Math 383: Complex Analysis: Fall ‘21 (Williams)

Professor Steven J Miller: siml1@williams.edu

Homepage:
https://web.williams.edu/Mathematics/similler/
public html/383Fa21/

Lecture 10: 10-04-21: nttps://voutu.be/9z5ViGpwbBc

Lecture 10: 10/01/21: Riemann's Removable Singularity Theorem, Casorati-Weierstrass, Examples,
Infinities: https://voutu.be/dPvAMy64plk 1
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Plan for the day: Lecture 10: October 4, 2021.:

https://web.williams.edu/Mathematics/sjmiller/public html/383Fa21/coursenotes/
Math302 LecNotes Intro.pdf

* Riemann's Removable Singularity Theorem
* (Casorati-Weierstrass

* Examples

* Infinities

General items.
* Difference between real and complex
* Finding right object to study


https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf

Let f be a function holomorphic in an }open set () except possibly at
one point zg in 2. If we can define [ at zp in such a way that f becomes
holomorphic in all of €2, we say that z; is a removable singularity for f.

Theorem 3.1 (Riemann’s theorem on removable singularities)
Suppose that f is holomorphic in an open set ) except possibly at a point
20 in 2. If f is bounded on ) — {20}, then 2y is a removable singularity.
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Surprisingly, we may deduce from Riemann’s theorem a characteriza-

tion of poles in terms of the behavior of the function in a neighborhood
of a singularity.

Corollary 3.2 Suppose that f has an isolated singularity at the point
29. Then zy is a pole of f if and only if |f(2)

— 00 as z — 2.



Isolated singularities belong to one of three categories:
e Removable singularities (f bounded near zg)

— 00 as 2z — 2)

e Pole singularities (|f(2)
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By default, any singularity that is not removable or a pole is defined
to be an essential singularity.

Theorem 3.3 (Casorati-Weierstrass) Suppose f is holomorphic in
the punctured disc D,(zy) — {z0} and has an essential singularity at z.
Then, the image of D, (z9) — {20} under f is dense in the complex plane.
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Figure 5. The Riemann sphere S and stereographic projection



Moment Generating Functions vs Characteristic Functions: E[ tx] versus E(eitx)
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Contour Integration: Integrals of Trigonometric Functions v H& / b 0(6
S
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Integrate[l/ (a+Cos[x]"2), {x, ©8, 2 v}, Assumptions - a > 1] Ja (1+a)
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