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Introduction / Objectives

Probability theory: model the real world, predict likelihood
of events.

One of the three most important quantitative classes
(statistics, programming).



Introduction / Objectives

Probability theory: model the real world, predict likelihood
of events.

One of the three most important quantitative classes
(statistics, programming).

@ Obviously learn probabillity.
e EMphasize techniques / asking the right questions.

Modelproblems and analyze model.

o Elegant solutions vs brute force (parameters in closed
form versus numerical solutions).

¢ Looking at equations and getting a sense: log-5

. =
Method: —2-2.



Types of Problems
@ Biology: will a species survive?

@ Physics / Chemistry / Number Theory: Random q Q/(
Matrix Theory. ) =

e Gambling: Double-plus-one. \,7’/ %D;t o

. £

Egonomics: Stock market/ economy.

Gnom ket economy 2o 7
Figance: Monte Carlo integration. % | /%

o Marketing: Movie schedules. Cryptography: 1. ( ;0P
Mgrkov Chain Monte Carlo. 8 ever 9 never 6\" “a 0°Y
(bgidge). g q Aq -~ 50




My (applied) experiences

@ Marketing: parameters for linear programming
(SilverScreener).

@ Data integrity: detecting fraud with Benford’s Law
(IRS, Iranian elections).

@ Sabermetrics: Pythagorean Won-Loss Theorem.
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Grading / Administrative

@ Fast Pace: Class Participation: 5%. HW: 15%. Writing
Assigbment: 10% (Solutions to HW Problems from

Chapters, Project in Probability / Statistics / Data Science).
Midterm: 30% (if there are two exams only best counts).

‘Final’ exam: 40%. May do a project for 10% of your grade
(reduces other categories proportionally).

Pre-regs: Calc lll, basic combinatorics / set theory,
lingar algebra.

Office hours / feedback

TBD and when I'm in my office (schedule online)
J



http://www.williams.edu/Mathematics/sjmiller/public_html/schedule.htm
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@ Webpage: numerous handouts, additional comments
each day (mix of review and optional advanced
material).

@ Probability Lifesaver: opportunity to help write a
solution key, lots of worked examples.

@ Gather and analyze some data set of interest.

e PREPARE FOR CLASS! Must do readings before
each class.
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Being Prepared

Never know when an opportunity presents itself....
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S. J. Miller at the Sarnak 615t Dinner
(copyright C. J. Mozzochi, Princeton N.J)
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Being Prepared

@ Your Job:
o Be prepared for class: do reading, think about
material.
o Come to me, the TAs and each other with
guestions.

o My/TAs Job:

o Provide resources, guiding questions.
o Be available.
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Other: Advice from Jeff Miller

@ Party less than the person next to you.
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Other: Advice from Jeff Miller

@ Party less than the person next to you.

@ Take advantage of office hours / mentoring.
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Other: Advice from Jeff Miller

@ Party less than the person next to you.

o Take advantage of office hours / mentoring. Learn

o to manage your time: no one else wants to.
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Other: Advice from Jeff Miller

@ Party less than the person next to you.

o Take advantage of office hours / mentoring. Learn

to Mmanage your time: no one else wants to.

Happy to do practice interviews, adjust deadlines....
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Maps

Year distribution of sunrise and sunset timesin North Adams, MA - 2019

https: // sunrise - sunset.org/us/north - adams - ma




Introduction Mechanics Gambling Clicker Qs Hoops Game

00000 0ooooO0 00000 000000

Maps

Who America is rooting for in the
Super Bowl:
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Football Wager

2007: Friend of a favorite student bet $500 at 1000:1 odds
on Patriots going undefeated and winning the Superbowl.
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Football Wager

2007: Friend of a favorite student bet $500 at 1000:1 odds
on Patriots going undefeated and winning the Superbowl.




Introduction Mechanics Gambling Clicker Qs Hoops Game
000000 O 0000 00000 000000

Football Wager

2008: In third quarter, Pats leading, Vegas offers to buy
back the bet at 300:1, told no....

WHAT WAS THE BETTOR'S MISTAKE?
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Hedging

Pats win with probability p, Giants g =1 - p.

Bet $1 bet on Giants, if they win get $x.
Already bet $500 on Patriots, now bet $B on the Giants.

Expected Winning:
f(p,x, B) = p-500000 + (1 - p)Bx - 500 - B.

400000
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Guaranteed Winnings

By hedging can ensure some winnings:

g(p, x, B) = min (500000, Bx) - 500 - B.

350000 [
300000 —
250000
200000
150000
100000

50000 —

L L 1 L L i L | i i i N i L L L 1 L L L L
100000 200000 300000 400000 500000

Here p = .8, x = 3.
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Mathematica Code

flp , x , B ] := 500000p + (1-p) BEx - 500 - B
glp , ,B 1 := Min[500000, B x] - 500 - B

Plot[f[.8, 3, B], {E, O, 500000}]

Plot[g[.8&, 3, B], {E, O, 500000}]

Manipulate[Plot[g[p, x, B], {B, 0, 500000}], {p, O, 1}, {x, 1, 10}]
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Mathematica Code

|
a _
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Sabermetrics Club at Williams....

http://fivethirtyeight.com/features/

a-head-coach-botched-the-end-of-the-super-bowl-and-it-wasnt-pete-carroll/



http://fivethirtyeight.com/features/a-head-coach-botched-the-end-of-the-super-bowl-and-it-wasnt-pete-carroll/
http://fivethirtyeight.com/features/a-head-coach-botched-the-end-of-the-super-bowl-and-it-wasnt-pete-carroll/

Introduction

Gambling

Clicker Problems

Clicker Qs
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Birthday Problem |

How large must N be for there to be at least a 50%
probability that two of the N people share a birthday?
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Birthday Problem |

How large must N be for there to be at least a 50%
probability that two of the N people share a birthday?

@ (A) 11 people
e (B) 22 people
e (C) 33 people
o (D) 44 people
o (E) 90 people
o (F) 180 people
o (G) 365 people
o (H) 500 people.
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Birthday Problem |

How large must N be for there to be at least a 50%
probability that two of the N people share a birthday?
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Birthday Problem Il

How large must N be for there to be at least a 50%
probability that two of N Plutonians share a birthday?
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Birthday Problem Il

How large must N be for there to be at least a 50%
probability that two of N Plutonians share a birthday?
‘Recall’ one Plutonian year is about 248 Earth years (or
90,520 days).
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Birthday Problem Il

How large must N be for there to be at least a 50%
probability that two of N Plutonians share a birthday? ‘Recall’
one Plutonian year is about 248 Earth years (or 90,520 days).

(A) 110 people
@ (B) 220 people
@ (C) 330 people
@ (D) 440 people
@ (E) 1,000 people
@ (F) 5,000 people
@ (G) 10,000 people
e (H) 20,000 people
@ (1) more than 30,000 people.
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Birthday Problem Il

How large must N be for there to be at least a 50%
probability that two of N Plutonians share a birthday? ‘Recall’
one Plutonian year is about 248 Earth years (or 90,520 days).

Probability
1.0
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Voting: Democratic Primaries

During the Democratic primaries in 2008, Clinton and
Obama received exactly the same number of votes in
Syracuse, NY. How probable was this?
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Voting: Democratic Primaries

During the Democratic primaries in 2008, Clinton and
Obama received exactly the same number of votes in
Syracuse, NY. How probable was this? (Note: they each
received 6001 votes.)

@ (A)1/10

e (B)1/100

e (C)1/1,000

e (D) 1/10,000

e (E) 1/100,000

o (F) 171,000,000 (one in a million)

o (G) 1/1,000,000,000 (one in a billion).
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Voting: Democratic Primaries (continued)

Syracuse University mathematics Professor Hyune-Ju Kim
said the result was less than one in a million, according to the
Syracuse Post-Standard, which quoted the professor as saying,
“It's almost impossible.” Her comments were reprinted widely, as
the Associated Press picked up the story. (Carl Bialik, WSJ,
2/12/08)
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Voting: Democratic Primaries (continued)

Syracuse University mathematics Professor Hyune-Ju Kim
said the result was less than one in a million, according to the
Syracuse Post-Standard, which quoted the professor as saying,
“It's almost impossible.” Her comments were reprinted widely, as
the Associated Press picked up the story. (Carl Bialik, WSJ,
2/12/08)

Far greater than 1/137! What's going on?
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Voting: Democratic Primaries (continued)

Syracuse University mathematics Professor Hyune-Ju Kim
said the result was less than one in a million, according to the
Syracuse Post-Standard, which quoted the professor as saying,
“It's almost impossible.” Her comments were reprinted widely, as
the Associated Press picked up the story. (Carl Bialik, WSJ,
2/12/08)

Far greater than 1/137! What's going on?

Prof. Kim’s calculation ... was based on the assumption
that Syracuse voters were likely to vote in equal proportions
to the state as a whole, which went for Ms. Clinton, its junior
senator, 57%-40%. .... Prof. Kim said she had little time to
make the calculation, so she made the questionable
assumption ... for simplicity.
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From Shooting Hoops
to the Geometric Series Formula
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Simpler Game: Hoops

Game of hoops: first basket wins, alternate shooting.
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Simpler Game: Hoops: Mathematical Formulation

Bird and (I'm old!) alternate shooting; first basket
wins.

@ Bird always gets basket with probability p.

@ always gets basket with probability g.

Let x be the probability Bird wins — what is x?
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Solving the Hoop Game

Classic solution involves the geometric series.

Break into cases:
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Solving the Hoop Game

Classic solution involves the geometric series.

Break into cases:
@ Bird wins on 15t shot: p.
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Solving the Hoop Game

Classic solution involves the geometric series.

Break into cases:
@ Bird wins on 15t shot: p.

e Bird wins on 2" shot: (1- p)(1- q) - p.
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Solving the Hoop Game

Classic solution involves the geometric series.

Break into cases:
@ Bird wins on 15t shot: p.
e Bird wins on 2" shot: (1- p)(1- q) - p.
o Bird wins on 3™ shot: (1- p)(1-q)-(1- p)(1-q)-p.
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Solving the Hoop Game

Classic solution involves the geometric series.

Break into cases:
@ Bird wins on 15t shot: p.
e Bird wins on 2" shot: (1- p)(1- q) - p.
e Bird winson 3™ shot: (1- p)(1-q)-(1- p)(1- q)-p.
o Bird wins on n* shot:
(1-p)(1-q)-(1-p)(1-9q)---(1-p)(1-9)p.
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Break into cases:
Bird wins on 158t shot: p.
@ Bird wins on 2" shot: (1- p)(1- q)-p.
@ Birdwinson 3 shot: (1- p)(1-9)-(1- p)(1- q)-p.
@ Bird wins on nt shot:
o (1-p)1-9)-(1-p)1-9)---(1-p)1-49)-p.
Letr =(1- p)(1- @). Then
x = Prob(Bird wins)
= p+m+rp+rip+--.
= pA+r+ri+ri+...7,

the geometric series.
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-...);
will solve without the geometric series formula.
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-..);
will solve without the geometric series formula.

Have
X = Prob(Bird wins) = p +
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-..);
will solve without the geometric series formula.

Have
x = Prob(Bird wins) = p+ (1 - p)(1- q)
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-..);
will solve without the geometric series formula.

Have
x = Prob(Bird wins) = p+ (1- p)(1- q)x
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-..);
will solve without the geometric series formula.

Have
x = Prob(Bird wins) =p+ (1- p)(1- qQ)x = p +rx.
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-..);
will solve without the geometric series formula.

Have
x = Prob(Bird wins) =p+ (1- p)(1- qQ)x = p +rx.

Thus
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Solving the Hoop Game: The Power of Perspective

Showed
x = Prob(Bird wins) = p(1+r+r?+r3+-..);
will solve without the geometric series formula.

Have
x = Prob(Bird wins) =p+ (1- p)(1- qQ)x = p +rx.

g )
Thus \Kk/
(1-rx =p orx=_p_1_r_ &/( y
‘
Asx =p(1+r+r?2+r3+-.-.), find (Oé(ﬂ/é(
1 - €

1+r+r2+rr3+.-.. = | Db/
1
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Lessons from Hoop Problem

o Power of Perspective: Memoryless process.

o Can circumvent algebra with deeper understanding!
(Hard)

o Depth of a problem not always what expect.

o Importance of knowing more than the minimum:
connections.

o Math is fun!



Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 2 : Video 2-10-25: https://youtu.be/r2vIDHJO0SQ Birthday Problem, Coding, Integration, Sniffing out Equations
Slides: https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/r2vIDHJOoSQ
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 2: February 11, 2025:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/hando
uts/341Notes_Chap1.pdf

* Review factorials, binomials, choosing....

* Birthday problems.

* QWERTY, Babylonian Mathematics

* General review: combinatorics, integration, ...?
* Power of coding

General items.

 Difference between a formula and a useful formula.
 |nstitutionalization: think hard on notation, actions.
 Sniffing out formulas?



https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/341Notes_Chap1.p
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/341Notes_Chap1.p

HW: Due February 20:
#1: Section 1.2: Modify the basketball game so that there are 2015 players, numbered 1, 2, ..., 2015. Player i always
gets a basket with probability 1/2i. What is the probability the first player wins?

#2: Section 1.2: Is the answer for Example 1.2.1 consistent with what you would expect in the limit as ¢ tends to
minus infinity?

#3: Section 1.2: Compute the first 42 terms of 1/998999 and comment on what you find; you may use a computer.

#4: Section 2.2.1: Find sets A and B such that |A| = |B|, A is a subset of the real line and B is a subset of the plane
(i.e., R2) but is not a subset of any line.

#5: Section 2.2.1: Write at most a paragraph on the continuum hypothesis (you may use Wikipedia or any source to
look it up).

#6: Section 2.2.2: Give an example of an open set, a closed set, and a set that is neither open nor closed (you may
not use the examples in the book); say a few words justifying your answer.

#7: Section 2.3: Give another proof that the probability of the empty set is zero.
#8: Find the probability of rolling exactly k sixes when we roll five fair die for k =0, 1, ..., 5. Compare the work

needed here to the complement approach in the book. #9: If f and g are differentiable functions, prove the derivative
of f(x)g(x) is f'(x)g(x) + f(x)g'(x). Emphasize where you add zero.



Birthday Problem: If all days equally likely to be a birthday, how
many to have a 50% chance that two share?
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Choose two distinct days randomly in a year.
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https://www.calculator.net/time-duration-calculator.html



https://www.calculator.net/time-duration-calculator.html

twodayspread[d , numiter ] := Module[{},
spread = {}; (+ record data here «)

squarespread = {}; (+ record square of data here =)
year = Range[l, d]; (+ list of days in the year «)For[n = 1, n < numiter, n++,
{
dayschosen = RandomSample[year, 2];
difference = Abs[dayschosen[[1l]] - dayschosen[2]];
spread = AppendTo[spread, difference];
squarespread = AppendTo[squarespread, difference”2];

}1; (* end of for loop on number of iterations =)

Print ["Observed average spread = ", 1.0 Mean[spread], ", theory = ",
1.0 (d + 1) /3, " days."];
Print ["Observed average spread”2 = ", 1.0 Mean[squarespread], ", theory = ",

1.0 d (d + 1) /6, " days."];
] (» end of programs)



18™m 1is 18

Observed average spread - 128.8, theory = 122. days.

Observed average spread™2 - 18968.6, theory - 22265. days.

{@., Null}

16"m is 160
Observed average spread - 126.84, theory - 122. days.

Observed average spread”2 - 23812.2, theory - 22265. days.

{@., Null}

10"m is 1060
Observed average spread - 123.927, theory = 122. days.

Observed average spread”™2 - 22684.9, theory - 22265. days.

10.815625, Null}

16"m is 10660
Observed average spread - 121.764, theory - 122. days.

Observed average spread”™2 - 22094.9, theory - 22265. days.

10.21875, Null}



16"m is 1660
Observed average spread - 123.927, theory = 122. days.
Observed average spread™2 - 22684.9, theory - 22265. days.

[©.815625, Null}

P}

16"m is 10660
e

Observed average spread - 121.704, theory - 122. days.
Observed average spread™2 - 22094.9, theory - 22265. days.
[©.21875, Null}

R

16"m is 100 000

Observed average spread - 121.838, theory = 122. days.
Observed average spread™2 - 222087.2, theory - 22265. days.
[29.7344, Null)

16"m is 16066068

Observed average spread - 121.988, theory - 122. days.
Observed average spread™2 - 22258.1, theory - 22265. days.

[7600.31, Null!
L FoPR-2



fasttwodayspr

, numiter ] := Module[{}, Leﬁf ﬂfﬁé
spre s (= re ord data here x| Ad/n /,))/ Q(

squgrespread = 0; )+ record square of data here «,

year "=
{
dayschosen = RandomSample[year, 2];

Abs [dayschosen[[1] - dayschosen[2]];

spread = spread + difference;

d]l; (+ list of days in the year «)For[n = 1, n < numiter, n++,

difference

squarespread = squarespread + difference”2;
}1; (= end of for loop on number of iterations =«)

Print [ "Observed average spread = » theory = 7,
1.0 (d + 1) /3, " days."];

Print ["Observed average spread"2 = ", 1.0 squarespread / numiter, ", theory = ",
1.0 d (d + 1) /6, " days."];

] (+ end of programs:)

, 1.0 spread / numiter,



Doing 1674 trials.

il
Observed average spread - 122.225, theory - 122. days.
Observed average spread”2 - 22253., theory - 22265. days.
[©.265625, Null}
Observed average spread - 122.121, theory = 122. days.
Observed average spread”2 - 22457.1, theory - 22265. days.

[©.83125, Null}

o ——

Doing 16”5 trials.

Observed average spread = 122.405, theory = 122. days.
Observed average spread”2 - 22391.3, theory = 22265. days.

129.7656, Null}

Observed average spread - 122.106, theory = 122. days.

Observed average spread”2 - 22292.9, theory = 22265. days.
[©.375, Null}

o, T

O



Doing 16”7 trials.

/—\

Observed average spread = 122.042, theory = 122. days.
Observed average spread”2 - 22279.7, theory - 22265. days.

148.125, Null!
bk a” /Z7
yas

Doing 1678 trials.

—

Observed average spread - 122.669, theory - 122. days.

Observed average spread”2 - 22267.9, theory - 222865. days.

[485.875, Null}

—
pa®
(0

Doing 16”9 trials. L/

/

Observed average spread - 122.601, theory = 122. days.
Observed average spread”™2 - 22264.7, theory = 22265. days.

[3861.38, Null}



Die Problem: Do you take the bet?

I have a fair 6 sided die with[1 - 6] on the sides and you are paid the same amount of dollars
as the number you roll.If you roll a 5 you get S5, if you roll a 1 you get $1, etc.The question
was to find out "how much are vou willing to pay to play the game?"

The game then evolved to how much are you willing to pay to play the game with two
dice?In this case vou get to keep vour first roll or vou get to roll again and are forced to take
whatever the second roll is.Keep in mind, this is for a role that pavs~$110, 000 a vear out of
college and I blurted the answers out within 15 seconds.Even if vou don' t do well in
probability at Williams, if vou know basic concepts like expected value and can keep cool in
an infterview, then vou can move vour interview along quite nicely and put vourself in a good
position to go from getting a D/D - in probability to not being broke&s.
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twodiesim[iterations ] := Module[{},
get =0; (> keeps a running sum of what you get =x)
For[n=1, n £ iterations, n++,

{
X = RandomInteger[{1l, 6}]; (* roll a fair die «)

(# if roll > 3 keep and add, else re-roll and keep that «)
If[x> 3, get = get + X, get = get + RandomInteger[{1l, 6}]];

Hs

get = get / iterations; (* average earning per game =)
Print["Earn on average ", getl1l.0, "."]

15
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Timing[twodiesim[100000] ]
Timing [twodiesim[1000000] ]
Timing [twodiesim[10000000] ]
Timing [twodiesim[100000000] ]

Earn on average 4.25225.

79.1875, Null)

\63 Earn on average 4.25142.
[1.875, Null}

A\

Earn on average 4.25019.

(18.6406, Null)
\0&

Earn on average 4.25026.

182.156, Null}

My logic : second die on average 3.5, take the firstif it is a 4, 5, 6 (average is J5).
So half the time get a 5, half the time a 3.5, average is 4.25 9



HANDOUTS:

‘REVIEW MATERIAL: Numerous worked out calculus problems (differentiation, integration, statement of topics yvou should
know

*Notes on Induction, Calculus, Convergence, the Pigeon Hole Principle and Lengths of Sets (from the first appendix to 4An
Invitation to Modern Number Theory, by myself and Ramin Takloo-Bighash, Princeton University Press 2006). We will not need
all the material there for this course, but it 1s easier to just post the entire chapter.

*Handout on Types of Proofs (from a handout I wrote for math review sessions at Princeton, 1996-1997; this was written for
students from calculus to linear algebra).

Intermediate and Mean Value Theorems and Taylor Series (you should know this material already; the main results are stated
and mostly proved, subject to some technical results from analysis which we need to rigorously prove the IVT).

*Sequences and series:
From multivariable calculus (Cain and Herod)
 From calculus (Strang)

*Free textbooks:
* Numerous free textbooks from Georgia Tech
* Free textbook on multivariable calculus (Cain and Herod)
* Free probability textbook (Grinstead and Snell), Free real analysis textbook (from William Trench)

e[saac Asimov: The Relativity of Wrong



https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/CalcReviewProblems.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/CalcReviewProblems.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/AppendixI.pdf
http://www.math.princeton.edu/mathlab/book/index.html
http://www.math.princeton.edu/mathlab/book/index.html
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/proofs.html
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/MVT_TaylorSeries.pdf
http://people.math.gatech.edu/%7Ecain/notes/cal10.pdf
http://ocw.mit.edu/ans7870/resources/Strang/Edited/Calculus/10.pdf
http://people.math.gatech.edu/%7Ecain/textbooks/onlinebooks.html
http://people.math.gatech.edu/%7Ecain/notes/calculus.html
http://math.dartmouth.edu/%7Eprob/prob/prob.pdf
http://ramanujan.math.trinity.edu/wtrench/texts/TRENCH_REAL_ANALYSIS.PDF
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/handouts/asimovrelativityofwrong.htm
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See also Lecture 03: 9/15/21: Die Problem, Coding, Integration: hitps:/youtu.be/ZhPypMaQWhe (slides)



https://youtu.be/ZhPypMaQWhc
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 3 Video 2-12-25: Binomial Coefficients, Poker, Coding Efficiently, Generating Functions, Laws of
Probability. https://youtu.be/aByMKJSNPEE
Slides: https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/aByMKJ8NPEE
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan of the Day

* Review Binomial Coefficients

* Proof by Story

* Coding Efficiency in Poker

* (Generating Functions

* Roulette: https://youtu.be/yyTOb7/7BtzbY

 Axioms of Probability (if time): Outcome space, probability
functions, wish list, .....

Watch at home: Set Theory, Probability Wish List, Coding:
https://youtu.be/2agUKFQJtnU (2019 lecture)



https://youtu.be/yyTOb7BtzbY
https://youtu.be/2agUkFQJtnU
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Wish list:

I. Forany event A, we have 0 < Pr(A) < 1, and if (2 is the outcome space, then
Pr(Q2) = 1.

2. If {A;} 1s a pairwise disjoint collection of sets (which means A; N Ay, is empty
if 7 # k), then Pr (U; 4;) = > . Pr(4,).




(Kolmogorov’s) Axioms of Probability (2,3, Prob), where () is the outcome
space and X a o-algebra, 1s a probability space 1f the probability function satisfies
the following.

o If A€ XY thenPr(A)isdefinedand 0 < Pr(A) < 1.
e Pr()) =0and Pr(Q2) = 1.

e Let {A;} be a finite or countable collection of disjoint elements of .. Then

Pr(U;A;) =) . Pr(4;).




Useful Rules for Probability Spaces. Let ({2, 3, Prob) be a probability space. Then

1. “Law of Total Probability”: If A € ¥, then Pr(A) + Pr(A°) = 1. Equiva-
lently, Pr (A) = 1 — Pr (A°).

2. Pr(AUB) =Pr(A) + Pr(B) — Pr(AN B). This can be generalized. For

example, 1f we have three events, then

Pr(AiUAsUAs) = Pr(A;)+Pr(Az)+ Pr(As)
— Pr(AiNAsz) —Pr(A; N Asj)
—Pr (A2 M Ag) + Pr (Al M Ag M AB) .

This 1s also known as inclusion-exclusion.

3. If A C B, then Pr(A) < Pr(B). If, however, A is a proper subset of B,
we don’t necessarily have Pr (A) < Pr(B), but we do know for certain that
Pr(B) = Pr(A) 4+ Pr(B N A¢), where B N A€ refers to all elements of B

that aren’t in A.

4. Let A; C B forall i. Then Pr(U; A;) < Pr(B).




Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 4 and 5 Slides: Replacement Videos:

* Roulette: Double Plus Ungood: https://youtu.be/Esa2TYwDmwA
 German Tank Problem: pdf (video: https://youtu.be/1N2IhpifwAk).
*Probability and Mathematical Modeling: I: (slides online here): https://youtu.be/T-35mhZioeo)
*Probability and Mathematical Modeling: I1: (slides online here): https:/youtu.be/ZGM6be90XqA)

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/Esa2TYwDmwA
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GermanTankProblem_Talk_PennState2020.pdf
https://youtu.be/1N2IhpifwAk
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/talks/ProbMathModelingI.pdf
https://youtu.be/T-35mhZioeo
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/talks/ProbMathModelingII.pdf
https://youtu.be/ZGM6be90XqA
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 6: Trump Splits, Conditional Probability, Bayes' Theorem, Method of Exhaustion, Inclusion/Exclusion,
Independence: https://youtu.be/xMAzWdadyZU

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf


https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/xMAzWda4yZU
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 06:

https://web.williams.edu/Mathematics/similler/public _html/341Fa21/hando
uts/341Notes Chap1.pdf (some notes on sets, probabilities, ...)

« Trump Splits

« Conditional Probability (sniffing out formula)
* Inclusion/Exclusion

 Bayes' Theorem

* Independence

* Derangements

General items.

* Run simulations!

« Importance of phrasing.
 Explore extreme cases.

102


https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf

Probability of having a 5-0 trump split in bridge
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Probabilty of a 5-0 split: 9/230, or about 3.91% or is it 2/32 or about 6.25%?
badtrumpsplit[numbad , numiter ] := Module[{},
deck = {};
For[c = 1, ¢ < numbad, c++, deck = AppendTo[deck, 1]];
For[c = numbad +1, ¢ < 26, c++, deck = AppendTo[deck, ©]];
badsplits = ©;
For[n = 1, n < numiter, n++,
{
hand = RandomSample [deck, 13];

Y5 A
/ ‘\’D@/\

If[Mod[Sum[hand[[1]], {i, 1, 13}], numbad] == @, badsplits = badsplits + 1];

115

Print["Observed badsplits is ", SetAccuracy[1©0.@ badsplits /numiter, 4],

15
Timing[badtrumpsplit[5, 1000000] ]

Observed badsplits is 3.942%.
{15.5625, Null}

Timing[badtrumpsplit[5, 1e @0 0ee] ]

Observed badsplits is 3.913%.
{188.891, Null}



Are these two items equivalent:

i
AEBA ) Each person is equally likely to be chosen,
form a group of two people from four.

The Defirdtnve Collecton

Chose any group of two people, all groups
equally likely to be chosen.
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20. Han's Dice

Rolling two fair independent die....

What is the probability that

z _ L
1. The sumisan 11: =z ~ 'Y

. & _ L
2. Thesumisa?7: 72l (

=y = ,ﬂ s . Get AT&T Internet
. . . . . O N y for Businesstocj
3. Given first die is a 3, the sumis an 11: r— =

/ When Luke boards the Millennium Falcon in The Last Jedi, he grabs a pair of gold
— dice which belonged to Han Solo, and though you may not have ever noticed them
I ' I I I - before, they were hanging up in the Falcon in A New Hope and also reappeared in
4. Given firstdieisa 3,thesumisa7: [ y were hanging up p PP

The Force Awakens.

é,/\jf/'?da#( ?,-2;64 ‘u/,f-y e L‘C—- '_ﬁv_. Gone— I JM
s m_ P/béi L’:/(ﬁ,
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Is 1t possible that there’s some nice function ' such that 2 .( A 2) rs Te /oné ok A
Pr(AIB) — F(Pr(A).Pr(B)? | 9% B hagpes

—
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CTE Be S (hon W[SO= @) = (8] )
.76 8=4° Tk (/44 O = F (P (4 |-F(4)
F(Y,y) =) =X, x)= [ € ‘
Fl,N=x [T K= 72

e(x,Ex)= O &
T (@ = 8=4 Th =G5 = |

caz- 4~ [ PAID= < :

ct bofh ae #(ve, 2)0N ﬁ:go//m/\’“



Pr(A|B) = G(Pr(A4),Pr(B).Pr(ANDB))
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Pr(A|B) = G(Pr(A),Pr(B).Pr(AnB))
Q_..-—-—/'\--*‘}).

e Pr(B|B) =1. L-at & P

e Pr(B°B)=0,and

e 0 <Pr(AlB) < 1.

There’s a simple expression using our three building blocks that has these three properties:

109



Pr(A|B) = G(Pr(A).Pr(B) w)))

e Pr(B|B) = 1. Hrat & P
e Pr(B°|B) =0, and

e 0 <Pr(AlB) < 1.

There’s a simple expression using our three building blocks that has these three properties:

(g) — ____Pf“(ﬁl‘/)@ _
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Expected Counts Approach

Suppose that you go out fishing one day, and you have the following set of rules: you stop fishing once you catch a fish,
or after you’ve been on the water for four hours (whichever comes first). Let’s also imagine that there’s a 40% chance that
you catch a trout, a 25% chance you catch a bass, and a 35% chance you don’t catch anything. Notice that the percentages
sum to 100%, and that you never catch more than one fish in a day. Now, if we know that you caught a fish one day, what
are the odds that fish was a trout? Suppose that you went fishing 1000. Then....



Expected Counts Approach

Suppose that you go out fishing one day, and you have the following set of rules: you stop fishing once you catch a fish, or
after you’ve been on the water for four hours (whichever comes first). Let’s also imagine that there’s a 40% chance that
you catch a trout, a 25% chance you catch a bass, and a 35% chance you don’t catch anything. Notice that the percentages
sum to 100%, and that you never catch more than one fish in a day. Now, if we know that you caught a fish one day, what
are the odds that fish was a trout? Suppose that you went fishing 1000. Then....

Yolo clave aaiktowt- (000 Aays




Conditional Probability, Independence and Bayes’ Theorem

B ANKB A°NB
BC J‘l ﬁ Brf: J‘ilc m Br:.

Table 4.1: These are the possible outcomes for events A and B. If we know that
event B has happened. we need only worry about the events in 5’s row.

Conditional Probability: Let B be an event such that Pr (B) > 0. Then the condi-
tional probability of A given B 1s

Pr(A|B) = Pr(AnB)/Pr(B).

Kewrok, ﬂfg'/"g) — Pf(ﬂ/’f)w Pr'(gj

If you were really reading carefully, you might’ve noticed a new condition snuck
into the box above: Pr(B) > 0. If Pr(B) = 0, then B cannot happen. If B can-
not happen, 1t doesn’t make sense to talk about the probability A happens given B
happens! Fortunately if Pr (B) = 0 then Pr(A N B) is also 0, and we have the
indeterminate ratio 0/0, which warns us that we are in dangerous waters.




[Mlustration of inclusion-exclusion with three sets.

‘w%ﬁ
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Inclusion-Exclusion Principle: Consider sets A¢. Ao, ..., A,,. Denote the number

of elements of a set S by |S| and the probability of a set S by Pr (S). Then
Al = Sal- 3 angl+ > AN A -
i=1 i=1 1<i<j<n 1<i<j<k<n

o (=1)2 > [ Ay VA, NN Ag, |

1<y <lo<---<lp_1<n

+H=D)" A N AN N Ay

this also holds 1f we replace the size of all the sets above with their probabilities.
We may write this more concisely. Let Ay, p,. ¢, = Ag, N Ap, N--- N Ag, (50
A9 = A1 N Ag and Asgg = A4 N Ag N Ag). Then

JAail = D 1A= D 1Agl+ Do Al -
i=1 i=1 1<i<j<n 1<i<j<k<n
+(—=1)"? > [Avytgty_s |+ (=1)" A1z 0],

l<by<bo<---<by_1<n

If the A;’s live 1n a finite set and we use the counting measure where each element
of our outcome space 1s equally likely, we may replace all | S| above with Pr(.5).
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i=1

1<i<j<n 1<i<j<k<n

oo (—=1)"2 > |Ag, NAg, N---NAg |
1<by<by<-<lpy_1<n
+(=D)" A NAsn---N Ayl;
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A big caveat for independence of three or more events 1s that any combination
of two of those events may be independent of each other. but three or more might be
dependent. For example, roll a die twice. Let

e A denote the event that the first time the die shows an even number.
e B the second time the die shows an even number. and
e (' the sum of the first two numbers 1s even.

We can see that

Pr(AnB) = Pr(A)-Pr(B)
Pr(AniC) = Pr(A)-Pr(C)
Pr(BNC) = Pr(B)-Pr(C).

However. 1n this case
Pr(ANBNC) # Pr(A)-Pr(B)-Pr(C),

as Pr(A N B N ) 1s the probability of getting an even number the first time and an
even number again the second time (if the first two rolls are even. then the sum must
be even — this 1s what causes the problems). We thus have Pr(A N BN C') = % but
if the three events were independent then, according to the formula,

P(ANBNC) = Pr(A)-Pr(B)-Pr(C) = — -



Pr(B|A) -

Pr(A|B) = Pr(BJ|A) -

Bayes’ Theorem: The General Multiplication Rule implies
Pr(A) = Pr(A|B) - Pr(B)

for events A and B. Therefore, so long as Pr (5) # 0, we have

Pr(A)
Pr(B)

Pl ad)

P(AB) aw P{ﬁﬂﬁ) : Plei =

o7

F(408) =

Pla' D) PB) = FlBle Plg)
Ty _ p(g0s)




Example: Nationwide. Tuberculosis (TB) affects about 1 1n every 15.000 people.
Suppose that there’s a TB scare 1in your town. and for stmplicity assume that the rate
of incidence of TB 1n your town 1s the same as the national average. Just to be safe.
you go to the doctor to get tested for the disease. The doctor tells you that the test
has a 1% false positive rate — which 1s to say that for every 100 healthy people. one
will test positive. The doctor also reveals that the test has a 0.1% false negative rate
— similarly, for every 1000 sick people, only one will test negative. Suppose that you
test positive. What'’s the probability that you have TB?

7
¢

)
Bayes’ Theorem tell us that ‘l{f
Pr(sick
Pr(sick|positive) = Pr( )(;'iti\; o) - Pr(positive|sick).
)sitive
._,..--l""'v--—-"‘ L"'_"7
ok
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Bayes” Theorem tell us that

, . Pr(sick) »
Pr(sick|positive) = Pr(positive) - Pr(positive
r(positive

Si[‘.k) .

We use the partition “sick’™ and “not sick.” So B 1s the event sick, B¢ the event
healthy (1.e.. “not sick™). and A 1s the event of testing positive. We find

Pr(positive) = Pr(positive

sick)Pr(sick) + Pr(positivelhealthy)Pr(healthy)

14999
. - -+ 0.01 « ——
15000 15000

e

= 0.999

~ 0.01.
This gives

1/15000

7 .0.999 ~ 0.0066.
0.01

Pr(sick|positive) =

Were you expecting the probability to be that low?
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The expected counts approach can be seen graphically 1n the tree below.

14.849.010
Test
Negative

14.999
Million

Not
Infected 149.990
15 Test
Million Positive
Total
People | Tests
Negative
1000
Infected

999 Test
Positive
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 7: Inclusion-Exclusion Bounds, Derangements, Induction: https://youtu.be/eSH3 XxPxdJk

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/e5H3XxPxdJk
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341

Notes_Chap1.pdf

* |Inclusion/Exclusion Bounds

* Partitions

* Derangements

 Basics of PDFs

* Random Variables: Continuous (FTC) vs Discrete
* Moments and Expected Values

General items.

* Rescale

* Taylor Trick (several variables)

* More coding: https://youtu.be/sSgjBysixdQ; code file here, pdf here
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https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
https://youtu.be/sSgjBysixdQ
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/mathematicaprograms/AcesUp2019StandardDeck.nb
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/mathematicaprograms/AcesUp2019StandardDeck.pdf

Inclusion/Exlcusion Bounds

At least one person has a one-suited hand in bridge

Fﬂ((ﬂd/ﬂ' /s 0ﬂ<'$</%/) - _%5— :/:/) /:? ﬁ)%/@

("
5 ) (B 3
G Pob ok kaston poser o o -siky
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(52 choose 13) about 6.35 * 10"



Counting[n ] := Module[{},
count = Binomial[4 xn, n];

Print["Counting to ", count];

For[k = 1, k < count, k++, X = 1]

15

Timing[Counting[8] ]
Timing[Counting[9]]
Timing[Counting[10]]

Counting to 18518 360
{3.4375, Null}

Counting to 94143286
{34.6406, Null

Counting to 847 660528
{346.422, Null}



Law of Total Probability: If { Bi, Bo,...} form a partition for the sample space
S (1nto at most countably many pieces). then for any A C .S we have

Pr(A) = ) Pr(A|B,)-Pr(B,).

We should have 0 < Pr(B,,) < 1 for all n as the conditional probabilities aren’t
defined otherwise (note if a 3,, has probability zero then 1t 1sn’t needed. as that
pilece 1s hit by the factor Pr (53,,) = 0. while 1f 1t 1s 1 then all the other factors are
unnecessary).

Bayes’ Theorem: Let {A;}!" | denote a partition of the sample space. Then

~ Pr(B|A)-Pr(4)
Pr(A[B) = S Pr(B|A;) - Pr(A;)

Frequently one takes A to be one of the sets A;. \

oo 15 f’(g) /

S

<. - U R

- ‘sf L

s
j/c/g:);/
F=r



The At Least to Exactly Method: Let N (k) be the number of ways for at /least &
things to happen. and let £ (%) be the number of ways for exactly I things to happen.
Then E(k) = N (k) — N(k + 1). Equivalently.

Prob(exactly k& happen)

— Prob(at least k happen) — Prob(at least k& + 1 happen).

5.3.1 Counting Derangements

So. how many of the n! orderings have no element returned to where 1t starts? This
means the Ist element cannot be 1n the first spot, nor the 2nd element 1n the second
spot, and so on. For example, {2, 3,4, 1} is a derangement as each number is moved.
while {3, 2,4, 1} 1s not a derangement as 2 is in the second position.

It turns out to be much easier to look at the related problem, where we count
how many ways there are for at least one element to return to its starting point. Why
1s this easper? Remember the statement of the inclusion-exclusion principle (see
§5.2.2). We show how to write an af least event 1in terms of intersections of events,
and intersections are often easy to compute. To get the number of derangements, we
just subtract the number of non-derangements from n/!.




Derangements: Everything moves..... (Application: Graph Theory)
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derangement[n , numdo ] := Module[{}, . o ] )
< - For example, if we run ten million trials with n = 5 we find

count = 0; (* set counter of successes to 0 *)
(* prediction for finite n and n —--> 00 =*) Th s 36.66E7%
eory 1is . .
= — -~ r =
EEE?EF_ jgrfl“ 1)*k/ki, {k, 0, n}; Limit is 36.7879%.
imit = ; Observe 36.6783%.

people = {}; (+* this will be our list of pecople =*)
For[i =1, i <= n, i++, people = RAppendTo[pecple, 1i]]:

For[m = 1, m <= numdo, m++, (* main loop *) n = 20,
{ .
mix = RandomSample [people]; (* randomly mix people *) Tbegrylls 36.78793%.
found = 0; (+* set found to 0, if becomes 1 someocne fixed =) Limit 1s 36.7879%.
FC‘I[i — l, i <= n, i++, Observe 36.8023%.
{ -
If[mix[[i]] == i, \ 4( —
{ Co ’y
found = 1;
i=n+1; (* exit loop: why keep computing! =) g(/‘(d‘kﬁfcr
s
If[found == 1, count = count + 1]; (+* if found= /
:}L]J_nu:rease count ) &_ M5 .ép ((/, //// ///
Print["Theory is ", 100. theory, "%."];
Print["Limit is ", 100. limit, "%."];
(* we want prob derangement so it's 1 - prob somecne fixed *)

Print ["Observe ", 100. - 100. count/numdo, "%."]: /
]



Multinomial Coefficients
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/
Lecture 8: 3/6/25: Induction, PDF/CDF: https://youtu.be/N5SJLFMOyWS8A

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/N5jLFMOyW8A
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 8: March 4, 2025:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/hando
uts/341Notes_Chap1.pdf

* |nduction

* Basics of PDFs

* Random Variables: Continuous (FTC) vs Discrete
* Moments and Expected Values

General items.
* Rescale
* More coding: https://youtu.be/sSgjBysixdQ; code file here, pdf here
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https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
https://youtu.be/sSgjBysixdQ
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/mathematicaprograms/AcesUp2019StandardDeck.nb
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/mathematicaprograms/AcesUp2019StandardDeck.pdf
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More on proofs: \
https://web.williams.edu/Mathematics/similler/public html/341Sp25/handouts/proofs.html
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Probability density: Definition, Examples
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Probability density of Y = g(X) in terms of X and its density

X~ Uniform(0,1) and Y = X2. _X-”u""‘F{qsO /l"em;
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Sum of two independent, fair die.... Uniform + Uniform = Triangle
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The Power of the Right Perspective




X; ~ Unif(—1/2,1/2) (adjusted to mean 0, variance 1)

Y| = )(1/(7)(1 VS N(01)

0.

0.3 -
0.2 -

0.1+




Xi ~ Unif(—1/2,1/2) (adjusted to mean 0, variance 1)

Yo = (X1 + Xg)/OX1+X2 VS N(O? 1).




Xi ~ Unif(—1/2,1/2) (adjusted to mean 0, variance 1)

Y4 = (X1 + Xo + X3 +X4)/UX1+X2+X3+X4 VS N(Og 1).




X; ~ Unif(—1/2,1/2) (adjusted to mean 0, variance 1)

Ys = (X1 SIS Xg)/(TX1+..._X8 VS N(01)




Xj ~ Unif(—1/2,1/2) (adjusted to mean 0, variance 1)

Density of Yy = (X4 + -+ X4)/ox, ... X,-

(18 +9+/3 y-+/3 ¥?) y =0

(12 6y—\/7y) -3 <y<0
(72-363 y+18y? -3 y®) /3 <y<2+/3
(18/3 y-18y* +/3 ¥°) y=+V3

(12 6 y* +\/_y) 0<y<+3
(72+36V/3 y+18y? +/3 y®) -2/3 <y<-/3

2w = L oy - r
,.-.IH .I,IH ,r.-.IH ,r.-.IH .I,IH HJIH

ﬁ
(Don’t even think of asking to see Ys's!)



Moments and expected value of functions of random variables
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller

Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html|/341Sp25/

Lecture 9: 3/6/25: CDF Method, Cauchy Distribution, Joint Distribution, Marginal Distribution, Convolutions, Sums of

Random Variables, Linearity of Expectation.
Video: https://youtu.be/gXubfwCOvJw

https://web.williams.edu/Mathematics/similler/public html/341Sp25/Math341Sp25l ecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/gXubfwC0vJw
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 9: March 6, 2025:

https://web.williams.edu/Mathematics/similler/public _html/341Fa21/hando
uts/341Notes Chap1.pdf

 Review CDF Method

« Cauchy Distribution

« Joint PDF

 Linearity of Expectation
 Fermat Primes

« Buffon's Needle

General items.
* Power of Linearity
* Avoiding brute force computations
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CDF Method: Integrating without integrating....
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variables with densities fx,. fx,...., fx, .- Assume each X; is defined on a subset
of R (the real numbers). The joint density function of the tuple (X¢,....X,,) 15 a
non-negative, integrable function fx, .. x . such that, for every nice set S C R" we

Joint probability density function. Let X, Xo, ..., X,, be continuous random

3 ¥

have
Prob ((Xq,....X,) €5) = / e | fxyx, (@, g )daey - day,
S
and
N A Y A |
Ir1=—> Tiji_1——20 rjli1——00C Ip——00
T
X X1 X it X (T T 1 Tt e s Ty ) H dx;
=1

We call fx, the marginal density of X;. and obtain 1t by integrating out the other
n — 1 variables.
The n random variables X, ..., X, are independent if and only 1f

fX].j-"?Xﬂ (T'].: R :Tﬂ) — fXI (;r'l) o an ("Tﬂ»)'

For discrete random variables, replace the integrals with sums.

172



(2015 lecture with detailed joint PDF example: http://youtu.be/gQzorseWuVc)

Prob(Y =0) | Prob(Y =1) | Prob(Y = 2)

0 Prob(X = 0) 1/32 2732 1/32 ] 1/8
()()(7QZ/V/ Prob(X = 1) 3/32 6/32 3/32 || 3/8
g g e | Prob(X =2) 3/32 6/32 3/32 || 3/8
jg'#+f Proh(X = 3) 1/32 2/32 1/32 || 1/8

:;ﬁ;ﬁé, 1/1 2/1 /1

Table 9.2: The joint density of (X, Y ), where X 1s the number of heads 1n the first
3 tosses and Y 1s the number of heads 1n the last 2 tosses of 5 independent tosses of

fair coins.

Prob(V = 0)

Prob(V =1)

Prob(V = 2)

Prob(U = 0) 1/16 1/16 0/16 || 1/8

Prob(U = 1) 2/16 3/16 2/16 || 3/8

Prob(U = 2) 1/16 3/16 2/16 || 3/8

Prob(U = 3) 0/16 1/16 1/16 || 1/8
1/4 574 1/4

Table 9.3: The jomt density of (U, V'), where U 1s the number of heads m the first 3

tosses and V 1s the number of heads 1n the last 2 tosses of 5 tosses of fair coins.



http://youtu.be/gQzorseWuVc

Convolutions and CDF Method
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Theorem 9.5.1 (Linearity of Expectation) Let X;..... X, be random variables,
let gy, . ... gn, be functions such that €[ |g; (X ;)|| exists and is finite, and let ay, . . . , a,
be any real numbers. Then

E[{'llgl(Xl) + -+ Apgn (Xn)] — H-lE[Ql (Xl }] + -t f-'l-nE[gﬂ-(Xn)]'

Note the random variables are not assumed to be independent. Also, if g;(X;) = ¢
(where c is a fixed number) then E|g;(X;)| = c.

b dosits L P EL5E)] = [0 §5 09

i (X = X oes
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Proof of Linearity of Expectation
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Appllcatmn of Linearity of Expectation: Bernoulli/Binomial
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Fermat Primes
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 10: 3/11/25: Buffon’s Needle, Simpson’s Paradox, Crackerjack Box
Video: https://youtu.be/iXmESvOYAQ

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/iXmE8jvOYAQ
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 10: March 11, 2025:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/hando
uts/341Notes_Chap1.pdf

 Buffon’s Needle
* Simpson's paradox
 Crackerjack Problem

General items.
* Power of Linearity
* Avoiding brute force computations
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Buffon's needle problem https://en.wikipedia.org/wiki/Buffon%27s_needle_problem

From Wikipedia, the free encyclopedia

In mathematics, Buffon's needle problem is a question first posed in the 18th century by Georges-Louis Leclerc, Comte de Buffon:!"!

Suppose we have a floor made of parallel strips of wood, each the same width, and we drop a needle onto the floor. What is the probability
that the needle will lie across a line between two strips?

Martin Aigner - Giinter M. Ziegler

Proofs from THE BOOK

Sixth Edition

&) Springer

The a needle lies across a line, while
the b needle does not.

https://pub.math.leidenuniv.nl/~finkelnbergh/seminarium/s
telling_van_Buffon.pdf
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https://pub.math.leidenuniv.nl/%7Efinkelnbergh/seminarium/stelling_van_Buffon.pdf
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Integrate[ArcCos[x],x] =
Frly e R n Fra
ok NATURAL LANGUAGE | Jf5 MATH INPUT EH EXTENDED KEYBOARD :i: EXAMPLES # UPLOAD 32 RANDOM
Indefinite integral [ [vf Step-by-step solution ]

JCDS_I[X)(IIZXCDS_III)-V 1-.1'2 COl

X} is the inverse cosine functior

But maybe it is better to switch the order of integration.... What would you get?
S~

s

Here is the ‘proof from the book’ link:
https://pub.math.leidenuniv.nl/~finkelnbergh/seminarium/stelling_van_Buffon.pdf
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https://en.wikipedia.org/wiki/Simpson%27s_paradox

Simpson’s Paradox

Derek Jeter: .250 (1995) and .314 (1996)

David Justice: .253 (1995) and .321 (1996)

BUT Jeter’'s two year average was .310, exceeding Justice’s .270.
Is this surprising?

If yes, how can this be true?
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Year
Batter

Derek Jeter | 12/48 2050 | 183/582  .314 | 195/630 | .310

1995 1996 Combined

David Justice | 104/411 | .253 | 45/140 | .321 149/551 | .270



Kidney stone treatment | edit]

Another example comes from a real-life medical studym] comparing the success rates of two treatments for kidney
stones.[18] The table below shows the success rates (the term success rate here actually means the success proportion)
and numbers of treatments for treatments involving both small and large kidney stones, where Treatment A includes
open surgical procedures and Treatment B includes closed surgical procedures. The numbers in parentheses indicate

the number of success cases over the total size of the group.

Treatment

- Treatment A Treatment B
Stone size
Group 1 Group 2

Small stones
93% (81/87) | 87% (234/270)

Group 3 Group 4

Large stones
13% (192/263) 69% (55/80)

Both 78% (273/350)  83% (289/350)

The paradoxical conclusion is that treatment A is more effective when used on small stones, and also when used on
large stones, yet treatment B appears to be more effective when considering both sizes at the same time. In this
example, the "lurking" variable (or confounding variable) causing the paradox is the size of the stones, which was not
previously known to researchers to be important until its effects were included.l¢tafion needed]



Cracker Jack Problem:

Total of T toys you can get. . TOV
Each box equally likely to have any of the T toys. \ SurpriSe
Each box prize independent of the others. "\ INSIDE!
How many boxes do you expect to open before seeing all? g™
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller

Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 11: 3/13/25: Review, Variances/Covariances, Portfolios, Coding, Differentiating Identities:
Video: https://youtu.be/mGQb4ZTTuOc
https://web.williams.edu/Mathematics/sjmiller/public html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/mGQb4ZTTu0c
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 11: March 11, 2025:

https://web.williams.edu/Mathematics/similler/public _html/341Fa21/hando
uts/341Notes Chap1.pdf

« Review (CDF, Convolution, Special Distributions)
« Variance / Covariance

« Expectation Results

« Portfolio Application

« Coding

 Differentiating Identities

General items.
 Power of Independence
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The Method of the Cumulative Distribution Function. Let X be a random
variable with density fy whose density 1s non-zero on some interval [, and let
Y = ¢(X) where g : [ = R 15 a differentiable function with mverse h. Assume
the dertvative of ¢ 1s either always positive or always negative in /., except at finitely
many points where 1t may vanish. To find the density fy:

. Identufy the mnterval [ where the random variable X 15 defined.

2. Prove the function ¢ has a derivative that 1s always positive or always negative
(except, of course, at potentially finitely many pomis).

3. Determine the mverse function h(y), where g(h(y)) = y and h(g(z)) = 2.

4. Determme £'(y). either by directly differentiating h or using the relation

f'(y) =1/g'(hly))
5. The density of Y 15 fy{y) = fx (h(y))|h(y)]
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Definition 10.1.1 7he convolution of independent continuous random variables X
and Y on IR with densities [x and [y is denoted [fx * [y, andis given by

(fx * fyv)(z) = / fx(t)fyv(z —t)dt.
If X and Y are discrete, we have

(fx * fy)(2) = D fx(@n)fy(z —an);

T

note of course that fy (z — x,, ) is zero unless z — x,, is one of the values where Y
has positive probability (i.e., one of the special points ).

The convolution of two random wvariables has many wonderful properties. includ-
ing the following theorem |

Theorem 10.1.2 Ler X and Y be continuous or discrefe independent random vari-
ables on IR with densities fx and fy. If Z = X + Y, then

fz(z) = (fx * [fyv)(=).

Further, convolution is commutative: [fx * fyv = fyv * [fx.




Mean, variance. Let X be either a continuous or a discrete random variable with

density fx.

1. The mean (or average value or expected value) of X is the first moment. We
denote it by E[X | or px (if the random variable is clear, we often suppress the
subscript X and write j). Explicitly,

fjﬂx x - fx(x)dr if X is continuous
[ =
; S & - fx(zn) if X is discrete.

2. The variance of X, denoted ¢% or Var(X), is the second centered moment,
or equivalently the expected value of g(X) = (X — ux)?; again, we often
suppress the subscript X if the random variable is clear, and write 2. Writing
it out in full,

2 ffcm{:r — pux)?fx(xz)dz if X is continuous
T —

* S (2n — px)?fx(z,) if X is discrete.
As px = E[X], after some algebra (see Lemma[9.5.3) one finds
o = E[(X —E[X]?] = E[X?] - E[X]2

This relates the variance to the first two moments of X, and 1s useful for many
calculations. The standard deviation is the square-root of the variance, or

3. Technical caveat: in order for the mean to exist, we want [~ |z|fx(z)dz
(in the continuous case) or » |z, |fx (x,) (in the discrete case) to be finite.




Covariance. Let X and Y be random variables. The covariance of X and Y . denoted
by oxy or Cov(X,Y ), 1s

oxy = E[(X —pux)(Y — py)].

Note Cov (X, X)) equals the variance of X. Also, 1f X4,....X,, are random vari-
ablesand X = Xy +---+ X,,. then

Var(X Z\mﬁ Z Cov(X;, Xj).

1<i<j<n

}:,-&\) L-/-’_\A_/
QX%




The Bernoulli Distribution: X has a Bernoulli distribution with parameter p €
0, 1] if Prob(X = 1) = p and Prob(X = 0) = 1 — p. We view the outcome 1
as a success, and 0 as a failure. We write X ~ Bern(p). We also call X a binary
indicator random variable.

E[jj Zﬂ?ﬂé(j-:-n)

— 0*(!-P3+J'P“—"—'—P

Efﬁf’ff _ s g pat (X=0)
— pZ.P F+17PF Y

Ve (X) = FLx~] - EC}QZ: o == PU-2) € b))

s - v P lUp)s |~zp
oVt T = U= p—F s >
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Lemma 9.5.2 Let X be a random variable with mean px and variance o. If a
and b are any fixed constants, then for the random variable Y = a X + b we have

. 2 2 2
py = apx +b and oy = a“oy.

Lemma 9.5.3 Let X be a random variable. Then

Var(X) = E[X?] — E[X].
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Theorem 9.6.1 If X and Y are independent random variables,
E[XY] = E[X]E[Y].

A particularly important case is

E[(X — px)(Y — py)] = E[X — px|E[Y —py] = 0.

then E j_/ ( (WF

Foeb: 5= X E[2]-

> X- e
;7_X’/“1-, _‘f’/f Ir)oép

[Aotep

m/é/ g:z_“‘f ("/7)"’ S (<) ’@/ (=) -

/MVS FLXL]= S

J“Cy ()5 §

AR
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The Binomial Distribution: Let n be a positive integer and let p € [0, 1]. Then X
has the binomial distribution with parameters n and p 1f

(M)p*(1 = p)n=F ifk e {0.1,....n}
0 otherwise.

Prob(X = k) = {

We write X ~ Bin(n,p). The mean of X is np and the variance is np(1 — p).

_Z—: _Il+ "”+Xn each I@‘ﬂ@erﬂ(fa) Bl (e
E[Ej = E[X0« - +(E‘[_X‘,Q:_ A p
[/ﬁ/‘(j) = Vo (X< +[/£/‘(_‘X‘},): V]P&——fﬂ

s \qole perslrt
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Theorem 9.6.2 (Means and Variances of Sums of Random Variables) Let
Xi...., X, be random variables with means px,,..., px, and variances ‘//Vll ?}'("‘i \<ﬂ"“') (a’- ‘}w O M.
Jil,...?cr}". If X =X, +---+ X, then

px = px, +- + px,.- 1/6./((}?/ +I‘23+E3>

If the random variables are independent, then we also have

ﬂ'i’ _ Ji’l '|‘"'+J_§Eﬂ or var{X) = VHF(X1)+"'+V3‘r(X”]' — UCK‘(_/K-{-{:ZL> + (/W-(E_g)

In the special case when the random variables are independent and identically dis-
tributed (so all the means equal y1 and all the variances equal o?), then — ((/a/.( X} WK;)) < [/4'/'( g)
2 2
= Lo~ (X)) 4t (X2) «—Va//z:;)

sk Var(X+5) = E] (K« — et o)) ]
= [E[([I*/‘x) + (Y‘/’Y\\ZJ

- ELE- A= € 2 E R )
_ Eg@‘* /x.)"-] Yy f’)fj%( - A/ +E) (P—-/rjj

— Y (X)) O4Var (7))
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Covariance. Let X and Y be random variables. The covariance of X and Y, denoted

by oxy or Cov(X,Y), 1s

oxy = E[(X — px)(Y — py)].

Note Cov(X, X ) equals the variance of X. Also, if X;,.. ., X, are random vari-
ablesand X = X| 4+ ---+ X,,, then

Var(X) = Y Var(X Y Cov(X;, X;).
i=]1

1<i<lj=<mn

Cov(X,Y)

E[(X — px)(Y — py)]

E[XY M/X pxY + py px)

EXY] - pxE[X] — pxE[Y] + E[ux py]
E[XY] — pxpy — pxpy + pxpy
IE.[XY] — Hx [y .



Application: Amazingly, Theorem [9.6.2|plays a big role in designing optimal in-
vestment portfolios! Here’s a brief sketch of how 1t’s used. Imagine we have two
stocks with variable returns. Let X; denote our return from the first, and X5 from
the second. For simplicity, let’s assume they both cost $1 per share, both have an
average return of $3, and both have a variance of $2. Our goal 1s to build a portfolio
that makes as much money as possible, with as little risk as possible. If the two
stocks are independent, we can minimize risk by investing in each!
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Method of Differentiating Identities: Let o, 3,7, .. .. w be some parameters. As-

sSuIme

Nmax

N=Nmin

where [ and g are differentiable functions with respect to . Then

ﬂ"i"‘ of (n;a, B, ... ,w) dg(a, B,... W)
o - Do ”

N=Mmin

provided that [ has sufficient decay to justify the interchange of summation and

differentiation.
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 12: 3/18/25: Coding, Differentiating Identities
Video: https://youtu.be/E603AUEbGxM

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/E6o3AUEbGxM
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 11: March 11, 2025:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/hando
uts/341Notes_Chap1.pdf

* Coding
* Differentiating Identities
* Computing Means and Variances

General items.
* Milking equalities
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https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf

crackerjackprizeproblem[numprizes , numdo 1 := Module[{},
Xsum = @; xxsum = @; (+« to compute mean and variance «)

For[n = 1, n £ numdo, n++,

{

numboxes = 1; (+ start off with one box, as first box 1s new!
(+» while loop opens boxes till get a new toy, relabel that to numbox+1 )

* l

count = 1;
While [numboxes < numprizes,
{

count = count + 1; (+ opened another box «)
(+ value of toy =)

b = RandomInteger|[ {1, numprizes}];

(+ thus new toy found +) numboxes = numboxes + 1; ]; (+ end of if b loop +)

If[b > numboxes,
}1; (+ end of while loop =)

Xsum = Xsum + count; XxXxsum = XxXsum + count™2;

}1; (* end of for loop «)
obsmean = xsum/numdo; predvar

Print["Mean is ", 1.0 obsmean, "."];
Print["Predicted mean is ", 1.0 numprizes HarmonicNumber [numprizes], "."];
(«Print["Variance is ", (1.@ xxsum/numdo) - obsmean”2, ]35%)
Print["Standard Deviation is ", Sqgqrt[ (1.0 xxsum/numdo) - obsmean~2], "."];
Print["Predicted Standard Deviation is ", Sqrt[1.0 predvar], "."];

]

Sum[ (1 - (k/numprizes)) (numprizes/k)"*2, {k, 1, numprizes -1}];



Timing[crackerjackprizeproblem[19, 160 000] ]
Mean is 29.3183.

Predicted mean 1s 29.2897.

Standard Deviation is 11.2561.

Predicted Standard Deviation is 11.211.

{5.53125, Null}

Timing[crackerjackprizeproblem[10, 16060000] ]
Mean is 29.3037.

Predicted mean 1is 29.2897.

Standard Deviation is 11.2264.

Predicted Standard Deviation is 11.211.

{55.8281, Null}

Timing[crackerjackprizeproblem[1066, 1600] ]
Mean is 7416.54.

Predicted mean is 7485.47.

Standard Deviation is 1286.27.

Predicted Standard Deviation is 1279.24.

{12.2188, Null}

Timing[crackerjackprizeproblem[1666, 10 000] ]
Mean 1s 7495.48.

Predicted mean is 7485.47.

Standard Deviation is 1287.97.

Predicted Standard Deviation is 1279.24.

{152.281, Null}



arraycrackerjackprizeproblem[numprizes , numdo 1 := Module[{},
Xsum = @; xxsum = @; (+ to compute mean and variance =)
For[i = @, i < 2numprizes®2 + 1, i++, arraynumboxes[i] = @]; (+ array to store
For[n = 1, n s numdo, n++,
{
numboxes = 1; (+ start off with one box, as first box is new! =)
count = 1; (» while loop opens boxes till get a new toy, relabel that to numbox+1l «)
While [numboxes < numprizes,
{
count = count + 1; (+ opened another box «)
b = RandomInteger[{1, numprizes}]; (+ value of toy =)
If[b > numboxes, [+ thus new toy found «) numboxes = numboxes + 1; ]; (+ end of if b loop =)
}1; (* end of while loop «)
If[count < 2*numprizes”2, arraynumboxes[count] = arraynumboxes|[count] +1,
{ Print ["Exceeded upper bound!!!"]; arraynumboxes[@] = arraynumboxes[@] +13;}]; (+ stores in array; if too big put in @ +)
Xsum = Xsum + count; XXsum = XXsum + count”2;
}1; (+ end of for loop =)

obsmean = xsum/numdo; predvar = Sum[ (1 - (k/numprizes)) (numprizes/k)"™2, {k, 1, numprizes -1}];

Print["Mean is ", 1.0 obsmean, "."];

Print["Predicted mean is ", 1.0 numprizes HarmonicNumber [numprizes], "."]1;

(#Print["Variance is ", (1.0 xxsum/numdo) obsmean”2, "."];%)

Print["Standard Deviation is ", Sgrt[ (1.0 xxsum/numdo) - obsmean~2], "."];

Print["Predicted Standard Deviation is "
plotlist = {};
For[i = numprizes, i < 4xnumprizes % Log[numprizes], i++, plotlist = AppendTo[plotlist, {i, 1.0 arraynumboxes[i] /numdo}]1];

Print[ListPlot[plotlist]];

> Sqrt[1.0 predvar], "."];



Timing[arraycrackerjackprizeproblem[10, 100000] ] Timing[arraycrackerjackprizeproblem[10, 1000 000] ]

Mean 1s 29.2638. Mean 1s 29.3099.
Predicted mean is 29.2897. Predicted mean 1s 29.2897.
Standard Deviation is 11.1746. Standard Deviation is 11.2184.
Predicted Standard Deviation is 11.211. Predicted Standard Deviation is 11.211.
: n"'_- I .‘.‘h"
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{5.84375, Null} {58.7969, Null}



Timing[crackerjackprizeproblem[1000, 10 000] ]
Mean 1s 7464.73.

Predicted mean 1s 7485.47.

Standard Deviation 1s 1279.71.

Predicted Standard Deviation 1s 1279.24.

131.016, Null}

Timing[arraycrackerjackprizeproblem[16606, 10060] ]
Mean 1s 7471.15.

Predicted mean 1s 7485.47.

Standard Deviation 1s 1253.26.

Predicted Standard Deviation 1s 1279.24.
{136.641, Null}



Method of Differentiating Identities: Let o, 3,7, ..., w be some parameters. As-

suIme

Nmax

N=Tmin

where [ and g are differentiable functions with respect to .. Then

nmix dof (n:a, B,... w) dgla, B, ... ,w)
Doy B dax ’

N—Nmin

provided that [ has sufficient decay to justify the interchange of summation and

differentiation.
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 13: 3/19/25: Differentiating Identities and Applications, Darth Vader, Double Sixes and Marriage Problems

Video: https://youtu.be/BRTWawmZJLs
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/BRTWawmZJLs
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 11: March 11, 2025:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/hando
uts/341Notes_Chap1.pdf

* Differentiating Identities
 Darth Vader Problem, Double Sixes Problem
 Marriage / Secretary Problem

General items.
* Building on previous results
 Gaining feel from subset of data
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Differentiating Identities: Geometric Random Variables
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The Darth Vader Problem

Only the Emperor is less forgiving than Darth Vader one mlstake and you are
{:IeadI No one seems to fail him twice... |

If your probability of failing him on a task is p, how many tasks till you die?



The Darth Vader Problem

If your probability of failing him on a task is p,

how many tasks till you die?

Could be unlucky and fail at the first task and die.

Could be very lucky and never fail and live a long, long time....

* What is the probability your first failure is on your first task? =

» What is the probability your first failure is on your second task? (=)
T

 What is the probability your first failure is on your third task? <(“ ) ‘ =

2/
* What is the probability your first failure is on your nt" task? <(~ P P



The EXPECTED VALUE of a random variable is the sum of the product of each
value it takes on times the probability it takes on that value.

For this problem: 1 * Prob(first fail at 1) + 2 *x Prob(first fail at 2) + -
1xp+2x(1—-pp+3+x{A—p)2p+= +n+(1-p)""'p+- &

ZW Qy//l/ (s / )
o bt 15 P € P P B (tpeerRe]
— ot _
— (—Ct-p) /
jdpae, p+ zC=F) + 2(-n2p + 2C-772% -




The Darth Vader Problem: LOWER BOUND

If your probability of failing a task is p, how many tasks till you die?

The EXPECTED VALUE of a random variable is the sum of the product kil 4

of each value it takes on times the probability it takes on that value.

SP)=p1+2+xA-p)+3+x(1—-p) +4(1—-p)’+-)



The Darth Vader Problem: UPPER BOUND

If your probability of failing a task is p, how many tasks till you die?

The EXPECTED VALUE of a random variable is the sum of the product el

of each value it takes on times the probability it takes on that value.

SP)=p(A+2+xA=p)+3*(1—p)2 +4(1 —p)3+-)
U//f/ézw/f p 1+ zler) < Gl-p)= < - ) "TT=20(-p)

) on(
- p - = -~ [ S (F (g
[ — Z (A o~/ or 2((~p) <y
= gl ey
pTo '=>C) z7 ‘ZL_< P

£ :
=T — S Neaztfr, o 2lns Chtrck

syl Gt a7t




S)=p(1+2+xA—-p)+3+x(1—-p)* +4(1—-p)*+-)

Bounds: If (1 —p) <%Sop >%

p
Thenl < S5(p) < vy

—



The Darth Vader Problem E ﬁ,_H

Probability of failing a task is p, how many tasks till you die? P\? "N/ ..
NEENW-,

SP)=p(1+2+(A—p)+3+(1—p) +4(1—p)* + )

Let g = 1-p. Note thisis p(1 + 2q + 392 + 493 + ---).

We can rewrite: It is

p(L+q+q2+qg3+ - )+pla+g2+g3+ «-)+p(q2+q3+qg*+ )+
Each is a geometric series with ratios q, g, q, ... but different starting terms.
Sp)=p(1+g+q?+ =/)+pa(l+qg+9g?2+ ) +pa2(1+qg+q2+ )+
S(p)= (P +Pq + P> +pg* ++) 7= =p (L+q + G2+ ¢* ++) 7= =P
Thus S(p) = 1/p as claimed! And without calculus!

1 1
1-q 1—q




The Sixes Game — el
Probability of failing a task is p, how many tasks till you dle? ! \ : 7

Answer: Expect 1/p

Equivalently, if the probability of a success is p, the number of tasks or tries you
need before the first success is 1/p.

We can use this to study a new game!

The sixes game: you roll a fair die until you get a 6. How many rolls do you
expect before this happens?

e. X/y@‘é/ /W/ /5' (s (



The Double Sixes Game

You have two fair die.

The goal is to have both show a 6.
Thus once one of the die lands on a 6 you can stop rolling it.

Questions:

* How many rolls do you expect before you have double sixes?
« What is the probability you win on your first turn? On your second? On your nt"?

Can we use the Darth Vader Theorem here? Why or why not? ~Z2/
Soaehmes Neet L) STey comefors jedt- on ‘



The Double Sixes Game: Upper/Lower Bounds
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The Double Sixes Game

You have two fair die. On each turn you can roll one or both of the die. ﬁ

The goal is to have both show a 6. Thus once one of the die lands on a 6 you can
stop rolling it.

start
roll two 6s roll one 6 roll zero 6s
(prob = 1/36) (p;tnl\()/%) (prob =25/36)
roll one 6 roll zero 6s roll two 6s roll one 6 roll zero 6s
[(prab = 1/6)} (prob = 5/6) [(prDb = 1/36ﬂ (prob =10/36) (prob =25/26

Prob(win first roll) = 1/36. Prob(win second roll) = 10/36*1/6 + 25/36*1/36 = 85/1296



The Double Sixes Game ﬁ
You have two fair die. On each turn you can roll one or both of the die. G

Want both to show a 6. Once one of the die lands on a 6 you can stop rolling it.
p

~

The Law of Complementary Events: If the probability something happens is
_p, then the probability it does not happen is 1-p. )

The Law of Double Counting: The probability A or B happens is the sum of h
the probability each happens minus the probability they both happen:
. Prob(A or B) = Prob(A) + Prob(B) - Prob(A and B). )

What is the probability we win by the nth turn? /} : (9;0[(; /}5/7; e

It is 1 minus the probability we have NOT won. 2. cam (pc secod
What is the probability we haven t won? [tis..

F'+ &)~ (&)



The Double Sixes Game

You have two fair die. On each turn you can roll one or both of the die. G

The goal is to have both show a 6. Thus once one of the die lands on a 6 you can
stop rolling it.

The Law of Complementary Events: If the probability something happens is
p, then the probability it does not happen is 1-p.

What is the probability we win BY the n* turn? 1 - 2«(5/6)"+ (25/36)".
[t is 1 minus the probability we have NOT won.

What is the probability we haven't won? Itis (5/6)* 4+ (5/6) - (25/36)™.
So..., what is the probability we win ON the nt turn?

[t is the probability we win BY the ntt turn MINUS the probability we win BY
the (n-1)stturn! (1 - 2«(5/6)"+ (25/36)™) - (1 - 2«(5/6)™1 + (25/36)™1)



The Double Sixes Game

You have two fair die. On each turn you can roll one or both of the die. G

The goal is to have both show a 6. Thus once one of the die lands on a 6 you can
stop rolling it.

Probability win on n* turn: (2/6)(5/6)™1-(11/36)(25/36)™1.

-

—

|||+mm.lm e e

| 100 trials 10 000 trials 100 000 trlals




The Double Sixes Game: Code

Mathematica code to simulate

ines)= £[n_] := 2 (5/6)~n - (25/36)~n
gln_] := 1 - f[n] (+ probability succeed by n =)

success[n_] := g[n] - gln-1];

(« probability succeed at n «)

In[71]= doublesixes[numdo ] := Module[{},
count = {};
For[m = 1, m £ numdo, m++,
{
firstdie = 0; seconddie = @; rolls = 0;
While[firstdie + seconddie < 12,
{
rolls = rolls + 1;
diel = RandomInteger({1, 6}];
die2 = RandomInteger([{1, 6}];
If[diel = 6, firstdie = 6];
If[die2 = 6, seconddie = 6];
I3F
count = AppendTo[count, rolls];
115
theory = {};
For(k = 1, k < 30, k++, theory = AppendTo[theory, {k+ .5, success[k]}]];
Print [Show[Histogram[count, Automatic, “"Probability™], ListPlot[theory]]];

]




The Double Sixes Game: Expected Value
Need the FULL strength of the Darth Vader Theorem (friendly Versmn)

p
The Darth Vader Theorem: If the probability of a success is p, then the
expected number of trials until a success is 1/p. Furthermore:

.,,\S(p) =p(1+2«1—-p)+3*x(1—p)* +4(1—-p)°+--)=1/p.

Notation: ).~ a, means a, + a, + a5 + ---- (using a Greek Sigma for Sum)

We have zgﬂ . n((2/6)(5/6)"-1 —(11/36)(25/36)"-1).
25 11

Equals 2 = - Zn 1n(l—l/6)n 1 - an n (1—11/36)“—1.

What is the first term? 2 = 7 What is second'?

/36

Answeris2 * 6 — % = E (or about 8.7 rolls until you get both sixes).




Review: Big Takeaways 'ﬁ

4 N
The Darth Vader Theorem: If the probability of a success is p, then the

expected number of trials until a success is 1/p. Furthermore:
\S(p) =p(1+2+A-p)+3+x(1Q-p)* +4(1—-p)°+-)=1/p,

/

The Law of Complementary Events: If the probability something happens is
p, then the probability it does not happen is 1-p.

The Law of Double Counting: The probability A or B happens is the sum of A
the probability each happens minus the probability they both happen:
. Prob(A or B) = Prob(A) + Prob(B) - Prob(A and B). )

The Power of Algebra: Sometimes have to do a bit of algebraic
manipulations to make what you have look like something you know.

A
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller

Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 14: 4/08/25: Differentiating Identities: (Gaussian, Exponential, Geometric, Negative Binomial), Sums of Uniform
Random Variables, Sums of Gaussian Random Variables, Cauchy Distribution, Gregory-Leibnitz Formula:

Video: https://youtu.be/FifRgOnJ1Lo

https://web.williams.edu/Mathematics/similler/public html/341Sp25/Math341Sp25l ecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/FjfRqQnJlLo
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 14: April 8, 2025:

 Differentiating Identities (Gaussian, Exponential, Geometric, Negative Binomial)
* Sums of Uniform, Gaussian Random Variables
« Cauchy Distribution and Gregory-Leibnitz Formula:

General items.

« Care in interchanging order....
 Integrating without integrating!
* Lectures from previous years for more examples/details:

Lecture 19: 10/29/21: Differentiating Identities: (Gaussian, Exponential, Geometric, Negative
Binomial): https://youtu.be/oYRoyqV2]AI (slides)

Lecture 20: 11/01/21: Sums of Uniform Random Variables, Sums of Gaussian Random
Variables, Cauchy Distribution, Gregory-Leibnitz Formula: https://Voutu.be/qW-3bHch21£U
(slides)



https://youtu.be/oYRoyqV2jAI
https://youtu.be/qW-3bHAwdPU
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Negative binomial distribution

Article Talk

From Wikipedia, the free encyclopedia

In probability theory and statistics, the negative binomial
distribution is a discrete probability distribution that models the
number of failures in a sequence of independent and identically
distributed Bernoulli trials before a specified/constant/fixed
number of successes r occur.[2] For example, we can define
rolling a 6 on some dice as a success, and rolling any other
number as a failure, and ask how many failure rolls will occur
before we see the third success (r = 3). In such a case, the
probability distribution of the number of failures that appear will
be a negative binomial distribution.

An alternative formulation is to model the number of total trials
(instead of the number of failures). In fact, for a specified (non-

random) number of successes (), the number of failures (7 — r)

is random because the number of total trials (77) is random. For
example, we could use the negative binomial distribution to

mreadal the riirmbiar AF Aavie 25 feasnAdAeasmy 2 cardain machi;mnas wesrlee

Dai

Mp 27 languages v

Read Edit View history Tools w

Different texts (and even different parts of this article)

adopt slightly different definitions for the negative binomial

distribution. They can be distinguished by whether the

support starts at kK = 0 or at k = r, whether p denotes the

probability of a success or of a failure, and whether r

represents success or failure,!'! so identifying the specific

parametrization used is crucial in any given text.
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Probability mass function

r=2

Yoo
-..."
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The orange line represents the mean, which is equal to 10 in each of

these plots; the green line shows the standard deviation.

Notation

NB(r, p)



Negative Binomial: The mean by differentiating identities linearity of expectation, recurrences.
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*In Economics, the standard random walk hypothesis seems to have lost most of its supporters, though
there are variants (and I'm not familiar with all); see also the efficient market hypothesis and technical
analysis, and all the links there. (There are also many good links on the wikipedia page on Eugene Fama).
Two famous books (with different conclusions) are Malkiel's A random walk down wall street and
Mandelbrot-Hudson's The (mis)behavior of markets (a fractal view of risk, ruin and reward). Some
interesting papers if you want to read more:
* Mandelbrot: Variation on certain speculative prices (a must read!)
* Fama: Mandelbrot and Stable Paretian Hypothesis
* Fama: Random Walks Stock Prices
* For more on randomness, check out The Black Swan by Taleb (amazon.com page here, wikipedia
page here).
* For more on fractal geometry, click here. See the Koch snowflake; another popular one is
the Cantor set. See here for fractal dimensions. To actually compute pictures of items like
the Mandelbrot set, one needs to iterate polynomials. This can lead to the fascinating subject of
efficient algorithms; when I wrote such programs years ago on what would now be considered
‘slow' computer, I had to use Horner's algorithm to get things to run in a reasonable time.



http://en.wikipedia.org/wiki/Random_walk_hypothesis
http://en.wikipedia.org/wiki/Efficient_market_hypothesis
http://en.wikipedia.org/wiki/Technical_analysis
http://en.wikipedia.org/wiki/Technical_analysis
http://en.wikipedia.org/wiki/Eugene_Fama
http://www.amazon.com/Random-Walk-Down-Wall-Street/dp/0393330338/ref=sr_1_2?ie=UTF8&s=books&qid=1260282331&sr=1-2
http://www.amazon.com/Misbehavior-Markets-Fractal-Financial-Turbulence/dp/0465043577/ref=sr_1_1?ie=UTF8&s=books&qid=1260282394&sr=1-1
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa09/econ/Mandelbroit_VariationCertainSpeculativePrices.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa09/handouts/Fama_MandelbroitAndStableParetianHypothesis.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa09/handouts/Fama_RandomWalksStockPrices.pdf
http://www.amazon.com/Black-Swan-Impact-Highly-Improbable/dp/1400063515/ref=sr_1_9?ie=UTF8&s=books&qid=1260290393&sr=1-9
http://en.wikipedia.org/wiki/The_Black_Swan_(Taleb_book)
http://en.wikipedia.org/wiki/The_Black_Swan_(Taleb_book)
http://en.wikipedia.org/wiki/Fractal_geometry
http://en.wikipedia.org/wiki/Koch_snowflake
http://en.wikipedia.org/wiki/Cantor_set
http://en.wikipedia.org/wiki/Fractal_dimension
http://en.wikipedia.org/wiki/Mandelbrot_set
http://en.wikipedia.org/wiki/Horner's_algorithm

Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 15: 4/10/25: Sabermetrics:
Slides for talk: https://web.williams.edu/Mathematics/symiller/public_html/math/talks/PythagWI Talk WNE2024.pdf and

https://web.williams.edu/Mathematics/symiller/public_html/math/talks/pythagintrostats williamsalumns_sanfran2024.pdf
Video: https://youtu.be/EZq9XKLSzPA

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/PythagWLTalk_WNE2024.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/pythagintrostats_williamsalumns_sanfran2024.pdf
https://youtu.be/EZq9XKLSzPA
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 16: 4/15/25: Gamma Function, Chi-Square Distribution, Markov inequality:
Video: https://youtu.be/0lgoNdzP184

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/0IqoNdzPI84
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 16: April 15, 2021:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/hando
uts/341Notes_Chap1.pdf

 Pythagorean Theorem (not the formula!)
e Gamma function

 Chi-Square Distribution

 Markov’s Inequality

* Chebyshev’s Inequality

* Divide and Conquer

* Newton’s Method

General items.
* Dimensional Analysis

* The more you assume, the more you can deduce...
285



Geometry Gem: Pythagorean Theorem

Theorem (Pythagorean Theorem)

Right triangle with sides a, b and hypotenuse c, then
a° + b? = c>.

Most students know the statement, but the proof?

Why are proofs important? Can help see big picture.



Geometric Proofs of Pythagoras

Diagram for Euclid
Book 1, Propostion 47

Proof requirements:
SAS congruence,
Triangle area = hb/2

b = base
h = height

E M N

Pythagorean Theorem

Figure: Euclid’s Proposition 47, Book |. Why these auxiliary lines?
Why are there equalities? 87



Geometric Proofs of Pythagoras

(I.47) H Zeac= [ElspEC
T Creac  [EactH

Line AL || Line BD
Line 6C || Linc FB

LBAG+LBAC=| +
N\ ABD =/A\FBC

C

[DeoLy = Elreas EiLec = Cacu
[Elreae [ElacIH = [E]BDEC

E

Figure: Euclid’'s Proposition 47, Book |. Why these auxiliary lines?
Why are there equalities?

'88



Geometric Proofs of Pythagoras

o

Figure: A nice matching proof, but how to find these slicings! 19




Geometric Proofs of Pythagoras

D s : . L] Big square: (a +b)*
- > b = a® + 2ab + b*
‘I I|I£.‘ - L. I..
/ ( Fowr tnangles =2ab

Lattle square = o2

.- a4 2ab + b= 2+ 2ab

4 b
a* +b*=¢?

a b

Figure: Four triangles proof: |

’90



Geometric Proofs of Pythagoras

Figure: Four triangles proof: Il



Geometric Proofs of Pythagoras

_ _ B .
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Figure: President James Garfield's (Williams 1856) Proof.

192



Geometric Proofs of Pythagoras

Lots of different proofs.
Difficulty: how to find these combinations?

At the end of the day, do you know why it’s true?

'93



Possible Pythagorean Theorems....

oc?=a+bs.
0% =a° 41 2b°
o c? =a® - b
o ¢% = a*+ab + b2

o 2 = a% + 110ab + b2.



Possible Pythagorean Theorems....

o ¢? = a° + b3. No: wrong dimensions.
o €% = @ + 2b?%. No: asymmetric in a, b.
o ¢2 = a% — b2. No: can be negative.

o ¢? = @ + ab + b%. Maybe: passes all tests.

o c? = a® + 110ab + b?. No: violates a + b > c.

95



Dimensional Analysis Proof of the Pythagorean Theorem

r
¢ Clax - a YR« =

b = ¢ cxx

CZSMY@v

o Area is a function of hypotenuse ¢ and angle x.
o Area(c,x) = f(x)c? for some function f (similar triangles).

o Must draw an auxiliary line, but where? Need right angles!

96



Dimensional Analysis Proof of the Pythagorean Theorem

o Area is a function of hypotenuse ¢ and angle x.
o Area(c,x) = f(x)c? for some function f (CPCTC).

o Must draw an auxiliary line, but where? Need right angles!

97



Dimensional Analysis Proof of the Pythagorean Theorem

¢ Area is a function of hypotenuse ¢ and angle x.
o Area(c,x) = f(x)c? for some function f (CPCTC).
o Must draw an auxiliary line, but where? Need right anTIes!

AL
o f(x)a? + f(x)b? = f(x)c? = a%+b? =c?. d-gﬁ/f

'98



Dimensional Analysis and the Pendulum

S

X
Length: L: meters
Acceleration: g: meters/sec* g
Mass: m: kilograms
Period: [: seconds
Angle: x: radians

m

'99



Dimensional Analysis and the Pendulum

S

X
Length: L: meters
Acceleration: g: meters/sec? g
Mass: m: kilograms
Period: [: seconds
Angle: x: radians

m

Period: Need combination of quantities to get seconds.

T = f(x)\/L/g.



For s > 0 (or actually R(s) > 0), the Gamma function I'(s) 1s

F(S) ::/ R S :/ E—:I.‘:BS@‘
0 0 T
Existence of I'(s)
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Functional equation of ['(s): The Gamma function satisfies  (Re (s) > a)
['(s+1) = sl(s).

This allows us to extend the Gamma function to all s. We call the extension the
Gamma function as well, and it’s well-defined and finite for all s save the negative
mtegers and zero.

LC (D=1 [((+)= "(2y=(-0l= | = | /
[’(z—e/)“f’(?): 2-Irfz2y=2 < 2 f F(n_é/)_._{) ,
[ (2e)ys C(N=3T(3)52-2 =2
Porok s T(5): (e ks dx = (e x® e
u= X* a{v— e~ "dx g:’a[‘/: “V/ow“ anvx”

Agr 577 v —-e'i{ S~ fw xS S[(8
Fleer) =-x"e™ [~ + S §e Ax = &y & % 5 )

Nofe (1Y = gd & " x ol = dee\’%/x:/
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['(s) and the Factorial Function. If n is a non-negative integer, then I'(n+1) = n!.

Thus the Gamma function 1s an extension of the factorial function.

49 _
)ﬂ(\/>_: Sa 6XXY/”(X
(T s

/7( = ——~—_

303




The cosecant identity. If s 1s not an integer, then

m

['(s)I'(1 —s) = mese(ms) = Sn(rs)

CA/2) =V =S (- Vo)

Fundamental Relation of the Beta Function: For a, b > 0 we have

1 I'(a)(b
B(a,b) = /D t7 11 — 1) tdt = %

Beta distribution: Let a.b > 0. If X 1s a random variable with the Beta distribu-
tion with parameters a and b, then its density 1s

I'(a+b 1 b1t -
fa:{#‘;ﬁ%ta (1—t)ldt fo<t<l

0 otherwise.

We write X ~ B(a,b).

304
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Figure 15.1: Plots of Beta densities for (a, b) equal to (2, 2), (2, 4), (4, 2), (3, 10),
and (10, 30).
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The Gamma and Weibull Distributions. A random variable X has the Gamma
distribution with (positive) parameters k£ and o 1f 1ts density 1s

1 k-1 — o
fro(z) = { FHR"T e/ ifx >0
| 0 otherwise.

We call k the shape parameter and o the scale parameter, and write X ~ I'(k, o) or
X ~ Gammal(k,o).

A random variable X has the Weibull distribution with (positive) parameters & and

o if 1ts density 1s . (x/a-\k
: k=1,—(z/0)*  ifp > LA ke
fiole) = {W”)(‘T””) T M2 ol i)Y
0 otherwise.

We call £ the shape parameter and o the scale parameter, and write X ~ W (k, o).




Chi-square distribution: If X is a chi-square distribution with > § degrees of

oo
freedom, then X has density 1‘*( S) — / e TSl
J 0

1 . 2—-1) ,—x/2 |
@) = {ﬁ” e it 20

0 otherwise,

We write X ~ y?(r) to denote this.

X o
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0.4 :|

Figure 16.1: Plot of chi-square distributions with v € {1,2,3,5,10,20}; as the
degree of freedom increases. the location of the bump moves rightward.
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Relation between Chi-square and Normal Random Variables. If X ~ N(0,1) L w/2-1)p=2/2 ifr >
then X% ~ y?(1). flz) = { 2/°rw/2) =
0 otherwise.
(&
@F Mm:/a# fi — Z ; X Is A/ (o, />

Pll¥Ycy) = Pal( X2€Y = PallizeX €5

- Z Fr»f/() c X£J>)

—

Fy(s) =2 S )?X(@o/’x =2 N U3) =25 ()
S l7)=2 Fe' (77) (‘797 —

= 25'\; (‘)—7> 2_7

e L =77
= Y . ,f;?{ e

- I "‘/ —7/2 - 7(2( /0/:/:

I/QF(L) >/




Mean and Variance of X ~ \?(1)

E[X] :/n -:Ef(il?)d:r :/{] Z(IIE}i(l/Q)m%_le_Iﬂdm.
f

— “ 2—/ ~x/2
L X" e T ok

2" (A
ld be T(3) - dmt T Ak e
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Chi-square distribution and sums of normal random variables: Let k be a pos-
itive mteger, and Xq,..., . X independent standard normal random variables: this
means each X; ~ N(0, 1]. Then if Vi = X7 +--- 4+ X7, Y ~ x?*(k). More
generally, let Y, ,....Y, be m independent chi-square random variables, where
Y,, ~ x%(v;). ThenY =Y, +---+ Y, is a chi-square random variable with
vy + -+« + Uy degrees of freedom.

IfY,, ~ x*(v1) and Y, ~ x?(v2) are two independent, chi-square random vari-
ables, then Y,,, +Y,, ~ x%(vy +v3).

(7o)« 5

7&( v £ XV
— X U AV k 2)
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Change of Variables Theorem: Let V' and W be bounded open sets in R*. Let
h:V — W be a 1-1 and onto map, given by

/ flxy,...,zr)dxy - - - dxy,
W
— / / f(h(uyg,..., up)) J(uq, ..., Uy )duy - - - duy,
!
where ./ is the Jacobian
ohy . Bhy
duy Ok
J=| 1
dh,  Bhy
g L




Chi-square distribution: If X is a chi-square distribution with v > 0 degrees of

Letting the densities be f,,, and f,,, the densityof Y =Y, 4+ Y, 1s freedom. then X has density

e
0 otherwise.

fY(y) — (fb’l koo K fva)(y) - f

We write X ~ y?(v) to denote this.

N flﬁ (t)fvﬁ(y T t)dt
y

= f cyltﬂil_leﬂf:_”2 Oy, (Y — t)ﬂiz_le_(y_t)ﬁdt.
0

-Z .Y Y - Va _ +t=J«® Erody
= Cv,Cv. e (a + <y—f) =/ é'/‘l,L Al = gl Lo

_3/ | Y Yy,
:Cl/(l/-,_ & b o 7 A 7 <I ) ya/q




Sums of squares by the Change of Variables Theorem

We now return to our problem. LetY = X7 + ... + XZ. We again use the
cumulative distribution function technique and find

Fy(y) = Prob(X7+ -+ X <y)

L= L g e

— ... - E_
/ /xf_...ﬂigy V2T V2T
1

— / / ‘ 75 E_[T?+.'._Tk]’x2d$1 ...dﬂjk_
. . :cf—---—i—:tiﬁ_fy(ZW) /
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Markov’s inequality. Let X be a non-negative random variable with finite mean
E[X] (this means Prob(X < 0) = 0). Then for any positive a we have

E[X]

a

Prob(X >a) <

Some authors write 1 x for E[X]. An alternative formulation is

E[X]

(1

Prob(X <a) > 1—

Markov’s inequality: Sanity Checks:
* Units

* Choicesofa

 Special cases/ Extreme cases

P,

/

g /X |




Markov’s inequality. Let X be a non-negative random variable with finite mean
E[X] (this means Prob(X < 0) = 0). Then for any positive a we have

E[X]

Prob(X >a) < pa

Some authors write 1 x for E[X]. An alternative formulation is

L€ Xz
fhen 7|

S Ny ‘*'44
Flete away (otkpn /

A~ SO e VT fen

é,’ -Cfﬁ‘)c/@

Prob(X <a) > 1— E[f]
Proof: <
Prb(xze) = | Sroad
X=a
=
— _ >
£LE)= C xsoode 2

(A 77?{; / Eofen ’é > V4

fco %/x)/}(

<a

= PA (X > >)



Math / Stat 341: Probability
(Spring 2025)

Steven J Miller
Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 17:4/17/25: Markov and Chebyshev's inequalities, Divide and Conquer vs Newton's Method, Exponential Function,

Stirling's Formula, Dyadic Decomposition, Poisson Random Variables, CLT to Stirling:
Video: https://youtu.be/el 7FtuD-qJk

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/e17FtuD-qJk
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 16: April 15, 2021:

https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/hando
uts/341Notes_Chap1.pdf

 Markov’s Inequality

* Chebyshev’s Inequality

* Divide and Conquer

* Newton’s Method

 Exponential Function

 Poisson Random Variables, Stirling’s Formula

General items.
* The more you assume, the more you can deduce...
* Estimation
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Markov’s inequality. Let X be a non-negative random variable with finite mean
E[X] (this means Prob(X < 0) = 0). Then for any positive a we have

E[X]

Prob(X >a) < pa

Some authors write 1 x for E[X]. An alternative formulation is

E[X]

(l

Prob(X <a) > 1—

Proof:

/odf< it Vol X 79 ) = LT S () A

Use

X
LX) = (T xspood =
e A

7(

L€ Xz
fhen 7|

S Ny ‘*'44
Flete away (otkpn /

A~ SO e VT fen

1 xR0t [omt

&

320



Now that we’ve seen a proof, let’s do an example. Imagine the mean US income

is $60,000. What'’s the probability a household chosen at random has an income of
at least $120,0007 Of at least $1,000,000?

As stated, we don’t have enough mformation to solve this problem. Maybe
there’s a few very rich people and everyone else earns essentially nothing. Or, the op-
posite extreme, maybe everyone makes close to the average. Without knowing more
about how mcomes are distributed, we can’t get an exact answer. We can, however,
get some bounds on the answer by using Markov’s mmequality. To use this, we need a
non-negative random variable with finite mean. If we assume that no household has

a negative income then we're fine, as the other condition 1s met (the mean 1s $60.000.
which 1s finite).

Thus the probability of an income of at least $120,000 1s at most 60000 /120000

= 1/2; or, at most half the population makes twice the mean. What about the mul-

lionaire’s club? The probability of being a millionaire 1s at most 60000/1000000 =
.06, or at most 6% of the households.



Let X be a non-negative random variable with finite mean [E[ X |. Then the probabil-
ity of being at least £ times the mean is at most 1/¢:

Prob(X = /E|X]) <

1
7

Unfortunately this 1s the best we can do with our limited mformation. So long as
our random variable has finite mean and 1s non-negative, the probability of being 100
or more times the mean 1s at most 1 /100 or 1%. Of course, in many problems the true
probability 1s magnitudes less than this. This 1s an excessively high over-estimate at
times. This suggests, of course, the next step: incorporate more mformation and get
a better bound! We do this in the next section.




Theorem 17.3.1 (Chebyshev’s Inequality) Let X De a random variable with finite
mean px and finite variance o%. Then for any k > 0 we have

1
Prob(|X — ux| = kox) < 7z
Some authors write E[X| for ux. This means that the probability of obtaining a
value at least k standard deviations from the mean is at most 1/k?. A useful, alter-
native formulation is
1
Prob(|X —pux| <kox) > 1-— =

Chebyshev’s inequality: Sanity Checks:

* Units

* Choicesofk

* Special cases/ Extreme cases

* Better than Markov for large deviations (reciprocal of
quadratic vs linear)

JZless 1 k= |

ses opee (ot Th,
MNator)- Be. S,
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Theorem 17.3.1 (Chebyshev’s Inequality) Let X De a random variable with finite _
mean px and finite variance o%. Then for any k > 0 we have f < l g - k [X
-
1

Prob(|X — pux| = kox) < 7z /1,/'_. M}

Some authors write E[X| for ux. This means that the probability of obtaining a

value at least k standard deviations from the mean is at most 1/ k2. 4 useful, alter- l/ a/_( X H X .] E [\fj
native formulation is
1 /
Prob(|X —px| <kox) > 1- [ER 5 ()ﬁ/\E[XJ) -&50 X

Chebyshev’s Inequality: Proof from Markov

W = (X’f(Xj\ Mo - Neg
E[WJQVG/(.X\: I E—Wj e Ssedr it
/(/{0\/(‘7‘/“ /O/"”( (w~ r “) < — At : e _ [<I7}

1?4 (/X'~/"x/ “) < __)S. .




Theorem 17.3.1 (Chebyshev’s Inequality) Let X De a random variable with finite
mean px and finite variance o%. Then for any k > 0 we have

1

Prob(|X — ux| = kox) < 7z

Direct proof of Chebvshev's inequality. Let fx be the probability density function of
X. We assume X 1s a continuous random variable, though a similar proof holds in
the discrete case. We have

Prob(|X — ux| = kox) = / @ [x(z)dz
rlz—px|=zkox

Y

2
L — X
< . d
- w/.'l‘:|.T—,L{-}{|2kJ_\f( k'JX ) fX(‘T) !
1

2
= — r—pux) fx(x)dr
k_agi, /:c:|sc—_u.x|3_?'kcrx( ) ( )

1 2 2

< — TV

= k20% /z_m(m px )" fx(x)de
1 5 1

= Oy = —,
212 X 27
k2o k

completing the proof. O

325



From C to Shining Sea: Complex

Dynamics from Combinatorics to
Coastlines

Steven J. Miller, Williams College
siml@williams.edu

http://web.williams.edu/Mathematics/similler/public_html/

Michigan Math Club, April 30, 2020

https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CToShiningSeaMichigan2020.pdf

https://youtu.be/TMILK79N_Bs 26


https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/CToShiningSeaMichigan2020.pdf
https://youtu.be/TMILk79N_Bs

Finding roots

Much of math is about solving equations.

Example: polynomials:
@ ax+ b=0,root x =—b/a.
@ ax®+ bx + ¢ =0, roots (—b+ Vb2 — 4ac)/2a.

@ Cubic, quartic: formulas exist in terms of coefficients; not
for quintic and higher.

In general cannot find exact solution, how to estimate?




Cubic: For fun, here’s the solutionto ax® + bx? + cx +d =0

Solve[ax"3 + bx*2 + cx + d = 0, x] \d% ,\/L
W '

b 2'3 (-b?*+3ac I\OL\
T L | . ¥ Y x
' e 3a/-2b*<9abc-27a%d++/4 [-b*+3ac)’+ [-2b*:9abc-272a%d)? | //\ 0
I : ) " 1/3
'-2b*:9abc-27a*d++/4 [-b?+3ac)’+ [-2b*:9abc-27a%d}|* | VA(@ T
3.23, 7L/
b (1+i4/3) (-b*+3ac \ﬁ‘
X =3 — - & — - . : 13_
78 3.22%,(-2b%+9abc-27a%d++[4 (-b?+3ac)®+ (-2b%+9abc-27a%d)?
s dJd2) | 3 2 La.l. 52 \3 ., { 3 TR
1=-243 ] -2b" -9abc-27a d—=.,‘-4,_-h*—33c_ + _-2b ~9abc-27a d__
6x233 3 -’
b (1-i+3) [-b?+3ac
e s . . . .
3a 2/3 , | 3 2 PUET 3 3 z 2z |
3 2°"a|-2b"+9abc-27a"d++/4(-b"+3ac|"+ (-2b"+9abc-27a"d
i M= i 3 5 I'- ; 2 \ 3 3 2 2 1/3
1+1v3 -2b —Babc-z?a‘d—n,‘.il,_-b +3ac)” + I-Ib <9abc-27a d_ ]

6x227 3
28



One of four solutions to quartic ax* + bx3 +cx2 +dx +e =0

Solve[ax*4 + bx*3 4 cx*2 + dx % e = @, x]

B 1 [[P 2c
N =— = = — - — %
4a 2 4a* 3a
- 4 II 4 a1 5 1
(2** [¢*-3bd+12ae))/ [3a|2c’-9bcd+27ad’ +27b%e-72ace+ [-4(c’-3bd:12ae)” + (2c¢'-9bcd+27ad* - 27b%e-T2ace)"
f 13 5

1 2 " . | ; . . : . .| 1 /[ ac
—— (2" -9bcd+27ad” - 27b"e-72ace+ .| -4 (c"-3bd+12ae| + (2" -9bcd+27ad" - 27b"e-72ace ‘| —— ] ——
3.213, y 2% |22 3a

II

(2" (2 -3bds12ae ‘33 2c-9bcds27ad - 27b*e-72aces [ -4 (c*-3bd+12ae}? s (2 -9bcds27ad? s 270 e-T2ace}? |

1 f 13
A ‘2:"—9bcd~2?ad:-Hbze—?zace- [ -4 (ct-3bd«12ae)’: (2 -9bcd+27ad? = 27b% e-72ace ’| -

B \
b* 4bc 8d . b 2 A
= i — - | 4 ‘ - - (2 c"=3bd-12ae
a’ al s | % |4 38
f | 1/3 1
3a|2¢'-0bed-27ad*~27b%e-720ce- -4 (c-3bd-12ae) s (2’ -9bcd-27ad* - 270 -T2 ce)® |_ L
! 324"

13

|2c’-9b¢d-2?ad:-2?b:e-?zau-.ln'-d'ﬂ’-!hd-lzu '.l2-9bed-27ad =270t e-72ace)?

1

-



Divide and Conquer



Divide and Conquer

Divide and Conquer

Assume f is continuous, f(a) < 0 < f(b). Then f has a root
between a and b. To find, look at the sign of f at the midpoint
f (252); if sign positive look in [a, 25°] and if negative look in
(252 b). Lather, rinse, repeat.

Example:
o f(0) = —1,f(1) = 3, look at (.5). 9V = (o2y
@ f(.5) =2, solook at f(.25).

@ f(.25) = —.4, so look at 1(.375).

W /O /%ﬁu/u'f_}; Z;

v 2 Apritz




Divide and Conquer (continued)

How fast? Every 10 iterations uncertainty decreases by a factor

of 210 = 1024 ~ 1000.

Thus 10 iterations essentially give three decimal digits.

W 0 ~JJ O U b W N = 3

[
=)

Figure: Approximating v/3 ~ 1.73205080756887729352744634151.

left

1

1.

: B

1.625
1.6875
1.71875
1.71875
1.726563
1.730469
1.730469

right

2

2

L3

1.75

1.7

: By
1.734375
1.734375
1.734375
1.732422

f(left)

-2

-0.75
-0.75
-0.35938
-0.15234
-0.0459
-0.0459
-0.01898
-0.00548
-0.00548

f(x) =xn2- 3, sqrt(3) 1.732051
f(right)

1

1

0.0625
0.0625
0.0625
0.0625
0.008057
0.008057
0.008057
0.001286

0.732051
0.232051
0.232051
0.107051
0.044551
0.013301
0.013301
0.005488
0.001582
0.001582

left error right error
-0.26795
-0.26795
-0.01795
-0.01795
-0.01795
-0.01795
-0.00232
-0.00232
-0.00232
-0.00037
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Newton’s Method

Newton’s Method

Assume f is continuous and differentiable. We generate a
sequence hopefully converging to the root of f(x) =0 as
follows. Given x,, look at the tangent line to the curve y = f(x)
at xp; it has slope f'(x,) and goes through (xn, f(xn)) and gives
line y — f(xn) = f'(xn)(x — Xp). This hits the x-axis at

y =0,X = Xp+1, and yields x,,1 = x5 — fﬂ,(’%

2

|



9 - £0) T £'(x) (X -><)

O s £%) +F (k) (% =X)
Sile 2 )




Newton’s Method




Newton’s Method

For example, f(x) = x® — 3 after algebra get x3 = (2
Xn+1:%(xn+%). XK, = 2L



Newton’s Method

n x[n] 1.0 x[n] sqrt[3] - x[n]

a 2 l.peedope000e000000000RB00RB0EE0DRE0EREEE -9.267949192431122766472553658494127633857
7

1 2 1.7508000000000200000000000000000000000200 -8.017949192431122706472553658494127633857
97

2 e 1.732142857142857286298458550808945167865 -0.088092849573979849329696515636984775914
18817 .

3 10864 1.7326588100147276042696691610914655829774 -2.445858246973290035519164451908 < 108

Sqrt[3] = 1.7320508075688772935274463415058723669428
x[5] = 1.7320508075688772935274463415058723678037
x[4] = 1.7320588075688772952543539460721719142351

V3 = 1.7320508075688772935274463415058723669428

X5 1.7320508075688772935274463415058723678037
Xz — 1002978273411373057
579069776145402304 *




Newton Method: x2 —3 =0

Consider x> —1 = (x —1)(x +1) = 0.

Roots are 1, -1; if we start at a point x; do we approach a root?
If so which?

Recall xpy1 = 3 (Xn+11).

-1 0 1



Newton Method: x2 —3 =0

Consider x> -1 =(x —1)(x+1) = 0.

Roots are 1, -1; if we start at a point xy do we approach a root?
If so which?

Recall o1 = 3 (Xn+ 1)

1 0 1
I S D SE—



Newton Fractal: x3 — 1 = 0:

What are the roots to x> — 1 = 07?

Here comes Complex Numbers!
C={x+iy:x,yeRi=v—-1}.

X3 -1 = (x=1)(x*+x+1)

2

e (1) (1)

_ x—1). (X_ —1+f\/§) | (X_—1 —i\/§)
2 2 '

Roots are 1, —1/2 + iv/3/2, —1/2 — iv/3/2.

B (X_1)‘(X_—1+\/12—4-1-1)_(X_—1—¢12—4-

2

)



Newton Fractal: x3 — 1 = 0:

If start at (x, y), what root do you iterate to?




Newton Fractal: x3 — 1 = 0:

If start at (x, y), what root do you iterate to? Guess




Newton Fractal: x3 — 1 = 0:

https://www.youtu



https://www.youtube.com/watch?v=ZsFixqGFNRc

2 3
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The Gamma function. The Gamma function I'(s) 1s

['(s) = / .E’_T;Es_ld;& R(s) > 0.
Jo

Stirling’s formula: As n — oo, we have

"V2mn:

n! ~ n"e”
by this we mean

_ n!
lim — 1.

n—oo e~ M4/2Tn

More precisely, we have the following series expansion:

12n  288n2  51840n3

1 1 139
n! = n"e "\2mn (1 + + — — .. ) .

45



Z .

Crude upper/lower bounds for n!.= /7(Aa-) -
AR ﬂl
[- 2~ 7 %1‘( e ]
. —<— “— _— o ﬁ_
N 1 cad z
| oA c
1 by 7{/
o) Y
0760{&( s n( - (q) o o
o' 2  Z
Decocp” _ (L« = g [
4 /

7«
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Note (n+1)!/n! = n+1; let’s see what Stirling gives

N£( —( 7t
(I _é/\[ - (i—.&/\ -t 4)277’(/1«‘7'\
= N -
NI /7 e J zan

p—

= (/H«\ Q*% )n 6—(5/7/7-

~———
QS N5d zs Q-2
\/_\/ -

@/) ﬂ:_‘_ ( [ +—ﬂ‘—)ﬂ

o (2

e "=

N2D

q]



Integral Test and the Poor Mathematician’s Stirling ‘QA T a | 4t 77

Poor man’s Stirling. Let n > 3 be a positive integer. Then é/q( ()= Jtnr TJ

n"e".e < nl < n"e " en.

=

n n n+1
logP = logn! = logl +log2+---+logn = Zlogk. / logtdt < Zlogk < / log tdt.
k=1 [t 2

4 ] L 10 4 & £ 10

Lower and upper bound for log n! when n = 10.
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Stirling’s Formula: Lower bound from Integral Test: <,£ /0,771/ ) / /oy‘é‘ — f',—

C(atm (‘J"Hf‘ ’U) (o5 T = (gt -/

n n+1

(tlogt —1)

| A
|\

log n! (tlogt —t)

nlogn—n+1 < logn! < (n+4+1)log(n+1)—(n+1)—(2log2— 2).
We’ll study the lower bound first. From
nlogn—n+1 < lognl!,
we find after exponentiating that

Eﬂ loen—n+1 n_—mn E

—n'e ".e n!.



Euler-Maclaurin formula
From Wikipedia, the free encyclopedia: https://en.wikipedia.org/wiki/Euler%E2%80%93Maclaurin_formula

If i and # are natural numbers and f{x) is a real or complex valued continuous function for real numbers x in the interval [m,n], then the integral

I:/mn f(z)dz

can be approximated by the sum (or vice versa)
S=fm+1)+---+ f(n—1) + f(n)

(see rectangle method). The Euler—Maclaurin formula provides expressions for the difference between the sum and the integral in terms of the higher derivativesf(k)(x} evaluated at the
endpoints of the interval, that is to say x = m and x = n.

Explicitly, for p a positive integer and a function f{x) that is p times continuously differentiable on the interval [m,n], we have

S—1I= Z < (FD () = 4D (m)) + Ry,

where By is the kth Bernoulli number (with By = %} and Rp is an error term which depends on #, m, p, and f and is usually small for suitable values of p.
The formula is often written with the subscript taking only even values, since the odd Bernoulli numbers are zero except for B;. In this case we havel 2]
3]
- " f(n) < By 2k—1 2k—1
3 10) = [ stoy o ST 4 37 28 (00 ) 15 0 ) +
i=m m

=1

or alternatively

oIV


https://en.wikipedia.org/wiki/Euler%E2%80%93Maclaurin_formula

The Poisson distribution. Let A > 0. Then X is a Poisson random variable with nes 7
parameter A if Aoa—1<5 %j
AreMnl ifne {0,1,2,...} Som A2 177
Prob(X =n) = _ —X\
0 otherwise. f’ N7 ~x 2 N9
e —
_’7— - e —
We write X ~ Pois(\). The mean and the variance are both A. N=c a n=—o /1!
—’/g_ )‘ >\ — € -C c
e 78 < A= (7‘) >0 fas)h

A 3)7 Cemlcic Seres



Poisson random variable: ftx = A o
(X =2 n2adim=0) (107

e> = = N/
et n=s l/;/l/
| Y A —>~ /\
arly D B =& ) Pali I -
X ot A (A') 7= .
_ >‘ . oo N N
Ae = g ALl = = 7/—]; »' e (>‘ ? h)
— 2_‘ L >>q el p _ ~»
e N = £ 227
@ n_=r ¥ s (=2
— =)
N { e >’_____6 ¢ 22 %me_.m m=n-)
- 7! h = Ai -1
Wg - M=o M 1 =2
ot _ M, o>
S ‘\kva() “gf:Zj “‘,_‘:)\ i’&)\

"
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P@ ' r —X—-A, /IX;\z XA&'P\Z

Sums of Poisson random variables. The sum of n independent Poisson random
variables with parameters Aq,. .., Ar, 18 a Poisson random variable with parameter )\( ~ .-f ‘.
— ‘
= s

O Y-a) = = Pal(X,-QGUE,= 1) . .

=0




Definition 20.2.1 (Normal distribution) A4 random variable X is normally dis-
tributed (or has the normal distribution, or is a Gaussian random variable) with
mean | and variance o2 if the density of X is

We often write X ~ N(p,0?) to denote this. If p = 0 and 02 = 1, we say X has
the standard normal distribution.

Theorem 20.2.2 (Central Limit Theorem (CLT)) Let X;.....Xxn be indepen-
dent, identically distributed random variables whose moment generating functions
converge for |t| < § for some & > 0 (this implies all the moments exist and are

finite). Denote the mean by p and the variance by o, let

_ X144+ Xy UQ/(j_:V)> é

XN

_ 4
and set L v
Iy = XN — m /l-z/
o /x/J_T — Vs
Then as N — oo, the distribution of Zy converges to the standard normal (see —

Definition|20.2_1|for a statement).




I3

. X has a Poisson distribution with parameter A means

AHE—A

Prob(X =n) = { n!

if n > 0 1s an integer A

mean /., variance o and a little more (such as the third moment is finite, or the U@,. (..Y L= ) = /

moment generating function exists). then X; + - - - + X converges to being

normally distributed with mean nu and variance no?.

0 otherwise. E w‘t] — l

. It X4, ..., Xn are independent. identically distributed random variables with

. o~ Porss (#)
X = X1+ +i(¥'):” AN




Math / Stat 341: Probability
(Spring 2025)

Steven J Miller

Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 18: 4/22/25: CLT to Stirling, CLT for random walk of fair coin tosses, intro to generating fns:
Video: https://youtu.be/PAgTajBx5ak

https://web.williams.edu/Mathematics/similler/public html/341Sp25/Math341Sp25l ecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/PAgTajBx5ak
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 2: November , 2021:

https://web.williams.edu/Mathematics/similler/public _html/341Fa21/hando
uts/341Notes Chap1.pdf

« CLT to Stirling via Poisson
 (Central Limit Theorem for fair coin

« Random Walks.... & 72
 Generating Functions g
 Poisson Random Variables =
T
o\e
General items. (of\ | 7

* Power of Stirling’s Formula
» Intuition from Special Cases, but dangers.... (prime counting?)
« Finding good approach through algebra: Generating Functions
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https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf
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Definition 20.2.1 (Normal distribution) A4 random variable X is normally dis-
tributed (or has the normal distribution, or is a Gaussian random variable) with
mean | and variance o2 if the density of X is

We often write X ~ N(p,0?) to denote this. If p = 0 and 02 = 1, we say X has
the standard normal distribution.

Theorem 20.2.2 (Central Limit Theorem (CLT)) Let X;.....Xxn be indepen-
dent, identically distributed random variables whose moment generating functions
converge for |t| < § for some & > 0 (this implies all the moments exist and are
finite). Denote the mean by p and the variance by o, let

X144+ Xpn yCV‘(ZMB:'

Xy =
J.T."I' j\.;r

—

Iy = N1 Ver(Fpo) =
o/vN

Then as N — oo, the distribution of Zy converges to the standard normal (see

and set

Definition|20.2_1|for a statement).




The Gamma function. The Gamma function I'(s) 1s N- ho9—0&

- | /’7(/1»(’/)-:
['(s) = / e "5 tdx, RN(s) > 0.
Jo

Stirling’s formula: As n — oo, we have

n! = ne "

2mn:
by this we mean

_ n!
lim — 1.

n—oo e~ M4/2Tn

More precisely, we have the following series expansion:

1 1 139
I = ne "2 (1 ~ )
n n-e ™ ( + 127 + 288n2  51840n3 )
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values = {10, 30, 50, 100},
0.25

e For[numdo = 1, numdo <= Length[values], numdo++,
! {
. data[numdo] = {};
" e e max = values[[numdo]];
0.20 - For[n = 0, n <= max, n++,
i data[numdo] = AppendTo[data[numdo], {n, Binomial[max, n]/2*max}]];
- 10;
015 - ListPlot[{data[1], data[2], data[3], data[4]}, PlotRange -> All]
0.10 - o
B ] i ‘.l-*
005F, .
; . -+ +- .'- .‘.
I II I I-I .- I | I. | | I

20 40 60 &l 100



Prob(X; =n) = {1/2 ifn=-—1 SEN — Xl + .-+ XEN —f— f —

0 otherwise. _( ¢ [

Vor (K1) = (1_/\1 Pal( K= ) = (=) Pl (X =~1) = [
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Definition 19.2.1 (Generating Function) Given a sequence {a, }7=_, we define its
generating function by
2
— Z ans"
n=>0

for all s where the sum converges.

SlmpleSt7 QnﬁO Y/e% 6‘3(57':0 (o qeeges o7 <
A A |
( wells &= ()= Z/: 8= — % (g </

(n= ///,f Ge# G (S)-— 'Sf Coef S & w//

%/ef (5. (5) Gy (9= G(QL)

Un

\l




Generating Function (Example: Binet’s Formula)

Binet’'s Formula

t#° Fi=F,=1 F,= VL/g [(1+2 5)” - (—1445@)”] '

@ Recurrence relation: F,.1 = F, + F,_1 (1)
@ Generating function: g(x) = >, FnX".

(1) = ZFn+1X”+1 = ZF,.A,M”’J”I + ZFn_1x”+1

n>2 n>2 n>2

: Z ann —_— E ann+1 + E ann+2
n>3 n>2 n>1

= Zan"’:x E F x" + x? E F x"
n>3 n>2 n>1

g(x) — F1x — Fox® = x(g(x) — F1x) + x*g(x)
g(x) =x/(1—x —x?).

R




Partial Fraction Expansion (Example: Binet’s Formula)

@ Generating function: g(x) =", FnX" = ——.

@ Partial fraction expansion:

X 1 1+!5X —1—|—15X
(x) = = —= T AN 2'~\.
R \/5(14 1Ly )

Coefficient of x” (power series expansion):

Fn= > [(”2 5)n — (—"#;@)n] - Binet’s Formula!

(using geometric series: == =1+r+r2+r3+...).
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Math / Stat 341: Probability
(Spring 2025)

Steven J Miller

Williams College
sim1@williams.edu

https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/

Lecture 19: 4/24/25: Generating Functions and Moment Generating Functions, Properties of MGF, Poisson and Normal

Example, Poisson to CLT:
Video: https://youtu.be/x-RNxpyi 41

https://web.williams.edu/Mathematics/similler/public html/341Sp25/Math341Sp25l ecNotes.pdf



https://web.williams.edu/Mathematics/sjmiller/public_html/331Fa24/math331fa24slides.pdf
https://youtu.be/x-RNxpyi_4I
https://web.williams.edu/Mathematics/sjmiller/public_html/341Sp25/Math341Sp25LecNotes.pdf

Plan for the day: Lecture 25: November 15, 2021:

https://web.williams.edu/Mathematics/similler/public _html/341Fa21/hando
uts/341Notes Chap1.pdf

* Generating Functions

« Moment Generating Functions
» Characteristic Functions

« Change of Base Formula

General items.
« Find the path through the algebra.... (telescoping, cubes)
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Generating Function (Example: Binet’s Formula)

Binet’'s Formula

t#° Fi=F,=1. F,= VL/g [(1+2 5)” - (—1445@)”] '

@ Recurrence relation: F,.1 = F, + F,_1 (1)
@ Generating function: g(x) = >, FnX".

(1) = ZFn+1X”+1 = ZF,.A,M”’J”I + ZFn_1x”+1

n>2 n>2 n>2

: Z ann —_— E ann+1 + E ann+2
n>3 n>2 n>1

= Zan"’:x E F x" + x? E F x"
n>3 n>2 n>1

g(x) — F1x — Fox® = x(g(x) — F1x) + x*g(x)
g(x) =x/(1—x —x?). -

R




Partial Fraction Expansion (Example: Binet’s Formula)

@ Generating function: g(x) =", FnX" = ——.

@ Partial fraction expansion:

X 1 1+!5X —1—|—15X
(x) = = —= T AN 2'~\.
R \/5(14 1Ly )

Coefficient of x” (power series expansion):

Fn= > [(”2 5)n — (—"#;@)n] - Binet’s Formula!

(using geometric series: == =1+r+r2+r3+...).
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X has a Poisson distribution with parameter A means

n!

Prob(X =n) =

n_—M\ . . .
- if n > 0 1s an integer
0 otherwise.

/04145(/\/3 € /2155(/\7,) — 70\4} (>\/ ")‘z_)
i FML(Y— m ) /7(»4(?_ = 7= m)
Pf&t[)(X/"‘XZ"“)

ﬂ‘y&gdf
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Definition 19.2.1 (Generating Function) Given a sequence {a, };=_,, we define its
generating function by

Ga(s) = iansﬂ’

n=>0

for all s where the sum converges.

O . K=o > ()
Warning:{exp(-1lx2) 1§ x#2 ﬁ%(m:ng fﬂ_‘” x
U L'(’(w/k/, Lind £ =0

The (TFI() =0

5//7)( anA Qﬂx L Doy jC(x) hwe Cene_

¢ cz//éf‘ Series




Theorem 19.3.1 (Uniqueness of generating functions of sequences) Lef

lan}>, and {bn}>2, be two sequences of numbers with generating func-
tions Go(s) and Gy(s) which converge for |s| < 6. Then the two sequences
are equal (i.e., a; = b; for all i) if and only if Go(s) = Gy(s) for all |s| < 9.

We may recover the sequence from the generating function by differentiating:
1 d"Ga(s) }
n! ds™ 51-‘5'0

Azewme =)= &Us)

> ds XSt

o &=o (}@P daf_éo

thj %‘a (5)’“5?3 - GL(S)" Ap — a(*ng.f -
S E

JZQPC L= &/l/ yé“/( e = éI/ Co<tf(7e€ ~ - ZF

ﬂ'ﬂ —

— Lo « CiS ¢ - - s «d

=é|—PL'zS+"‘
15D




Definition 19.4.1 (Convolution of sequences) [fwe have two sequences {a, }35_,
and {by, }°°_,, we define their convolution to be the new sequence {cy. } 1=, given by

ke
cr = aobp +a1bp_1 +---+ap_1b1 +apby = Z apbp_y.
=0
We frequently write this as ¢ = a * b.
(529 A +as @257 < ot b St brce -
Ga'9) 6497 (GG TG~ (s )
) o 2
= Dl + (@olee ailst (Aot 2L+ @:b) s>+,
Cy Z ( Cz

= G (N2 5.,



Lemma 19.4.2 Let G,(s) be the generating function for {am }>>_, and Gy(s) the
generating function for {b,}>2_,. Then the generating function of ¢ = a * b is

Geo(s) = Ga(8)Gp(s).

. (o, () GLLS) ) =2

! @r L) *
w0 Gam® G
= 4. Gyls) G

a#’[ﬂ- C

C mafd/f"‘mé \s dcteral !
G (D 6= Gu(9) 2 @) S0 Gary ()= Gryal®
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Cp = Z 0n—¢ Z( )( ) = ;(?)2 chs = Ge(s) = Ga(5)” = (148)"-(1+s)" = (1+35)™ = :Z::(Q;)sk

ﬁrn/C Bparn - £ = AR
G ()= Grana® = Ga () G2

Gl = f_f ()8! < (49" for 2= () e ost=
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Definition 19.4.3 (Probability generating function) Ler X be a discrete random
variable taking on values in the integers. Let G x(s) be the generating function to
{am}o__ . with am = Prob(X = m). Then Gx(s) is called the probability
generating function. If X is only non-zero at the integers, a very useful way of
computing G x (s) is to note that

Gx(s) = E[s"] = i s""Prob(X =m).

mM=—0o0

More generally, if the probabilities are non-zero on an at most countable set {x,, },
then

Gx(s) = E[sV] Zsmemb = Ty ).

Gﬁ(f) (E[:SKJ-’ zf s”
X P {>\7>

M|

P
VAass0 N

P =)= 2T

Z (15'%) €-X

M= 0
S
= 6
-e” e >\

a—
-—

—
—

S—0) A( <~ - .
62('(_:&71(;) - 6Ir (5)6 /S> — €< / 6( A f(g f\(r\/'F}q,)

L/ 2 T s FOE € }%rsﬁ(A/ 14’\3223



= [*] - €L/
= Gﬂz-’—t- - - Gﬁ_ﬂq)

Lemma 19.4.2 Let G (s) Dbe the generating function for {an,}>>_, and Gy(s) the
generating function for {b,}>_,. Then the generating function of ¢ = a b is

Ge (5) =Gy (S)Gb{'g)-
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The density of the sum of independent discrete random variables is the convo-
lution of their probabilities!

QM&“’? &(to{ ﬂc_g éeﬁf‘h
§ZM 6‘}'/47 {Uﬂ?’,‘»’ c‘:?// ﬂ“—ﬁfﬂé‘j (Jngg,___,; %-L

(/b(oe_. o Caqwf)/wé’ﬂ_-f, -




Definition 19.5.1 (Probability generating function) Lef
dom variable with density f. Then

Gx(s) = / s f(x)dz

is the probability generating function of X .

X be a continuous ran-




Definition 19.5.2 (Convolution of functions) 77e convolution of two functions f;
and fa, denoted fy * fo, is

(f1+ f2)(a / F1(8) falz — t)dt.

If the f;’s are densities then the integral converges.

P‘/pj( .Z’F' 'Ff' = /élsr@ wF‘_X_;/ ey fl\z-z C(/-e(,-,,%ﬁ DWI
S «#ﬁ s Tk a&/tglé o-@},‘fxz_’

x:h K= -2 "66 -0 é
-"(/é)ﬂr"'F (”]lg(‘(?/&c- C/,C.C C/‘(Dl' Is .,C,ﬂ,/—(. Ceoy Céaqso( 0/1/‘/' o= ”(

u)jf—f
- (7 £ SNl B/ “C’e“/%é-il{

t=-¢

'é‘ K'-”Gd —;(~{=/
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Theorem 19.5.3 (Sums of continuous random variables) 77ie probability density
Jfunction of the sum of independent continuous random variables is the convolution
of their probability density functions. In particular, if Xq,..... X, have densities

fis..., fn, then the density of X1 + -+ Xnis f1 * fo*x- % fp.

Pﬂ"f»’( W}m ne 2, fmw( o L7 FAping

Theorem 19.5.4 (Commutativity of convolution) 7/e convolution of two se-
quences or functions is commautative, in other words, axb = bxa or f1* fa = fox* f1.

/(;&U“( & Q‘ £ credesibes Ay Mdn (~T e prok 7z~
Th X, {-_Z_z_, ':"Iz.;‘éf:z-_/
-~ gerealt Ao gom alpbe culeds
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Definition 19.6.1 (Moments) Ler X be a random variable with density f. Its k™
moment, denoted [, is defined by

Ju;c P — Z i“i%f(fm)
m=>0

if X is discrete, taking non-zero values only at the x,,,’s, and for continuous X by

In both cases we denote this as ), = E[X*]|. We define the k™ centered moment,
e, by pr = E[(X — p!)*). We frequently write yu for 'y and o2 for jis.

Uhe pieb , MEA Nl L]
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Definition 19.6.2 (Moment generating function) Ler X be a random variable with
densitv f. The moment generating function of X, denoted Mx (t), is given by
Mx (t) = Ele'X|. Explicitly, if X is discrete then

Mx(t) = ) e f(xn),

while if X is continuous then
. 3] | M
Mx(t) = / e f(z)de. == E &

Note M x (t) = G'x (e*), or equivalently G'x (s) = Mx (log s).

gty = €L J"J e oot

When see terminology such as this,
need to justify the name..

Gy ©= E[Sfj
My® = E[et{]

g &> e

- Qx\a(x s 4 f K £ of "

X=-<* ""’ e )

£

= /M/’ 1 4/7 _ r
pupY ,Z”Mf(é} /t:a'—/@

-




Theorem 19.6.3 Let X be a random variable with moments J1,.

1. We have . .
, pat™  pust
Mx(t) = 1+ pit+=5—+ =

in particular; ), = d*Mx (t)/dt*| .
t=0

2. Let o and 3 be constants. Then

Max1s(t) = eP'Mx (at).

Useful special cases are Mx 1 5(t) = eP*Mx(t) and Mox(t) = Mx (
when proving the central limit theorem, it’s also usefitl to have M x 4 gy /o (t

ePt/aMx (t/a).

at);
) =

3. Let X\ and Xy De independent random variables with moment generating

functions Mx , (t) and M x, (t) which converge for |t| < . Then

ﬁ"fX1 -I-Xg(t) — ﬁ"fxl (t)ﬁ’fxz (t)

More generally, if Xq1,..., , XN are independent random variables with mo-

ment generating functions M x, (t) which converge for |t| < o, then

ﬂ'fX1+---+XN (t) — ﬂiin (t)ﬁ"fX‘z (t) ’

T ﬂ'fXN (t)

If the random variables all have the same moment generating function M x (t),

then the right hand side becomes Mx (t)" .

/Vfg (€)= E[éé(«ﬁ"ﬂ]

E[ ta X €é§
ﬁég[ («HX]
é&(—/(/fg_‘(“’[/') E
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Theorem 19.6.5 (Uniqueness of moment generating functions for discrefe ran-
dom variables.) Let X and Y be discrete random variables taking on non-negative
integer values (i.e., they re non-zero only in {0,1,2,...}) with moment generating
functions Mx (t) and My (t), each of which converges for |t| < 6. Then X andY
have the same distribution if and only if there is anr > 0 such that M x (t) = My (t)
for|t| <.

392




12

0.8

0.6

04
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j{l .

There exist distinct probability distributions which have the same moments. In other

words, knowing all the moments doesn’t always uniquely determine the probability
distribution.

Example 19.6.6 The standard examples given are the following two densities, de-

fined for x = 0 by

|l o 1 —(log? z)/2
||| ||| fl {*T) \/m €
a fo(z) = fi(z)[1+sin(2mlogx)]. (19.2)

| - It’s a nice calculation to show that these two densities have the same moments;
\ they're clearly different (see Figure[19.1).

1/
[

1] W)

P THEAN | ]

Figure 19.1: Plot of f1(x) and f2(z) from (19.2). 393



_ Jexp(—1/2?) ifx#0
9(@) = {D otherwise. (19:3) 6
_ el
035 [ 2= )(—f—fy
[IBDE— (=1
B et *=9,
\ 025 F F= 77
\ N . 1 \%
\ 0.20 —~ ‘/ﬁ )
0.15 — v
10f . &€
al n T 0P
0.05F = &
S0 os 0.5 1.0
Figure 19.2: Plot of g(z) from (19.3).
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