BOUNDING THE ORDER OF VANISHING OF CUSPIDAL NEWFORMS VIA
THE »n™ CENTERED MOMENTS
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ABSTRACT. Building on the work of Iwaniec, Luo and Sarnak, we use the n-level density
to bound the probability of vanishing to order at least r at the central point for families
of cuspidal newforms of prime level N — oo, split by sign. There are three methods to
improve bounds on the order of vanishing: optimizing the test functions, increasing the
support, and increasing the n-level density studied. Previous work has determined the
optimal test functions for the 1 and 2-level densities in certain support ranges, with the ef-
fectiveness of the bounds only marginally increasing by the optimized test functions over
simpler ones, and thus this is not expected to be a productive avenue for further research.
Similarly the support has been increased as far as possible, and further progress is shown
to be related to delicate and difficult conjectures in number theory. Thus we concentrate
on the third method, and study the higher centered moments (which are similar to the
n-level densities but combinatorially easier). We find the level at each rank for which the
upper bounds on the order of vanishing is the best, thus producing world-record bounds
on the order of vanishing to rank at least r for every r > 2 (for example, our bounds for
vanishing to order at least 5 or at least 6 are less than half the previous bounds, a signifi-
cant improvement). Additionally, we calculate the bound using the optimal test function
for the 1-level density from previous work and compare it to the naive test functions for
higher levels. We find that the optimal test function for certain levels are not the optimal
for other levels, and some test functions may outperform others for some levels but not
in others. Finally, we calculate the integrals needed to determine the bounds, doing so by
transforming an n-dimensional integral to a 1-dimensional integral and greatly reducing
the computation cost in the process.
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1. INTRODUCTION

1.1. Background. Building on the work of Iwaniec, Luo and Sarnak [ILS] we determine
new world records for bounding the probability of L-functions of cuspidal newforms of
prime level N — oo, split by sign, vanishing to order at least r at the central point. We
recall some standard definitions (see for more details), review connections between
L-functions and Random Matrix Theory, and then state our improved results.

Definition 1.1 (Cuspidal Newforms). Let H;(N) denote the set of holomorphic cusp forms of
weight k that are newforms of level N. For every f € Hy(N), we have a Fourier expansion

f(z) = ) ag(n)e(nz). (1.1)
n=1
We set A¢(n) = af(n)n_(k_l)/z, and obtain the L-function associated to f

L(s,f) = Y As(m)n~>. (1.2)
n=1
The completed L-function is

A(s, f) = (g—f) r (s+k;—1) L(s, f). (1.3)

Since A(s, f) satisfies the functional equation A(s, f) = €fA(1 —s, f) with ey = 1, Hi(N)
splits into two disjoint subsets, H," (N) = {f € H;(N) : ¢ = +1} and H_ (N) = {f €
H{(N) : ey = —1}. The associated symmetry group of Hy(N) is Orthogonal (O), H," (N) is
Special Orthogonal even SO(even), and H, (N) is Special Orthogonal odd SO(odd).

1.2. Random Matrix Theory and Statistics of L-functions. The Riemann Hypothesis
states that all zeroes of the Riemann zeta function are either at the negative even integers
(the trivial zeros, and these numbers are well understood!) or complex numbers with
real part 1/2 (the nontrivial zeros); the Generalized Riemann Hypothesis (GRH) asserts
this is true for all L-functions, in particular for the cuspidal newforms we study.

It turns out that the behavior of many different objects in mathematics and physics are
the same, and this has led to fruitful conversations where one subject suggests problems
and predicts answers in another. In the early 1900s, random matrix theory was used for
applications in statistics and harmonic analysis. However, a major advance in the subject
was made with the seminal work of Eugene Wigner, who noticed a remarkable connec-
tion between fluctuations in the position of compound nuclei resonances and statistics
for the eigenvalues of random matrices. As more researchers began exploring random
matrix theory, they discovered connections between random matrix theory (specifically
the distribution of eigenvalues of matrices) and number theory (the distribution of the



non-trivial zeros). See and the references therein for the history and many
of the results.

The first statistics studied were the n-level correlations and the spacings between ad-
jacent zeros; see RS], where it was observed that the behavior of
zeros far from the central point converged to a universal behavior, independent of the
arithmetic of the L-function. This led to the quest to find a new statistic that was sen-
sitive to the behavior near the central point, which by the Birch and Swinnerton-Dyer
Conjecture was known to be an important point to study.

Katz and Sarnak introduced a new statistic, the n-level density, which has
different values for different families of L-functions, and essentially only depends on the
zeros near the central point. They found that as the level of the forms approach infinity,
the statistics for the zeroes of families of L-functions can be modelled by eigenvalue
statistics for one of the classical compact groups (unitary, orthogonal, symplectic).

Definition 1.2 (n-level Density). The n-level density of an L-function L(s, f) is defined as

log ¢y ) logcr i)
D ( Z 4>( T R e ) (1.4)
]17&:|:]k

for a test function ¢ : R" — R where cy is the analytic conductor of f and fyj((j) represents the

imaginary parts of the zeroes of an L-function associated with the modular form f € H (N) with
(0)

an additional zero 7y P 0if f € H_ (N). For many applications we assume ¢ is a non-negative

even Schwartz function (see Definition with compactly supporteaﬂ Fourier tmnsformﬁ and
$(0,...,0) > 0.

There is now an extensive series of papers showing that the n-level densities of various
families of L-functions match the random matrix theory predictions; see for example the
introduction in [C] for a review of the literature. Our main result is to use the n-level
densities to bound how often forms in the family Fy vanish to a given order (or more),
with Fy being the basis for the set of cuspidal newforms of level N and some fixed

weight k, with N — oo through the primeﬂ

1.3. Test Functions. To get the best bounds, we must choose a good test function to use
in the n-level density. As shown later (see Theorem [3.1)), we require the test function to
be even, non-negative, Schwartz, and have a Fourier transform with finite support; we
will later see how to pass from such functions to bounds on vanishing.

To obtain the most information about what is happening at the central point, we want
our test function to be concentrated there and rapidly decay, ideally a delta spike at
the origin. Unfortunately, the closer our test function is to a delta spike, the larger the
support is of its Fourier transform; this is the mathematical instance of the Heisenberg

1A function f is supported in (—0,¢) if £(x) = 0 for all x with |x| > 0.
We define the Fourier transform of g by g(y) = [* g(x)e 2" dx.
3This latter condition is for technical reasons; with additional work (see one may take N tending
to infinity through the square-free integers, or with even more work through the integers. We use the
results on the n-level densities of cuspidal newform families as inputs, and thus with standard but tedious
and technical work, we could remove the prime restriction.
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Uncertainty Principle: we cannot localize both a function and its Fourier transform. The
reason this is an obstruction is that the n-level density requires us to compute certain
weighted sums of the L-function coefficients times the Fourier transform of the test
function evaluated at the logarithm of the primes, and we can only compute these sums
if the support of the Fourier transform is suitably restricted. Thus the goal is to find
test functions as close to the delta spike as we can, subject to being able to compute the
resulting sums on the Fourier transform side.

Throughout this paper, the main test function we use is the naive test function (so
named as it is easy to use and easy to guess is worth using).

Definition 1.3 (Naive Test Function). The naive test function is the Fourier test function pair

. 2
(Pnaive(x) = (w) ’ Zﬁnaive(y) = i (1 - M) (1.5)

(7Tv,x) Un Un
for ly| < vy and Guaive(y) = 0 otherwise where v, is the support.

Previous work has improved on the naive test function by finding the optimal test
function for some of the n-level densities for certain ranges of support (see, for exam-
ple, ILS]). This is one of three ways to improve results; however, the
optimal function for the 1-level density leads to such a small improvement (and there
are similarly small gains in the higher levels) that this avenue is not pursued here. The
second approach is to try to increase the support for the n-level density, but doing so
requires resolving difficult combinatorics and technical sums. There has been a recent
breakthrough here, though, in work by Cohen et. al. [C=], who increased the support
for the n-level density from 1/(n — 1) to 2/n. We thus can use their work as input.

We turn to the third method, high level densities. There has been some progress here;
Li and Miller used the 4-level density to obtain better bounds than those from
the first and second level densities, for sufficiently large vanishing at the central point.
Unfortunately the higher level densities have a disadvantage — while they give better
bounds for much larger than expected vanishing at the central point, they give worse
bounds for small vanishing.

This trade-off has never been quantified and analyzed till now, and is the main goal
of this project. In particular, we prove for each r what is the optimal level density to use
(for a fixed test function, usually the naive one), to bound the probability of vanishing
to order at least r at the central point.

1.4. n-th Centered Moments. The first results are due to Iwaniec-Luo-Sarnak [ILS], who
computed the 1-level density for families of cuspidal newforms split by sign with sup-
port up to 2. This was extended by Hughes-Miller [HM] to the n-level; while it was
expected their results should hold up to 2/n for the support, there were combinatorial
obstructions and their methods are only valid if the support is at most 1/(n — 1); these
complications were recently resolved in [C], and now the n-level is known up to 2/n.

We first present definitions for the one-level density, double factorial, and the uniform
average.



Definition 1.4 (1-level density). The one-level density of an L-function L(s, f) is
Zgb < ! logcf) (1.6)

where ¢y is the analytic conductor of f and ¢ is a Schwartz test function.
Definition 1.5 (Double Factorial). For positive integer n,

Al — {”(71—2)(71—4)---4-2 for n even

n(n—2)(n—4)---3-1 forn odd. (1.7)

Definition 1.6 (Uniform Average). If Q is a function defined on f € HJ(N) (for o being
either 4 or —), then the uniform average of Q over H] (N) is

1
QN = e ),fGZ )Q(f) (18)

The following theorem from is used to generate bounds on the order of vanishing.

Theorem 1.7. [Theorem 1.2 from [C=).] Let n > 2, supp($) C (—2,2), and supp(¢) C

(—L —) for some fixed positive integer a. Define

oy = 2/ ylp(y)*dy,
R(m,i;¢) = 2" m+12 ( )

)+ / / P (x151)

oo _ sin(27tx1 (1 + |xo| +-- -+ |x
/ ¢ (x1) (27 ( |22’ | l+1|))dx1---dx1+1> ,
—00 7Tx1

w ! o2\’
S(n,ﬂ,47) = Z mR(n—ZZ,ﬂ—ZZ,Cp) <7¢) . (19)

Thert]
lim <(D(f;q>)—(D(f;¢)>i)">i = (11— )10} Leven(n) £ S(n, ;). (1.10)

N—oco0

Nprime
1.5. Main Results. We use the n-level densities to bound how often forms in the family
JFn vanish with Fy being the basis of the set H(N) of cuspidal newforms of level N
and some fixed weight k, with N — co through the primes.

In order to generate better bounds on the order of vanishing, as remarked there are

three main methods we can turn to: optimizing the test function, increasing the support,
and using higher levels. We concentrate on the last.

4As remarked earlier, by [BBDDM]|] we may remove the condition that N — co through the primes.
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Because work done to find the optimal test function produces marginal improvements,
we turn to using higher levels using the recently improved results with support 2/n, thus
producing record bounds for the order of vanishing as shown in the following tables.
For example, the previous record for vanishing to order 5 or more was .06580440 and
for order 6 it was .00853841 from [LiM], while we show for vanishing to order 5 or more
it is at most .020408300 while 6 or more we have .003346510 as the bound; these are not
slight improvements but a decrease by more than a factor of two! The tables below show
our results for the various symmetry groups; cuspidal newforms with even functional
equations are SO(even), while those with odd signs are SO(odd).

Best Upper Bounds for Each Rank for G=SO(even)
Rank Level Used Bound
2 1 0.43231300
4 2 0.066666667
6 6 0.003346510
8 8 0.000579210
10 10 1.14380 x 10~
12 12 1.85901 x 108
14 14 2.59310 x 1010
16 16 3.09185 x 10~12
18 18 3.26332 x 10~ 14
20 20 3.08920 x 1016
Best Upper Bounds for Each Rank for G=SO(odd)
Rank Level Used Bound
1 N/A 1.0000000
3 2 0.111111111
5 2 0.020408300
7 6 0.000292790
9 8 7.65596 x 10~°
11 10 1.53302 x 107
13 12 2.50956 x 10~?
15 16 3.03362 x 10~ 1
17 18 3.10549 x 10713
19 20 418402 x 10~ Y

We find that although using higher levels can create better bounds, increasing the lev-
els to an arbitrarily large value does not lead to better bounds for small rank. Increasing
the level eventually produces trivial bounds (such as the percent that vanish to a given
level is at most a number greater than 100%!). Thus there are only a finite number of
levels that need to be checked to find which level creates the optimal bound for each or-
der of vanishing. Additionally, we find that the optimal test functions for certain levels
will not necessarily outperform other test functions for higher levels, as shown by the
worse results produced by the 1-level optimal test function for higher levels as opposed
to the naive test function; this was a very surprising result, namely that a function which

is superior for one n can become inferior to a test function it beat for larger n.
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In addition to calculating bounds, we show explicit calculations for the integrals
needed to generate bounds. For support 2/n, we are able to reduce an n-dimensional
integral to a 1-dimensional integral, thus significantly reducing the computation time
and complexity needed to evaluate the integral (it is unfortunately not solvable in closed
form, and requires numerical approximation, which we do via Simpson’s method).

After reviewing some number theory and complex analysis preliminaries we continue
to a review of work done by to generate bounds for the 1-level density. We show
the bounds obtained by by both the naive and optimal test function while explicitly
enumerating the optimal Fourier pair for the 1-level density. We then continue to results
for the bounds with higher levels for support 1/(n — 1) and extend this to support 2/n,
highlighting the effects of improved support. Lastly, we display tables of the bounds of
the order of vanishing based on the rank and level.

2. PRELIMINARIES

We record some needed definitions and standard results; see [SS] for more details and
proofs.

Definition 2.1 (Fourier Transform). The Fourier transform of a function ¢(x) is

[ee]

Bv) = [ px)eax. 1)
We often denote this by F(¢(x)).

-~

Theorem 2.2 (Plancherel Theorem). For a Fourier pair f(x) and f(y) such that f(x) is
square-integrable,
| VfPdx = [ 7o) Pay. 22

—00

Remark 2.3. As a result of the polarization identity, for square-integrable functions f and g, the
Plancherel Theorem can be re-expressed as

/ if (x)g(x)dx = / O:o F)3(y)dy. (2.3)
Recall the convolution of two functions f and g is defined by
(Fr)(x) = [ Flhgte—nat 2.4
Theorem 2.4 (Convolution Theorem). For functions f and g,
F(f+g) = F(f)FQ) (2.5)

Definition 2.5 (Schwartz space). A Schwartz function is a function such that f is infinitely
differentiable and the derivatives of f decay faster than any polynomial. The Schwartz space is
the space of Schwartz functions.

Definition 2.6 (Even Indicator Function). The Even Indicator function is defined to be

1 if nis even
leven = . . 2.6
even(1) {O if n is odd. (26)
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Since we encounter integrals later which we cannot evaluate in closed form, we use
Simpson’s Rule to approximate the integral accurately.

Theorem 2.7 (Simpson’s Rule). Let [a, b] be an interval that is split into n equal sub-intervals
with n even and h = (b —a)/n. Let f be a four times continuously differentiable function.

Then, | ab f(x)dx is approximated by

Q

=

11
/abf(x)dx g [f(xo)+4 flagj1) +2 Zf Xoj +f(xn)] (2.7)

j=1

I
—_

j

where x; = a+ jh for j = 0,1,2,...,n and the difference between the integral and the sum,
Err(f), is bounded by
h4

Err(£)] < gg5(0 @) max [F9(e)] 28)

Theorem 2.8 (Fubini’s Theorem). If [y, [f(x,y)|d(x,y) < oo,

/nyf x,y)d(x,y) / (/f X,y dy) dx = /Y</Xf(x,y)dx) dy. (2.9)

Definition 2.9. Define the family of forms in Fy that vanish to exact order r to be Fy , and the
proportion of f € F that vanish to exact order r to be

|~7:Nr|
FN) = A
p"( N) |fN|

Definition 2.10. For a fixed r, define p,(JF) to be the limit of the percent of forms in Fy whose
order of vanishing is v as N tends to infinity through the primes:

(2.10)

L | Nr|
pr(F) = lim Al (2.11)

Definition 2.11. For a fixed r, define q,(F) to be the limit of the percent of forms in Fy that
vanish to order at least r as N tends to infinity through the primes:

F) = Y pi(F). (2.12)

Remark 2.12. For Definition 2101 and Definitio 2.11], when the limit does not exist, we can
take the limit supremum to obtain our values of p,(F) and q,(F).

Definition 2.13. The one-level density of an L-function L(s, f) with Schwartz test function ¢ is
Zcp < / log cf) (2.13)

where cy is the analytic conductor of f. The average or expectation of D(f,¢) over a family Fy
is
1
E(Fn,¢) = —— D(f,¢). 2.14

eFN



Definition 2.14. The mean of the 1-level density of a family Fy is denoted u(¢p, Fn), with its
main term being

-~ 1 /1.
H(g.Fn) = $(0) +5 [ By 2.15)
for the families Fn having either SO(even) or SO(odd) symmetry if supp(p) C (—1,1).

Definition 2.15. The mean of the 1-level density of the family F is denoted (¢, F) and can be
expressed as

pg, F) = lim p(p, Fn) (2.16)

3. BounDs ON THE ORDER OF VANISHING FROM THE 1-LEVEL DENSITY

As we use the same functions and similar techniques as [ILS], we quickly summarize
their work to obtain bounds on the order of vanishing using the 1-level density, and then
discuss the complications that arise in extending these arguments to the n-level densities.

Theorem 3.1. [Bounds on the 1-level density from [ILS]] Let ¢ be a non-negative, even Schwartz
function with supp(¢) C (—0, ) for some finite o and ¢(0) = 1. Let G be the group associated
to the family { Fn} (ie., Unitary, Symplectic, Orthogonal, SO(even), SO(odd)) and W r) be
a distribution depending on Gr as in [ILS]. Set

gF(p) = / Z@(y)ng(y)dy- (3.1)

For a given r, as N — oo the percent of forms in the family F that vanish to order exactly r
is bounded by

1
pro= (87(9)). (3.2)
Corollary 3.2. Let ¢ be the naive test function with supp(¢) C (—vy,vy). Then
1/1 1
< — J— — =
pr(F) < . <vn +2+<—:> for G=0

IN

pr(F)

|

%—l—%—l—e) ifo, <1
i—LJre) ifo, >1

On 20%

} for G = SO(even)

e N N N

Z%—i—%—{—e) ifo, <1
8 for G = SO(odd). (3.3)

1+ﬁ+e) ifo, > 1

Proof of Corollary 3.2l To use Theorem [B.T] we need to choose a good pair of functions, ¢
and ¢. In the authors remark that a particularly good choice is the following (what
we call the naive test function):

. 2
o) = () ) = o (1-4) 6

for |y| < v.



Additionally, from [ILS], we know the following values for W) to be

- 1
Wo) = dly)+5

- 1

WQ(SO(even)) = do(y) + Eﬂ(y)

- 1

Wosoedd) = doly) —51(y) +1, (3.5)

where dy(y) is the Fourier transform of éy(x), the Dirac distribution at x = 0, and 7(y) =
1, %,0 for |y| <1,y = £1, |y| > 1 respectively.

To find the bounds on the order of vanishing, we first must find g for specific cases.
From B.0), we get

1 1
g]:('(]n) = a+§+€ fOI'G—O
1,1 -
—~+5+€ ifv, <1
_ ) 2 n—= _
gr(vn) = {%_221)2+€ ifvn21} for G = SO(even)

T ifov, <1
gr(on) = on - f .
1+ﬁ+€ ifo, >1

We now want to find the bounds for the order of vanishing as a function of the support
v. Substituting in our values for gr(v) from (.6) into (3.2) we get

} for G = SO(odd). (3.6)

Pr(]:) < 1(i—i—l—i—e) forG=0

- r\v, 2
1 vl-l—%—i—e) ifo <1
pr(F) < . 2” . . for G = SO(even)
v a—ﬂ—i_e) lf’UZl
1 vl-l—%—i—e) ifv <1
pr(F) < . g . - for G = SO(odd). (3.7)
7 1+E+€> lf'Un Z 1
O

The best results to date give the support for the 1-level density to be supp(¢) C
(—2,2). As a result, we get

pr(F) < % forG=0
pr(F) < 8_77’ for G = SO(even)
pr(F) < % for G = SO(odd). (3.8)
The test function ¢, (x) is not the optimal test function that we can use. The function
that satisfies R o
‘Poptimal (y) = (fO * fO) (y) 3.9)
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for

|x| +1
o e ) (3.10)
\/Esin (zli) + sin (”T“>
for G = SO(even) and
cos ('21‘ + ”T_l)
,0<|x] <1 (3.11)

for G = SO(odd) from has been proven to be the optimal test function to use for
the 1-level density and yields better bounds for this support. We now want to calculate
the test function using the values provided by and compare the bounds from the
optimal test function to that of the naive test function.

Lemma 3.3. Let

x| _

2

COS < ll)
fla) = ——5—>, 0<x[ <1, (3.12)

Then,
(f+/)y) = & [sin (14 —20) —sin (4 —20) + (1 - ly|) cos (4})
+ 3ly| cos <|12| - 2a> + sin (%)] (3.13)
for 0 < |y| <1and

N0 = g2 |2~ cos (Y —20) w2sin (1-B)| sy
for1<ly| <2.

Proof. Since f is a real-valued function, f = f. We want to find (f = f)(y). Since our
resulting function is an even function with support v, = 2, we consider the values of
y € [0,2] and reflect over the y-axis to find the values of y € [—2,0]. Using the definition
of a convolution, we get

1ot ] ly — x|
(f+f)ly) = ﬁ/y_lcos (T—a) cos (T—a dax. (3.15)
We first consider the case of y € [0,1]. We proceed to split the integral into 3 cases:
x<0,x>0andy > x, x > 0 and y < x, denoting the contribution to the integral from

each case by Vi, V;, and V3 respectively.
For x < 0, we get

Vi = %/Olcos<—g—a>cos(y%x—a)dx
y—
= Zibz/olcos<%—x—2a>—l—cos(%>dx
y—

- % [sin <2a — %) — sin (Za + % — ) —(y—1)cos (%ﬂ : (3.16)
11



When x > 0 and y > x, we get

Vo = %/chos<§—a>cos (y;x—a)dx
= ;?Aycos(%—Za)—kcos(x—%)dx

— ZLbZ [ycos <% — 2a> + 2sin (g)] . (3.17)

Finally, when x > 0 and y < x, we get

V3 = %/1cos<§—a>cos(x;y—a)dx
y

= %/%os(x—%—bz)—kcos(%)dx
Y

— ZLbZ [sin ( - % - 2a> — sin (g — 2a> + (1 —y) cos <%>} : (3.18)

Since V; = V3, we get

(f*=fly) =21+ Vs
- b fan(1-§2)-en(§-2) <0 ()
+ %ycos (% . 2a> +sin (g)} (3.19)

for 0 < |y| < 1. We now consider the case of y € [1,2]. Since x € [0,1], x > 0 and
y — x > 0. Therefore, for y € [1,2], we get

(f*f)ly) = %/1 cos(%—a)cos(?—a)dx

y—1
= 2Lbz/llcos<%—2a>chos(x—%)ﬂlx
-
_ zin (2= y)cos (5 —2a) +2sin (1-7)]. (3.20)

g

We now calculate ¢ from ¢. We first show that the Fourier transform of ¢ is the same
as the inverse Fourier transform of ¢. Let F(g) denote the Fourier transform of g. Since
¢ is even,

F@ = [ o:o By vy = [ Zfﬁ(y)ez”i"ydy = F7(). (3:21)
Thus,
¢(x) = (F 1 (P)(x) = (F(f=))y)- (3.22)
From Theorem[2.4] we obtain

(F(f+y) = FHF(f) = F(f)* (3.23)

12



Therefore, we need to compute the Fourier transform of

cos (&l —
flx) = # (3.24)

for |x| € [0,1]. From the definition of the Fourier transform, we have

N 1 COs ('%' — a) ,
fly) = /_1 — e Y gy

|x| x|

1 cos(5 —a 1 cos |5 —a
_ / ¥ cos(27txy)dx — i/ <+> sin(27txy)dx. (3.25)
-1 -1

Since the right integral is the integral from —1 to 1 of an odd function, it is 0 and thus

cos (& — 4
fly) = /_11 # cos(27xy)dx

16 (cos(Zny) sin (% - a) + sin(a) — 47ty cos <% - a) sin(27ry)>2
_ 16y . (3.26)

Substituting in our values of a and b for the cases of SO(even) and SO(odd), we find

pr(F) < 0'86f5"' for G = SO(even) (3.27)
pr(F) < TP for G = SO(odd). (3.28)

We now present tables for the bounds of the 1-level density from the naive and optimal
test function. As shown in the tables, the two functions have values that are close to each
other and thus produce similar bounds.

Comparison of Bounds for the 1-level density for G = SO(even)
Rank Naive test function bound | Optimal test function bound
2 0.43750000 0.43231300
4 0.21875000 0.21615700
6 0.14583333 0.14410400
8 0.10937500 0.10807800
10 0.08750000 0.08646260
12 0.07291670 0.07205220
14 0.06250000 0.06175900
16 0.05468750 0.05403910
18 0.04861110 0.04803848
20 0.04375000 0.04323130
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Comparison of Bounds for the 1-level density for G = SO(odd)

Rank Naive test function bound | Optimal test function bound
1 1.12500000 1.11454000

3 0.37500000 0.37151300

5 0.22500000 0.22908000

7 0.16071400 0.15922000

9 0.12500000 0.12383838

11 0.10227300 0.10132200

13 0.08653850 0.08573380

15 0.07500000 0.07430270

17 0.06617650 0.06556120

19 0.05921050 0.05866000
21 0.05357140 0.05307333

As shown in the tables, the improvements in the bounds by the optimal function are
marginal, with a difference in the bounds only showing up in the hundredths digit for
the non-trivial bounds. Previous work has been done by EM, to generate
the optimal test functions for the 1- and 2-level densities for certain supports. However,
since the gain is so small, we choose to pursue alternate methods rather than optimizing
the test functions for higher levels; we choose to look at higher levels to generate better
bounds.

4. BOUNDS FROM THE 1-LEVEL DENSITIES (17 EVEN) WITH SUPPORT 0 = 2/n

Until recently, the largest support found was from [HM]|, which was v, = 1/(n —1).
This has been extended to v, = 2/n for the n-level density by [C-]. The increased
support results in a great increase in the complexity of the integrals. For support
vy = 1/(n—1), we only have a one-dimensional integral, which can be easily inte-
grated with methods like Mathematica’s NIntegrate, Simpson’s Method, or Riemann
approximations (we can also do directly through a contour integral, though some work
is required as there is a pole of high order on the line of integration). However, the
extended support introduces n-dimensional integrals and sums over n-dimensional in-
tegrals which renders these methods unusable or far too computationally intensive.

In this section, we describe how to obtain bounds using the n-level density and support
vy, = 2/n. Additionally, we detail methods to lower the complexity of the calculations,
including converting our n-dimensional integral to a 1-dimensional integral, which al-
lows us to use the aforementioned methods. For convenience we restate Theorem [1.7]

14



Theorem 4.1. (Theorem 1.2 from [C]) Let n > 2, supp(p) C (—2,2), and supp(p) C
1

(==, ﬁ) for some fixed positive integer a. Define
o = 2 lp’ay,

Romie) — 201 mﬂz ()

)+ / / P(x151)

0 -~ sin(27tx1(1 4 |xo| + -+ -+ |x
/ RO 1C%, NCRAER |z+1|)>dx1,,,dxl+l>

27Txq
42) o2\ !
S(n,a,¢) = Z — - R(n—2l,a—2,¢) [ L] . (4.1)
(n 2l Al 2
=0

Therfl
lim ((D(f:9) = (D(f;9))e)") | = (1= Dlogleen(n) £ S(n,0;9).  (42)

N—oo
Nprime

Remark 4.2. For each n, we can choose a = [n/2] to get supp($) C (—2, 2).

Remark 4.3. Since the integrand is an even function in x1,x2, ..., X111, we can re-write R as
R(m,l,()b) 2771 1 TﬂJrlZ ( )

( +211 / / P(x141)

[t SRl )
27'CX1

dxq - - -dxl+1) . (4.3)
This decreases the computation by a factor of 1/2!*" when computing the integral.

Remark 4.4. Letting Cy = 18 e can rewrite @.2) as

27 7

N—o0
Nprime €F)

lim IFN|fZ (qu <’yf Cf) (¢,]—"N)> = (1 — 1)1 Leven(1) £ S(n,3;9) (4.4)

for ¢ an even Schwartz function with supp(§) C (—2,2), even n = 2m, and the families Fy
being SO(even) or SO(odd).

5As remarked earlier, by [BBDDM]|] we may remove the condition that N — co through the primes.
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Corollary 4.5. For ¢ an even Schwartz function with supp(¢) C (—11, -11), even n = 2m,
and Fy being SO(even) or SO(odd), we have

1 ’ ] .
I\I/\E%eu:mfezf (Z"’<’Yf Cr) - (4),]-")) = (1= DU Teen(n) £ S(n,0;9). (45)

Proof. From (d.4), we get

- 1 (j) L n .
Ai%emf;% (;Qb <’Yf] Cf) - ,‘14(47,5’:1\])) = (n—1)!ogleven(n) £5(n,a;¢). (4.6)

We now consider the following term, T, and show that it equals the LHS of (4.6):

he g;;%e |fN!f§ (Z‘P(“Vf Cf) (¢rfN)+ﬂ(4>,FN)—u(¢,f)> . (@47

Applying the Binomial Theorem yields

n

k
_ g 1 n () n—
t zi%emf%,;o (k) (;(P(Wf] ) _V((PIFN)) (o o) =l PN

(4.8)

Since lim N0 (u(¢, F) — u(¢, Fn)) = 0, we would like to say each term vanishes in
Nprime

the limit except the k = n term. Unfortunately more care is needed, as it is possible that
one term goes to infinity and counterbalances the other term going to 0. A standard
application of the Cauchy-Schwarz inequality however suffices. We now have the square
root of two sums. The first involves n-level densities to even arguments, and is O(1),
while the second involves our differences and thus tends to zero. Thus the only term
that contributes in the limit is the first, and

lim Nuls (6, F ))
z%zxe‘fw\fezf (Z‘P<f r) = 1o F

= lim ! Z (Zcp 'yf]Cf (47,J7)> . 49

Z\Zl\{aﬁr%oe ’fN| fEFN

Substituting this back into our original equation gives
n
: 1
lim )3 <Z<P (’Yf Cn) — (e, F)) = 1y even(n — 1)!log £ S(n,a;¢). (4.10)

I\If\}’ﬁ&oe IfN| feFn

O
We use the following from [ILS].

16



Theorem 4.6. For a given test function ¢ where supp(¢) C (—1,1), the main term of the mean
of the 1-level density of Fy is

(¢, F) / (4.11)

Theorem 4.7. For an even n with r > u(p, F)/¢(0),
(n—1)!log = S(n, 3, ¢)
r(F) <
P S T g0) — g, 7))

Proof. For even-level densities, the contribution to the sum in Corollary by forms in
which there are not r zeroes at the central point is positive (as n is even), so removing
them cannot increase the sum. Therefore, from Corollary [4.5, we have

lim 1 Yo (r¢(0) + Br(¢p) — u(p, F))" < 1y even(n — Doy £S(n,a;¢) (4.13)
I\Zf\{ﬁr?noe [Nl fEFNy

(4.12)

where B¢ (¢) = ¥ 4)( Ue £) —r¢(0). Since we assumed 1 to be even, we have 1, even = 1.
Consider the factor (rcp( ) + Bs(¢) — u(p, Fn))"; we would like to say dropping By (¢)
cannot increase the sum, but if the first two terms are less than the third, this is not
the case. By our assumption on r, however, we see the sum with and without B¢(¢) is
positive and thus dropping it leads to an upper bound:

. 1 n n .
im0 T -0 < oGS, 18

Since the quantity r¢(0) — u(¢, Fn) is not dependent on f, we can pull it out of the
summation:

(rp(0) — u(p, F))" lim —— 1 < (n—1)!0} +S(n,a;0). (4.15)
’ " I\%Zr?r?e x| f G;N,r ! !
AS ZfEFN,r 1= "FN,7|I
(r¢(0) — u(¢p, Fn))" lim [P < (n—1)loy +S(n,a;¢). (4.16)
Do, | PNl

Using the definition for the percent that vanish to exact order r from @2.I0) and sub-
stituting in a = n/2, we get

(n— 1) £ S(n,n/2;)

lim py(Fy) < 417
o, PN S G0 - g A 1
Taking the limit as N — oo yields
(n—1)loy +S(n,n/2;¢)
(F) < 418
P S T 0) ke, ) 19
U
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For quicker computation, we convert the multi-dimensional R integral to a one-dimensional
integral.

Lemma 4.8. Let
2i7v,x — e27UnX 4 1 — e 20X _ iy, x

, Db(x,v,) = = L(—x,04).
271202 x2 (x,2n) 2202 22 ( n)
(4.19)

Li(x,0n) =
Then

R(m, i; paie) = 2" 1 m+1 Z ( )
Il (X, Z)11)1627'(15(
( 4)nazve )+ / ¢nazve T dx (4.20)
for the naive test function.

Proof. Let

_ /_0;/00 Praive (X2) * + - Praive (X141)

s1n27'fx 1+ (x| +--- 4 |x
/ (Pnalve ( 1( ’27'(|X1 | l+1|))dx1- s dXH-l- (4.21)

Then,

R(m, i; raive) = 2" ’”+1Z ( )(—%ﬁaive(own). (4.22)

We reduce T; to a 1-dimensional 1ntegral. To do so, we first show that the conditions for
Fubini’s Theorem hold, which allows us to switch the order of integration. Therefore,
we show that integral of the absolute value converges. Let

T / / (Pnalve x2 @naive(xl—l—l)
_ sin(27txy (1 4 |xo| + -+ -+ |x711
/ 4>;’faivle(x1) ( ( |2 | [¥141])) dxi---dx;q. (4.23)
—00 7Tx1
Since ¢naive and (pnaive are non-negative and the absolute value is non-negative, the value

inside the integrand is non-negative. Multiplying by (1 + [x2| + - -+ + [x;41) /(1 + |x2| +
c o+ [x141]), we get

- / / (ﬁnaive(xZ)"'Q/Bnaive(lerl)(l‘i‘|x2|—|—~~~—|—|xl+1|)

Sin(znxl(l + |x2| + -+ |xl+1|)) d.X'1 L dXZ+1. (424)
27TX1(1 + IX2| +- |xl+1|)
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As |sin(u)/u| <1 for all u, we find

Tll < /_ T /_ (/ﬁnaive(XZ (Pnalve(xl—l—l)(l + |x2| +F |xl—|—1| / (Pnalve(xl)dxl e dxl+1~
(4.25)

sin(7v, x) m=2l
Since ¢ decays faster than any polynomial and qbnalve(x) = <Tn;) is integrable,

the integral converges so Fubini’s Theorem holds. Therefore, we can apply Fubini’s
Theorem to get

T, = /Oo /oo Praive (X3) - * * Praive (X111)

sin(27tx1 (1 4 |xo| 4+ -+ - 4+ |x141]))
27TX1

/ (Pnalve X2 (Pnalve( 1) dxy - - - dxl+1dx1' (4.26)

Converting sine to exponential form yields

T, = /_O:o e /_O:o Praive(X3) - - Praive (X111) /_o:o Praive (X2)

eZm’xl . eZm’xl\xHﬂ _ e—Zm'xl . e—27'cix1|xl+1|

—1
giaive(xl) 47Tixy dx - - - dxl+1dx1- (427)

To evaluate this integral, we use

0 ' on .
/oo Pnaive (y)ez”’xl'y‘dy = 2/0 Pnaive (y)ezmxﬂdy

2imv,xq — €27 4 ]

= = L(x1,04). 4.28
Additionally, we find
/_ Praive (y)e " 1Wdy = 2 / Praive ()21 dy
—217rvnx1 _ 217TZ);1X1
= 27‘[20%9(% = I(x1,0n). (4.29)

Substituting in these values into #.26) yields

oo ! om—l lecixl 00 ! om—l 6727'(1'3(1
Tl = /Oo Il(xl,vn) naive(x1)47tix dxl—/ Iz(xl,vn) naive(xl) 47_[1,x1 dx1

1 —0o0

[e) m—I ( )Il(xll Un)leZm'xl _ 12(x1’ Un)lef2m'x1

= . . 4.
> ¢na1ve 47TiX1 dxl ( 30)
Since I)(x,v,) = I1(—x,v,), applying a change of variable to the second integral yields
00 B I ( X )l p27ix
! 1 7
Ti= | Phae(x) =5 ——dx (4.31)
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Therefore, plugging in our value of T; from @30) with x = x; gives

i—1
R(m/i}(,bnaive) = 2m71(_1)m+1 Z(_l)l(?>
=0
Il (x’ z)n)leZm'x

e dx. (4.32)

1 o0 _
_E(Prrlnaive(o) +/;oo gb;nai\Ze(x)
L]

Remark 4.9. From the equations of I (x,v) and I (x,v), we see that I (x,v) and I;(x,v) are
complex conjugates. Therefore, since T; can be written including the difference of I1(x,v) and
I(x,v) as in @3Q), we only need to calculate 2R(I1(x,v)) which reduces the computation
further.

We now want to calculate the values of S for small cases to find bounds using support
2/n. We first consider the cases of n = 2 and n = 4 with the naive test function.

5. TABLES OF THE BOUNDS FOR SUPPORT U = 2/n

We display bounds found using support v = 2/n. We first present bounds for the
naive test function.

We now show our bounds using the optimal test function for the 1-level density. As
shown in the 1-level optimal test function does not produce better results than
the naive test function for higher levels. While the bounds for the 1-level optimal are
better for the 1-level, interestingly the naive test function outperforms it for higher levels
and ranks.

See the table in §1.5] for a summary of the bounds attainable using the best choice of
level and the naive test function for each rank from 2 through 20. In Figures 1 to 8, we
report on the approximate bounds for the percent of vanishing using different choices
of groups, levels, and test functions. Here, invalid bounds denote bounds that could
not be obtained for the given level and test function as it did not meet the preliminary
conditions for applying the bounds.

1-level 2-level 4-th centered moment 6-th centered moment 8-th centered moment 10-th centered moment

Mean | 1.5 2. 3. 7. 5. 6.

2 0.4375 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
4 0.21875 0.0666667 0.0733686 Invalid Bound Invalid Bound Invalid Bound
6 0.145833 0.0205761 0.00247516 0.00234651 0.0509282 Invalid Bound
8 0.109375 0.00986193 0.000405905 0.0000689901 0.0000579621 0.000408389
10 0.0875 0.00576701 0.00011739 7.59594 x 10°° 1.55879x10°° 1.1438x10°°
12 0.0729167  0.00377929 0.0000456017 1.51897x10°° 1.30376x10°7 2.89295x10°8
14 0.0625 0.00266667 0.0000212365 4.2749x10°7 1.96743x10°° 1.97827x10°°
16 0.0546875 0.00198177 0.0000111825 1.50176x 1077 4.26683x107° 2.39101x10°%°
18 0.0486111 0.00153046 6.435x10°° 6.16387x10°8 1.18309x10°° 4.18191x1071*
20 0.04375 0.00121743 3.96025x10°° 2.83895x10°® 3.91773x10°1° 9.47969x 10712

FIGURE 1. Approximate bounds for the percent of vanishing to exact order
r for the case G=SO(even) with support v = 2 for the 1-level and v = 2/n
for the n-level with n going from 1 to 10 and r from 2 through 20 obtained
using the naive test function.
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12-th centered moment 14-th centered moment 16-th centered moment 18-th centered moment 20-th centered moment
Mean 7. 8. 9. 10. 11.
2 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
4 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
6 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
8 0.109784 Invalid Bound Invalid Bound Invalid Bound Invalid Bound
10 4.2152x10°° 0.000165746 0.47178 Invalid Bound Invalid Bound
12 1.85901x10°8 4.42211x10°® 6.11098x 1077 0.000120304 3.33037
14 4.49676x 10710 2.56931x10°1° 4.41974x 10710 3.05756x10°° 1.45532x10°7
16 2.63604x 10711 6.00813x 10712 3.09185x 10712 4.08094 x 10712 1.72609x10°1*
18 2.66232x 10712 3.11856x 10713 7.04079x10° 1 3.26332x10°% 3.49215x107*
20 3.88713x 10713 2.71559x 1071 3.31157x10°%° 7.27434x10°1¢ 3.0892x10°1¢

FIGURE 2. Approximate bounds for the percent of vanishing to exact order
r for the case G=5O(even) with support v = 2 for the 1-level and v = 2/n
with n going from 12 through 20 and r going from 2 through 20 obtained
using the naive test function.

1-level 2-level 4-th centered moment 6-th centered moment 8-th centered moment 10-th centered moment
Mean | 1.5 2. 3. 7. 5. 6.
1 1.125 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
3 0.375 0.111111 Invalid Bound Invalid Bound Invalid Bound Invalid Bound
5 0.225 0.0204082 0.0075581 0.0472524 Invalid Bound Invalid Bound
7 0.107143 0.00826446 0.000719983 0.000292794 0.000843684 0.0673385
9 0.125 0.00444444 0.000165394 0.0000194444 7.65596x10°° 0.0000140765
11 0.102273 0.00277008 0.0000565584 3.02415x10°° 4.04011x1077 1.53302x1077
13 0.0865385  0.00189036 0.0000242893 7.32199x10°7 4.72442x10°8 6.89546x10°
15 0.075 0.00137174 0.000012093 2.32693x1077 8.71336x10°° 6.48544x1071°
17 0.0661765 0.00104058 6.67883x10°° 8.89136x10°% 2.15983x10°° 9.59837x1071*
19 0.0592105 0.000816326 3.98324x10°¢ 3.88133x10°% 6.58803x1071° 1.93125x1071*
21 0.0535714  0.000657462 2.52049x10°° 1.87388x10°8 2.3433x10°%° 4.85131x107%2

F1iGUure 3. Approximate bounds for the percent of vanishing to exact order
r for the case G=SO(odd) with support v = 2 for the 1-level and v = 2/n
with n going from 1 through 10 and r going from 1 through 21 obtained
using the naive test function.

10-th centered moment  12-th centered moment  14-th centered moment  16-th centered moment  18-th centered moment  20-th centered moment

Wiean 6. 7. 8. EN 10. 11,

1 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
3 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
5 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
7 0.0673385 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
9 0.0000140765 0.000239485 0.211815 Invalid Bound Invalid Bound Invalid Bound
11 1.53302x10°7 2.07018x10°7 1.49376x10°¢ 0.000132292 1.18465 Invalid Bound
13 6.89546x10°° 2.50956x 10 2.66782x10°° 1.08937x10°® 2.81843x10°7 0.000122062
15 6.48544x10°1° 1.00353x10°1° 3.47037x10° 3.03362x10° 1 8.25476x 1071 9.57479x10°1°
17 9.59837x 1071 7.94853x10712 1.26795x 10712 4.14832x10°13 3.10549x 1071 6.12509x 10712
19 1.93125x 1071 9.80931x10° 1 8.73904x 10714 1.41106x 107 4.40766 x1071° 2.86418x 10715
21 4.85131x10° 12 1.6525x10° 12 9.25893x 1071 8.66991x1071¢ 1.41472x10°1 4.18402x10°

FIGURE 4. Approximate bounds for the percent of vanishing to exact order
r for the case G=SO(odd) with support v = 2 for the 1-level and v = 2/n
with n going from 12 through 20 and r going from 1 through 21 obtained
using the naive test function.
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approximate the multi-dimensional integrals are available upon request (email the cor-
responding author at siml@williams.edu). The authors attest that they have no conflict
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21



1-level 2-level 4-th centered moment 6-th centered moment 8-th centered moment 10-th centered moment
Mean | 1.01055 1.5211 2.54219 3.56329 4.58439 5.60548
2 0.432313 1.90775 Invalid Bound Invalid Bound Invalid Bound Invalid Bound
4 0.216157 0.0712029 0.0857764 84.2903 Invalid Bound Invalid Bound
6 0.144104 0.0218109 0.00270998 0.0027933 0.0818933 43045.8
8 0.108078 0.0104235 0.000436612 0.0000766611 0.0000712948 0.000634483
10 0.0864626  0.00608608  0.000125234 8.22163x10°° 1.78495x10°° 1.46382x10°°
12 0.0720522  0.0039846 0.000048418 1.62145x10°° 1.44421x10°7 3.43972x10°8
14 0.061759 0.00280973  0.0000224782 4.52439x10°7 2.13806x10°° 2.26279x10°°
16 0.0540391  0.00208711  0.0000118106 1.58019x10°7 4.57946x10°° 2.67029x 10710
18 0.0480385 0.00161124 6.78542x10°° 6.45851x 1078 1.25871x107° 4.59521 %1071
20 0.0432313  0.00128134  4.17071x10°° 2.96519x10°® 4.14116x10°1° 1.02951x10° 1!
F1GURe 5. Approximate bounds for the percent of vanishing to exact order

r for the case G=50(even) with support v = 2 for the 1-level and v = 2/n
for the n-level with n going from 1 to 10 and r from 2 through 20 obtained

using the optimal test function.

12-th centered moment 14-th centered moment 16-th centered moment 18-th centered moment 20-th centered moment

Mean 6.62658 7.64767 8.66877 9.68987 10.711

2 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound

4 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound

6 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound

8 0.320106 1.3752x108 Invalid Bound Invalid Bound Invalid Bound

10 6.63886x10°° 0.000393204 3.21483 2.78997 x 10** Invalid Bound

12 2.48846x10°° 7.13645x10°° 1.35997x10°° 0.00559749 70.0796

14 5.58358 x 10°1° 3.58528x10°%° 7.34455x10°1° 7.45807x 1078 5.12297x10°7

16 3.13447x10° M 7.76744x10 12 4.49132x10 12 7.81205x10° M 3.83146x10 !

18 3.07785x10°2 3.84637x10° 2 9.46632x 1074 5.50193x 10713 6.27326x 107

20 4.40586x 10 3 3.24414x 10 4.23419x10°%° 1.13423x10 14 4.91453x10 1€
FIGURE 6. Approximate bounds for the percent of vanishing to exact order
r for the case G=5O(even) with support v = 2 for the 1-level and v = 2/n
with n going from 12 through 20 and r going from 2 through 20 obtained
using the optimal test function.

1-level 2-level 4-th centered moment 6-th centered moment 8-th centered moment 10-th centered moment

Mean | 1.01055 1.5211 2.5421 3.56329 4.58439 5.60548

1 1.11454 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound

3 0.371513 0.123799 7.03279 Invalid Bound Invalid Bound Invalid Bound

5 0.22908 0.0223724 0.00846578 0.0619525 1446.58 Invalid Bound

7 0.15922 0.00902005 0.0007823 0.000330687 0.00111083 0.139167

9 0.123838 0.00484084 0.000177631 0.0000210988 8.91124x10°° 0.0000190545

11 0.101322 0.00301356 0.0000603708 3.22099x10°° 4.48705x10°7 1.85461x10°7

13 0.0857338  0.00205492 0.0000258283 7.71527x10°7 5.11895x 1078 7.91917x10°°

15 0.0743027  0.00149035 0.000012826 2.43483x10°7 9.29797x10°° 7.22825x1071°

17 0.0655612  0.0011301 7.07047x10°° 9.258x1078 2.28098 x107° 1.0491x10°%°

19 0.05866 0.000886274 4.21086x10°° 4.02667x1078 6.90561x 10710 2.08213x 107

21 0.0530733  0.000713621 2.66157x10°° 1.9386x10°8 2.44236x10°1° 5.17747x10°12

FiGURe 7. Approximate bounds for the percent of vanishing to exact order
r for the case G=SO(odd) with support v = 2 for the 1-level and v = 2/n
with n going from 1 through 10 and r going from 1 through 21 obtained

using the optimal test function.
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12-th centered moment 14-th centered moment 16-th centered moment 18-th centered moment 20-th centered moment

Mean 6.62658 7.64767 8.66877 9.68987 10.711

1 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
3 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
5 Invalid Bound Invalid Bound Invalid Bound Invalid Bound Invalid Bound
] 1.92924 x10° Invalid Bound Invalid Bound Invalid Bound Invalid Bound
9 0.000443898 0.897648 1.46143x10%° Invalid Bound Invalid Bound
I 2.89685x1077 2.71267x10°° 0.000403157 13.4306 6.63775x10%
13 3.15726x10°° 3.87836x10°° 2.00011x10°8 7.63053x1077 0.000704723
15 1.19384x10°%° 4.55299 x 1071+ 4.60283x1071* 1.54126x1071° 2.47673x10°°
17 9.13521x 10712 1.56808 x 10712 5.69493x 10713 4.88784x10713 1.17325x10°*2
19 1.1013x 1072 1.04005x 10712 1.82138x1071 6.28878x1071° 4.68805x1071°
21 1.82415x10° 1.07262x107% 1.07333x10°° 1.89388x 1071 6.21697x 10717

FIGURE 8. Approximate bounds for the percent of vanishing to exact order
r for the case G=SO(odd) with support v = 2 for the 1-level and v = 2/n
with n going from 12 through 20 and r going from 1 through 21 obtained
using the optimal test function.

23



[BBDDM]

[BEMT-B]

[BSD1]
[BSD2]

[BCDMZ]

[Ha]
[Hej]

[HM]
[IK]
[ILS]
[KS1]

[KS2]
[LiM]

[Mon]
[Od1]

[Od2]

[RS]

[SS]

REFERENCES

O. Barrett, P. Burkhardt, J. DeWitt, R. Dorward and S. J. Miller, One-Level density for holomorphic
cusp forms of arbitrary level, Research in Number Theory 3 (2017), no. 25, DOI 10.1007 /s40993-
017-0091-9.

O. Barrett, F. W. K. Firk, S. J. Miller and C. Turnage-butterbaugh, From Quantum Systems to
L-Functions: Pair Correlation Statistics and Beyond, in Open Problems in Mathematics (editors
John Nash Jr. and Michael Th. Rassias), Springer-Verlag, 2016, pages 123-171.

B. Birch and H. Swinnerton-Dyer, Notes on elliptic curves. I, J. reine angew. Math. 212 (1963),
7-25.

B. Birch and H. Swinnerton-Dyer, Notes on elliptic curves. I, ]. reine angew. Math. 218 (1965),
79-108.

E. Boldyriew, E. Chen, C. Devlin VI, S. J. Miller, and ]. Zhao, Determining optimal test functions
for 2-level densities, Research in Number Theory 9 (2023), no. 32.

Peter Cohen, Justine Dell, Oscar E. Gonzalez, Geoffrey Iyer, Simran Khunger, Chung-Hang
Kwan, Steven J. Miller, Alexander Shashkov, Alicia Smith Reina, Carsten Sprunger, Nicholas
Triantafillou, Nhi Truong, Roger Van Peski, Stephen Willis, and Yingzi Yang, Extending Support
for the Centered Moments of the Low-Lying Zeroes Of Cuspidal Newforms, to appear in Algebra &
Number Theory. https://arxiv.org/pdf/2208.02625.

J. Freeman and S. J. Miller, Determining optimal test functions for bounding the average rank in fam-
ilies of I-functions, in SCHOLAR - a Scientific Celebration Highlighting Open Lines of Arith-
metic Research, Conference in Honour of M. Ram Murty’s Mathematical Legacy on his 60th
Birthday (A. C. Cojocaru, C. David and F. Pappaardi, editors), Contemporary Mathematics
655, AMS and CRM, 2015.

B. Hayes, The spectrum of Riemannium, American Scientist 91 (2003), no. 4, 296-300.

D. Hejhal, On the triple correlation of zeros of the zeta function, Internat. Math. Res. Notices (1994),
no. 7, 294-302.

C. Hughes and S. J. Miller, Low-lying zeros of L-functions with orthogonal symmetry, Duke Math.
J. 136 (2007), no. 1, 115-172.

H. Iwaniec and E. Kowalski, Analytic Number Theory, AMS Colloquium Publications, Vol. 53,
AMS, Providence, RI, 2004.

H. Twaniec, W. Luo, and P. Sarnak, Low lying zeros of families of L-functions, Inst. Hautes Etudes
Sci. Publ. Math. 91 (2000), 55-131.

N. Katz and P. Sarnak, Random Matrices, Frobenius Eigenvalues and Monodromy, AMS Collo-
quium Publications, Vol. 45, AMS, Providence, RI, 1999.

N. Katz and P. Sarnak, Zeros of zeta functions and symmetries, Bull. AMS 36 (1999), 1-26.

J. Li and S. J. Miller, Bounding Vanishing at the Central Point of Cuspidal Newforms, to appear in
the Journal of Number Theory.

H. Montgomery, The pair correlation of zeros of the zeta function. Pages 181-193 in Analytic Number
Theory, Proceedings of Symposia in Pure Mathematics, vol. 24, AMS, Providence, RI, 1973.

A. Odlyzko, On the distribution of spacings between zeros of the zeta function, Math. Comp. 48
(1987), no. 177, 273-308.

A. Odlyzko, The 10%2-nd zero of the Riemann zeta function. Pages 139-144 in Proceedings of the
Conference on Dynamical, Spectral and Arithmetic Zeta Functions, ed. M. van Frankenhuysen and
M. L. Lapidus, Contemporary Mathematics Series, AMS, Providence, RI, 2001.

Z. Rudnick and P. Sarnak, Zeros of principal L-functions and random matrix theory, Duke ]. of
Math. 81 (1996), 269-322.

E. Stein and R. Shakarchi, Complex Analysis, Princeton University, Princeton, NJ, 2003.

Email address: [sohom@ucsb. edu


https://arxiv.org/pdf/2208.02625
mailto:sohom@ucsb.edu

UNIVERSITY OF CALIFORNIA, SANTA BARBARA, SANTA BARBARA, CA, 93106
Email address: [sjm1@williams.edul, [Steven.Miller.MC.96@aya.yale.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MA 01267

25


mailto:sjm1@williams.edu
Steven.Miller.MC.96@aya.yale.edu

	1. Introduction
	1.1. Background
	1.2. Random Matrix Theory and Statistics of L-functions
	1.3. Test Functions
	1.4. n-th Centered Moments
	1.5. Main Results

	2. Preliminaries
	3. Bounds on the Order of Vanishing From the 1-Level Density
	4. Bounds from the n-Level Densities (n even) with support v=2/n
	5. Tables of the Bounds for support v=2/n
	Data Availability and COI Statements
	References

