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Optimization in one dimension:



Optimization in one dimension:

𝑓𝑓′ 𝑥𝑥 = lim
ℎ →0

𝑓𝑓 𝑥𝑥 + ℎ − 𝑓𝑓(𝑥𝑥)
ℎ



Optimization in several dimensions:
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Differentiability

𝑓𝑓′ 𝑥𝑥 = lim
ℎ →0

𝑓𝑓 𝑥𝑥 + ℎ − 𝑓𝑓(𝑥𝑥)
ℎ

𝑓𝑓′ 𝑎𝑎 = lim
𝑥𝑥 →𝑎𝑎

𝑓𝑓 𝑥𝑥 − 𝑓𝑓(𝑎𝑎)
𝑥𝑥 − 𝑎𝑎

• What is differentiability in several variables?

• Is it enough for the partials ∂f/∂xi to exist?



Differentiability
• What is differentiability in several variables?

• Is it enough for the partials ∂f/∂xi to exist?

Consider 𝑓𝑓 𝑥𝑥, 𝑦𝑦 = 𝑥𝑥𝑥𝑥1/3.

Note the partials are zero but if we consider 𝑦𝑦 = 𝑥𝑥2
then along this path the derivative is not zero (chain 
rule…). So partials are not enough.



Derivative in one dimension:

𝑓𝑓′ 𝑥𝑥 = lim
ℎ →0

𝑓𝑓 𝑥𝑥 + ℎ − 𝑓𝑓(𝑥𝑥)
ℎ

𝑓𝑓′ 𝑎𝑎 = lim
𝑥𝑥 →𝑎𝑎

𝑓𝑓 𝑥𝑥 − 𝑓𝑓(𝑎𝑎)
𝑥𝑥 − 𝑎𝑎

lim
𝑥𝑥 →𝑎𝑎

𝑓𝑓 𝑥𝑥 − 𝑓𝑓 𝑎𝑎 −𝑓𝑓′(𝑎𝑎)(𝑥𝑥−𝑎𝑎)
𝑥𝑥−𝑎𝑎

= 0



Derivative in several dimensions:

lim
𝑥𝑥 →𝑎𝑎

𝑓𝑓 𝑥𝑥 − 𝑓𝑓 𝑎𝑎 −𝑓𝑓′(𝑎𝑎)(𝑥𝑥−𝑎𝑎)
𝑥𝑥−𝑎𝑎

= 0

lim
𝒙𝒙 →𝒂𝒂

| 𝑓𝑓 𝐱𝐱 − 𝑓𝑓 𝒂𝒂 −∇𝑓𝑓 𝒂𝒂 • 𝒙𝒙−𝒂𝒂 |
| 𝒙𝒙−𝒂𝒂 |

= 0
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Proof:
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