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Plan for the day: Lecture 13: October 13, 2021.:

https://web.williams.edu/Mathematics/sjmiller/public html/341Fa21/handouts/34
1Notes Chapl.pdf

e Joint PDF

e Linearity of Expectation
* Fermat Primes

* Buffon’s Needle

General items.
 Power of Linearity
* Avoiding brute force computations


https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf

variables with densities fx,. fx,...., fx, . Assume each X; is defined on a subset
of R (the real numbers). The joint density function of the tuple (X¢,...,X,,) 15 a
non-negative, integrable function fx, . x . such that, for every nice set S C R" we

Joint probability density function. Let X, Xo, ..., X,, be continuous random
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We call fx, the marginal density of X;. and obtain 1t by integrating out the other
n — 1 variables.
The n random variables X, ..., X, are independent if and only 1f
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For discrete random variables, replace the integrals with sums.




(2015 lecture with detailed joint PDF example: http://youtu.be/gQzorseWuVc)

Prob(Y =0) | Prob(Y =1) | Prob(Y =2)
Prob(X = 0) 1/32 2/32 1/32 || 1/8
Prob(X =1) 3/32 6/32 3/32 || 3/8
Prob(X = 2) 3/32 6/32 3/32 || 3/8
Prob(X = 3) 1/32 2/32 1/32 || 1/8
1/4 2/4 1/4

Table 9.2: The joint density of (X, Y ), where X 1s the number of heads 1n the first
3 tosses and Y 1s the number of heads 1n the last 2 tosses of 5 independent tosses of
fair cons.

Prob(V =0) | Prob(V =1) | Prob(V = 2)
Prob(U = 0) 1/16 1/16 0/16 || 1/8
Prob(U = 1) 2/16 3/16 2/16 || 3/8
Prob(U = 2) 1/16 3/16 2/16 || 3/8
Prob(U = 3) 0/16 1/16 1/16 || 1/8
1/4 2/4 1/4

Table 9.3: The joint density of (U/, V'), where U 1s the number of heads in the first 3
tosses and V' 1s the number of heads 1n the last 2 tosses of 5 tosses of fair coins.
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Convolutions and CDF Method
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be any real numbers. Then
Ela1g1(X1) + -+ + angn(Xn)| = a1E[g1(X1)] + -+ + anElgn (Xn)].

Note the random variables are not assumed to be independent. Also, if g;(X;) = ¢
(where c is a fixed number) then E|g;(X;)] = c.

I"F X /Lﬂf /%ﬁé ‘?f /]2,,, /}E[j(ﬁj: jjU() %(K)/X

j()or: X e
ﬂ(X) = CX//)Z G s larce u//’va A= EC Ij

ke E[@-0) = EE-E5]) =0
stedy, studod doinon G = JGT s s




Poe (X2 = £ lﬂ %{D//j
2 T ¥

“ gw S (t) 45(%~)//{7 A&
= | = X 4%5wﬂe; tn«éfwéw/

_ =4

_ P e/_-/,oo ﬂ(/(éééf/ﬁ
2-

§ ] f (2-¢ L0) fx b0 €y GTIAEE

- _—w L) £, @Yz
?Q 6%5 oW, GYdelt ~ g“cf(eg@ -

g=-* T = E[Yj + [Et(‘d



fp /y.(_/ \n/@p

af[fzj ELx5] gpdt Sxy 7
§ (7{—#9){7@‘/ (x9) Ay Ax

xfxao e
J ~ ‘? (% 9) /;a/x +§j g %f,_r ”WMX”&
= (X VT e Kme 3
X== 02 =02 — —
K_/léjé 'f /}760'7/@/ m‘_}"
sl

J

— f ng (0dx  + g j—@ (s

—_
_,00

- EEYJ v B[] w



Fermat Primes
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Buffon's needle problem https://en.wikipedia.org/wiki/Buffon%27s needle problem

From Wikipedia, the free encyclopedia

In mathematics, Buffon's needle problem is a question first posed in the 18th century by Georges-Louis Leclerc, Comte de Buffon:!"!

Suppose we have a floor made of parallel strips of wood, each the same width, and we drop a needle onto the floor. What is the probability
that the needle will lie across a line between two strips?

Martin Aigner - Giinter M. Ziegler

Proofs from THE BOOK

Sixth Edition

) Springer

The a needle lies across a line, while
the b needle does not.

https://pub.math.leidenuniv.nl/~finkelnbergh/seminarium/stell
ing van Buffon.pdf
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https://en.wikipedia.org/wiki/Buffon%27s_needle_problem
https://pub.math.leidenuniv.nl/~finkelnbergh/seminarium/stelling_van_Buffon.pdf
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% WolframAlpha e

Integrate[ArcCos|x],x] =]
ok NATURAL LANGUAGE | ff5 MATH INPUT B EXTENDED KEYBOARD ::: EXAMPLES 4 UPLOAD 32 RANDOM
Indefinite integral [ [vf Step-by-step solution ]

JCDS_I(x)dI:xCDS_l(x)' v l-xz constant

(X) is the inverse cosine functior

But maybe it is better to switch the order of integration.... What would you get?

Here is the ‘proof from the book’ link:
https://pub.math.leidenuniv.nl/~finkelnbergh/seminarium/stelling van Buffon.pdf
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https://pub.math.leidenuniv.nl/~finkelnbergh/seminarium/stelling_van_Buffon.pdf
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