Calculating the Level Density a la Katz-Sarnak

Christopher P. Hughes and Steven J. Miller

ABSTRACT

These are an expanded set of notes from [Mill]. Below we calculate the 1 and 2-Level
Densities for the Classical Compact Groups, using the determinant expansions from Katz-
Sarnak.

1. 1- and 2-Level Density Kernels for the Classical Compact Groups

By [KS1], the m-level densities for the classical compact groups are

Win.e(z) = det (Ke(xi, m])) .

)

W o+(x) = det(K1(xi, 2;))i j<m

Wino-(z) = det(K_1(z;, x5)): Z xy)det(K_1(z;, 5))i 4k
ki
Z(Wmof)() ( o-)2(z)
Wm,O( r) = mO*( )+ WmO (z)
Wm U( det KO(xzax]))Z j<m
Wi, sp(2) = det(K_1(zi, 2;))ij<m (1.1)
where K(y) = “fr;ry, K (z,y) = K(z —y) + eK(z +y) for ¢ = 0,£1, O" denotes the group

SO(even) and O~ the group SO(odd).

In all applications below, there are enormous simplifications as all functions are even (we do not
need to worry about signs in the Fourier transform or the inversion formulas).

DEFINITION 1.1 I(z). I(z) will denote the characteristic function of [—1,1].

1.1 Needed Fourier Transforms

Let & be the Dirac Delta functional: [ f(z)d(z) = f(0). Let I(x) = x[_1,1](z) be the characteristic
function of the unit interval.

LEMMA 1.2. T=6

Proof. This is proved in the theory of distributions. Formally, using duality, one can argue [ f-1 =

— ff.(s, O
LEMMA 1.3. X@ (u) = K(u)
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Proof.

/ X1 1(x) )T / cos(2mzu) + isin(2rau) | dx

= / 27r;ru

Rl M\»—‘

m\»—‘

sin Tu
= (1.2)
O
LEMMA 14. K(22)(u) = L1(u).
Proof.
K/(2\;v)(u):/ K (2x)e*™ @ dy
—00
, 2dx
K(2 2mi2w(u) 24
/ (2x)e 2=
/ K 27th )d
1 1
O

LeMMA 1.5, K2(u) = (1 — [ul)I(u).

Proof. We use duality for even functions: f f(@)g(z)dx = [ f 9(y)dy. See [La2], pages 242 — 243.

Let K,(t) = K(t)e*™, Then K, (y) = K(y + u) and recall K(y) X(-1,1)(y). As K is even, the
272

arguments below are justified.

/ K2(t)e*m it qt = / (K(t)) (K(t)ezmt)dt

= K(t)Ku(t)dt
=/ X1y @)x- g (Y +w)dy (1.4)
X111 4 (y )X[_%,%](y + u) is one on the intersection of {—3 <y < 3} and {—% <y+u < 3} and

zero elsewhere. If lul > 1, x_1,1(y)x_1,1y(y + v) = 0, and the integral vanishes. If u € [0, 1], the
272 272

intersection is —% <y < % — u, and integrating over y gives 1 — u Ifuel[-1 0] it is one on the

intersection of {—1 <y < 3} and {1 <y —|u| <L} We get —3 + |u| <y < 3, and integrating
T

over y gives 1 — |u|. Therefore the Fourier Transform of K2 is (1 — |u\) (u). O

1.2 1-Level Densities
For |u1| < 1, $1(u1) = —31I(u) + 1.

Wl,0+ (1'1) = det <K1(l‘i,l’j))id<l
= Ki(z1,21) =1+ K(2x1)
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= 1(581) + K(Zml)
W on (u1) = 8(ur) + %I(ul). (1.5)
Wl,O_ (.’El) = det <K,1(:Ei,l’j))

,j<1

+ 21: §(zy)det (K—1($ia xj)>

k=1 il
= K_1($1,$1) + 5(.%'1)
=1-—K(2x1) + d(x1)
= 1(x1) — K(2x1) + 6(x1)
Wro- (ur) = 6u) — 5 (1) + (). (1.6)
Wi.sp(z1) = det (K,l(ml,x])>
= K_1(z1,21)
= 1(33‘1) — K(Ql‘l)
W o (u1) = (ur) — %I(M). (1.7)
WI,U(«'UI) = det (Ko(xi,l‘j)>
= Ko(wl,l'l) = 1(.%'1)
Wi (u1) = 6(us). (1.8)
We have shown
THEOREM 1.6 1-LEVEL DENSITIES.
Woon () = 6(u) + 3 T(w)
Wio(u) = 8(u) + 5
Wro- (u) = 5(u) — 2 1{u) +1
Wrsp(u) = 6() — 3 1(0)
W o (u) = 6(w). (1.9)

For functions whose Fourier Transforms are supported in [—1, 1], the three orthogonal densities are
indistinguishable, though they are distinguishable from U and Sp. To detect differences between
the orthogonal groups using the 1-level density, one needs to work with functions whose Fourier
Transforms are supported beyond [—1,1].

1.3 Preliminaries for the 2-Level Densities
Woe(w) = det (Ke(wi, ;)
1,J<2
= Kc(x1,21)Ke(22,02) — Ke(21, 22) K (22, 21)
3
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= [1 + eK(2x1)} {1 + EK(2CL‘2):| -

[K(.’Bl — .12) + eK(xl + .%'2):| [K(xg — 1‘1) + EK(.%'l + .7}2)
— Wha(®) — Wa(a) (1.10)

We now calculate W//QE\,a(u)

Waealz) = [1 + 6K(2$1):| [1 + eK(2$2)}

=1+ eK(211) 4 €K (229) + K (221) K (212)
= 1(z1)1(22) + €K (221)1(2) + el (1) K (229) + €2 K (221) K (222)

Waca(u) = 1w L(ws) + €K (201)I(xz) + el@n) K (222) + K (221) K (2a2)
2

= §(u1)d(uz) + %I(uﬂé(uz) + S6(un) I (us) + %I(ul)l(ug)

where I(u) == x[_1,1(u) (1.11)

N

It is straightforward to calculate the Fourier Transforms of the above, as each function is even
and of the form gi(z1)ga(z2). We also use the fact that g(2z) = 3g(%).

We now calculate M//Q:(u) Note that K is even, so K(z; — z;) = K(xj — ;).

Waeo(@) = [K (o1 = 22) + eK (1 + 22)| [K (w2 = 21) + K (a1 + )|
= K?(x1 — 20) + €K?(x1 + x2) 4+ 26K (21 — ) K (21 + x3)
Waeo(u) = T (uy, uz) + €T (ur, ug) + 2¢T5(uy, up) (1.12)

Let n = £1. Then

ﬁ(ul,ug) = / / K2(:L‘1 + nxg)eQWi(ul’“Q)'(xl’x2)da:1dac2. (1.13)

Change variables: t; = x1 + nxa,t2 = 9. Then x1 = t; — nta, x9 = to, and the Jacobian is +1.
tt\ (17 T 1\ (1 —n 131
(a) =G D) ()-G 7)) ow
Hence dxidze = dtidts, and (uy,us) - (1, x2) = uity + (—nuy + ug)te. Hence

—

Tn(ula u2) _ / / K2 (tl)e27ri(u1t1+(—nu1+u2)t2)dt1dt2
_ / K2 (t1>62m’u1t1 dtl / 1(t2)627ri(—77u1+1u)t2 dtQ
= / K2(ty)e?™™ 1 gty - §(—nuy + us) (1.15)

We have previously shown the Fourier Transform of K?2(x1) is (1 — |u1|)I(u1). We therefore find

Ty(ur,ug) = 6(—nuy +u2) - (1 — |u1l) - I(uy). (1.16)
4
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We calculate ﬁ(ul,m), the Fourier Transform of K(x; — z2)K(x1 + x2). Change variables:
t1 = x1 — x9, to = 11 + x2. Therefore r1 = %tl + %tg, To = —%tl + %tQ. The Jacobian is the absolute
value of the determinant of the transformation, which is % In the exponential we have uiz1 + ugxo,
which becomes %(ul —ug)ty + %(ul + ug)ta.

ﬁ(’LLL’U,Q) = //K(:L’l —x9)K (z1 + $2)€2m(u1x1+u2$2)d$1dl‘2

; dt dt
://K(tl)K(w)eQ“(é(ul—“2)t1+§(u1+u2)t2)122

= ;/K(tl)e%i%(ul“2)t1dt1/K(t2)62m5(“1+“2)t2dt2

1 UL — U u1 + ug
= XLy (X y (o)
1
= 5[(’11,1 - UQ)I(’U,l + UQ), (1.17)

where [ is the characteristic function of [—1,1]. If |uy| + |uz| > 1, the above vanishes; I is
symmetric, and either u; — ug or uy + ug is £(Jur| + |ual). If |ui| + |uz| < 1, the above is 1. Hence

—~ 1
T3(U1,’LL2) = 5](‘111’ + ’UQ‘) (1.18)

Collecting the pieces we obtain

WZ\G(U) = Ti(ul,uz) + 62ﬁ(u1, ug) + QGﬁ(ul,ug)
= 5(u1 + UQ) . (1 — \uﬂ)[(ul) + 62(5(—’LL1 + UQ) . (1 — ]u1|)I(u1) + 6[(‘711’ + ”Ua‘).(l.lg)

We have proved
LEMMA 1.7 EXPANSION FOR V[//;e(u). Let K(y) = 2™ K (z,y) = K(z —y) + eK(z +y), e = £1,

and Wa,.(z) = det(K.(z;, z;)). We have e
Wae(w) = Wa,c.a(w) = Wa,ep(u)
—ammmg+;ummmg+;amumg+iumﬂwg+
[6(ur +us) + €5(—ur +u2)] - (Jur| — 1) (u1) — eI (Jur| + [uz]). (1.20)

By duality, fff1(wl)fg(xg)Wg,E(x)dxldmz = ffﬁ(u1)ﬁ(u2)@e(u)d1lldu2. Note (since f; is even)

1

/ / P un) Faun) (s + ) - (fun | — 1)I([usy )y sy = / (lul = 1) Fi(u) Fo ().

-1
(1.21)

We simplify ffl(u)fg(u)du We assume the support of each ﬁ is at most 1; this will
still allow us to deal with non-trivial regions, as we can have [u| + |ug| > 1. By duality
(for even functions), as f; is supported in (—1,1),

1
‘Lﬁ@ﬁMM:/ﬁmﬁmM
5
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= [t
= £ £2(0). (1.22)

Therefore, for even functions of the form fi(z1)f2(x2) whose Fourier Transforms are supported
in |u;| <1,

LEMMA 1.8.
—~ ~ € ~ € -~ 62
[ [ e salaWan(a)ds = HOR0) + 57050 + 5 ROLO + TH(0)7:(0)
1 o~ o~ o~ o~
+(1+e) / (ul = D) o) — ¢ / / P (un) Fo (u) I ([ | + 1] dur
= [F0) + SAO)] [0+ 50| +
1 o~ o~ —_—
1+ / ful Fu(w) Fo(w)du — (1 + €2) i Fo(0)
-1
—e//ﬁ(ul)ﬁ(u2)1(|u1| + |ug|)duy dus. (1.23)

We could replace f/172(0) by leaving the —1 in the |u|-integral:

[ [ e salaWanwyiz = [710)+ §70)] [fa0) + 5 £0)] +

(1+é) / 11<\u| 1) () Fo(u)du — € / / 71 (un) Falun) I + fual)duus dus.
(1.24)

For SO(even), setting ¢ = 1 above yields the 2-level expansion, valid for any support.

1.4 2-Level Densities

We calculate the pieces needed to evaluate the densities (Equation 1.1). We calculate
2221 O(xy)det(K_i(x;,2;5))i j2k; we've already calculated Wa ((x) = det(K (4, x;)).

2
(Wa0-)2(z) = Z O(wy)det(K _1(z, 25))i 2k

I(;(ml'l)K 1(x9,x2) + 0(x2) K_1(x1, 1)
- 5(:1;1)( - 23:2)) + 6 xz)( K(21, )
= 0(z1) + 0(x2) — 6(21) K (222) — 6(w2) K (221)
= 0(z1)1(w2) + L(z1)d(22) — ( 1)K (232) — K (221)6(x2)
(Wa.o- )o(w) = 1(u1)8(uz) + 8(ur)1(uz) - *1(U1)I(U2) %I(Ul)l(uz)-

(1.25)

We determine the effect of (W5 - )2(u) on F1(u1) f2(uz) when supp(f;) < 1

//fl ut) fo(uz) W20 //f1 up) fo(u2)1 (ug) 8 (us) //fl uy) fa(u2)d(ui)l(us)
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1 ~ —~
—5 [ [ B Bttt ua)
=5 [ [ BBt i)

= [O)F(0) + Fi0)2(0) = 5/1(0)£:(0) = 5£1(0)12(0)
= £1(0)f2(0) + F1(0) f2(0) = £1(0) f2(0). (1.26)

THEOREM 1.9 G = SO(EVEN), O, OR SO(0DD). Let O represent SO(even) for e = 1 and SO(odd)
for e = —1. For even functions supported with supp(f;) <1,

[ [ At ftun) Waoridurdus = [71(0) + 5 10)] [£20) + 5 £200)]
2/11(|u] - 1)ﬁ(u)fg(u)du—e//ﬁ(ul)fg(uz)l(]uﬂ+|uQ\)du1duQ

- LS R0)50) (1.27)

REMARK 1.10. The term efj/”\l(ul)fg(w)l(\ull + |ug|)duidug arises from [ [ fi(z1)fo(xe)K (21 —
x9) K (x1 + x9)dz1dxs.

REMARK 1.11. Remember I(|ui| + |ug|) = I(u1 — ug)I(u1 + ug).

For arbitrarily small support, the three 2-level densities differ. One increases by a factor of

%fl( ) f2(0) moving from Wj o+ to W2 o to W2 .0— When each fZ is supported in (— % %)

REMARK 1.12. For comparison purposes, we record the 2-level moment for SO(even). We assume
(;51 qbg gb is supported in (—1,1). Thus, there are no combinatorial terms in the 2-level density
arising from odd elements (as everything is even). We have to add back twice the 1-level density
with test function ¢? (this was because we were summing over j; # =jo); thus, we add back

2D1,SO(even) ((Z)Q)
Ifsupp(&ﬁ\) =o€ (%, 1), then supp(q/bi) > 1. Thus, as 0 < 1,

Disofeuen) (@) = (0 + 5 [ F(w)I(w)du

_ / $(u)2f(u)du+% / & (w)I (w)du. (1.28)

~ 2
We subtract twice this, as well as the mean, [(ﬁ(O) + %(b(O)} . We are left with the 2-level moment:

/\ulczﬁ )?I(u du—//¢> u1|+|u2\)du1du2+/¢>2 (u)du. (1.29)

I believe the above is the centered second moment, assuming 5 is supported in
(=1,1). For support in (—3, 3), the last two terms add to zero. Further, the middle term
comes from the 2K (x1—x9) K (x1+x2) term; in your notation, this was 25 (x1—x2)S(x1+22).

To determine the density for Sp, we use Lemma 1.8 with ¢ = —1. Rewriting the result in a
similar form as the orthogonal densities yields
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THEOREM 1.13 G = Sp. For even functions supported with supp(f;) < 1,
[ [ A o) W (w)dusdus = [0) = 35:0)][70) = 5 20)] +

1 o~ o~ o~ o~
2 / (Jul — 1) Fr () Fa(us)dus + / 72 (un) o Cu) I (lun | + s durdus.

-1

(1.30)
To calculate Wy 7(z), we need to take the determinant of
1 sinm(z1—x2)
( sin (w1 —r2) ﬂ(m{m) ) (1.31)
w(x1—x2)
) 2
Thus we need the Fourier Transform of 1 — (%) . We find
THEOREM 1.14 G = U.
I/I//Q\U(u) = 0(u1)d(ug) — d(ur +wug) - (1 — |ur|) I (u1). (1.32)
Thus
1
/ / 7 () Fous) Wam durdus = 11(0)F(0) + / (ul = 1)F (u) o () . (1.33)
-1

Thus, for test functions with arbitrarily small support, the 2-level densities for the classical
compact groups are mutually distinguishable.

Appendix A. Fourier Transform Simplifications

Let I(u) be the characteristic function of [—1,1]. If K(z) = S2TZ note K/(2\3:)(u) = $1(u). All
functions below will be even Schwartz fullctions whose Fourier Transforms have finite support. As

all functions below are even, we can use J?(u) = f(u), [ f(u)/g\(u)dt = [ f(z)g(x)dz.

LEMMA A1
[ ]+ e gy~ ST le)n) (A.34)
uy TX1
Proof. This follows immediately from integrating. O
LEMMA A.2.
/ d(uz)d(ur) I (|ur] + |ug|)durdug = /@(u)[(u)du (A.35)
us Juy u

Proof. We have calculated the Fourier Transform of I(|u1| + |uz|) with respect to u; above. Then

(2m(1 — |ug|)z1)
L1

[ [ttt +lahdnde = [ 3w [ o™ diryduy. (A.36)

When we expand sin(27(1 — |uz|)z1), as 5 is even, we need only keep the even term in wuo,
sin(27x1) cos(27m|ug|x1). This is wrong — it is |uz| which appears, not uy; thus, we don’t get

8
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a cancellation from oddness. As ¢ is even, we may replace cos(2m|ug|x1) with e~272%1 What
follows is just one of the terms, from the sin cos. Thus,

/ S(uz) ()T (fur| + uz])durduy = / O(u2) / ¢<x1>mffl)

(2 R '
_ 2/ ¢($l) sm( 77331) / ¢(u2)6—2mu2:p1 dUle‘l
x1 uz

27‘1’1’1

6727”1@361 d.fCldUQ

_ / o(21) K (22) - (1) day

_ 9 / 6(21)2K (22)dz1 — / P I(w)du.  (A37)

O
LEMMA A.3. Uy(z) = ¢(z)? and Us(z) = ¢(z)2.
Proof. The Fourier Transform converts convolution to multiplication:
Wa(w) = [ Blw)lu— wyd
\I//\g(x) = // quﬁ(w)gg(u — w)e U didu
= / d(w)e 2™ qyy / d(u)e 2y = ¢(u)?. (A.38)
Similarly U3(z) = Uy(z)g(z) = ¢(x)3. O

LEMMA A4, 62(0) = [ ¢(u)2I(w)du.
Proof. As supp(¢) C (—1,1),

#(0) = / b(x)2dz = / b(x)d(x)dr = / Hu)dlu)du = / H(w)I(uw)du.  (A.39)
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