
Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/p
ublic_html/383Fa23/

Lecture 01: 9-08-23: https://youtu.be/sljeScdiiR0
Definition of differentiability, differences between real and complex differentiability.

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/sljeScdiiR0


Definitions of the Derivative











https://youtu.be/sljeScdiiR0

https://youtu.be/sljeScdiiR0


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 02: 9-10-23: https://youtu.be/xYFwqGrs9mQ
Experimental Mathematics: 
Formulas for derivatives, product rule, Cauchy-Riemann Equations, Green’s Theorem

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/xYFwqGrs9mQ


Definitions of the Derivative: From 1-dimension to several.



Definitions of the Derivative: Several Variables.



Important Derivatives:

What are the derivatives of f(x) = x3,  g(x) = x3/2 and h(x) = x√2?



Product Rule: Experimental Discovery!



Definitions of the Complex Derivative and Properties.



Cauchy-Riemann Equations – Experimental Discovery: f(z) = u(x,y) + i v(x,y)









Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 03: 9-13-23: No class, do exam: Real Analysis Review (limsup/liminf, 

strange functions): https://youtu.be/DLyzZhJN58w (slides); watched at home: Differentiating Term By Term, Analytic Functions, Path 

Integrals: https://youtu.be/e60Dh8cAIhQ (2017). Green's Theorem in a day: https://youtu.be/Iq-Og1GAtOQ

Lecture 04: 9-15-23: https://youtu.be/-hqBpme4Q2A
Primitives and Goursat’s Theorem, Green Review (if time)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/DLyzZhJN58w
https://youtu.be/e60Dh8cAIhQ
https://youtu.be/Iq-Og1GAtOQ
https://youtu.be/-hqBpme4Q2A




















Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 05: 9-18-23: https://youtu.be/pTyXgBAGN7A
Primitive Theorem, Cauchy's Formula
General items: • Choices have in complexification • Path independence • Level of rigor

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/pTyXgBAGN7A




Integrating zn about a circle centered at the origin….

















For more information on this problem, see the video from 2017: Lecture 05: 9/18/17: Primitive Theorem, Cauchy's 
Formula, Example: https://youtu.be/RkZHw4fKHfE . There we go through the details of the integration. Today we 
instead concentrated on why we are integrating over the region we are, and why we have the integrand we do. 
Explicitly, why we used exp(iz) instead of (exp(iz) + exp(-iz))/2 and why we have the detour around the origin.

https://en.wikipedia.org/wiki/Contour_integration

https://youtu.be/RkZHw4fKHfE
https://en.wikipedia.org/wiki/Contour_integration


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 06: 9-20-23: https://youtu.be/srLW0uLwVpk
Cauchy’s formula and consequences

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/srLW0uLwVpk


Plan for the day: Lecture 06: September 20, 2023:

• Prove Cauchy’s formulas
• See holomorphic and analytic are the same
• Apply Cauchy’s formula to integrate

General items.
• Have choices in contours and integrands
• See why we have the conditions we do
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Integrate sin2(x)/x2 and 1 / (1 + xn)



Cauchy Distribution



52

Appendix added after the lecture:

https://en.wikipedia.org/wiki/Simply_connected_space

Key idea is simply connected.

https://en.wikipedia.org/wiki/Simply_connected_space


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 07: 9-22-23: https://youtu.be/UVvYwP7_5Ww
Evaluating Integrals

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/UVvYwP7_5Ww




























Lectures 08, 09 and 10:
Lectures from Math 150: Multivariable Calculus: Sequences and Series 

Read multivariable calculus (Cain and Herod) and my lecture notes.

Read Intermediate and Mean Value Theorems and Taylor Series (you should know this material already; the main results 

are stated and mostly proved, subject to some technical results from analysis which we need to rigorously prove the IVT).

• Twenty-third day lecture: http://youtu.be/aigdKmu-5ow (April 28, 2014: Geometric and Harmonic Series, Memoryless 

Processes)

• Twenty-fourth day lecture: http://youtu.be/6bf9fjwMs2o (May 2, 2014: Comparison Test, Implications of 

Limits of Terms)

• Twenty-fifth lecture: https://youtu.be/fa4X1AcGFOA (May 2, 2014: Comparison Test, Implications of Limits of 

Terms: II)

• Twenty-sixth lecture: https://youtu.be/jFgCKfUTOQ8 (Comparison Test, Implications of Limits of Terms: III)

• Twenty-seventh day lecture: http://youtu.be/ujJbUpCab6M (May 7, 2014: Root Test, Integral Test)

• Twenty-eight day lecture: http://youtu.be/yr01SLw9t4c (May 12, 2014: Taylor Series)

• Twenty-ninth day lecture: http://youtu.be/4OcxtpxuSJw (May 14, 2014: Special Series, Alternating Series, Pi 

formulas, Birthday Problem: Not doing 2018)

http://people.math.gatech.edu/~cain/notes/cal10.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/currentnotes/Math105LecNotes_Seq.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/150Sp23/handouts/MVT_TaylorSeries.pdf
http://youtu.be/aigdKmu-5ow
http://youtu.be/6bf9fjwMs2o
https://youtu.be/fa4X1AcGFOA
https://youtu.be/jFgCKfUTOQ8
http://youtu.be/ujJbUpCab6M
http://youtu.be/yr01SLw9t4c
http://youtu.be/4OcxtpxuSJw


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 11: 10-02-23: https://youtu.be/3pgsv4hVrPs
Holomorphic is Analytic, Liouville's Theorem, Fundamental Theorem of Algebra, Cauchy Integral

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/3pgsv4hVrPs


Plan for the day: Lecture 11: October 2, 2023:

• Prove holomorphic and analytic are synonyms.
• Prove the accumulation theorem.
• Prove Liouville’s Theorem.
• Prove the Fundamental Theorem of Algebra.

(don’t get the name fundamental lightly!)

Watch Videos from 2021 By Friday.
• Lecture 08: 9/27/21: Cauchy Formula, Accumulation Theorem, Cauchy-like 

Integrals: https://youtu.be/wSqTEQ4usno (slides)

• Lecture 09: 9/29/21: Integration Examples: (see for other examples Lecture 09: 

9/27/17: Integration Example, Types of 

Singularities: https://youtu.be/Jz76hM32C80) (slides)

69

https://youtu.be/wSqTEQ4usno
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture08.pdf
https://youtu.be/Jz76hM32C80
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture09.pdf


70



71

Proof: Key idea is to add zero and then factor and use the geometric series formula:











What are solutions to polynomials with different spaces of coefficients?







Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 12: 10-04-23: https://youtu.be/01xjCbFe8_Y
Singularities, Probabilities, Generating Functions, Trig Integrals

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/01xjCbFe8_Y


Plan for the day: Lecture 12: October 4, 2023:

• Riemann's Removable Singularity Theorem

• Casorati-Weierstrass

• Examples

• Infinities

General items.

• Difference between real and complex

• Finding right object to study
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Probability Density
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Moment Generating Functions vs Characteristic Functions:                           versus



86

Consider f(x) = exp(-x) for x non-negative



87

Cauchy: Moment Generating Functions vs Characteristic Functions:                           versus



88

Cauchy: Fourier Transform



89

Cauchy: Finding Residue



90

Contour Integration: Integrals of Trigonometric Functions

ሿIntegrate[ Τ1 𝑎 + ሿCos[𝑥 , 𝑥, 0,2 Pi 2 ⅈ −1
൨Floor[

−2 ሿArg[−1+𝑎 + ൧Arg[1−𝑎2

2 𝜋 𝜋

1 − 𝑎2
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Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/pu
blic_html/383Fa23/

Lecture 12: 10-06-23: Lecture 11 from 10/06/21: Meromorphic Functions, Log, 

Argument Principle, Rouche, Fund Thm Alg, Trig 

Integral: https://youtu.be/INRdLUT6ckQ (slides)

See also: Lecture 11: 10/02/17: Complex Logarithms, Argument Principle, Rouche’s

Theorem: https://youtu.be/iyt4EhHvy-s

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/INRdLUT6ckQ
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture11.pdf
https://youtu.be/iyt4EhHvy-s


Plan for the day: Lecture 11 from October 6, 2021 (is lecture 

12 in 2023): 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/course

notes/Math302_LecNotes_Intro.pdf

• Characterization of Meromorphic Functions

• Complex Logarithms

• Argument Principle

• Rouche's Theorem (and consequences)

• Integration Example (trig)

General items.

• How do we generalize?

• Pavlovian responses

• Continuous discrete functions are…

• Thoreau: Simplify, simplify

• Multiple proofs…

• Deformations
93

https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf
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https://www.nbcnews.com/news/us-news/think-commas-don-t-matter-omitting-one-cost-maine-dairy-

n847151

https://www.nbcnews.com/news/us-news/think-commas-don-t-matter-omitting-one-cost-maine-dairy-n847151
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103

Fundamental theorem of algebra, Theorem of equations proved by Carl Friedrich Gauss in 1799. It states that 
every polynomial equation of degree n with complex number coefficients has n roots, or solutions, in the complex 
numbers. BY The Editors of Encyclopaedia Britannica

https://www.britannica.com/biography/Carl-Friedrich-Gauss
https://www.britannica.com/science/polynomial
https://www.britannica.com/science/complex-number
https://www.britannica.com/editor/The-Editors-of-Encyclopaedia-Britannica/4419


104

•
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https://www.nbcnews.com/news/us-news/think-commas-don-t-matter-omitting-one-cost-maine-dairy-n847151

https://www.nbcnews.com/news/us-news/think-commas-don-t-matter-omitting-one-cost-maine-dairy-n847151


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 13: 10/06/23: (lecture from 10/4/21): Meromorphic Functions, Log, Argument Principle, Rouche, Fund Thm Alg, Trig 

Integral: https://youtu.be/INRdLUT6ckQ (slides from 2021). 

Lecture 14: 10/09/23: NO CLASS (Columbus Day)

Lecture Bonus: 10-10-23: Fresnel Integrals 
https://youtu.be/R5lCHdPVESQ

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/INRdLUT6ckQ
https://youtu.be/R5lCHdPVESQ


















Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 15: 10-11-23: https://youtu.be/touNug0_fLw
Rouche, Open Mapping and Maximum Modulus

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/touNug0_fLw


Plan for the day: Lecture 15: October 11, 2023: 

REVIEW:

• Argument Principle

• Rouche's Theorem 

CONSEQUENCES:

• Open Mapping Theorem

• Maximum Modulus

OTHER:

• Real Analysis Review

• Differences b/w Real and Complex

117
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Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 16: 10-13-23: Mountain Day
Lecture 17: 10-16-23: https://youtu.be/Uz42EoM6yLs
Review of Logarithms, Comments from 2.5 videos to watch before class:

Watch the following videos before class / read the book (better both!):

•Another approach to proving open mapping theorem without using Rouche: watch from 28 minutes till end: https://youtu.be/-

vuwc6irob4?t=1685

•Complex Logarithms, Earlier Material, Functions with Prescribed Zeros/Values: https://youtu.be/CR-sRChcID4 (slides)

•Writing functions as a product over zeros: https://youtu.be/AoiyKD17aKM

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/Uz42EoM6yLs
https://youtu.be/-vuwc6irob4?t=1685
https://youtu.be/CR-sRChcID4
https://youtu.be/AoiyKD17aKM


Introduction to 
Logarithms

Steven Miller, Williams College

sjm1@Williams.edu

126



Why do we care about Logarithms
•Discuss objects across many orders of magnitude.

• Linearize many non-linear functions (calculus becomes available).

127



Definition of Logarithms
• If  𝒙 = 𝒃𝒚 then 𝐥𝐨𝐠𝒃 𝒙 = 𝒚.

• Read as the logarithm of 𝑥 base 𝑏 is 𝑦.

• Often use base 10, and some authors suppress the subscript 10.

• Other popular bases are 2 for computers, and 𝑒 for calculus; many 
sources write ln 𝑥 for the natural logarithm of 𝑥, which is its logarithm 
base 𝑒 (𝑒 is approximately 2.71828).

• Examples: 𝐥𝐨𝐠𝒃 𝒙 = 𝒚 means we need 𝒚 powers of 𝒃 to get 𝒙.
•100 = 102 becomes log10 100 = 2. In base 𝑒 it is about 4.6.

•1 = 100 becomes log10 1 = 0. In base 𝑒 it is still 0.

• . 001 = 10−3 becomes log10 .001 = −3. In base 𝑒 it is about -6.9.

128



Examples of Logarithms

129



Examples of Logarithms

130



Examples of Logarithms

131



Examples of Logarithms

132



Plots of Exponentiation and Logarithms
• If  𝑥 = 𝑏𝑦 then log𝑏 𝑥 = 𝑦.

• Read as the logarithm of 𝑥 base 𝑏 is 𝑦.

10𝑛 ≤ 𝑥 ≤ 10𝑛+1 implies      𝑛 ≤ log10 𝑥 ≤ 𝑛 + 1.  

133



Why do we care about Logarithms
•Discuss objects across many orders of magnitude.

• Linearize many non-linear functions (calculus becomes available).

134



Why do we care about Logarithms
• Linearize many non-linear functions (calculus becomes available).

135

Notice that even on a small range, from 1 to 10, the polynomial of highest 
degree drowns out the others and can barely see.



Why do we care about Logarithms
• Linearize many non-linear functions (calculus becomes available).

136

Left: Semi-log plot: 𝑦 = log 𝑥𝑟. Right: log-log plot: log 𝑦 = log 𝑥𝑟.
Note that we can now see the four functions on one plot, and the log-log 
plot now has linear relations.



Review: Exponent Laws

Laws

•𝑏𝑚 𝑏𝑛 = 𝑏𝑚+𝑛

•𝑏𝑚 / 𝑏𝑛 = 𝑏𝑚−𝑛

•(𝑏𝑚)𝑛 = 𝑏𝑚𝑛

Examples

•103102 = 10 ∗ 10 ∗ 10 ∗ 10 ∗ 10 = 105

•103/102 = 10 ∗ 10 ∗ 10 / 10 ∗ 10 = 101

•(103)2 = 103 ∗ 103 = 10 ∗ 10 ∗ 10 ∗ 10 ∗ 10 ∗ 10 = 106
137



Logarithm Laws

Remember if  𝑥 = 𝑏𝑦 then log𝑏 𝑥 = 𝑦.

Below assume log𝑏 𝑥1 = 𝑦1 and log𝑏 𝑥2 = 𝑦2.

These allow us to simplify computations with logarithms.

THEOREM

•log𝑏 𝑥𝑛 = n log𝑏 𝑥.                             Log of a power is that power times the log.

•log𝑏(𝑥1 𝑥2) = log𝑏(𝑥1) + log𝑏(𝑥2). Log of a product is the sum of the logs.

•log𝑏(𝑥1 /𝑥2) = log𝑏(𝑥1) − log𝑏(𝑥2). Log of a quotient is the difference of the logs.

•log𝑏 𝑥 = log𝑐 Τ𝑥 log𝑐 𝑏. If know logs in one base, know in all. 
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PROOFS OF THE LOG LAWS
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Example: Factorial Function: 
Number ways to order 𝒏 objects when order matters:

𝒏! = 𝒏 ∗ 𝒏 − 𝟏 ∗ ••• ∗ 𝟑 ∗ 𝟐 ∗ 𝟏.

list = {}; semiloglist = {}; logloglist = {};

For[n = 1, n <= 200, n++, 

{

list = AppendTo[list, {n, n!}];

semiloglist = AppendTo[semiloglist, {n, Log[n!]}];

logloglist = AppendTo[logloglist, {Log[n], Log[n!]}];

}];

Print[ListPlot[list]]; Print[ListPlot[semiloglist]]; Print[ListPlot[logloglist]];
143



Example: Factorial Function: 
Number ways to order 𝒏 objects when order matters:

𝒏! = 𝒏 ∗ 𝒏 − 𝟏 ∗ ••• ∗ 𝟑 ∗ 𝟐 ∗ 𝟏.

Normal Plot Semi-log Plot                                                 Log-Log Plot             

144

For large 𝑛, have 𝑛! ≈ 𝑛𝑛𝑒−𝑛 2𝜋𝑛, so log 𝑛 ≈
𝑛

𝑒
log 𝑛 (plus a much smaller term).
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https://en.wikipedia.org/wiki/Simply_connected_space

https://en.wikipedia.org/wiki/Simply_connected_space
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Exponential Function: Properties and Relation to Trig.
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Writing a function with prescribed zeros….
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Mathematica Programs
Links to LaTeX and Mathematica tutorials / templates:
https://web.williams.edu/Mathematics/sjmiller/public_html/math/handouts/latex.htm

Program on plotting zeros of a sequence of functions:
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/mathematicaprograms/PlotZerosExpApprox.nb
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/mathematicaprograms/PlotZerosExpApprox.pdf

https://web.williams.edu/Mathematics/sjmiller/public_html/math/handouts/latex.htm
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/mathematicaprograms/PlotZerosExpApprox.nb
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/mathematicaprograms/PlotZerosExpApprox.pdf


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 18: 10-16-23: https://youtu.be/WzJhBEwPwpA
Watch the following videos before class / read the book (better both!):

•Weierstrass Products, Conformal Maps: https://youtu.be/clP3ZO5HpV4

•Introduction to Conformal Maps: https://youtu.be/kzPm-0X_HW8 (slides)

Topic: Zeros of functions, Weierstrass products

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/WzJhBEwPwpA
https://youtu.be/clP3ZO5HpV4
https://youtu.be/kzPm-0X_HW8










Taylor series of log(1-x) and Harmonic Series















Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 19: 10-16-23: No class, take-home exam.
Lecture 20: 10-23-23: https://youtu.be/xftsQF-6yUs

Watch the following videos before class / read the book (better both!):

•Weierstrass Products, Conformal Maps: https://youtu.be/clP3ZO5HpV4

•Introduction to Conformal Maps: https://youtu.be/kzPm-0X_HW8 (slides)

Topic: Zeros of functions, Weierstrass products (Continued) 

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/xftsQF-6yUs
https://youtu.be/clP3ZO5HpV4
https://youtu.be/kzPm-0X_HW8




Lagrange Interpolation





https://en.wikipedia.org/wiki/Elementary_matrix

https://en.wikipedia.org/wiki/Elementary_matrix




Below are the Slides for Lecture 16 from 

2021: 10-22-21: https://youtu.be/kzPm-0X_HW8
10/18/17: Introduction to Conformal Maps: https://youtu.be/5klb8gxnQTc

178

https://youtu.be/kzPm-0X_HW8
https://youtu.be/5klb8gxnQTc


Plan for the day: Lecture 16: October 22, 2021:

https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/course

notes/Math302_LecNotes_Intro.pdf

• Review inverse functions: f(g(z)) = g(f(z)) = z, application to derivatives 

(arctan)

• Conformal maps

• Specific conformal maps

General items.

• Differences b/w real and complex

• Seeing what theorems to use
179

https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf
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Inverse functions: f(g(z)) = z, get formula for g’(z) (do for exp-log)



181

Given two open sets U and V in C, does there exist a holomorphic bijection between them?

Given an open subset Ω of C, what conditions on Ω guarantee that there exists a holomorphic bijection from Ω to 

D?
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First prove f’(z) is never zero, then prove its inverse is holomorphic.

Comment: Is this true if f is real analytic?



Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 21: 10-25-23: https://youtu.be/C9JCkmjVrEg
•Conformal Maps, Automorphisms of the unit disk

Lecture from 2021: Lecture 17: 10/25/21: Schwarz Lemma, Automorphisms of the Disk: 

https://youtu.be/q4eZRrVPGA0 (slides)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/C9JCkmjVrEg
https://youtu.be/q4eZRrVPGA0
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First prove f’(z) is never zero, then prove its inverse is holomorphic.

Comment: Is this true if f is real analytic?
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Real vs complex maps: f(x) = x3 on [-1,1] and unit disk
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Below is the rest of the proof of the theorem, the differentiability of the inverse.

The proof is standard, following from the definition and the fact that the derivative of f is never zero.

Note this is different than the real case, where we can have a real analytic bijection whose derivative vanishes at 
a point, namely f(x) = x3.
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ቃShow[ ൧Manipulate[ ൧ParametricPlot[ 𝑟 ሿCos[𝑡 , 𝑟 ሿSin[𝑡 , ሿ𝑓[𝑡 + 𝑐 𝐼 , 𝑡, −15,15 , 𝑐, 0,100 , 𝑟, 1,2
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Fractional Linear Transformations
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Matrix Form of FLT….
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Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 22: 10-27-23: https://youtu.be/n43JVHQigBE
•Schwarz Lemma, Conformal Maps

Lecture from 2021: Lecture 17: 10/25/21: Schwarz Lemma, Automorphisms of the Disk: 

https://youtu.be/q4eZRrVPGA0 (slides)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/n43JVHQigBE
https://youtu.be/q4eZRrVPGA0
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/383Fa23_lectures.pdf
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The Schwarz lemma



Expand in a power series, study f(z)/z, look at in D(r)
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View g(z) = f(z)/z as a derivative at z=0….
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The `Real' Schwarz lemma (w’ David Thompson): American Mathematical Monthly. (118 (October 2011), no. 8, page 725) pdf

https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/realschwarz10.pdf

http://www.maa.org/pubs/monthly.html
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/realschwarz10.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/realschwarz10.pdf
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Extra Credit: What other generalizations can we do?
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Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 23: 10-30-23: https://youtu.be/uMyZ5mgy3sQ
•Bijections on the boundary, from the Geometric Series to the Riemann Zeta Function

No class Friday November 3rd; watch the following videos:
• Lecture 18: 10/27/21: Montel's Theorem and Results from Analysis: https://youtu.be/YAWP7TXRGJA (fix on error 

here: https://youtu.be/A2E5fVKyKXw) (slides) Already watched this….

• Lecture 20: 10/30/17: Riemann Mapping Theorem Overview): https://youtu.be/FhphhYFxIP0 (slides)

• Lecture 20: 11/01/21: Riemann Mapping Theorem (Proof), Differences between Real and Complex: https://youtu.be/yivEV2yhxgA (slides)

• Lecture 21: 11/03/21: Finishing Proof of the Riemann Mapping Theorem, Introduction to the Riemann Zeta Function, Partial 

Summation: https://youtu.be/-TpU7PdIEf0 (slides)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/uMyZ5mgy3sQ
https://youtu.be/YAWP7TXRGJA
https://youtu.be/A2E5fVKyKXw
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture18.pdf
https://youtu.be/FhphhYFxIP0
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture19.pdf
https://youtu.be/yivEV2yhxgA
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture20.pdf
https://youtu.be/-TpU7PdIEf0
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture21.pdf


https://www.math.ucdavis.edu/~hunter/m201a_16/continuous.pdf

Theorem 9. The continuous image of a compact set is 
compact.

https://www.math.ucdavis.edu/~hunter/m201a_16/continuous.pdf
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The Geometric Series Formula

The Geometric Series Formula is one of the most important in 
mathematics. It is one of the few sums we can evaluate exactly.

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

This is often proved by first computing the finite sum, up to rn, and 
taking a limit. Note since |r| < 1 that each term rn gets small fast…..
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is 
one of the few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1

What should we do now?
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is 
one of the few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1

Subtract: Sn – r Sn = 1 – rn+1, 

So (1-r) Sn = 1 – rn+1,  or Sn
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is 
one of the few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1

Subtract: Sn – r Sn = 1 – rn+1, 

So (1-r) Sn = 1 – rn+1,  or Sn =  
1 −𝑟𝑛+1

1−𝑟
.

If we let n go to infinity, we see rn+1 goes to
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The Geometric Series Formula
The Geometric Series Formula is one of the most important in mathematics. It is one of 
the few sums we can evaluate exactly.

Lemma: If |r| < 1 then 1 + r + r2 + r3 + r4 + … + rn  = 
1 −𝑟𝑛+1

1−𝑟
.

Proof: Let Sn = 1 + r + r2 + r3 + r4 + … + rn 

Then       r Sn =       r + r2 + r3 + r4 + … + rn + rn+1

Subtract: Sn – r Sn = 1 – rn+1, 

So (1-r) Sn = 1 – rn+1,  or Sn =  
1 −𝑟𝑛+1

1−𝑟
.

If we let n go to infinity, we see rn+1 goes to 0, so we get the infinite sum is  
1

1−𝑟
. 
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We will prove the Geometric Series Formula just by studying this basketball game!
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Advanced Geometric Series Comments
Always carefully look at what you did, and be explicit on what you proved.

The geometric series formula is: 

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

We proved this when r = (1-p)(1-q), where p and q are the probabilities of
making a basket for Bird and Magic. What are the ranges for p and q? We have
what range of p and q?
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Advanced Geometric Series Comments
Always carefully look at what you did, and be explicit on what you proved.

The geometric series formula is: 

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

We proved this when r = (1-p)(1-q), where p and q are the probabilities of
making a basket for Bird and Magic. What are the ranges for p and q? We have
0 ≤ p, q ≤ 1 BUT we cannot have p=q=0, or the game never ends. Thus we only
proved the Geometric Series Formula for what range of r?
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Advanced Geometric Series Comments
Always carefully look at what you did, and be explicit on what you proved.

The geometric series formula is: 

If |r| < 1 then 1 + r + r2 + r3 + r4 + … = 
1

1−𝑟
.

We proved this when r = (1-p)(1-q), where p and q are the probabilities of
making a basket for Bird and Magic. What are the ranges for p and q? We have
0 ≤ p, q ≤ 1 BUT we cannot have p=q=0, or the game never ends. Thus we only
proved the Geometric Series Formula for 0 ≤ r < 1. Is there a way to deduce the
formula for |r| < 1 and r negative from what we have already done? (YES)
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From the 
Geometric Series 
Formula to Primes
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Application of the Geometric Series Formula: 
Infinitude of Primes!
One of the most important applications of the Geometric Series 
Formula is in Number Theory.

It is used in creating / understanding the Riemann Zeta Function, which 
gives us tremendous information about primes.

Remember primes are numbers with exactly two factors, 1 and
themselves: 2, 3, 5, 7, 11, 13, 17, 19, 23, …. If you are divisible by two or
more primes you are called composite, while 1 is called a unit. We will
see it is convenient NOT to have 1 be a prime.
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Euclid and the Infinitude of Primes

There are many proofs that there are infinitely many primes. This one 
goes back over 2000 years to Euclid….

Assume there are only finitely many primes, say p1 = 2, p2 = 3, p3 = 5, …, 
pn. 

Consider the new number x = p1 * p2 * p3 * … * pn + 1.

Can this be divisible by p1? 
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Euclid and the Infinitude of Primes

There are many proofs that there are infinitely many primes. This one goes 
back over 2000 years to Euclid….

Assume there are only finitely many primes, say p1 = 2, p2 = 3, p3 = 5, …, pn. 

Consider the new number x = p1 * p2 * p3 * … * pn + 1.

Can this be divisible by p1? No, the remainder is 1.

Can this be divisible by p2? 
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Euclid and the Infinitude of Primes
There are many proofs that there are infinitely many primes. This one goes back over 2000 
years to Euclid….

Assume there are only finitely many primes, say p1 = 2, p2 = 3, p3 = 5, …, pn. 

Consider the new number x = p1 * p2 * p3 * … * pn + 1.
Can this be divisible by p1? No, the remainder is 1.
Can this be divisible by p2? No, the remainder is 1.

Continuing we see it cannot be divisible by ANY prime in our list. As we assumed our list was 
complete, we have found a new prime (either this number is prime, or it is divisible by a 
prime not on our list).
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Euclid and the Infinitude of Primes

Consider the numbers generated by Euclid’s method; it’s fun to try this 
process. 

• We start with 2, then look at 2+1 and get 3 as the next number.

• Then 2 * 3 + 1 = 7 for our next prime. 

• Then 2 * 3 * 7 + 1 = 43 which is also prime.

Do we always get a prime when we apply this? Do we get all the 
primes?
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Euclid and the Infinitude of Primes
Consider the numbers generated by Euclid’s method; It’s fun to try this process. 

• We start with 2, then look at 2+1 and get 3 as the next number.

• Then 2 * 3 + 1 = 7 for our next prime. 

• Then 2 * 3 * 7 + 1 = 43 which is also prime.

Do we always get a prime when we apply this? Do we get all the primes?

We do not always get a prime – look at the next term! 

• 2 * 3 * 7 * 43 + 1 =  1807 = 13 * 139.

https://www.youtube.com/watch?v=NOCsdhzo6Jg (How They Fool Ya: Math parody of Hallelujah)

The other questions are open….. We don’t have to go far to find open questions 
about primes (others include are there infinitely many pairs of primes differing by 
2, and can every even number at least 4 be written as the sum of two primes).
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https://www.youtube.com/watch?v=NOCsdhzo6Jg


https://en.wikipedia.org/wiki/Euclid–Mullin_sequence
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https://en.wikipedia.org/wiki/Euclid%E2%80%93Mullin_sequence


The Riemann Zeta Function ζ(s)
https://en.wikipedia.org/wiki/Greek_alphabet

ζ(s) 
There are many 
different ways of writing 
a Greek letter zeta; here 
is how Powerpoint 
displays it.

https://en.wikipedia.org/wiki/Greek_alphabet




Integers and Primes
Most of us are familiar with the positive integers: 1, 2, 3, 4, 5, ….

What is the next integer after 2023? 
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Integers and Primes
Most of us are familiar with the positive integers: 1, 2, 3, 4, 5, ….

What is the next integer after 2023? 2024

What is the next integer after 2024? 
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Integers and Primes
Most of us are familiar with the positive integers: 1, 2, 3, 4, 5, ….

What is the next integer after 2023? 2024

What is the next integer after 2024? 2025

As you have hopefully noticed, there is not much mystery in the spacings 
between integers!
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Integers and Primes
What about the primes: 2, 3, 5, 7, ….

What is the next prime after 2023? 
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Integers and Primes
What about the primes: 2, 3, 5, 7, ….

What is the next prime after 2023? 2027

What is the next prime after 2027? 
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Integers and Primes
What about the primes: 2, 3, 5, 7, ….

What is the next prime after 2023? 2027

What is the next prime after 2027? 2029

What is the next prime after 2029? 
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Integers and Primes
What about the primes: 2, 3, 5, 7, ….

What is the next prime after 2023? 2027

What is the next prime after 2027? 2029

What is the next prime after 2029? 2039

As you have hopefully noticed, it is a lot harder to find the next prime than to 
find the next integer!
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My worse proof ever (this is the fixed version)

Irrationality measure and lower bounds for 

\(\pi(x)\) (with David Burt, Sam Donow, Matthew 

Schiffman and Ben Wieland), The Pi Mu Epsilon 

Journal (14 (2017), no. 7, 421-429) pdf

http://www.pme-math.org/journal/overview.html
https://web.williams.edu/Mathematics/sjmiller/public_html/math/papers/LowerBoundCardPrimes50.pdf


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 24: 11-01-23: https://youtu.be/0XjpgP9F5uw
•Stirling’s formula, evaluating and estimating sums

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/0XjpgP9F5uw
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Extra credit: Can you expand on the dyadic interval arguments / the 
Farmer Brown idea to get in the limit, at least for a sequence of n? In 
other words, can you show that it converges to nn/e-n times something
small relative to the main term?

Additionally, can you prove the claims from class about the sums of 
powers? In particular, perturb and prove that the sum of the k-th 
powers  is a polynomial of degree k+1 with constant term 0 and leading 
term nk+1 / (k+1)? Can you use the telescoping method and induction to 
show that the sum is a polynomial?

Looks like some of these results, with telescoping, are known: see 
https://www.jstor.org/stable/pdf/3026439.pdf

https://www.jstor.org/stable/pdf/3026439.pdf
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Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 25: 11-03-23: No Class

Lecture 26: 11-06-23: https://youtu.be/mio4O-DpD2U
•Continuation of Zeta(s): multiple ways illustrating different insights

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/mio4O-DpD2U


Plan for the day: Lecture 25: November 6, 2023:



https://www.claymath.org/collections/riemanns-1859-

manuscript/

German version:

https://www.claymath.org/sites/default/files/zeta.pdf

English version:

https://www.claymath.org/sites/default/files/ezeta.pdf

https://www.claymath.org/collections/riemanns-1859-manuscript/
https://www.claymath.org/sites/default/files/zeta.pdf
https://www.claymath.org/sites/default/files/ezeta.pdf






Prove sum converges without calculus! Dyadics!



















The above is the Dirichlet eta function. It differs from the Riemann zeta function by the presence of (-1) raised to 

the n-th power, so it alternates in sign (the zeta function has all of its terms +1, while here we alternate +1, -1, …). It 

is amazing the consequences this has. The series for the zeta function converges if Re(s) > 1, but it does not 

converge if Re(s) > 0 for all such s; for example, if s = ½ we have the sum of the reciprocals of the square-roots of 

integers, which clearly diverges!

The eta function converges for all Re(s) > 0 – prove this! The following summation formulas may be useful. These 

are key tools of analytic number theorists, and are essentially discrete versions of integration by parts (in a shocker, 

called partial summation). In the argument below A_n = a_M + a_{m+1} + … + a_n.



LECTURE 27

Class on Wednesday will be asynchronous. Please watch the following two videos (we may have covered a good amount of the 

first in class on Monday)

•2021: Lecture 24: 11/12/21: Gregory-Leibniz Formula, Dirichlet L-functions, proof of RH (not!), 

Duality: https://youtu.be/K8RhtDyts7s (slides)

•2021: Lecture 25: 11/15/21: Introduction to Fourier Analysis, Approximations to the 

Identity: https://youtu.be/YiFtCBbYe_I (slides)

https://youtu.be/K8RhtDyts7s
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture24.pdf
https://youtu.be/YiFtCBbYe_I
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture25.pdf


Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 28: 11-10-23: https://youtu.be/gfFtYYb4xPQ
•Number Theory and Complex Analysis

See also:
L-Functions and Random Matrix Theory:

•Introductory lectures on Random Matrix Theory and L-functions:

•Part I (Classical RMT, Intro L-fns, Dirichlet): http://youtu.be/2PuUbk6gUMM (slides: part 1) 

•Part II (Convolving families, cusp forms: slides here): http://youtu.be/vJz6W24tDik (slides part 2) 

•From the Manhattan Project to Elliptic Curves: MASON IV (3/7/20). pdf (video here: https://youtu.be/p15X3ERNvLs)

•Introduction to L-functions for SMALL students: 

2021: https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/intronumbertheory/

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/gfFtYYb4xPQ
http://youtu.be/2PuUbk6gUMM
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part1.pdf
http://youtu.be/vJz6W24tDik
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part2.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/ManhattanToEC_Colloq_MASONIV2020.pdf
https://youtu.be/p15X3ERNvLs
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/intronumbertheory/


Today’s lecture was a trimmed / adjusted version of the talk below. For more details and the slides, see below 

(as well as the links on the previous slide to more related talks). NOTE: The pages following this are the 

comments I made during class on the details of the contour integrals, finding the residues and contributions…. 

You are strongly urged to try to write things down with all the details, or read the book, and if you have 

questions reach out to me.

It is also a great exercise to show how sum_{p < x} log p ~ x implies sum_{p < x} 1 ~ x/log(x).

Part I (Classical RMT, Intro L-fns, Dirichlet): http://youtu.be/2PuUbk6gUMM ( slides: part 1 )

See the link to the slides above for most of the slides from today’s lecture; there were a few comments on the 

final slides discussed, which follow. 

Note: in case the hyperlink is not working, here is the link: 

https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part1.pdf

http://youtu.be/2PuUbk6gUMM
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part1.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part1.pdf












Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 29: 11-10-23: https://youtu.be/8TIW3bFr6XE
•Number Theory and Complex Analysis, Introduction to Fourier Analysis

See also:
L-Functions and Random Matrix Theory:

•Introductory lectures on Random Matrix Theory and L-functions:

•Part I (Classical RMT, Intro L-fns, Dirichlet): http://youtu.be/2PuUbk6gUMM (slides: part 1) 

•Part II (Convolving families, cusp forms: slides here): http://youtu.be/vJz6W24tDik (slides part 2) 

•From the Manhattan Project to Elliptic Curves: MASON IV (3/7/20). pdf (video here: https://youtu.be/p15X3ERNvLs)

•Introduction to L-functions for SMALL students: 

2021: https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/intronumbertheory/

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/8TIW3bFr6XE
http://youtu.be/2PuUbk6gUMM
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part1.pdf
http://youtu.be/vJz6W24tDik
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/Michigan2012Part2.pdf
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/ManhattanToEC_Colloq_MASONIV2020.pdf
https://youtu.be/p15X3ERNvLs
https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/intronumbertheory/
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Introduction to Fourier Series 
https://www3.nd.edu/~powers/ame.20231/fourier1878.pdf

21 March 1768 Auxerre,Burgundy,Kingdom of France (now in Yonne, France) to 

16 May 1830 Paris,Kingdom of France

https://www3.nd.edu/~powers/ame.20231/fourier1878.pdf
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For us, we use:
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Give examples of L^1 and L^2: when is one contained in the other?
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Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 30: 11-15-23: https://youtu.be/sGUVKUYhEY0
•Fourier Analysis II: Convergence Theorems

Material taken from my book “Invitation to Modern Number Theory” (joint with Ramin Takloo-Bighash).

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/sGUVKUYhEY0
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The Dirichlet kernels are not an approximation to the identity.
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https://en.wikipedia.org/wiki/Stone%E2%80%93Weierstrass_theorem https://mast.queensu.ca/~speicher/Section14.pdf

https://en.wikipedia.org/wiki/Stone%E2%80%93Weierstrass_theorem
https://mast.queensu.ca/~speicher/Section14.pdf
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FOURIER TRANSFORM



Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 31: 11-17-23: https://youtu.be/d4QZPmR_LXA
•Fourier Analysis III: Poisson Summation, Probability

Notes from my book with Ramin Takloo-Bighash: An Invitation to Modern Number Theory (see also my book page here)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/d4QZPmR_LXA
https://press.princeton.edu/books/ebook/9780691215976/an-invitation-to-modern-number-theory
https://web.williams.edu/Mathematics/sjmiller/public_html/book/index.html
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Sketch of proof of Poisson Summation:







Convolutions and Probability:
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Characteristic functions, Convolutions and Random Variables:



Characteristic Function of the Standard Normal: An old friend returns…. 



Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 32: 11-20-23:
•Fourier Analysis IV: Probability, Differential Equations, Fun Problems

Notes from my book with Ramin Takloo-Bighash: An Invitation to Modern Number Theory (see also my book page here)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://press.princeton.edu/books/ebook/9780691215976/an-invitation-to-modern-number-theory
https://web.williams.edu/Mathematics/sjmiller/public_html/book/index.html


Characteristic Function of the Standard Normal: An old friend returns…. 





Sketch of the Proof of the Central Limit Theorem:
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https://en.wikipedia.org/wiki/Laplace_transform

https://en.wikipedia.org/wiki/Laplace_transform


https://en.wikipedia.org/wiki/Laplace_transform

https://en.wikipedia.org/wiki/Laplace_transform












https://web.williams.edu/Mathematics/sjmiller/public_html/209/HW/209HWmay12.pdf

https://web.williams.edu/Mathematics/sjmiller/public_html/209/HW/209HWmay12.pdf












Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 32b: 11-20-23:
•Bonus Lecture: Fourier Analysis V: Complex to CLT: https://youtu.be/YwDJh6V8C3Y

Notes from my book with Ramin Takloo-Bighash: An Invitation to Modern Number Theory (see also my book page here)

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/YwDJh6V8C3Y
https://press.princeton.edu/books/ebook/9780691215976/an-invitation-to-modern-number-theory
https://web.williams.edu/Mathematics/sjmiller/public_html/book/index.html






























Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 33: 11-27-23: https://youtu.be/65b0Jh1DIns
•Method of Stationary Phase

•Previous year’s iteration: Lecture 27: 11/15/17: Laplace's Method, Stirling's Formula: https://youtu.be/AycMlf4Mbyo (2015 

lecture: https://youtu.be/GvKI5I_cfDQ)  

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/65b0Jh1DIns
https://youtu.be/AycMlf4Mbyo
https://youtu.be/GvKI5I_cfDQ


Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
Lecture 33: 11-27-23: https://youtu.be/65b0Jh1DIns
•Method of Stationary Phase

•Previous year’s iteration: Lecture 27: 11/15/17: Laplace's Method, Stirling's Formula: https://youtu.be/AycMlf4Mbyo (2015 

lecture: https://youtu.be/GvKI5I_cfDQ)  

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/65b0Jh1DIns
https://youtu.be/AycMlf4Mbyo
https://youtu.be/GvKI5I_cfDQ


Plan for the day:

https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/course

notes/Math302_LecNotes_Intro.pdf

• Stirling’s formula: intuition

• Stirling Approximation (Integral Test Review) 

• Stirling from Central Limit Theorem

• Taylor Series Review

• Stationary Phase / Critical Points

General items.

• Often easier to pass to a continuous analogue to study discrete problem

• Intuition from Taylor series: “higher” terms eventually negligible….
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https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf
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403

https://en.wikipedia.org/wiki/Integral_test_for_convergence

and my Math 150 (Calc III) lecture on the integral test: https://youtu.be/ujJbUpCab6M

https://en.wikipedia.org/wiki/Integral_test_for_convergence
https://youtu.be/ujJbUpCab6M
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The Central Limit Theorem and Stirling



407

Proof Poisson + Poisson = Poisson (if independent: stable distribution!): Algebra!
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409

Proof Poisson + Poisson = Poisson (if independent: stable distribution!): MGF!
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412

(Stirling by 

CLT)



Math 383: Complex Analysis: Fall ‘23 (Williams)
Professor Steven J Miller: sjm1@williams.edu
Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 34: 11-29-23:
•Method of Stationary Phase II: https://youtu.be/NCalCkFs2a0

•Previous year’s iteration: Lecture 27: 11/15/17: Laplace's Method, Stirling's Formula: https://youtu.be/AycMlf4Mbyo (2015 

lecture: https://youtu.be/GvKI5I_cfDQ)  

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/NCalCkFs2a0
https://youtu.be/AycMlf4Mbyo
https://youtu.be/GvKI5I_cfDQ
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𝑛 = 0 𝑛 = 2

𝑛 = 4 𝑛 = 6



416

𝑛 = 24 𝑛 = 28



417

ሿManipulate[ ሿPlot[ ሿExp[ Τ−1 𝑥^2 , 𝑥, −𝑐, 𝑐 , 𝑐, 10, .25
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Is this reasonable?
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Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 35: 12-1-23: No class (midterm)

Lecture 36: 12-4-23: The Uncertainty Principle: https://youtu.be/D8onKzVK9G4

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/D8onKzVK9G4


Plan for the day: Lecture 35: December 10, 2021:

https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/course

notes/Math302_LecNotes_Intro.pdf

• Cauchy-Schwarz Inequality

• Fourier transform

• Uncertainty Principle (in mathematics)

General items.

• Generalizations (matrix exponentiation)

• Unreasonable effectiveness of mathematics: Wigner: 

https://www.maths.ed.ac.uk/~v1ranick/papers/wigner.pdf

424

https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf
https://www.maths.ed.ac.uk/~v1ranick/papers/wigner.pdf
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https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality

https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality


426

https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequ

ality

https://en.wikipedia.org/wiki/Cauchy%E2%80%93Schwarz_inequality


427

Baker–Campbell–Hausdorff formula:
https://en.wikipedia.org/wiki/Baker%E2%80%93Campbell%E2%80%93Hausdorff_formula

https://en.wikipedia.org/wiki/Baker%E2%80%93Campbell%E2%80%93Hausdorff_formula
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https://en.wikipedia.org/wiki/Uncertainty_principle

https://en.wikipedia.org/wiki/Uncertainty_principle
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Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 37: 12-6-23: Eigenvalues: https://youtu.be/47xCLUs12lk

•See for a longer introduction (or happy to meet and chat):

•Lecture 31: 12/03/21: Eigenvalues and Random Matrix Theory: 

Part I: https://youtu.be/On9hT2ZFpdw (slides) 

•Lecture 32: 12/06/21: Random Matrix Theory to L-Functions: 

Part II: https://youtu.be/FoKKIMs9wV8 (slides) 

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/47xCLUs12lk
https://youtu.be/On9hT2ZFpdw
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture31.pdf
https://youtu.be/FoKKIMs9wV8
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/lectures/383Fa21_lecture31.pdf
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https://en.wikipedia.org/wiki/Gershgorin_circle_theorem

https://en.wikipedia.org/wiki/Gershgorin_circle_theorem
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Slides for the rest of the talk here:

https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/ManhattanToEC_Colloq_MASONIV2020.pdf

The Limiting Spectral Measure for Ensembles of Symmetric Block Circulant Matrices (with Murat Koloˇglu, Gene 

S. Kopp, Frederick W. Strauch and Wentao Xiong), Journal of Theoretical Probability 26 (2013), no. 4, 1020–

1060. http://arxiv.org/abs/1008.4812

https://web.williams.edu/Mathematics/sjmiller/public_html/math/talks/ManhattanToEC_Colloq_MASONIV2020.pdf
http://arxiv.org/abs/1008.4812




Math 383: Complex Analysis: Fall ‘23 (Williams)

Professor Steven J Miller: sjm1@williams.edu

Homepage: 
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/

Lecture 38: 12-8-23: Several Complex Variables: https://youtu.be/tvKfVNy72SY

mailto:sjm1@williams.edu
https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa23/
https://youtu.be/tvKfVNy72SY


https://en.wikipedia.org/wiki/Picard_theorem

https://en.wikipedia.org/wiki/Picard_theorem


Some references:

https://haroldpboas.gitlab.io/courses/650-2013c/notes.pdf

https://arxiv.org/pdf/1507.00562.pdf

https://abel.math.harvard.edu/~knill/////////teaching/severalcomplex_1996/severalcomplex.pdf

https://en.wikipedia.org/wiki/Function_of_several_complex_variables

https://haroldpboas.gitlab.io/courses/650-2013c/notes.pdf
https://arxiv.org/pdf/1507.00562.pdf
https://abel.math.harvard.edu/~knill/teaching/severalcomplex_1996/severalcomplex.pdf
https://en.wikipedia.org/wiki/Function_of_several_complex_variables


Review: Definition of the Derivative: One Variable



Review: Definition of the Derivative: One Complex Variable



Question: What should the definition of differentiable (i.e., holomorphic) be for a function of 

several complex variables?





https://en.wikipedia.org/wiki/Polydisc

https://en.wikipedia.org/wiki/Polydisc






Trick to finding multivariable Taylor Series….





https://abel.math.harvard.edu/~knill/////////teaching/severalc

omplex_1996/severalcomplex.pdf

https://en.wikipedia.org/wiki/Domain_of_holomorphy

https://abel.math.harvard.edu/~knill/teaching/severalcomplex_1996/severalcomplex.pdf
https://en.wikipedia.org/wiki/Domain_of_holomorphy


Is the punctured disc / polydisc a domain of holomorphy?






