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Abstract: We investigate Benford’s law in relation to fractal geometry. Basic fractals like the Cantor 1

set and Sierpinski triangle are obtained as the limit of iterative sets, and the unique measures of 2

their components follow a geometric distribution, which is Benford in most bases. Building on this 3

intuition, we aim to study this distribution in more complicated fractals. We examine the Laurent 4

and Taylor coefficients of a Riemann mapping and its reciprocal function from the exterior of the 5

Mandelbrot set to the complement of the unit disk. These coefficients are rational numbers, and 6

we show that the numerators and denominators are a good fit for Benford’s law through statistical 7

testing. We offer additional conjectures and observations about these coefficients. In particular, 8

we highlight certain arithmetic subsequences related to the coefficients’ denominators, provide an 9

estimate for their slope, and describe efficient methods to compute them. 10

Keywords: Complex Dynamics, Benford’s Law, Power Series 11

1. Introduction 12

Analyzing the family of functions fc(z) = z2 + c, Douady and Hubbard introduced 13

the Mandelbrot setM as the set of parameters c for which the orbit of 0 under fc remains 14

bounded. We study Benford’s law in relation to the Mandelbrot set to both investigate the 15

distribution’s extension to fractal geometry and search for patterns in the Mandelbrot set. 16

In 1980, Douady and Hubbard were able to prove the connectedness ofM by con-
structing a conformal isomorphism

Φ : C \M −→ C \D

between the complement of the Mandelbrot set and the complement of the closed unit
disk [6]. Using the Douady-Hubbard map Φ, we can define related conformal isomor-
phisms,

Ψ : C \D −→ C \M,

Θ : D −→ C \M−1,

whereM−1 = {1/c : c ∈ M}, by setting Ψ = Φ−1 and Θ(c) = 1/Ψ(1/c). By a theorem of
Caratheodory [10], these two maps can be extended continuously to the unit circle if and
only if the Mandelbrot set is locally connected. One of the most heavily studied questions
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in complex dynamics is whether or notM is locally connected (MLC). As such, we focus
on studying these maps and their respective Laurent and Taylor expansions:

Ψ(z) = z +
∞

∑
m=0

bmz−m, (1)

Θ(z) = z +
∞

∑
m=2

amzm. (2)

In Section 3, we outline the methods [8,15,16] we used to compute the coefficients am 17

and bm. The computation time grows exponentially, so methods of improving computation 18

are explored. Using recursion, we were able to compute the numerators, denominators, 19

and decimal expansions of the first 7168 coefficients. 20

In Section 4, we discuss Benford’s law along with statistical testing to determine 21

whether the coefficients obey a Benford distribution. Given a base b ≥ 2, a data set 22

is Benford base b if the probability of observing a given leading digit, d, is logb

(
d+1

d

)
23

(see [2,12]).1 We consider the standard χ2 distribution and the sequence of the data’s 24

logarithms modulo 1 for our statistical testing, and a standard goodness of fit test shows 25

that the numerators and denominators are a good fit for Benford’s law, while the decimal 26

representations are not. 27

In Section 5, we present new results and conjectures on the am and bm coefficients. 28

In Theorem 13, taken from [14], we recall that they are 2-adic rational numbers; in other 29

words, they are of the form p/2−ν, where p is an odd integer. The integer ν is, by definition, 30

the 2-adic valuation ν2 of am or bm. Therefore we focus on the denominator’s exponents 31

−ν(am), −ν(bm). Setting m = 2nm0, with m0 odd and n fixed; the subsequences {−ν(am)}, 32

{−ν(bm)} appear to be near-arithmetic progressions. We present the results observed in 33

the following conjecture. 34

Conjecture 1. Let m be written as 2nm0 as above, with n = n fixed. Then the sequence
{−ν(am)}n=n is asymptotically linear, with slope

2/(2n+1 − 1). (3)

We also present an efficient way to compute the denominator’s exponents for the cases 35

n = 0, 1, 2. 36

2. Preliminaries in Complex Dynamics 37

We give a brief introduction to complex dynamics. For more detailed proofs see [13] 38

and [19]. 39

Let f : Ĉ → Ĉ be a rational map. The Julia set J f associated to the map f may be
defined as the closure of the set of repelling periodic points of f . For a rational map of
degree 2 or higher, the Julia set J f is non-empty. We now restrict our attention to polynomial
maps of degree d ≥ 2, which have a superattracting fixed point at infinity. We can thus
define the filled Julia set K f as the complement of the basin of attraction of infinity:

K f =
{

z ∈ C :
{

f n(z)
}

n≥0 is bounded
}

.

Making use of the above, it is possible to redefine J f as the boundary of the filled Julia set. 40

Lemma 2. Let f be a polynomial of degree d ≥ 2. The filled Julia set K f ⊂ C is compact, with 41

boundary ∂K f = J f equal to the Julia set. The complement Ĉ \ K f is connected and equal to the 42

basin of attraction A(∞) of the point ∞. 43

1 We can write any positive x as Sb(x)bkb(x), where Sb(x) ∈ [1, b) is the significand and kb(x) is an integer. If the
probability of observing a significand of s ∈ [1, b) is logb(s) we say the set is strongly Benford (or frequently
just Benford).
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It follows that the Julia set J f of a polynomial f is precisely the boundary of the basin of 44

attraction A f (∞). 45

We may now characterize the connectedness of J f . This is determined entirely by the 46

activity of the critical points of f . 47

Theorem 3. The Julia set J f for a polynomial of degree d ≥ 2 is connected if and only if the filled 48

Julia set K f contains every critical point of f . 49

2.1. The Mandelbrot set 50

51

We now focus primarily on the family of quadratic functions of the form { fc(z) = 52

z2 + c}c∈C. Since fc has a single critical point 0, it follows from Theorem 3 that J fc is 53

connected if and only if the orbit
{

f n
c (0) | n ∈ N

}
is bounded. This motivates the following 54

definition of the Mandelbrot set,M. 55

Definition 4. M ⊂ C is the set of all the parameters c ∈ C such that the Julia set J fc is
connected. Equivalently,M is the set of all the c such that the orbit of 0 under fc remains
bounded:

M :=
{

c ∈ C : there exists R > 0 such that for all n, | f n
c (0)| < R

}
.

Remark 5. It is possible to generalize this definition and most of the following results to 56

the family of unicritical degree d polynomials fc,d(z) = zd + c, where d is an integer d ≥ 2. 57

In this case, Md is called the multibrot set of degree d. For simplicity, we focus only on 58

M =M2, which has historically been the object of greatest interest. For more information 59

onMd see [16,17]. 60

It is possible to show that the interior of M is nonempty. We can use computer 61

graphics obtain visualizations ofM. 62

Figure 1. The Mandelbrot setM in the complex plane.

When the first computer images ofM were generated, Benoit Mandelbrot observed 63

small regions that appeared to be separate from the main cardioid, and conjectured thatM 64

was disconnected, which was later disproved. 65

Theorem 6 (Douady, Hubbard). The Mandelbrot set is connected. 66
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This result was first proved by Douady and Hubbard [6] by explicitly constructing a 67

conformal isomorphism Φ : Ĉ \M → Ĉ \D. Douady and Hubbard’s proof is significant 68

not only for the result, but also since it provides an explicit formula for the uniformization 69

of the complement of the Mandelbrot set. 70

A large amount of research has been devoted to the local connectivity of the Man- 71

delbrot set, which is generally regarded as one of the most important open problems in 72

complex dynamics. We recall that a set A in a topological space X is locally connected at 73

p ∈ A if for every open set V ⊂ X containing p, there is an open subset U with p ∈ U ⊂ V 74

such that U ∩X is connected. The set A is said to be locally connected if it is locally connected 75

at p for all p ∈ A. 76

As above, let Φ : Ĉ \M → Ĉ \ D be the conformal isomorphism constructed by
Douady and Hubbard; notice that the map Ψ : Ĉ \D→ Ĉ \M is the Riemann mapping
function of Ĉ \M. We consider its the Laurent expansion at ∞

Ψ(z) = z +
∞

∑
m=0

bmz−m.

Another possibility is to consider Θ(z) := 1/Ψ(1/z), which is the Riemann mapping of the
bounded domain C \ {1/z : z ∈ M}. We have the corresponding Taylor expansion for Θ
at the origin:

Θ(z) = z +
∞

∑
m=2

amzm.

To underline the importance of these maps, we reference a lemma from Caratheodory [10]. 77

Theorem 7. (Caratheodory’s continuity lemma) Let G ⊂ Ĉ be a simply connected domain and 78

a function f maps D onto G via a conformal isomorphism. Then f has a continuous extension to D 79

if and only if the boundary of G is locally connected. 80

Therefore, if the map Ψ or the map f can be extended continuously to the unit circle 81

∂D, thenM is locally connected. To show this extension, it would be sufficient to prove 82

that one of the two series converges uniformly on D. 83

There have been numerous attempts to prove this result. For example, Ewing and 84

Schober showed that the inequality 0 < |bm| < 1/m holds for every m < 240000. A bound 85

of the type |bm| < K/m(1+ε) would lead to the result desired; however, this would imply 86

that the extension of Ψ is Holder continuous, which does not happen as expressed in [5]. 87

Proving that |bm| < K/(m log2(m)) would prove that the series converges absolutely, 88

however modern computations suggest that such a bound does not exist [5]. Therefore, the 89

MLC conjecture and its consequences remain object of study. 90

Remark 8 (Consequences of local connectedness). This paper tackles problems related 91

behaviour of the coefficients {am} and {bm}, with the ultimate aim of improving the state- 92

of-art on local connectedness ofM. In this section we highlight the importance of this 93

property ofM. In particular, it implies a conjecture known as Density of Hyperbolicity. 94

A hyperbolic component is an interior connected component ofM in which the sequences 95

{ f n
c (0)} have an attracting periodic cycle of period p. The Density of Hyperbolicity conjecture 96

states that these are the only interior regions of M. Another consequence of MLC is 97

related to a topologically-equivalent description of ∂M. In particular, the boundary of the 98

Mandelbrot set can be identified with the unit circle S1 under a specific relation ∼, known 99

as the abstract Mandelbrot set [1]. More information and other implications of MLC and 100

Density of Hyperbolicity may be found in [3] and [6]. 101

3. Algorithms and Complexity 102

There are algorithms to compute both the coefficients am and bm. While these algo- 103

rithms work for a generic degree d ≥ 2, we focus on d = 2, which is the most interesting 104

case historically, since it is the one associated withM. For simplicity, we denote bm = b2,m 105
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and am = b2,m. The behaviour for other values is similar. Derivations for the explicit form 106

of the bm coefficients may be found in [16]. Derivations for the explicit form of the am 107

coefficients may be found in [15]. There is also a formula to switch between the coefficients, 108

outlined in [14]. 109

Theorem 9. Let n ∈ N and 1 ≤ m ≤ dn+1 − 3. Then

bd,m = − 1
m ∑Cj1

(
m
dn

)
Cj2

(
m

dn−1 − dj1

)
Cj3

(
m

dn−2 − d2 j1 − dj2

)
· · ·

Cjn

(
m
d
− dn−1 j1 − · · · − djn−1

)
,

where the sum is over all non-negative indices j1, . . . , jn such that(
dn − 1

)
j1 +

(
dn−1 − 1

)
j2 +

(
dn−2 − 1

)
j3 + · · ·+ (d− 1)jn = m + 1 (4)

and Cj(a) is the generalized binomial coefficient

Cj(a) =
a(a− 1) · · ·

(
a− j + 1

)
j
(

j− 1
)
· · · 2 · 1

.

The am coefficients can be obtained from the bm using the formula

ad,m = −bd,m−2 −
m−1

∑
j=2

ad,jbd,m−1−j, (5)

or they can be directly calculated as in the following theorem. 110

Theorem 10. Let n ∈ N and 2 ≤ m ≤ dn+1 − 1. Then

ad,m =
1
m ∑Cj1

(
m
dn

)
Cj2

(
m

dn−1 − dj1

)
Cj3

(
m

dn−2 − d2 j1 − dj2

)
· · ·

Cjn

(
m
d
− dn−1 j1 − · · · − djn−1

)
,

where the sum is over all non-negative indices j1, . . . , jn such that

(dn − 1)j1 + (dn−1 − 1)j2 + (dn−2 − 1)j3 + · · ·+ (d− 1)jn = m− 1 (6)

and Cj(a) is the generalized binomial coefficient

Cj(a) =
a(a− 1) · · · (a− j + 1)

j(j− 1) · · · 2 · 1 .

While the above theorems give the explicit forms of the coefficients, the following 111

theorem provides a recursive method to find bm, which is more suitable for computers. 112

Once we find bm, we can apply the relationship between am and bm outlined in theorem 9 113

to find am. More details can be found in [8]. 114

Theorem 11. Let n ∈ N and d = 2. Then

bm = β0,m+1

where the following holds true.

β j,1 = 0, j ≥ 1; βn,0 = 1, n ∈ N

βn,m = 0, n ≥ 1, 1 ≤ m ≤ 2n+1 − 2
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βn−1,m =
1
2

βn,m −
m−2n+1

∑
k=2n−1

βn−1,kβn−1,m−k − β0,m−2n+1


Example 12. For example, to calculate the first several bm coefficients, we can use theo-
rem 11 to obtain:

b0 = β0,1 =
1
2
[
β1,1 − β0,0

]
=

1
2
[0− 1] = −1

2

b1 = β0,2 =
1
2

[
β1,2 − β2

0,1 − β0,1

]
=

1
2
[0− 1/4 + 1/2] =

1
8

b2 = β0,3 =
1
2
[
β1,3 − 2(β0,1β0,2)− β0,2

]
=

1
2
[
β1,3 + 1/8− 1/8

]
= −1

4
since

β1,3 =
1
2
[
β2,3 − β0,0

]
=

1
2
[0− 1] = −1

2

3.1. Direct Computation 115

116

We wrote a program in Python to compute b2,m and a2,m based on the formulas given in 117

Theorem 9 and Theorem 10, and we obtained the first 1024 exact values of both coefficients’ 118

sequences. 119

Our methodology for computing the mth coefficient was to first generate the solutions 120

j1, . . . , jn to the Diophantine equations (4) and (6). Then we plug them into the exact formula 121

of am = a2,m and bm = b2,m to find the mth coefficient. 122

We improve the method to solve the Diophantine equations by first setting an upper 123

limit on the degree for which to obtain coefficients, generate the solutions for the highest 124

order coefficient, and create data structures for dynamic storage. We stored each individual 125

solution as a tuple of length n where the kth entry denoted the value of the coefficient jk. 126

Every solution for the upper bound was then given a reference in a linked list, which we 127

can use to find the highest order coefficient. The solution stored for the upper bound can 128

then be modified through by decrementing the value for jn for each tuple and then deleting 129

the reference to the tuple and deallocating the memory in the linked list when the value for 130

jn reaches zero. 131

To deal with the time sink in generating the binomial coefficients, we utilized multi- 132

core parallel computing. Each coefficient can be computed independently after we obtain 133

the solutions to the Diophantine equations. We structure our code for concurrent compu- 134

tation and use generator expressions so that we can use multiple cores where our code is 135

executing simultaneously. In a multi-core setting, each core deals with one coefficient at a 136

time. When one coefficient calculation is done, the core takes the next awaiting task that is 137

not being taken by other cores. We chose a high-performance server machine ran our code 138

in a parallel environment with 72 valid cores. We obtained the first 1024 coefficients with a 139

CPU time of 166 hours and a total run time of 7 days. 140

3.2. Recursive Computation 141

142

The direct computation runs in exponential time, and it is impractical for computing 143

coefficients beyond 1024. Therefore, we switched to a recursive method to generate these 144

coefficients. 145

The method is described in [5,8,14], and we outline the formula for the computation 146

in Theorem 11. Recursive methods are more practical for this computation because they 147

are able to reuse information to compute the next coefficient. 148

We wrote a Python program to implement the recursion to find bm and then use 149

equation (5) to find corresponding am. We were able to obtain 7168 coefficients for both 150



Version July 3, 2022 submitted to Fractal Fract. 7 of 15

series within 12 hours with a single core. We are also able to cross check our computation 151

results with the direct computation method before starting the statistical analysis. 152

4. Benford’s Law 153

Frank Benford’s 1938 paper, The Law of Anomalous Numbers [2], illustrated a profound 154

result, the first digits of numbers in a given data set are not uniformly distributed in general. 155

Benford applied statistical analysis to a variety of well-behaved but uncorrelated data 156

sets such as the areas of rivers, financial returns, and lists of physical constants; in an 157

overwhelming amount of the data, 1 appeared as the leading digit around 30% of the time, 158

and each higher digit was successively less likely [2,12]. He then outlined the derivation 159

of a statistical distribution which maintained that the probability of observing a leading 160

digit, d, for a given base, b, is logb

(
d+1

d

)
for such data sets [2,12]. This logarithmic relation 161

is referred to as Benford’s Law, and its resultant probability measure for base 10 is outlined 162

in Figure 2. Benford’s Law has been the subject of intensive research over the past several 163

decades, arising in numerous fields; see [12] for an introduction to the general theory and 164

numerous applications. 165

Probability measure for Benford's law in base 10

1 2 3 4 5 6 7 8 9

d

0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

pm
f

Figure 2. Probability Measure for Benford’s Law in Base 10.

Benford’s law appears throughout purely mathematical constructions as well as geo- 166

metric series, recurrence relations, and geometric Brownian motion. Its ubiquity makes it 167

one of the most interesting objects in modern mathematics, as it arises in many disciplines. 168

Therefore, it worthwhile to consider non-traditional data sets where it may appear, such 169

as fractal sets. Basic fractals like the Cantor set and Sierpinski triangle are obtained as 170

the limiting iterations of sets, and as a result their unique component measures follow a 171

geometric distribution which are Benford in most bases. Building on these results, it is 172

plausible that more complicated fractals obey this distribution as well. We studied the 173

Riemann mapping of the inverse of the Mandelbrot set to the exterior of the unit disk, along 174

with its reciprocal. These mappings are given by a Taylor and Laurent series respectively, 175

and we studied their coefficients to determine their fit for Benford’s law. These coefficients 176

are of interest as their asymptotic convergence is intimately related to the conjectured 177

local connectivity of the Mandelbrot set, which is an important open problem in complex 178

dynamics. 179

4.1. Statistical testing for Benford’s law 180

181

A common statistical methodology for evaluating whether a data set is distributed
according to Benford’s law is to utilize the standard χ2 goodness of fit test. As we are
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investigating Benford’s law in base 10 we utilize 8 degrees of freedom for our χ2 testing.2

If there are N observations, letting pd = log10

(
d+1

d

)
be the Benford probability of having a

first digit of d, we expect pdN values to have a first digit of d. If we let Od be the observed
number with a first digit of d, the χ2 value is

χ2 :=
9

∑
d=1

(Od − pdN)2

pdN
.

With 8 degrees of freedom, if the data is Benford then 95% of the time the χ2 value will be at 182

most 15.51; thus we used 15.51 as our threshold for statistical significance. We considered 183

the distribution of the χ2 values as a function of the sample size on a logarithmic scale 184

to account for random fluctuations and periodic behaviors. The distribution’s limiting 185

behavior in relation to our chosen threshold value provided our benchmark for the fit to 186

Benford’s law. An equivalent test is to consider the distribution of the base 10 logarithm of 187

the data set modulo 1, as a necessary and sufficient condition for a Benford distribution is 188

that this sequence converges to the uniform distribution [11]. 189

The coefficients we studied are rational numbers, so we considered the distributions 190

of the numerators, denominators, and decimal expansions separately. We considered the 191

non-zero coefficients since zero is not defined for our probability measure, and since certain 192

theorems and conjectures outlined by Shiamuchi in [15] already describe the distribution of 193

the zeroes in the coefficients. These tools will not explicitly prove that the distribution of the 194

coefficients is Benford, and an analytical proof of such a result is outside the scope of this 195

paper. Still, utilizing statistical testing yields insight to the distribution of the coefficients, 196

and it is hoped that this research will prove useful for eventually devising a formal proof. 197

m am num am denom bm num bm denom
1 0 - 1 8
2 1 2 -1 4
3 1 8 15 128
4 1 4 0 -
5 15 128 -47 1024
6 0 - -1 16
7 81 1024 987 32768
8 1 8 0 -
9 1499 32768 -3673 262144
10 1 32 1 32

Table 1. The table of first 10 coefficients computed.

Above is an example of the coefficients computed. When the coefficient is 0, numera- 198

tors are set to 0 and denominators to -. We then use them to compute the exact values in 199

decimal expansion for am and bm. 200

4.2. Benfordness of the Taylor and Laurent coefficients 201

202

We examine the distribution of the first digits of the am and bm coefficients. As 203

mentioned earlier, we restrict our discussion to the non-zero coefficients. We conduct the 204

χ2 test and distribution of the base 10 logarithms modulo 1, to evaluate the data. The plots 205

of the χ2 values on a logarithmic scale are shown in Figures 3 - 5, and the plots of the 206

logarithms modulo 1 are provided in Figures 6 - 8. 207

2 There are nine possible first digits, but once we know the proportion that are digits 1 through 8 the percentage
that start with a 9 is forced, and thus we lose one degree of freedom.
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On the plots of the χ2 values, the numerators stay below our threshold for statistical 208

significance with a large enough sample size which is an indicator that this data is a good 209

fit for a Benford distribution. 210

The denominators seem to provide a natural fit for Benford’s law as well. This is 211

expected as they consist of a random sampling of a geometric series, which is known to be 212

Benford in most bases [11]. 213

The decimal expansions do not provide a good fit to a Benford distribution. With 214

larger sample sizes, the χ2 values seem to grow on average, and have well exceeded our 215

value for statistical significance. It is possible that there is periodicity in the χ2 values that 216

require much larger samples than we’ve collected, or that they converge in distribution 217

asymptotically, but the data do not suggest convergence in general. 218
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Distribution of the 2 values of {a
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2  = 15.51
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m
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Figure 3. χ2 distribution for the am and bm numerators.
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Figure 4. χ2 distribution for the am and bm denominators.

As for the distribution of the base 10 logarithms modulo 1, the numerators have a 219

skew towards zero in the distribution of their logarithms. There is regularity when the bm 220

numerators are equal to 1 as discussed by Bielefeld, Fisher, and v. Haeseler in [5]. This 221

helps to explain the skew for the bm numerators, and it is plausible that a similar relation 222

holds for the am numerators as well. 223

The denominators consist of a sampling of integer powers of 2. Since log10(2) is 224

irrational, the sequence xn = 2n is Benford in base 10, and log10(2
n) (mod 1) converges to 225

the uniform distribution [11]. Since the denominators span many orders of magnitude, it is 226

expected that they will similarly converge in distribution. 227
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Figure 5. χ2 distribution for the am and bm decimal expansions.

(a) am (b) bm

Figure 6. am and bm numerators.

The decimal expansions do not seem to be converging to a uniform distribution which 228

is further evidence that they are not Benford. It is worth noting that the am distribution is 229

skewed towards the second half of the interval while the bm distribution is skewed towards 230

the first half of the interval. It may be worth investigating this asymmetry further, as it 231

could provide insight as to why the decimal representations of these coefficients do not 232

seem to converge to a Benford distribution. 233

We may also investigate how many orders of magnitude a data set spans on average 234

by computing the arithmetic mean and standard deviation of log10 |xn| to tell where the 235

data set is centered and how spread out it is. It is typical, but not necessary, for a data set 236

to be Benford if it spans many orders of magnitude (see Chapter 2 of [12] and [4] for an 237

analysis that a sufficiently large spread is not enough to ensure Benfordness). Our findings 238

for the Taylor and Laurent coefficients are summarized in Table 2. 239
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(a) am (b) bm

Figure 7. am and bm denominators.

(a) am (b) bm

Figure 8. am and bm decimal expansions.

data set µ σ
am numerators 1332.54 1254.76
am denominators 1336.89 1255.03
am decimals −4.35 0.69
bm numerators 1332.98 1255.10
bm denominators 1337.66 1255.34
bm decimals −4.68 0.69

Table 2. Parameters for the log10 distribution of the data sets.

The numerators and denominators span many orders of magnitude, but the decimal 240

expansions cluster. The mean for the decimal expansions being negative indicates that 241

the denominators are larger than the numerators on average. The ratio between the 242

growth rates of the numerators and denominators likely has some form of regularity as 243

well to account for the small standard deviation, but more analysis would be needed to 244

determine the exact relationship. These observations are consistent with the previously 245

discussed conjecture that 0 < |bm| < 1/m for all m, and it is plausible a similar relation 246

holds for the am coefficients as well. Ultimately, this provides insight into the growth 247

of the coefficients and the shape of the data, and this motivates our conclusion that the 248
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numerators and denominators appear to converge to a Benford distribution while there is 249

no strong evidence for convergence in the decimal expansions. 250

5. On the Taylor and Laurent coefficients 251

Theorem 7 highlights the relevance of the study of the Riemann mappings Ψ and Φ. 252

Much effort has been put into the understanding the behaviour of both series. We now 253

refer to a few important results and introduce new conjectures on the behaviour of the 254

coefficients. Proofs may be found in Shimauchi’s work [14–17]. 255

Theorem 13. The coefficients ad,m and bd,m are d-adic rational numbers. In other words, ad,m and
bd,m are of the form

p
d−v ,

where p is an integer indivisible by d. The integer ν is, by definition, the d-adic valuation νd of ad,m 256

or bd,m. 257

In the following, we consider only the case d = 2. The majority of the results holds 258

also for a general integer d ≥ 2, under simple modifications. 259

5.1. Results for the Taylor coefficients 260

Remark 14. For any integers k and ν satisfying k ≥ 1 and 2ν ≥ k + 1, let m = (2k + 1)2ν. 261

Then a2,m = 0. 262

It is unknown whether the converse is true. The proof may be found in [7]. The 263

authors have reported that their computation of 1000 terms of a2,m has not produced 264

a zero-coefficient besides those indicated by the theorem, which is consistent with our 265

observations. The result may also be expressed as following corollary: 266

Corollary 15. Let m = m02n with n ≥ 0, and m0 odd. If 3 ≤ m0 ≤ 2n+1, then a2,m = 0. 267

Making use of the 2-adic valuation ([15]), it is possible to obtain the following theorem. 268

Theorem 16. We have −ν2(am) ≤ ν2((2m− 2)!) for all m, with equality attained exactly when 269

m is odd. 270

In the following, since our interest is only for the 2-adic valuation, we will make use 271

of the notation ν(x) := ν2(x). 272

Remark 17. In the case that m is odd, we may obtain an efficient algorithm to compute
−ν(am) by making use of ν((2m − 2)!). From the properties of the d-adic evaluation
outlined in [16], we have:

ν((2m− 2)!) =
∞

∑
l=1

⌊
2m− 2

2l

⌋
=

∞

∑
l=0

⌊
m− 1

2l

⌋
. (7)

Therefore, if we set a value, N, the denominator’s exponent for every odd number m < 2N

is given by

−ν(am) = ν((2m− 2)!) =
N

∑
l=0

⌊
m− 1

2l

⌋
. (8)

In the following it is reported another relevant result, which is a summary of Theorem 273

3.1 and Corollary 3.5 from [17] for the case that d = 2. 274

Theorem 18. Given m ∈ N \ {1}, we have that −ν(am) ≤ x(m), where

x(m) = ν((m− 1)!) + m− 1.

Under the same assumptions, the result is also true with

x(m) =
⌈
ν(m− 1) + m− 1

⌉
.
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5.2. Results for the Laurent coefficients 275

276

Similar results hold for the bm coefficients. We use the notation m = 2nm0, where m0 277

is odd. The first result was presented in [9] in 1988. 278

Remark 19. If n ≥ 2 and m0 ≤ 2n+1 − 5, then bm = 0. 279

It is still unknown whether the converse of this theorem is true. In [8], the only 280

coefficients which have been observed to be zero are those mentioned in this theorem. The 281

following result, from [5], underlines that a result similar to the one for the am holds. 282

Theorem 20. We have −ν(bm) ≤ ν((2m + 2)!) for all m, and equality is attained exactly when 283

m is odd. 284

Don Zagier has made several observations and conjectures about the exponents of bm. 285

Our objective to extend them to the am coefficients. The original conjectures are outlined 286

in [5]. 287

Conjecture 21. For the bm coefficients, we have the following. 288

• If n = 0, then −ν(bm) = ν((2m + 2)!). 289

• If n = 1, then −ν(bm) = ν(((2m + 2)/3)!) + ε(m0), where ε(m0) = 0 if m0 ≡ 11 290

mod 12 and 1 otherwise. 291

• If n = 2, then −ν(bm) = ν(((2m − 25)/7)!) + ε(m0), where ε(m0) moves with 292

periodicity of 28, as expressed in [5]. 293

Remark 22. Theorem 20 and the results on ν(x!) reported in Remark 17 imply that the de- 294

nominator’s coefficients for bm have regularity in term of consecutive differences for m odd. 295

Zagier’s conjectures posit similar patterns for m even. This gives costant discrete derivative 296

in the denominator’s exponents of bm for m ≡ 2 mod 4 (n = 1), m ≡ 4 mod 8 (n = 2), 297

m ≡ 8 mod 16 (n = 3); . . . m ≡ 2Nmod 2N+1(n = N). Note that for each of these sub- 298

sequences, there are some starting 0-values. These correspond exactly with the values 299

predicted by Corollaries 15 and 19 respectively; when am = 0, the algorithm gives 0 for the 300

denominator’s exponent. In general, for each n there is a partial periodicity with period 301

2(2n+1 − 1) in m0, or of 2n+1(2n+1 − 1) in m. 302

The previous remark is an essential part of current studies related to the behaviour 303

of the coefficients. The correction term ε(m0), appears to depend on n. Another possible 304

solution, building on this periodicity, has been presented in the form of another conjecture, 305

stated in [5]. 306

Conjecture 23. Let m = 2nm0 and m0 be uniquely written as 2(2n+1 − 1)k + l, where l is odd,
k ≥ 0, and 1 ≤ l ≤ 2n+2 − 3. Then

− ν(bm) = ν((2n+2k)!) + τ(k, l) (9)

where 307

• τ(k, l) = l − 1 if l = 2n+2 − 3, k odd, 308

• τ(k, l) = l if l = 2n+2 − 3, k even, and 309

• τ(k, l) = l + 1 if 2n+1 − 3 ≤ l ≤ 2n+2 − 5. 310

Note that this result holds for every n ≥ 0, but at fixed n it does not cover all the 311

associated values of l except for the case n = 1. In any case, for a fixed n, it covers more 312

than half of the values of m0 of the form 2(2n+1 − 1)k + l, varying k and l. 313

One last possibility to tackle the problem is calculate the slope of each of the subse- 314

quences, since they seem to grow linearly. The observations have led to the Conjecture 1. 315

The numerators tend to follow a similar behaviour as the denominators. In particular, 316

the modulus of the numerators in the subsequences tend to organize as follows: {am}n=0 > 317

{am}n=1 > · · · {am}n=N . The possibility of bounding the numerators by making use of its 318

associated denominator is a subject of further study. 319
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5.3. New remarks on the coefficients 320

321

We now extend the previous results to the am coefficients, following the same approach 322

of Section 5.2. 323

Conjecture 24. For the am coefficients we have: 324

• if n = 0, −ν(am) = ν((2m− 2)!), and 325

• if n = 1, −ν(am) = ν(((2m− 2)/3)!) + ε(m0), where ε(m0) = 1 if m0 6≡ 3 mod 12. 326

Otherwise, it follows the pattern in Table 3. 327

This suggests a partial periodicity with period 24(2n+1− 1) in m0, or of 2n+4(2n+1− 1) 328

in m. As before, it is possible to write m0 as 2(2n+1 − 1)k + l, but it is more difficult 329

to identify a general pattern in this case. The observations made are summarized in 330

Conjecture 25. In particular, this suggests a dependence on n, which was not present in the 331

previous result for bm. 332

Conjecture 25. Let m0 be written in the same conditions of the Conjecture 23. Then 333

• if l = 2n+2 − 3, −ν(am) = ν((2n+2k)!) + l, and 334

• if l = 1, −ν(am) = ν((2n+2k)!) + l + n− 1. 335

Note that also in this case, as for Conjecture 23, for a fixed n, only specific values of l 336

(and therefore of m = 2nm0) are covered. One of the objectives of further studies in this 337

field may be to extend these results for every l. 338

m0 (mod 192) ε(m0)
3 -2
15 -2
27 -4
39 -3
51 -2
63 -2
75 -2
87 -3
99 -4
111 -2
123 -2
135 -6
147 -3
159 -2
171 -2
183 -3

Table 3. The distribution of ε(m0) when m0 ≡12 3 has periodicity 16 ∗ 12 = 192. From m0 = 195, it
repeats itself, and will have the same ε(m0) of m0 = 3 and following.

6. Future Work 339

The most natural extension of our work would be to generate more coefficients, which 340

would allow more thorough statistical testing. Given more data, we could look at the 341

coefficients over a certain zoom or average the coefficients over certain subsets. It would 342

be particularly interesting if certain subsets of the coefficients also converge to Benford 343

distribution. 344

The algorithms for computing the coefficients of the Mandelbrot can also be easily 345

generalized to obtain other abstract Multibrot sets which could be analyzed using the same 346

methods. We could look at the data in different bases to see if Benfordness holds there. It 347

would be interesting to see if the numerators and decimal expansions of the coefficients for 348
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the Multibrot set of degree d follow a Benford distribution in base d as it is trivial to see 349

that the denominators will not. 350

The results of Section 5 also present interesting extensions for future work. In par- 351

ticular, Remark 22 suggests that dividing the coefficients in subsequences to be bounded 352

separately may be the best approach to study the convergence of the Laurent series of the 353

coefficients. This approach, which has not been followed in the past, to the best of our 354

knowledge, could provide valuable results in the study of the local connectedness ofM. 355

Author Contributions: This paper is a result of a collaborative effort of all the authors on all aspects 356

of the work, with J. D. point on visualization and formal analysis, W. F. on data curation and software 357

and F.B. on formal analysis and conceptualization. The research was performed as part of the 2021 358

Polymath Jr program, advised by Thomas Martinez, Steven J. Miller and Daniel Stoll. 359

Funding: This work was partially supported by NSF Grant DMS2113535. 360

Institutional Review Board Statement: Not applicable. 361

Informed Consent Statement: Not applicable. 362

Data Availability Statement: The codes and data can be found here: 363

https://github.com/DannyStoll1/polymath-fractal-geometry 364

Acknowledgments: We thank our colleagues from the 2021 Polymath Jr REU program for helpful 365

comments on earlier drafts. 366

Conflicts of Interest: The authors declare no conflict of interest. 367

References 368

1. C. Bandt and K. Keller, Symbolic dynamics for angle-doubling on the circle. II. Symbolic description of the abstract Mandelbrot set, 369

Nonlinearity (1993), 377–392 370

2. F. Benford, The Law of Anomalous Numbers, Proceedings of the American Philosophical Society, 78 (1938), 551-572 371

3. A. M. Benini, A survey on MLC, Rigidity and related topics, arXiv, (2018) 372

4. A. Berger and T. P. Hill, Benford’s law strikes back: no simple explanation in sight for mathematical gem, Math. Intelligencer 33 (2011), 373

21–30 374

5. B. Bielefeld, Y. Fisher, and F. v. Haeseler, Computing the Laurent Series of the Map Ψ : C\D→ C\M, Adv. Appl. Math., 14 (1993), 375

25–38 376

6. A. Douady and J. Hubbard, Exploring the Mandelbrot set, The Orsay Notes, (1985) 377

7. J. H. Ewing and G. Schober, Coefficients associated with the reciprocal of the Mandelbrot Set, Journal of Mathematical Analysis and 378

Applications, (1992), 104–114 379

8. J. H. Ewing and G. Schober, The area of the Mandelbrot set, Numerische Mathematik, (1992), 59–72 380

9. G. M. Levin, On the arithmetic properties of a certain sequence of polynomials, Communications of the Moscow Mathematical Society, 381

(1988), 245–246 382

10. J. Luo and X. Yao, To Generalize Carathéodory’s Continuity Theorem, arXiv, (2020) 383

11. S. J. Miller and R. Takloo-Bighash, An Invitation to Modern Number Theory, Princeton University Press, Princeton, 2006 384

12. S. J. Miller, Theory and Applications of Benford’s Lawn, Princeton University Press, Princeton, 2015 385

13. J. Milnor, Dynamics in one complex variable: Third edition, Princeton University Press, Princeton, 2011 386

14. H. Shiamuchi, On the coefficients of the Riemann mapping function for the complement of the Mandelbrot set, RIMS Kôkyûroku Bessatsu, 387

(2011), 109–113 388

15. H. Shiamuchi, On the coefficients of the Riemann mapping function for the exterior of the Mandelbrot set, RIMS Kôkyûroku Bessatsu, 389

(2012), 21–30 390

16. H. Shiamuchi, A remark on Zagier’s observation of the Mandelbrot set, Osaka Journal of Mathematics, 52 (2015), 737–747 391

17. H. Shiamuchi, Taylor Coefficients of the Conformal Map for the Exterior of the Reciprocal of the Multibrot Set, Interdisciplinary Information 392

Sciences, (2019) 393

18. M. Shishikura, The Hausdorff Dimension of the Boundary of the Mandelbrot Set and Julia Sets, Annals of Mathematics, 147 (1998), 394

225–267 395

19. D. Stoll, A Brief Introduction to Complex Dynamics, University of Chicago REU, (2015), 1–23 396


	Introduction
	Preliminaries in Complex Dynamics
	The Mandelbrot set

	Algorithms and Complexity
	Direct Computation
	Recursive Computation

	Benford's Law
	Statistical testing for Benford's law
	Benfordness of the Taylor and Laurent coefficients

	On the Taylor and Laurent coefficients
	Results for the Taylor coefficients
	Results for the Laurent coefficients
	New remarks on the coefficients

	Future Work
	References

