Math/Stat 341: Probability: Fall ‘21 (Williams)

Professor Steven J Miller: siml1@williams.edu

Homepage:
https://web.williams.edu/Mathematics/similler/
public html/341Fa21/

Le Ct U re 2 1 : 1 1_3_2 1 : https://youtu.be/9QQCnIrC53c (slides)

Lecture: 10/30/19: Pythagoras, Gamma Function, Chi-Square Distribution, Surface Area:
https://youtu.be/X9Ujt80oicAl
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https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/
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Plan for the day: Lecture 21: November 3, 2021

https://web.williams.edu/Mathematics/sjmiller/public html/383Fa21/coursenotes/
Math302 LecNotes Intro.pdf

Pythagorean Formula: Extending the Pythagorean Formula: http://youtu.be/idIHcgapMG4 (slides here)
Gamma Function

Chi-Square Distribution

Surface Area

General items.
* Integrating without integrating...


https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf
http://youtu.be/idIHcgapMG4
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/GeneralizingPythagoras.pdf

Geometry Gem: Pythagorean Theorem

Theorem (Pythagorean Theorem)

Right triangle with sides a, b and hypotenuse c, then
a° + b? = c>.

Most students know the statement, but the proof?

Why are proofs important? Can help see big picture.



Geometric Proofs of Pythagoras

Diagram for Euclid
Book 1, Propostion 47

Proof requirements:
SAS congruence,
Triangle area = hb/2

b = base
h = height

E M N

Pythagorean Theorem

Figure: Euclid’s Proposition 47, Book |. Why these auxiliary lines?
Why are there equalities?



Geometric Proofs of Pythagoras

(I.47) H Zeac= [ElspEC
T Creac  [EactH

Line AL || Line BD
Line 6C || Linc FB

LBAG+LBAC=| +
N\ ABD =/AFBC

C

[DeoLy = Ereas [ErLec = Cacu
[Elreac [E]AacIH = [E]BDEC

E

Figure: Euclid’'s Proposition 47, Book |. Why these auxiliary lines?
Why are there equalities?



Geometric Proofs of Pythagoras

o

Figure: A nice matching proof, but how to find these slicings! 6




Geometric Proofs of Pythagoras

b a

Big square: (a +b)*
’ = a® +2ab + b*
i ¢ _ S
' Fowr tnangles =2ab

Lattle square = o2

.- a4 2ab + b= 2+ 2ab

N b
a* +b*=¢?

a il

Figure: Four triangles proof: |



Geometric Proofs of Pythagoras

Figure: Four triangles proof: Il



Geometric Proofs of Pythagoras

Figure: President James Garfield's (Williams 1856) Proof.
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Geometric Proofs of Pythagoras

Lots of different proofs.
Difficulty: how to find these combinations?

At the end of the day, do you know why it’s true?
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Possible Pythagorean Theorems....

oCc% =a?+ab+ bl

oC2 =a24110ab + b2
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Possible Pythagorean Theorems....

o ¢? = a° + b3. No: wrong dimensions.
o €% = @ + 2b?%. No: asymmetric in a, b.
o ¢2 = a% — b2. No: can be negative.

o ¢? = @ + ab + b%. Maybe: passes all tests.

o c? = a® + 110ab + b?. No: violates a + b > c.
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Dimensional Analysis Proof of the Pythagorean Theorem

b

o Area is a function of hypotenuse ¢ and angle x.
o Area(c,x) = f(x)c? for some function f (similar triangles).

o Must draw an auxiliary line, but where? Need right angles!
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Dimensional Analysis Proof of the Pythagorean Theorem

o Area is a function of hypotenuse ¢ and angle x.
o Area(c,x) = f(x)c? for some function f (CPCTC).

o Must draw an auxiliary line, but where? Need right angles!

L4



Dimensional Analysis Proof of the Pythagorean Theorem

o Area is a function of hypotenuse ¢ and angle x.
o Area(c,x) = f(x)c? for some function f (CPCTC).
o Must draw an auxiliary line, but where? Need right anTles!

AL
o f(x)a% + f(x)b? = f(x)c? = a% + b? =c?. désu‘
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Dimensional Analysis and the Pendulum

S

X
Length: L: meters
Acceleration: g: meters/sec* g
Mass: m: kilograms
Period: [: seconds
Angle: x: radians

m
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Dimensional Analysis and the Pendulum

S

X
Length: L: meters
Acceleration: g: meters/sec? g
Mass: m: kilograms
Period: [: seconds
Angle: x: radians

m

Period: Need combination of quantities to get seconds.

T = f(x)\/L/g. Y



Existence of I'(s)

¥

e

For s > 0 (or actually R(s) > 0), the Gamma function ['(s) 1s

€T

o = dx
['(s) := / e Ty = / e Trt—.
Jo Jo




Functional equation of I'(s): The Gamma function satisfies
['(s+1) = sl(s).

This allows us to extend the Gamma function to all s. We call the extension the
Gamma function as well, and i1t’s well-defined and finite for all s save the negative
integers and zero.
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['(s) and the Factorial Function. If n is a non-negative integer, then I'(n+1) = n!.
Thus the Gamma function 1s an extension of the factorial function.
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The cosecant identity. If s 1s not an integer, then

m

['(s)I'(1 —s) = mese(ms) = Sn(rs)

LA/2) = VE Jew—as (L V) |

Fundamental Relation of the Beta Function: For a, b > 0 we have

! T'(a)T(b
B(a,b) = /D 71— )Pt = %

Beta distribution: Let a.b > 0. If X 1s a random variable with the Beta distribu-
tion with parameters a and b, then its density 1s

(a+b 1 b1t :
fb_{ﬂ%%tﬂ (1—t)b~ldt ifo<t<1
Ly =

0 otherwise.

We write X ~ B(a,b).
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Figure 15.1: Plots of Beta densities for (a, b) equal to (2, 2), (2, 4). (4, 2), (3, 10),
and (10, 30).



The Normal Distribution and the Gamma Function /g(/ [ /( ) Aﬁ/lx/ua/) ¢ 7%,/56/ 7= o
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The Gamma and Weibull Distributions. A random variable X has the Gamma
distribution with (posifive) parameters £ and o 1f 1ts density 1s

L W k=le=z/o ifx >0
fk.r::r(f) — .
0 otherwise.

We call k the shape parameter and o the scale parameter, and write X ~ I'(k, o) or
X ~ Gammal(k,o).

A random variable X has the Weibull distribution with (positive) parameters & and
o if 1ts density 1s

. k—1 ’—[ng}ﬁ: T
f;,;gg(ﬂ:] — {{’I”ffgj(j:/f”) e ifz >0

0 otherwise.

We call k the shape parameter and o the scale parameter, and write X ~ W (k, o).




Chi-square distribution: If X 1s a chi-square distribution with v > §) degrees of 00
freedom, then X has density 1‘*( S) — / e Ty ldr
J 0
1 Av/2-1) ,—x/2
f(z) = 5720 /2) L € ifrz >0
0 otherwise.

We write X ~ y?(v) to denote this.
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Figure 16.1: Plot of chi-square distributions with v € {1,2,3,5,10,20}; as the
degree of freedom increases, the location of the bump moves rightward.
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Relation between Chi-square and Normal Random Variables. If X ~ N(0,1)

then X2 ~ XE(]-)- f(z) = {(wm(vﬂ—l)e—rm iflx > U
2 Y /V/O /) otherwise.
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Mean and Variance of X ~ \?(1)

_ OC_. _ - L 3—1,—xz/2
E[X] = /D zf(z)dr = 1/0 2(1/2}F(1/2]$ e "% dx.
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Chi-square distribution and sums of normal random variables: Let k be a pos-
itive integer, and X, ..., X} independent standard normal random variables: this

means each X; ~ N(0,1). Thenif Yz = X{ +--- + X2. Y ~ x%(k). More
generally, let Y, .....Y, be m independent chi-square random variables, where

Yy, ~ x?(v;). ThenY =Y, +---+Y, isa chi-square random variable with
V1 + -+« + Uy degrees of freedom.

IfY,, ~ x*(v1) and Y, ~ x*(v2) are two independent, chi-square random vari-
ables, then Y,,, +Y,, ~ x?%(v; +v»).
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Change of Variables Theorem: Let 1 and W be bounded open sets in R*. Let
h:V — W be a 1-1 and onto map, given by

/ flxy,...,zp)dxy - - - dxy,
5%
= / / f(h(uqg,..., up)) J(ty, ..., uy)duy - - - duy,
!
where .J is the Jacobian
ohy . Ol
Ay Ok
J = E .
dh,  Ohy
g L




Lettine the densities be ff-"l and fﬂz . the densityv of ¥ = }”;,l 4+ }”;,2 1S | Chi-square distribution: If X is a chi-square distribution with » > 0 degrees of
freedom, then X has density

1 (v/ o/ .
fy () = (foy == fu)(y / fu, () fuy (y —t)dt flz) = { mrarmt e it > 0

0 otherwise.

vy Vo We write X ~ y%(v) to denote this.

-'y
— / cy, 172 2 T leTt/2, e, (y —1)2 e —W=0/2q¢
Jo

e (g T A
= Cv, Cr & St ' (Y’t/) 0(_{7-:%%
reme g QML W&M v
_ v Cuy e 5 (j ‘/‘> C/’ 7“) g AL
y(zuao Y-+ /a//—h j & = =~ G"M)’{/ A
Cv, Cvy e y

_ola w_// //L}t/? ot 7(‘

st e 9(1(%4/2) = .



Sums of squares by the Change of Variables Theorem

We now return to our problem. LetY = X7 + ... + X2 We again use the
cumulative distribution function technique and find

Fy(y) = Prob(X;i+---+X7<y)
]_ 2y J_ 2
— ... E_xlfz..—e_xk,xzdg:l..dg:k
/ ,/mf_...ﬂic_:y V2T V2
1

- [ L et 2y, day,
. . xf—---ﬂ—xigy(zw) /
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