Math 383: Complex Analysis: Fall ‘21 (Williams)

Professor Steven J Miller: siml1@williams.edu

Homepage:
https://web.williams.edu/Mathematics/similler/
public html/383Fa21/

Le Ct U re 2 7 : 1 1_ 19_2 1 : https://youtu.be/Z7V8fxFHUQc (slides)

Lecture 28: 11/17/17: Convolutions, Generating Functions, Introduction to the CLT: https://youtu.be/4ud4aiHm3sPI
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Plan for the day: Lecture 27: November 19, 2021.:

https://web.williams.edu/Mathematics/sjmiller/public html/383Fa21/coursenotes/
Math302 LecNotes Intro.pdf

* Poisson Summation

e Convolutions

* Moment Generating Function

e Central Limit Theorem

* Applications of Fourier Analysis

General items.

* Path thru the algebra



https://web.williams.edu/Mathematics/sjmiller/public_html/383Fa21/coursenotes/Math302_LecNotes_Intro.pdf

FOURIER TRANSFORM
f(y} = / f(x)e 2™y dy

The Schwartz Space S(R) is the space of all infinitely differentiable functions
whose derivatives are rapidly decreasing. Explicitly.

Vi k>0, sup(|z| +1)7|f® ()] < oo.
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We say a function f(x) decays like 2~ if there are constants xg and ' such that
for all || > zo, [f(2)| < C/|x|*.

Theorem 11.4.6 (Poisson Summation). Assume [ is twice continuously differen-
tiable and that f, f' and f" decay like x— ") for some n > 0. Then

Zfﬂ) an,

n——oQ n——0C

where f is the Fourier transform of f.

<
Exercise 11.4.7. Consider F (Y) = g ‘g(x /’>
flz) = {HG (—— |?1—;1|) if | — n| < 5 for some n € Z

0 otherwise.

Show f(x) is continuous but F'(0) is undefined. Show F'(x) converges and is well
defined for any x & 7.



Sketch of proof of Poisson Summation: ) 2 )
77 ) = i 5 (x+n)

F(X} —_ fw UQ(K_LA) =
Dincheds ﬂmﬂi (o= ﬂé‘v’i (A whe F/x):mi Fon e
P(/zow _-0073/“? = J ) — :2 1"(/7)) _
Gl V1= -~ D iy
ﬁ»w@ 29/@_; fl):(x) _ a-rr?/f’/n(o(x _ L A%oooa(x—m)e 4
(27,
y & ),

D

= _ZT i mX
2 S Loy e A x

n= -2 Mm=-@ e - D :/OO/‘( L
A
— = 50 g

mz—o~







Definition 19.6.2 (Moment generating function) Letr X be a random variable with
density f. The moment generating function of X, denoted Mx (t), is given by
Mx (t) = E[etX]. Explicitly, if X is discrete then

M (l‘) = Z e‘m’“f(:rm), P J}(
while if X is continuous then /(j “ " /;,”Z/ﬁyﬁ/

My (1) = / " e f(z)dz.

o0

Note M x (t) = Gx (e'), or equivalently G'x (s) = Mx (log s).




Theorem 19.6.3 Let X be a random variable with moments jiy,.

1. We have _
patt it
TR

Mx(t) = 14 ujt+

in particular, pj, = d*Mx (t)/dt*| .
t=0

2. Let a and 3 be constants. Then
Max18(t) = e*Mx(at).

Useful special cases are Mx 3(t) = eP'*Mx(t) and My x(t) = Mx (o
when proving the central limit theorem, it’s also useful to have M(x 1 g) /()
ePt’a Mx (t/a).

t);

3. Let X, and X, be independent random variables with moment generating
Sfunctions W‘y, (t) and M x, (t) which converge for |t| < 4. Then

Mx +x.(t) = Mx, (t)Mx,(t).

More generally, if Xy,...,. X N are independent random variables with mo-
ment generating functions M x, (t) which converge for |t| < 6, then

ﬂ'lr‘\'l-l-“*-l-.\'h' (t) == ﬂf_\', (f)ﬂf_}(?(f) wlgls ﬂf-\'.'\.' (f)

If the random variables all have the same moment generating function M x (1),
then the right hand side becomes Mx (t)™ .




There exist distinct probability distributions which have the same moments. In other '
words, knowing all the moments doesn’t always uniquely determine the probabaility

distribution.

Example 19.6.6 7he standard examples given are the following two densities, de-

fined for x > 0 by

- : 2
12F | - ,—(log” z) /2

f ||| ': f1(@) = €
m:'ﬂ | fa() = fi(z)[1+ sin(2rlogz)]. (19.2)

| It’s a nice calculation to show that these two densities have the same moments;
[\ they're clearly different (see Figure[I9.1).
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Figure 19.1: Plot of f1(z) and fo(z) from (19.2). 6



0 otherwise.

o(z) = {exp(l/:t:g) ifz #0
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Figure 19.2: Plot of g() from

19.3)).
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Convolutions and Random Variables: "X\ X, ./ exities &, atfp | (ackp
- X=X
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Characteristic functions, Convolutlons and Random Variables:
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Characteristic Function of the Standard Normal L _21T X
c
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Sketch of the Proof of the Central Limit Theorem:
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One can also study problems on R by using the Fourier Transform. Its use stems
from the fact that it converts multiplication to differentiation, and vice versa: if

o

g(x) = f'(x) and h(z) = xf(x), prove that G(y) = 2miyf(y) and LY =
—271'1‘.75(3;). This and Fourier Inversion allow us to solve problems such as the heat
equation

ou(x,t) O%u(x.t) |
— — —, TR, >0 11.95
ot o2 TET7 ( )
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