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Introduction

Some Parameters:

v

x : the position of the card

b : the number of columns of cards

v

v

p : the size of the largest column
» N : the number of cards in the deck
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Two Card Tricks

Dynamical Systems

First Trick:

> f1Z— Zgiven by f(z) =a+ [%]
(a=p)
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Two Card Tricks

Dynamical Systems

First Trick:

> f1Z— Zgiven by f(z) =a+ [%]
(a=p)

Second Trick:

> f:Z — Zgiven by f(z) =a— [§]
(a=N+1-p)
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Fixed Points
[ Jelele]e]

First Trick

Consider the dynamical system (Z, f) with f : Z — Z given by f(x) = a+ [H

D

» If @ £ 0 mod (b — 1) then

=[5l

is the only fixed point, and every trajectory converges
monotonically to Z.

» If e = 0 mod (b — 1) then

T = To=x1+1

b—1’

are the only fixed points, and every trajectory converges
monotonically to the nearest fixed point.
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Fixed Points
(o] lele]e]

First Trick

Proof:

Let

a=pulb-—1)+p, 0<p<b-1

and assume that
r=mb+r, 0<r<hb, m € 7,

is a fixed point. Then f(z) = x, so

mb+r=ulb—1)+p+m+ [%1

or

(m—1)(b—1):p—r+m.
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Fixed Points
(o] lele]e]

First Trick

Proof:

Let

a=pulb-—1)+p, 0<p<b-1
and assume that
r=mb+r, 0<r<hb, m € 7,

is a fixed point. Then f(z) = x, so

mb+r=ulb—1)+p+m+ [%1

or

(m—1)(b—1):p—r+m.

From these we get: {%] =1,r— {ﬂ = p, and m = p.
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Fixed Points
00e00

First Trick

Case 1: a # 0 mod (b—1)

If a 20 mod (b—1), then p > 0. Then r 40,1 and r = p+ 1,
so we get

xr=mb+r

=pub+p+1

=a+u+1

n a n b—1—p
=a
b—1 b—1
= = x
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Fixed Points
[eele] o]

First Trick

Case 2: a =0 mod (b—1)

If a =0mod (b—1), then p=0. Then r =0 or r = 1.
With r = 0, we get

a ab N
r=mb+r=pb=a+p=a+-——= =1TI.

b—1 b-1
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Fixed Points
[eele] o]

First Trick

Case 2: a =0 mod (b—1)

If a =0mod (b—1), then p=0. Then r =0 or r = 1.
With r = 0, we get

=mb+r=pb=a+ a—|—L ab
e .

=7.
With r =1, we get

r=pub+1=21+1=2o.
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Fixed Points
[ee]e]e] ]

First Trick

Monotonic Convergence

We also want to show that these trajectories monotonically
approach the fixed points we just solved for.

» Monotonicity comes from the construction of the function.

> Convergence follows because the function is bounded by
the constraints of the card trick.
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Fixed Points

[ ele}
Second Trick

Consider the dynamical system (Z, f) with f : Z — Z given by f(z) = a — [ﬂ

» If @ # 1 mod (b+ 1), then the function has exactly one

fixed point
_ ab
z= .
b+1
» If a =1 mod (b+ 1), then the function has an attracting
two-cycle
bla—1)
T _ ——- T = T 1
T1 b1 Tg =71+

and no fixed points.
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Fixed Points

oeo
Second Trick

Proof:

I’'m not actually going to do this proof.
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Fixed Points

ooe
Second Trick

Comparing the Tricks

First Trick Second Trick
» monotonic convergence » no monotonic convergence
> uses ceiling function » uses floor function
> a=p »a=N+1-p
» when a =0 mod (b—1), » when a = 1 mod (b+ 1),
two fixed points attracting two-cycle
» with 14 cards, T = 8 » with 14 cards, z =7
» with 32 cards, x = 17 » with 32 cards, z = 16
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Stop Time
[ Jelele]e]

First Trick

Consider the dynamical system (Z, f) with f : Z — Z given by f(z) = a+ [%£]:

D

LetB:ba_—bl. Then
» Ifb—1taand z > [B],

) = [log ([;__BB> / logb-‘ .

» Ifb—11aand z < [B],

r(z) = {log (1_(3[3}37_3)) / long +1.
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Stop Time
0@000

First Trick

Consider the dynamical system (Z, f) with f : Z — Z given by f(z) = a+ [%£]:

D

(continued...)

» Ifb—1|aand x > B+ 1,

() = Foggi’g; b )w |

» Ifb—1|aand z < B,
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First Trick

Proof:

When z > 17 = (%L

T1()

Stop Time
[e]e] lele]

sy

€Xr —

(rBr=5) st
i _ 33
log (1367_ %) / log3-‘
(]
2

[logs(2z — 33)] .

log

—

0|3
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Stop Time
[e]e]e] Jo]

First Trick

Proof:

(continued...)

When z < 17,

B_g
= |log | —— 37|/ log3| +1
o8 1-(17-%) / losg

ﬁ—l'
= 10g3 z 1 +].
L 2

= |log3(33 — 2x)] + 1.
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Stop Time
[e]e]ele] ]

First Trick

Proof:

(continued...)

71(32) = [logs(2(32) — 33)]
= [logs(31)]
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Stop Time

L]
Second Trick

Consider the dynamical system (Z, f) with f : Z — Z given by f(z) = a — [ﬂ

No known formula.
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Stop Time

L]
Second Trick

Consider the dynamical system (Z, f) with f : Z — Z given by f(z) = a — [ﬂ

No known formula.

Calculations imply 7 = 4.
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Conclusion

In Conclusion...

Two card tricks that seem similar are driven by very different
dynamical systems.
We saw...
» different types of fixed points
» different uses of the parameters

» different levels of predictability
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Conclusion

In Conclusion...

Two card tricks that seem similar are driven by very different
dynamical systems.
We saw...

» different types of fixed points
» different uses of the parameters

» different levels of predictability

Any Questions??
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