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Plan for the day: Lecture 09: September 29, 2021:

https://web.williams.edu/Mathematics/sjmiller/public html/383Fa21/coursenotes/
Math302 LecNotes Intro.pdf

e Convolutions

* Fourier Transforms

* Integration Examples

 Removable singularities, poles, essential singularities

General items.
 Use elephant guns
 More than one way to integrate without integrating


https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf

Definition 10.1.1 The convolution of independent continuous random variables X
and Y on R with densities fx and fy is denoted fx * [y, and is given by

(fx * fy)(: f [x (t) fy (z = t)dt.
If X and Y are discrete, we have

(fx * fy)( fo o) [y (2 = 20);

note of course that fy(z — x, ) is zero unless z — x,, is one of the values where Y
has positive probability (i.e., one of the special points ).
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21.1 Integral transforms

Given a function K (z, y) and an interval / (which is frequently (—oco, oo) or [0, 00)).
we can construct a map from functions to functions as follows: send f to

(KDW) = [ 1)K @ y)dn.

The Cauchy-Schwarz inequality. For complex-valued functions f and g,

o0 o0 1/2 ~o 1/2
/; f(x)g(x)|dr < (/; \f(:r)‘?d;r) (f \g(:r}\gd;r) |

LP spaces and Lebesgue integrals |edit]

An LP space may be defined as a space of measurable functions for which the p-th power of the absolute value is Lebesgue integrable,
where functions which agree almost everywhere are identified. More generally, let 1 < p < o and (S, X, 1) be a measure space. Consider
the set of all measurable functions from S to C or R whose absolute value raised to the p-th power has a finite integral, or equivalently, that

1/p
I £llp = ( [1sr d;.e) < o0



Definition 21.1.1 (Laplace Transform) Let K (t.s) = e '. The Laplace trans-
form of f, denoted L f, is given by

(Lf)(s) = / f(t)e =tdt.

0

Given a function g, its inverse Laplace transform, L 1qg, is

1 C—|—'E'-T J_ T )
(L7 tg)(t) = lim / eStg(s)ds = lim / eIt (e +iT)idT.

Definition 21.1.2 (Fourier Transform (or Characteristic Function)) Ler

K(x,y) = e 2™%Y_ The Fourier transform of [, denoted F [ or f. is given
by

o~

fly) = f f(x)e 2™ =Yy,

where

O .
. 10)" o
et? .— E (i0) = cosf + 2sindb.
=10

7!

The inverse Fourier transform of g, denoted F —1q, is

(e =

F @) = [ gemiay.

—

Note other books define the Fourier transform differently, sometimes using
K(r,y) =e "Yor K(x,y) = e Y /\/2m.
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hix) = / f(t)glx —t)dt = /f(;r—f)g(fjdf.
. I

Theorem 21.2.1 (Convolutions and the Fourier Transform) Ler [, g be continu-
ous functions on R. ﬁ’fj; | f(2)|?dx and ff; lg(2)|?dx are finite then h = f * g
exists, and h(y) = f(y)g(y). Thus the Fourier transform converts convolution to
multiplication.
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Integrate[ (1/Sqrt[2Pi]) Exp[-x*2/2] Exp[-(a + IDb) x], {x, -Infinity, Infinity}]|

(a+1 b]z

P | =

T

EXAMPLE 1. We show that if £ € R, then

00
2 2 o
(5) e—ﬂ'£ :/ e~ T o 2mix dr.

o0

L 2 . .
T'his gives a new proof of the fact that e™™* 1s its own Fourier transform,

a fact we proved in Theorem 1.4 of Chapter 5 in Book 1.
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Accumulation Argument:
o0

2
1 = e~ " dar.

13



14



Integrate[Exp[- a x] (Cos[bx] + ISin[bx]), {x, ©, Infinity},
Assumptions - a > 0]

1

if a >Im[b] & a + Im[b] > ©

a-1b

Use the "Bring it Over" method ....
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Isolated singularities belong to one of three categories:
e Removable singularities (f bounded near zg)
e Pole singularities (|f(2)] — oo as 2z — 2p)

e [issential singularities.
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