,and the
lation moments beyond the first. This present paper will be limited to the eximplies that its density p(u) is such that amination of that case. I have, however,
fp(u) u2du diverges but fp(u) udu con- also established that my theory applies
verges (the integrals being taken all the to many other commodities (such as
way to infinity). It is of course natural, wheat and other edible grains), to
at least in the first stage of heuristicmo- many securities (such as those of the
tivating argument, to assume that p(u) railroadsin their nineteenth-centuryheyis somehow "well behaved" for large u; day), and to interest rates such as those of
if so, our two requirementsmean that as call or time money.9 On the other hand,
U -> cx, p(u)u3 tends to infinity and there are unquestionablymany economic
p(u)u2 tends to zero.
phenomenafor which much fewer "outIn words: p(u) must somehow de- liers" are observed, even though the
crease faster than u-2 and slower than available series are very long; it is natuu-3. From the analytical viewpoint, the ral in these cases to favor Bachelier's
simplest expressions of this type are Gaussianmodel-known to be a limiting
those with an asymptotically Paretian case in my theory as well as its protobehavior. This was the first motivation of type. I must, however,postpone a discusthe present study. It is surprising that I sion of the limits of validity of my apcould find no recordof earlierapplication proach to the study of prices.
of the law of Pareto to two-tailed pheC. PARETO'S GRAPHICAL METHOD APPLIED
nomena.
TO COTTON-PRICE CHANGES
My furthermotivation was more theoLet us begin by examiningin Figure 5
retical. Granted that the facts impose a the
doubly logarithmicgraphs of various
revision of Bachelier's process, it would kinds of cotton price changes as if they
be simple indeed if one could at least were
independent of each other. The
preserve the convenient feature of the theoretical log Pr(U > u), relative to
Gaussian model that the various incre- a = 0, a = 1.7, and A = 0, is plotted
ments,
(solid curve)on the same graph for comL(t, T)

=

log, Z(t + T)

-

log, Z(t),

dependupon T only to the extent of having different scale parameters. From all
other viewpoints, price increments over
days, weeks, months, and years would
have the same distribution,which would
also rule the fixed-base relatives. This
naturally leads directly to the probabilists' concept of stability examined in
Section II.
In other terms, the facts concerning
moments, together with a desire to have
a simple representation, suggested a
check as to whetherthe logarithmicprice
relatives for unsmoothed and unprocessed time series relative to very active
speculative markets are stable Paretian.

parison. If the various cotton prices followed the stable Paretianlaw with a = 0,
a = 1.7 and A = 0, the various graphs
should be horizontal translates of each
other, and a cursory examination shows
that the data are in close conformity
with the predictions of my model. A
closer examination suggests that the
positive tails contain systematically
fewer data than the negative tails, sug9 These examples were mentioned in my 1962
"Research Note" (op. cit., n. 1). My presentation,
however, was too sketchy and could not be improved
upon without modification of the substance of that
"Note" as well as its form. I prefer to postpone examination of all the other examples as well as the
search for the point at which my model of cotton
prices ceases to predict the facts correctly. Both will
be taken up in my forthcoming book (op. cit., n. 1).
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gesting that A actually takes a small negative value. This is also confirmedby the
fact that the negative tails alone begin by
slightly "overshooting" their asymptotes, creating the bulge that should be
expectedwhen a is greaterthan the critical value a' relative to one tail but not
to the other.

the previous section. Two of the graphs
refer to daily changes of cotton prices,
near 1900 and near 1950, respectively. It
is clear that these graphs do not coincide
but are horizontal translates of each
other. This implies that between 1900
and 1950 the generating process has
changed only to the extent that its scale
,y has become much smaller.
D. APPLICATION OF THE GRAPHICAL METHOD
Ournext test will be relative to monthTO THE STUDY OF CHANGES IN THE
DISTRIBUTION ACROSS TIME
ly price changes over a longer time span.
Let us now look more closely at the It would be best to examine the actual
labels of the various series examined in changes between, say, the middle of one

FIG. 5.-Composite of doubly logarithmic graphs of positive and negative tails for three kinds of cotton
price relatives, together with cumulated density function of a stable distribution. Horizontal scale u of
lines la, lb, and Ic is marked only on lower edge, and horizontal scale it of lines 2a, 2b, and 2c is marked
along upper edge. Vertical scale gives the following relative frequencies: (la) Fr[loge Z(t + one day) loge Z(t) > u], (2a) Fr[loge Z(t + one day) - loge Z(t) < - u], both for the daily closing prices of cotton
in New York, 1900-1905 (source: private communication from the United States Department of Agriculture).
(lb) Fr[loge Z(t + one day) - log, Z(t) > u], (2b) Fr[logeZ(t + one day) - log, Z(t) < - u], both for
an index of daily closing prices of cotton in the United States, 1944-58 (source: private communication
from Hendrik S. Houthakker).
(1c) Fr[loge Z(t + one month) - loge Z(t) > u], (2c) Fr[loge Z(t + one month) - log, Z(t) < -u
both for the closing prices of cotton on the 15th of each month in New York, 1880-1940 (source: private
communication from the United States Department of Agriculture).
The reader is advised to copy on a transparency the horizontal axis and the theoretical distribution and
to move both horizontally until the theoretical curve is superimposed on either of the empirical graphs;
the only discrepancy is observed for line 2b; it is slight and would imply an even greater departure from
normality.
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month to the middleof the next. A longer
sample is available, however, when one
takes the reported monthly averages of
the price of cotton; the graphs of Figure
6 were obtained in this way.
If cotton prices were indeed generated
by a stationary stochastic process, our
graphs should be straight, parallel, and
uniformly spaced. However, each of the
15-year subsamples contains only 200odd months, so that the separate graphs
cannot be expected to be as straight as
those relative to our usual samples of
1,000-odditems. The graphs of Figure 6
are, indeed, not quite as neat as those relating to longer periods;but, in the absence of accurate statistical tests, they
seem adequately straight and uniformly
spaced, except for the period 1880-96.
I conjecturethereforethat, since 1816,
the process generating cotton prices has
changed only in its scale, with the possible exception of the Civil War and of
the periods of controlled or supported
prices. Long series of monthly price
changes should therefore be represented
by mixturesof stable Paretian laws; such
mixtures remain Paretian.10
E. APPLICATION OF THE GRAPHICAL METHOD
TO STUDY EFFECTS OF AVERAGING

It is, of course, possible to derive
mathematically the expected distribution of the changes between successive
monthly means of the highest and lowest
quotation; but the result is so cumbersome as to be useless. I have, however,
ascertained that the empirical distribution of these changes does not differ significantly from the distribution of the
changes between the monthly means obtained by averagingall the daily closing
quotations within months; one may
therefore speak of a single averageprice
for each month.
10 See my "New Methodsin

StatisticalEconom-

ics," Journal of Political Economy, October,1963.

We then see on Figure 7 that the greater part of the distribution of the averages differsfrom that of actual monthly
changes by a horizontal translation to
the left, as predicted in Section IIC
(actually, in orderto apply the argument
of that section, it would be necessary to
rephraseit by replacingZ(t) by log, Z(t)
throughout;however, the geometric and
arithmetic averages of daily Z(t) do not
differ much in the case of medium-sized
over-all monthly changes of Z(t)).
However, the largest changesbetween
successiveaveragesare smallerthan predicted. This seems to suggest that the
dependence between successive daily
changes has less effect upon actual
monthly changes than upon the regularity with which these changes are performed.
IF. A NEW PRESENTATION OF THE EVIDENCE

Let me now show that my evidence
concerningdaily changes of cotton price
strengthens my evidence concerning
monthly changes and conversely.
The basic assumptionof my argument
is that successive daily changes of log
(price) are independent. (This argument
will thus have to be revised when the assumption is improved upon.) Moreover,
the population second moment of L(t)
seems to be infinite and the monthly or
yearly price changes are patently not
Gaussian.Hence the problemof whether
any limit theoremwhatsoeverapplies to
log, Z(t + T) - log, Z(t) can also be answered in theoryby examining whether
the daily changes satisfy the ParetoDoeblin-Gnedenkoconditions. In practice, however, it is impossible to ever
attain an infinitely large differencinginterval T or to ever verify any condition
relative to an infinitelylarge value of the
randomvariable u. Hence one must consider that a month or a year is infinitely

FIG. 6.-A rough test of stationarity for the process of change of cotton prices between 1816 and 1940.
Horizontally, negative changes between successive monthly averages (source: Statistical Bulletin No. 99 of
the Agricultural Economics Bureau, United States Department of Agriculture.) (To avoid interference
between the various graphs, the horizontal scale of the kth graph from the left was multiplied by 2k-1.)
Vertically, relative frequencies Fr(U < - u) corresponding respectively to the following periods (from

left to right): 1816-60, 1816-32, 1832-47, 1847-61, 1880-96, 1896-1916,1916-31, 1931-40, 1880-1940.

FIG. 7.-These
graphs illustrate the effect of averaging. Dots reproduce the same data as the lines 1c
and 2c of Fig. 5. The x's reproduce distribution of loge Z?(t + 1) - loge ZO(t), where ZO(t) is the average
spot price of cotton in New York during the month t, as reported in the Statistical Bulletin No. 99 of the
Agricultural Economics Bureau, United States Department of Agriculture.
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long, and that the largest observeddaily
changes of loge Z(t) are infinitely large.
Under these circumstances, one can
make the following inferences.
Inferencefrom aggregation.-The cotton price data concerningdaily changes
of loge Z(t) surely appear to follow the
weaker condition of Pareto-DoeblinGnedenko.Hence, from the property of
stability and according to Section IID,
one should expect to find that, as T increases,
7-l/a {loge Z(t + T) - logeZ(t)
-T

E[L(t, 1)])

tends toward a stable Paretian variable
with zero mean.
Inference from disaggregation.-Data
seem to indicate that price changes over
weeks and months follow the same law
up to a change of scale. This law must
therefore be one of the possible nonGaussian limits, that is, it must be a
stable Paretian. As a result, the inverse
part of the theoremof Section IID shows
that the daily changes of log Z(t) must
satisfy the conditionsof Pareto-DoeblinGnedenko.
It is pleasant to see that the inverse
condition of P-D-G, which greatly embarrassedme in my work on the distribution of income, can be put to use in the
theory of prices.
A few of the difficulties involved in
making the above two inferences will
now be discussed.
Disaggregation.-The P-D-G conditions are weakerthan the asymptotic law
of Pareto because they requirethat limits exist for Q'(u)/Q"(u) and for [Q'(u) +
Q"(u)]/[Q'(ku)+ Q"(ku)], but not for
Q'(u) and Q"(u) taken separately. Suppose, however,that Q'(u) and Q"(u) still
vary a great deal in the useful range of
large daily variations of prices. If so,
A (N)2Un - B(N) will not approachits

own limit until extremelylarge values of
N are reached.Therefore,if one believes
that the limit is rapidly attained, the
functions Q'(u) and Q"(u) of daily
changes must vary very little in the regions of the tails of the usual samples.In
other words, it is necessaryafter all that
the asymptotic law of Pareto apply to
daily price changes.
Aggregation.-Here, the difficultiesare
of a differentorder.Fromthe mathematical viewpoint, the stable Paretian law
shouldbecomeincreasinglyaccurateas T
increases. Practically, however, there is
no sense in even consideringvalues of T
as long as a century, because one cannot
hope to get samples sufficiently long to
have adequately inhabited tails. The
year is an acceptable span for certain
grains, but only if one is not worriedby
the fact that the long available series of
yearly prices are ill known and variable
averagesof small numbersof quotations,
not prices actually quoted on some market on a fixed day of each year.
From the viewpoint of economics,
there are two much more fundamental
difficultieswith very large T. First of all,
the model of independentdaily L's eliminates from considerationevery "trend,"
except perhapsthe exponentialgrowth or
decay due to a non-vanishing 8. Many
trends that are negligible on the daily
basis would, however, be expected to be
predominant on the monthly or yearly
basis. For example, weather might have
upon yearly changes of agricultural
prices an effect differentfrom the simple
addition of speculative daily price movements.
The second difficulty lies in the
"linear" characterof the aggregationof
successive L's used in my model. Since I
use naturallogarithms,a smalllog, Z(t +
T) - log, Z(t) will be undistinguishable
from the relative price change [Z(t +
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T) - Z(t)]/Z(t). The addition of small from T, their value may serve as a measL's is therefore related to the so-called ure of the degree of dependencebetween
"principle of random proportionate ef- successive L(t, 1).
fect"; it also means that the stochasThe above ratios were absurdly large
tic mechanism of prices readjusts itself in my original comparisonbetween the
immediately to any level that Z(t) may daily changes near 1950 of the cotton
have attained. This assumption is quite prices collected by Houthakker and the
usual, but very strong. In particular, I monthly changesbetween 1880 and 1940
shall show that, if one finds that log of the prices communicated by the
Z(t + one week) - log Z(t) is very large, USDA. This suggested that the supit is very likely that it differslittle from ported prices around 1950 varied less
the change relative to the single day of than their earlier counterparts. Theremost rapid price variation (see Section fore I repeated the plot of daily changes
VE); naturally, this conclusion only for the period near 1900, chosen hapholds for independent L's. As a result, hazardly but not actually at random.
the greatest of N successive daily price The new values of C'(T)/C'(1) and
changes will be so large that one may C"(T)/C"(1) became quite reasonable,
question both the use of log, Z(t) and the equal to each other and to 18. In 1900,
independenceof the L's.
there were seven trading days per week,
There are other reasons (see Section but they subsequently decreased to 5.
IVB) to expect to find that a simple ad- Besides, one cannot be too dogmatic
dition of speculative daily price changes about estimating C'(T)/C'(1). Therefore
predicts values too high for the price the behavior of this ratio indicated that
changes over periods such as whole the "apparent"number of trading days
months.
per month was somewhat smaller than
Given all these potential difficulties,I the actual number.
was frankly astonishedby the quality of
the predictions of my model concerning IV. WHY ONE SHOULD EXPECT TO FIND
NONSENSE MOMENTS AND NONSENSE
the distributionof the changes of cotton
IN ECONOMIC TIME SEPERIODICITIES
pricesbetween the fifteenth of one month
RIES
and the fifteenth of the next. The negaA. BEHAVIOR OF SECOND MOMENTS AND
tive tail has the expectedbulge, and even
FAILURE OF THE LEAST-SQUARES
the most extreme changesare precise exMETHOD OF FORECASTING
trapolates from the rest of the curve.
It is amusing to note that the first
Even the artificial excision of the Great
non-Gaussian stable law, namely,
known
Depressionand similarperiodswould not
distribution,was introducedin
Cauchy's
affect the general results very greatly.
of a study of the method of
the
course
It was therefore interesting to check
In a surprisinglylively arsquares.
least
whether the ratios between the scale coCauchy's 1853 paper,
following
gument
efficients,C'(T)/C'(1) and C"(T)/C"(1),
that a method
stressed
Bienayme"l
J.
were both equal to T, as predictedby my
of the sum
minimization
the
based
upon
theory whenever the ratios of standard
deviations o'(T)/o-'(s) and o"(T)/I"(s)
"J. Bienayme, "Considerationsa I'appuide la
followthe TI/a generalizationof the "TT1/2 d6couvertede Laplacesur la loi de probabilit6dans
la m6thodedes moindrescarres,"Comptesrendus,
Law" referredto in Section IIB. If the Acad6tmie
des Sciencesde Paris, XXXVII (August,
ratios of the C parameter are different 1853),309-24 (esp. 321-23).
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of squaresof sampledeviations cannot be
reasonablyused if the expected value of
this sum is known to be infinite. The
same argumentapplies fully to the problem of least-squares smoothing of economic time series, when the "noise" follows a stable Paretian law other than
that of Cauchy.
Similarly, consider the problem of
least-squares forecasting, that is, of the
minimizationof the expectedvalue of the
square of the error of extrapolation. In
the stable Paretian case this expected
value will be infinitefor every forecast,so
that the method is, at best, extremely
questionable. One can perhaps apply a
method of "least c-power" of the forecasting error, where r < a, but such an
approach would not have the formal
simplicity of least squares manipulations; the most hopeful case is that of
= 1, which corresponds to the minimization of the sum of absolute values of
the errorsof forecasting.
B. BEHAVIOR OF THE KURTOSIS AND ITS FAILURE
AS A MFASURE OF "PEAKEDNESS"

Pearson's index of "kurtosis" is defined as
_3 ?

fourthmoment
squareof the secondmoment'

If 0 < a < 2, the numerator and the
denominator both have an infinite expected value. One can, however, show
that the kurtosis behaves proportionately to its "typical" value given by
(1/N) (mostprobablevalue of 2 L4)
[(1/N) (mostprobablevalueof 2 L2)]'
const.N-1+4/a
[const.N"1+2/a]2= const.N.

Let me examinethe workof Cootnerin
this light.'2He has developed the tempting hypothesisthat pricesvary at random
only as long as they do not reach either
an upper or a lower bound, that are considered by well-informedspeculators to
delimit an interval of reasonablevalues
of the price. If and when ill-informed
speculators let the price go too high or
too low, the operations of the well-informed speculatorswill induce this price
to come back within a "penumbra"a la
Taussig. Under the circumstances, the
price changes over periods of, say, fourteen weeks should be smallerthan would
be expected if the contributing weekly
changes were independent.
This theory is very attractive a priori
but could not be generally true because,
in the case of cotton, it is not supported
by the facts. As for Cootner's own justification, it is based upon the observation that the price changes of certain securities over periods of fourteen weeks
have a much smaller kurtosis than oneweek changes. Unfortunately,his sample
contains 250-odd weekly changes and
only 18 fourteen-weekperiods.Hence, on
the basis of general evidence concerning
speculativeprices, I would have expected
a priori to find a smallerkurtosis for the
longer time increment, and Cootner's
evidence is not a proof of his theory;
other methods must be used in order to
attack the still very open problemof the
possible dependence between successive
price changes.
C. METHOD OF SPECTRAL ANALYSIS
OF RANDOM TIME SERIES

Applied mathematicians are frequently presented these days with the
In other words, the kurtosis is expected task of describingthe stochastic mechato increase without bound as N -.*

.

For small N, things are less simple but
presumablyquite similar.

Paul H. Cootner, "Stock Prices: Random
Walksvs. Finite MarkovChains,"IndustrialManagementReviewof M.I.T., III (1962), 24-45.
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nism capable of generatinga given time
seriesu(t), known or presumedto be random. The response to such questions is
usually to investigate first what is obtained by applying the theory of the
"second-orderrandom processes." That
is, assuming that E(U) = 0, one forms
the sample covariance
U(t)U(t+

r),

which is used, somewhat indirectly, to
evaluate the population covariance
R(T) = E[U (t)U(t + r)] .

Of course,R(r) is always assumed to be
finite for all; its Fouriertransformgives
the "spectraldensity" of the "harmonic
decomposition" of U(t) into a sum of
sine and cosine terms.
Broadly speaking, this method has
been very successful, though many
small-sampleproblemsremain unsolved.
Its applicationsto economicshave, however, been questionable even in the
large-samplecase. Within the context of
my theory, there is unfortunately nothing surprisingin such a finding. The expression 2E[U(t)U(t + r)] equals indeed
E[U(t) + U(t + 7)]2 - E[U(t)]2
E[U(t + r)]2; these three variances are
all infinite for time series covered by my
model, so that spectral analysis loses its
theoreticalmotivation. I must, however,
postpone a more detailed examinationof
this fascinatingproblem.
V. SAMPLE FUNCTIONS GENERATED BY
STABLE PARETIAN PROCESSES; SMALLSAMPLE ESTIMATION OF THE MEAN
"DRIFT"1 OF SUCH A PROCESS

The curves generated by stable Paretian processes present an even larger
number of interesting formations than
the curves generated by Bachelier's
Brownian motion. If the price increase
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over a long period of time happens a
posteriorito have been usually large, in a
stable Paretian market, one should expect to find that this change was mostly
performedduring a few periods of especially high activity. That is, one will find
in most cases that the majority of the
contributing daily changes are distributed on a fairly symmetriccurve, while a
few especially high values fall well outside this curve. If the total increase
is of the usual size, the only difference
will be that the daily changes will show
no "outliers."
In this section these results will be
used to solve one small-samplestatistical
problem, that of the estimation of the
mean drift b, when the other parameters
are known. We shall see that there is no
"sufficient statistic" for this problem,
and that the maximum likelihood equation does not necessarily have a single
root. This has severe consequencesfrom
the viewpoint of the very definition of
the concept of "trend."
A. CERTAIN PROPERTIES OF SAPLE
PATHS OF BROWNIAN MOTION

As noted by Bachelierand (independently of him and of each other) by several modern writers,'3the sample paths
of the Brownian motion very much
"look like" the empiricalcurves of time
variation of prices or of price indexes. At
closer inspection, however, one sees very
well the effect of the abnormalnumberof
13 See esp. HolbrolkWorking,"A Random-Difference Series for Use in the Analysis of Time Se-

ries," Journal of the American Statistical Association,

XXIX (1934), 11-24; MauriceKendall,"The Analysis of Economic Time-Series-Part I: Prices,"
Journal of she Royal Statistical Society, Ser. A,

CXVI (1953), 11-34; M. F. M. Osborne,"Brownian
Motion in the Stock Market," op. cit.; Harry V.
Roberts, "Stock-Market'Patterns' and Financial
Analysis: MethodologicalSuggestions,"Journal of
Finance, XIV (1959), 1-10; and S. S. Alexander,
"Price Movementsin SpeculativeMarkets:Trends
or RandomWalks,"op. cit., n. 3.
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large positive and negative changes of
Z(t). At still closer inspection, one
finds that the differencesconcernsome of
the economically most interesting features of the generalizedcentral-limittheorem of the calculus of probability. It is
thereforenecessary to discuss this question in detail, beginningwith a reminder
of some classical facts concerningGaussian random variables.
Conditionaldistributionof a Gaussian
L(t), knowing L(t, T) = L(t, 1) +
. . . + L(t + T - 1, 1).-Let the probability density of L(t, T) be
(2 ro-2T)-112
exp[- (u - 5T)2/2To2]
loge

It is then easy to see that-if one knows
the value u of L(t, T) -the density of any
of the quantities L(t + r, 1) is given by

The knowledge of intermediatevalues of
loge Z(t + r) is of no help to him. Most
methods recommend estimating a by
u/T and extrapolatingthe futurelinearly
from the two known points, loge Z(t) and
loge

Z(t

+ T).

Since the causes of any price movement can be traced back only if it is
ample enough, the only thing that can be
explained,in the Gaussian case is the
mean drift interpreted as a trend, and
Bachelier'smodel, which assumes a zero
mean for the price changes,can only represent the movement of prices once the
broad causal parts or trends have been
removed.
B. SAMPLE FROM A PROCESS OF INDEPENDENT
STABLE PARETIAN INCREMENTS

Returning to the stable Paretian case,
suppose that one knows the values of 'y
[27ro2(T-1)/TI]-1/2
and ,B (or of C' and C") and of a. The
-uIT-/)21
r
remainingparameteris the mean drift b,
exL2 a2(T- 1) IT
which one must estimate starting from
We see that each of the contributing the known L(t, T) = log, Z(t + T) L(t + r, 1) equals u/T plus a Gaussian log, Z(t).
The unbiased estimate of 3 is L(t,
errorterm. For large T, that term has the
T)/T,
while the maximumlikelihood essame variance as the unconditionedL(t,
timate
matches the observed L(t, T) to
1); one can in fact prove that the value of
its
a
priori
most probable value. The
u has little influenceupon the size of the
of
"bias"
the
maximum likelihood is
largest of those "noise terms." One can
therefore
an expression of the
given
by
thereforesay that, whicheverits value, u
form
where
the function f(,)
zyi/af(3),
is roughly uniformlydistributedover the
from
the numerical
must
be
determined
T time intervals, each contributingnegtables
of
the
densities.
stable
Paretian
ligibly to the whole.
in
the relais
manifested
Since
:
mostly
Sufficiencyof u for the estimationof the
of
resizes
the
its
tive
tails,
evaluation
mean drift 6 from the L(t + r, 1).-In
and
the
quires
very
large
samples,
qualparticular, a has vanished from the distribution of any L(t + r, 1) conditioned ity of one's predictions will depend
by the value of u. This fact is expressed greatly upon the quality of one's knowlin mathematicalstatistics by saying that edge of the past.
It is, of course, not at all clear that
u is a "sufficientstatistic" for the estimation of a from the values of all the L(t + anybody would wish the extrapolationto
r, 1). That is, whichevermethod of esti- be unbiased with respect to the mean of
mation a statistician may favor, his esti- the change of the logarithmof the price.
mate of a must be a function of u alone. Moreover,the bias of the maximumlike-
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lihood estimate comes principally from
an underestimateof the size of changes
that are so large as to be catastrophic.
The forecaster may therefore very well
wish to treat such changesseparatelyand
to take account of his private feelings
about many things that are not included
in the independent-incrementmodel.
C. TWO SAMPLES FROM A STABLE
PARETIAN PROCESS
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It is clear that few economistswill accept such advice. Some will stress that
the most likely value of a is actually
nothing but the most probable value in
the case of a uniform distribution of a
priori probabilities of 8. But it seldom
happens that a priori probabilities are
uniformly distributed. It is also true, of
course,that they are usually very poorly
determined; in the present problem,
however, the economist will not need to
determine these a priori probabilities
with any precision:it will be sufficientto
choose the most likely for him of the two
maximum-likelihoodestimates.
An alternative approach to be presented later in this paper will argue that
successiveincrementsof loge Z(t) are not
really independent, so that the estimation of 8 depends upon the order of the
values of L(t, T/2) and L(t + T/2, T/2)
as well as upon their sizes. This may help
eliminate the indeterminacy of estimation.
A third alternative consists in abandoning the hypothesis that 8 is the same
for both changes L(t, T/2) and L(t +
T/2, T/2). For example,if these changes
are very unequal,one may be tempted to
believe that the trend 8 is not linear but
parabolic.Extrapolationwould then approximately amount to choosing among
the two maximum-likelihoodestimates
the one which is chronologicallythe latest. This is an example of a variety of
configurationswhich would have been so
unlikely in the Gaussian case that they
should be consideredas non-randomand
would be of help in extrapolation.In the
stable Paretian case, however, their
probability may be substantial.

Suppose now that T is even and that
one knows L(t, T/2) and L(t + T/2,
T/2) and their sum L(t, T). We have
seen in Section II G that, when the value
u = L(t, T) is given, the conditionaldistribution of L(t, T/2) depends very
sharply upon u. This means that the total change u is not a sufficient statistic
for the estimation of 8; in other words,
the estimates of 8 will be changedby the
knowledge of L(t, T/2) and L(t + T/2,
T/2).
Consider for example the most likely
value 8. If L(t, T/2) and L(t + T/2,
T/2) are of the same orderof magnitude,
this estimate will remain close to L(t,
T)/T, as in the Gaussiancase. But suppose that the actually observedvalues of
L(t, T/2) and L(t + T/2, T/2) are very
unequal, thus implying that at least one
of these quantities is very differentfrom
their commonmean and median. Such an
event is most likely to occur when 8 is
dose to the observed value either of
L(t + T/2, T/2)/(T/2) or of L(t, T/2)/
(T/2).
We see that as a result, the maximum
likelihood equation for 8 has two roots,
respectively close to 2L(t, T/2)/T and
to 2L(t + T/2, T/2)/T. That is, the
maximum-likelihoodproceduresays that
one should neglect one of the available
D. THREE SAMPLES FROM A STABLE
PARETIAN PROCESS
items of information,any weighted mean
of the two recommendedextrapolations
The number of possibilities increases
being worse than either;but nothing says rapidly with the sample size. Assume
which item one should neglect.
now that T is a multiple of 3, and con-

414

THE JOURNALOF BUSINESS

sider L(t, T/3), L(t + T/3, T/3), and
L(t + 2T/3, T/3). If these three quantities are"of comparablesize, the knowledge of log Z(t + T/3) and log Z(t +
2T/3) will again bringlittle changeto the
estimate based upon L(t, T).
But suppose that one datum is very
large and the other are of much smaller
and comparable sizes. Then, the likelihood equation will have two local maximums, having very different positions
and sufficientlyequal sizes to make it impossible to dismiss the smaller one. The
absolute maximum yields the estimate
a = (3/2T) (sum of the two small data);
the smaller local maximum yields the
estimate 6 = (3/T) (the large datum).
Supposefinally that the three data are
of very unequal sizes. Then the maximum likelihood equation has threeroots.
This indeterminacyof maximum likelihood can again be lifted by one of the
three methods of Section VC. For example, if the middle datum only is large,
the method of non-linear extrapolation
will suggest a logistic growth. If the data
increaseor decrease-when taken chronologically-one will rather try a parabolic trend. Again the probability of
these configurationsarising from chance
under my model will be much greater
than in the Gaussiancase.
E. A LARGE NUMBER OF SAMPLES FROM
A STABLE PARETIAN PROCESS

Let us now jump to a very large number of data. In order to investigate the
predictionsof my stable Paretian model,
we must first re-examinethe meaning to
be attached to the statement that, in
order that a sum of random variables
follow a central limit of probability, it is
necessary that each of the addends be
negligible relative to the sum.
It is quite true, of course,that one can
speak of limit laws only if the value of
the sum is not dominatedby any single

addend known in advance. That is, to
study the limit of A(N)2Un- B(N),
one must assume that (for every n)
Pr|A(N)

Un-

B(N)/NI

> e) tends to

zero with 1/N.
As each addend decreases with 1/N,
their numberincreases,however, and the
conditionof the precedingparagraphdoes
not by itself insurethat the largest of the

IA(N) U4 - B(N)/N

is negligible in

comparisonwith their sum. As a matter
of fact, the last condition is true only if
the limit of the sum is Gaussian. In the
Paretian case, on the contrary, the following ratios,
max fA (N) Un- B(N)/N f
A(N)ZU, - B(N)
and
sum of k largest IA(N) Un - B(N)/NI
A (N)2 Un--B (BN)

tend to non-vanishing limits as N increases.14If one knows moreoverthat the
sum A (N)2J; n- B(N) happens to be

large, one can prove that the above ratios
should be expected to be close to one.
Returningto a processwith independent stable Paretian L(t), we may say
the following:If, knowing a, f, 'y, and 6,
one observes that L(t, T = one month)
is not large, the contribution of the day
of largest price changeis likely to be nonnegligible-in relative value, but it will remain small in absolute value. For large
but finite N, this will not differtoo much
from the Gaussian prediction that even
the largest addend is negligible.
Suppose however that L(t, T= one
month) is verylarge. The Paretian theory
14 Donald Darling, "The Influenceof the MaximumTermin the Additionof IndependentRandom

Variables," Transactions of the American Mathemati-

cal Society, LXX (1952), 95-107; and D. Z. Arov
and A. A. Bobrov, "The Extreme Members of
Samplesand Their Role in the Sum of Independent
Variables," Theory of Probability and Its Applica-

tions, V (1960), 415-35.
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then predicts that the sum of a few largest daily changeswill be very close to the
total L(t, T); if one plots the frequencies
of various values of L(t, 1), conditioned
by a known and very large value for
L(t, T), one should expect to find that
the law of L(t + r, 1) contains a few
widely "outlying" values. However, if
the outlying values are taken out, the
conditioned distribution of L(t + -r, 1)
shoulddependlittle upon the value of the
conditioning L(t, T). I believe this last
prediction to be very well satisfied by
prices.

Implications concerning estimation.Supposenow that a is unknownand that
one has a large sample of L(t + r, 1)'s.
The estimationprocedureconsistsin that
case of plotting the empiricalhistogram
and translating it horizontally until one
has optimized its fit to the theoretical
density curve. One knows in advance
that this best value will be very little influenced by the largest outliers. Hence
"rejectionof the outliers" is fully justified in the present case, at least in its
basic idea.
F. CONCLUSIONS CONCERNING ESTIMATION

The observationsmade in the preceding sections seem to confirmsome economists' feeling that prediction is feasible
only if the sample size is both very large
and stationary, or if the sample size is
small but the sample values are of comparable sizes. One can also predict when
the sample size is one, but here the
unicity of the estimator is only due to
ignorance.
G. CAUSALITY AND RANDOMNESS IN
STABLE PARETIAN PROCESSES

We mentioned in Section V A that, in
order to be "causally explainable," an
economic change must at least be large
enough to allow the economist to trace
back the sequence of its causes. As a re-
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sult, the only causal part of a Gaussian
randomfunction is the mean drift 8. This
will also apply to stable Paretian random
functions when their changes happen to
be roughly uniformly distributed.
Things are different when loge Z(t)
varies greatly between the times t an
t + T, changing mostly during a few of
the contributing days. Then, these largest changesare sufficientlyclear-cut,and
are sufficiently separated from "noise,"
to be tracedback and explainedcausally,
just as well as the mean drift.
In otherswords,a carefulobserverof a
stable Paretian random function will be
able to extract causal parts from it. But,
if the total change of loge Z(t) is neither
very large nor very small, there will be a
large degree of arbitrarinessin this distinction between causal and random.
Hence one could not tell whetherthe predicted proportions of the two kinds of
effects are empiricallycorrect.
To sum up, the distinction between
the causal and the randomareas is sharp
in the Gaussian case and very diffuse in
the stable Paretian case. This seems to
me to be a strong recommendationin
favor of the stable Paretian process as a
model of speculative markets. Of course,
I have not the slightest idea why the
large price movements should be represented in this way by a simple extrapolation of movements of ordinary size. I
came to believe, however, that it is very
desirablethat both "trend" and "noise"
be aspects of the same deeper "truth,"
which may not be explainabletoday, but
which can be adequately described.I am
surely not antagonistic to the ideal of
economics:eventually to decomposeeven
the "noise"into parts similarto the trend
and to link various series to each other.
But, until we can approximatethis ideal,
we can at least representsome trends as
being similar to "noise."
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H. CAtJSALITY AND RANDOMNESS IN
AGGREGATION "IN PARALLEL"

VI. PRICE VARIATION IN CONTINUOUS TIME
AND THE THEORY OF SPECULATION

Borrowing a term from elementary
electrical circuit theory, the addition of
successive daily changes of a price may
be designated by the term "aggregation in series," the term "aggregationin
parallel"applying to the operation

The main point of this section is to
show that certain systems of speculation,
which would have been advantageous if
one could implement them, cannot in
reality be followed in the case of price
series generated by a Paretian process.

I

L(t, T) = EL(i,

t, T),

A. INFINITE DIVISIBILITY OF
STABLE PARETIAN LAWS

i=l

I

T-1

'=
E L(i,tT
i=1
T0?

1)

where i refers to "events" that occur
simultaneouslyduringa given time interval such as T or 1.
In the Gaussian case, one should, of
course, expect any occurrenceof a large
value for L(t, T) to be traceable to a
rareconjunctionof large changesin all or
most of the L(i, t, T). In the stable Paretian case, one should on the contraryexpect large changesL(t, T) to be traceable
to one or a small number of the contributingL(i, t, T). It seems obvious that
the Paretian prediction is closer to the
facts.
To add up the two types of aggregation in a Paretianworld, a large L(t, T) is
likely to be traceable to the fact that
L(i, t + r, 1) happens to be very large
for one or a few sets of values of i and of
r. These contributions would stand out
sharply and be causally explainable.But,
after a while, they should of courserejoin
the "noise"made up by the other factors.
The next rapid changeof loge Z(t) should
be due to other "causes." If a contribution is "trend-making"in the above sense
during a large number of time-increments, one will, of course, doubt that it
falls under the same theory as the fluctuations.

Whichever N, it is possible to consider that a stable Paretian increment
L(t, 1) = logeZ(t + 1) - logeZ(t)
is the sum of N independent, identically
distributed, random variables, and that
those variables differ from L(t) only by
the value of the constants y, C' and C",
which are N times smaller.
In fact, it is possible to interpolatethe
process of independent stable Paretian
incrementsto continuoustime, assuming
that L(t, dt) is a stable Paretian variable
with a scale coefficient y(dt) = dt y(l).
This interpolated process is a very important "zeroth"orderapproximationto
the actual price changes.That is, its predictions are surely modifiedby the mechanisms of the market, but they are very
illuminatingnonetheless.
B. PATH FUNCTIONS OF A STABLE
PROCESS IN CONTINUOUS TIME

It is almost universally assumed, in
mathematical models of physical or of
social sciences, that all functions can
safely be consideredas being continuous
and as having as many derivativesas one
may wish. The functions generated by
Bachelierare indeed continuous("almost
surely almost everywhere,"but we may
forget this qualification); although they
have no derivatives ("almost surely almost nowhere"), we need not be concerned because price quotations are al-
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ways rounded to simple fractions of the
unit of currency.
In the Paretian case things are quite
different.If my processis interpolatedto
continuous t, the paths which it generates become everywhere discontinuous
(or rather, they become "almost surely
almost everywherediscontinuous").That
is, most of their variation is performed
through non-infinitesimal"jumps," the
numberof jumps largerthan u and located within a time increment T, being
given by the law C'T Id(w-a)|.
Let us examine a few aspects of this
discontinuity. Again, very small jumps

417

to "sell at ZO."In other words, a large
numberof intermediatepricesare quoted
even if Z(t) performsa large jump in a
short time; but they are likely to be so
fleeting, and to apply to so few transactions, that they are irrelevant from the
viewpoint of actually enforcing a "stop
loss order" of any kind. In less extreme
cases-as, for example, when borrowings
are oversubscribed-the market may
have to resort to special rules of allocation.
These remarksare the crux of my criticism of certain systematic methods: they
would perhaps be very advantageous if
of loge Z(t) could not be perceived, since only they could be enforced, but in fact
price quotations are always expressedin they can only be enforced by very few
simple fractions.It is more interestingto traders. I shall be content here with a
note that there is a non-negligibleprob- discussionof one example of this kind of
ability that a jump of price is so large reasoning.
that "supply and demand" cease to be
C. THE FAIRNESS OF ALEXANDER'S GAME
matched. In other words,the stable PareS. S. Alexanderhas suggested the foltian model may be consideredas predicting the occurrenceof phenomena likely lowing rule of speculation:"if the market
to force the market to close. In a Gaus- goes up 5%, go long and stay long until it
sian model such large changes are so ex- moves down 5%, at which time sell and
tremely unlikely that the occasional go short until it again goes up 5%."15
This procedure is motivated by the
closureof the markets must be explained
fact that, accordingto Alexander'sinterby non-stochastic considerations.
The most interesting fact is, however, pretation, data would suggest that "in
the large probability predicted for me- speculative markets, price changes apdium-sizedjumps by the stable Paretian pear to follow a randomwalk over time;
model. Clearly, if those medium-sized but ... if the market has moved up x%,
movements were oscillatory, they could it is likely to move up more than x%
be eliminated by market mechanisms further before it moves down x%." He
such as the activities of the specialists. calls this phenomenon the "persistence
But if the movement is all in one direc- of moves." Since there is no possible pertion, market specialists could at best sistence of moves in any "randomwalk"
transforma discontinuity into a change with zero mean, we see that if Alexanthat is rapid but progressive. On the der's interpretation of facts were conother hand, very few transactionswould firmed, one would have to look at a very
then be expected at the intermediate early stage for a theoreticalimprovement
smoothing prices. As a result, even if the over the randomwalk model.
In order to follow this rule, one must
price Z? is quoted transiently, it may be
of
course watch a price series continuimpossible to act rapidly enough to sat15 S. S. Alexander, op. cit. n. 3.
isfy more than a minute fractionof orders
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ously in time and buy or sell wheneverits
variation attains the prescribedvalue. In
other words, this rule can be strictly followed if and only if the processZ(t) generates continuous path functions, as for
example in the original Gaussianprocess
of Bachelier.
Alexander's procedure cannot be followed, however, in the case of my own
first-approximation model of price
change in which there is a probability
equal to one that the first move not
smallerthan 5 per cent is greaterthan 5
per cent and not equalto 5 per cent. It is
therefore mandatory to modify Alexander'sscheme to suggest buying or selling when moves of 5 per cent arefirst exceeded. One can prove that the stable
Paretian theory predicts that this game
also is fair. Therefore, the evidence-as
interpreted by Alexander-would again
suggest that one must go beyond the
simple model of independentincrements
of price.
But Alexander'sinferencewas actually
based upon the discontinuousseries constituted by the closing prices on successive days. He assumed that the intermediate prices could be interpolated by
some continuous function of continuous
time-the actual form of which need not
be specified.That is, wheneverthere was
a differenceof over5 per cent between the
closing price on day F' and day F",
Alexanderimplicitly assumed that there
was at least one instance between these
moments when the price had gone up
exactly5 per cent. He recommendsbuying at this instant, and he computes the
empirical returns to the speculator as if
he were able to follow this procedure.
For price series generated by my
process, however, the price actually paid
for a stock will almost always be greater
than that correspondingto a 5 per cent
rise; hence the speculatorwill almost al-

ways have paid more than assumed in
Alexander's evaluation of the returns.
On the contrary, the price received will
almost always be less than suggested by
Alexander. Hence, at best, Alexander
overestimatesthe yield correspondingto
his method of speculation and, at worst,
the very impressionthat the yield is positive may be a delusion due to overoptimistic evaluationof what happensduring
the few most rapid price changes.
One can of course imagine contracts
guaranteeingthat the brokerwill charge
(or credit) his client the actual price
quotation nearest by excess (or default)
to a price agreed upon, irrespective of
whether the broker was able to perform
the transactionat the price agreedupon.
Such a system would make Alexander's
procedureadvantageous to the speculator; but the money he would be making
on the average would come from his
broker and not from the market; and
brokeragefees would have to be such as
to make the game at best fair in the long
run.
VII. A MORE REFINED MODEL
OF PRICE VARIATION

Broadly speaking, the predictions of
my main model seem to me to be reasonable. At closer inspection, however, one
notes that large price changes are not
isolated between periods of slow change;
they rather tend to be the result of several fluctuations, some of which "overshoot" the final change. Similarly, the
movement of prices in periods of tranquillity seem to be smoother than predicted by my process. In other words,
large changes tend to be followed by
large changes-of either sign-and small
changes tend to be followed by small
changes, so that the isolines of low probability of [L(t, 1), L(t - 1, 1)] are Xshaped. In the case of daily cotton prices,
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HendrikS. Houthakkerstressedthis fact
in several conferences and private conversation.
Such an X shape can be easily obtained by rotation from the "plus-sign
shape" which was observed in Figure 4
to be applicablewhen L(t, 1) and L(t 1, 1) are statistically independent and
symmetric.The necessaryrotation introduces the two expressions:
S(t) = (1/2)[L(t, 1) + L(t - 1, 1)]
= (1/2) [loge Z(t + 1) - logeZ(t - 1)1

and
D(t) = (1/2) [L(t, 1) -L(t-

1, 1)]

= (1/2) [loge Z(t + 1) - 2 logeZ(t)
+ logeZ(t - 1)].
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L(t, 1) will be weakly Paretian with a
high exponent 2a + 1, so that loge Z(t)
will begin by fluctuating much less rapidly than in the case of independent L(t,
1). Eventually, however, a large L(t0, 1)
will appear. Thereafter, L(t, 1) will fluctuate for some time between values of the
orders of magnitude of L(t0, 1) and
-L(t0, 1). This will last long enough to
compensate fully for the deficiency of
large values during the period of slow
variation. In other words, the occasional
sharp changes of L(t, 1) predictedby the
model of independentL(t, 1) are replaced
by oscillatory periods, and the periods
without sharp change are less fluctuating
than when the L(t, 1) are independent.
We see that, for the correctestimation
of a, it is mandatoryto avoid the elimination of periods of rapid change of prices.
One cannot argue that they are "causally" explainableand ought to be eliminated before the "noise" is examined
more closely. If one succeeded in eliminating all large changes in this way, one
would have a Gaussian-like remainder
which, however, would be devoid of any

It follows that in order to obtain the X
shape of the empirical isolines, it would
be sufficientto assume that the first and
second finite differencesof loge Z(t) are
two stable Paretian random variables,
independent of each other and naturally
of loge Z(t) (see Fig. 4). Such a processis
invariant by time inversion.
It is interesting to note that the dis- significance.
tribution of L(1, 1), conditioned by the
16 Proof:
Pr[L(t, 1) > u, when w < L(t - 1,
known L(t - 1, 1), is asymptotically 1) < w + dw] is the product by (l/dw) of the inParetian with an exponent equal to 2a + tegral of the probability density of [L(t - 1, l)L(t,
1)], over a strip that differs infinitesimally from the
1.1' Since, for the usual rangeof a, 2a + 1 zone defined by
is greaterthan 4, it is clear that no stable
S(t) > (u + w)/2;
Paretian law can be associated with the
conditioned LQ, 1). In fact, even the
w + S(t < D(t) < w + S(t) + dw.
kurtosis is finite for the conditioned
L(t, 1).

Hence, if u is large as compared to w, the conditional
probability in question is equal to the following
integral, carried from (u + w)/2 to .

Let us then consider a Markovian
process with the transition probability
+ w)-(a+l) ds
I have just introduced. If the initial fC'as-(a+l)C'a(s
- (2a + 1)-i (C')2a22-(2a+l)
L(TO, 1) is small, the first values of
U-(2a+l)

