Math/Stat 341: Probability: Fall ‘21 (Williams)

Professor Steven J Miller: siml1@williams.edu

Homepage:
https://web.williams.edu/Mathematics/similler/
public html/341Fa21

Le Ct U re 24 : 1 1_ 1 2_2 1 : https://youtu.be/iONX8vb9rWU (slides)

11/06/19: CLT for random walk of fair coin tosses, intro to generating fns via sums Poisson rvs:
https://youtu.be/kVBIVIQuDTU



mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/
https://youtu.be/i0NX8vb9rWU
https://youtu.be/kVBIVl9uDTU

Plan for the day: Lecture 2: November , 2021:

https://web.williams.edu/Mathematics/sjmiller/public html/341Fa21/handouts/34
1Notes Chapl.pdf

e Central Limit Theorem for fair coin
 Random Walks....

* Generating Functions

e Poisson Random Variables

General items.

 Power of Stirling’s Formula

* Intuition from Special Cases, but dangers.... (prime counting?)
 Finding good approach through algebra: Generating Functions


https://web.williams.edu/Mathematics/sjmiller/public_html/341Fa21/handouts/341Notes_Chap1.pdf

Definition 20.2.1 (Normal distribution) 4 random variable X is normally dis-
tributed (or has the normal distribution, or is a Gaussian random variable) with
mean . and variance o2 if the density of X is

We often write X ~ N(p,0?) to denote this. If p = 0 and 02 = 1, we say X has
the standard normal distribution.

Theorem 20.2.2 (Central Limit Theorem (CLT)) Ler |Xy,..., XN De indepen-
dent, identically distributed random variables whose moment generating functions
converge for |t| < § for some & > 0 (this implies all the moments exist and are
finite). Denote the mean by . and the variance by o*, let

CXi 4+ Xy

Xr
N N

and set L
XN —p

N =
a/vN
Then as N — oo, the distribution of Zy converges to the standard normal (see

Definition|20.2_1|for a statement).




The Gamma function. The Gamma function I'(s) 1s
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Stirling’s formula: As n — oo, we have
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by this we mean
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More precisely, we have the following series expansion:
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values = {10, 30, 50, 100};
For[numdo = 1, numdo <= Length[values], numdo++,
{
data[numdo] = {};
max = values[[numdo]];
For[n = 0, n <= max, n++,
data[numdo] = AppendTo[data[numdo], {n, Binomial[max, n]/2*max}]];

1;
ListPlot[{data[1], data[2], data[3], data[4]}, PlotRange -> All]

0.10
0.05 L
w @ | . & I'.T T'-. | | |

40 60 a0 100



[);/[ S}Z/t/j <

1/2 ifn=1
Prob(X; =n) = {1/2 ifn=-1 ;Srgl."\.' = _}Ll + -+ T’i

0 otherwise. Ua/ ( /ézn/)
e (x)= B (1= e = | S w@w w)
kw& /y +E /ac«/; Wk fmls \
FML( (S’L/V:Qk) /'//7:-5:5 Z/V —%/,, as Coin &
OO i
(% VRS

2V

F/»L Sew 72 €)= Ww)((/w’f)‘ Z

§/Dw ¢ « (5[2(/ JZ

?fﬁg wé ove )ﬂ/ug)/”é(/ bt M
b pab ), we b O (g 2)dw €2€ ¢ O (g )
Means /t/% V= x A s Axchrials ae_(ope ]

>‘>o

054/#@(5}/ (oy/V



Pl (

—_—

e

—
——

- — f
Q= 28) = (eD. _J

6] o >~
fzm’ (w-€)
C/(/““C) </(/ b) e v Qaﬁ(’k) —( a*’c)
=
z

—(w )
= C*’ //)
S W)
“F




Lemma 18.3.1 Foranye < 1/9, for N — oo with |k| < (2N)Y/27¢, we have “C( <« A/
1\ N3tk 1\ N+i—k (lc(/'-« J o
(l+—) (l——) R "\ J"f""u }' Z
U+ ok /ﬁ (=) = =X
) (’ ") (5((#0 » X —

0

Z
=4 KT K Db St = K € mek S i .
Vd oy






Prob(San = 2k) = 2N L ~ 2 : e—iﬁkigf’ﬁiﬁf\r}
N+k V2m - (2N)

Dt%c//ﬁ (s geevys ﬂf/f”/z
"> 7@/4/@&49

Laph éﬂftgwj"o
S (S0) =

T (NS e/

e




Definition 19.2.1 (Generating Function) Given a sequence {aﬂ};ﬁi o, we define its
generating function by

Ga(s) = i (8"
n=>0

for all s where the sum converges.

= | 2 ; s .
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Generating Function (Example: Binet’s Formula)

Binet’'s Formula

f¥° F1=Fy=1, Fo=—% [(Hz 5)” - (_%@)n] '

V5

@ Recurrence relation: F,.1 = F, + F,_1 (1)
@ Generating function: g(x) = >, ., FnX".

(1) =

=

4

2{:’:n+1xﬂ+4 ==:E::Faﬁxn+1'+'§E:‘=n—1xﬂ+4

n>2 n>2 n>2
Zan” = Zan”“ + E F,x"+?
n>3 n>2 n>1
Zan” — X E F.x" + x? E F.x"
n>3 n>2 n>1

g(x) — F1x — Fox? = x(g(x) — F1x) + x*g(x)
g(x) = x/(1 - x — x2).
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Partial Fraction Expansion (Example: Binet's Formula)

@ Generating function: g(x) =", FnX" = ———.

@ Partial fraction expansion:

X 1 Mx ﬂx
() = S s e s
= 9 1 — x — x2 \/5(1—1+25X 1_—1—5 SX)

Coefficient of x” (power series expansion):

Fn= > [(”2 5)n — (—"#;@)n] - Binet’s Formula!

(using geometric series: == =1+r+r2+r3+...).
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X has a Poisson distribution with parameter A means
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Lemma 19.4.2 Let G, (s) be the generating fimction for {am};_q and Gy(s) the
generating function for {by}>2_,. Then the generating function of ¢ = a * b is

G.(s) = Gu(8)Gp(3).

We can see why this is useful for the Central Limit Theorem....
A sum of independent random variables is a convolution.

Thus when we are studying the sum that arises in the CLT we see the generating function of the sum is the product
of the generating functions.

As the random variables are identically distributed it is just one generating function raised to a large power, which
we have a Pavlovian response and take logarithms....

Sadly generating functions do not always exist and are not always the most accessible object to study, so we study
cousins: the moment generating function (wanna guess what that gives!) and the characteristic function (this
involves complex analysis, but unlike the other two will always exist in a neighborhood of the origin).
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