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ABSTRACT. Zeckendorf's theorem states that any positive integebeanritten uniquely as a sum
of non-adjacent Fibonacci numbers; this result has beeargkned to many recurrence relations,
especially those arising from linear recurrences with ilegderm positive. We investigate legal
decompositions arising from two new sequences:(thé)-Generacci sequence and the Fibonacci
Quilt sequence. Both satisfy recurrence relations witdilegterm zero, and thus previous results
and techniques do not apply. These sequences exhibitahihstlifferent behavior. We show that
the (s, b)-Generacci sequence leads to unique legal decompositidreseas not only do we have
non-unique legal decompositions with the Fibonacci Qeititeence, we also have that in this case
the average number of legal decompositions grows expalignthnother interesting difference is
that while in the(s, b)-Generacci case the greedy algorithm always leads to adegaimposition,

in the Fibonacci Quilt setting the greedy algorithm leada tegal decomposition (approximately)
93% of the time. In thds, b)-Generacci case, we again have Gaussian behavior in theemahb
summands as well as for the Fibonacci Quilt sequence wheesteat to decompositions resulting
from a modified greedy algorithm.

CONTENTS
1. Intr i 2
i he Fi i i 2
5
8
8
10
» 1CCilBequ 11
4. Greedy AIgerthms for the Fibonacci Qui ISequé 14
4.1, _Greedy Decomposition 14
4.2. Greedy-6 Decomposition 16
ndix A. neralized Binet Formula f -Generacci ce 18
S 19

Date July 1, 2016.

2010Mathematics Subject Classificatio60B10, 11B39, 11B05 (primary) 65Q30 (secondary).

Key words and phrasesZeckendorf decompositions, Fibonacci quilt, non-unisssof representations, positive
linear recurrence relations, Gaussian behavior, digtdbwf gaps.

The fourth named author was partially supported by NSF grBMS1265673 and DMS1561945. This research
was performed while the third named author held a NationaeRech Council Research Associateship Award at
USMA/ARL. This work was begun at the 2014 REUF Meeting at AlNtdacontinued during a REUF continuation
grant at ICERM; it is a pleasure to thank them for their suppbve also thank the participants at théM&nnual
Combinatorial and Additive Number Theory workshop (CANTL8Dfor helpful discussions.

1



1. INTRODUCTION

A beautiful result of Zeckendorf describes the Fibonacenhars as the unique sequence from
which every natural number can be expressed uniquely as assnonconsecutive terms in the
sequence [Ze]. Zeckendorf's theorem inspired many questabout this decomposition, and gen-
eralizations of the notions of legal decompositions of reltaumbers as sums of elements from
an integer sequence has been a fruitful area of reselarchI[BBL; BCCSW, BDEMMTTW,
BILMT| CFHMN1, DDKMMV, DDKMV,|DEFHMPP] IGTNP,[Ha| KKMW, MW1,MW2].

Much of previous work has focused on sequences givenRnsdive Linear Recurrence (PLR)
which are sequences where there is a fixed dépth0 and non-negative integers, . . ., ¢, with
1, ¢, hon-zero such that

(pt1 = C1Gp + -+ CLAp+1-L- (1.1)
The restriction that; > 0 is required to gain needed control over roots of polynonmaaksoci-
ated to the characteristic polynomials of the recurrenckralated generating functions, though in
the companion paper [CFHMNPX] we show how to bypass someeasfetiiechnicalities through
new combinatorial techniques. The motivation for this papé¢o investigate whether the positiv-
ity of the first coefficient is needed solely to simplify thgaments, or if fundamentally different
behavior can emerge if the said condition is not met. To thék @/e investigate the legal decompo-
sitions arising from two different sequences which we idtree in this paper: thes, b)-Generacci
sequence and the Fibonacci Quilt sequence. Both satisfyresrce relations with leading term
zero, hence previous results and techniques are not aplglicdoreover, although both have
non-positive linear recurrences (as their leading terneie)z they exhibit drastically different be-
havior: the(s, b)-Generacci sequence leads to unique legal decompositidreseas not only do
we have non-unique legal decompositions with the Fibon@Qetlit sequence, we also have that
the average number of legal decompositions grows expaitgn#nother interesting difference is
that while in the(s, b)-Generacci case the greedy algorithm always leads to adegamposition,
in the Fibonacci Quilt setting the greedy algorithm leada tegal decomposition (approximately)
93% of the time.

We conclude the introduction by first describing the two ssapes and their resulting decom-
position rules and then stating our results. TherLin §2 werdenhe the recurrence relations for the
sequences, in_83 we prove our claims on the growth of the geenamber of decompositions from
the Fibonacci Quilt sequence, and then analyze the gregdyitiim and a generalization (for the
Fibonacci Quilt) in B#.

1.1. The (s, b)-Generacci Sequence and the Fibonacci Quilt Sequence.

1.1.1. The(s, b)-Generacci Sequence.

One interpretation of Zeckendorf's Theorem [Ze] is that [ileonacci sequence is the unique
sequence from which all natural numbers can be expressedsas af nonconsecutive terms.
Note there are two ingredients to the rendition: a sequendeaarule for determining what is
a legal decomposition. An equivalent formulation for thédfiacci numbers is to consider the
sequence divided into bins of size one and decompositiomsisa the element in a bin at most
once and cannot use elements from adjacent bins. A geradratizof this bin idea was explored
by the authors in [CFHMN1], where bins of size 2 with the sarma-adjacency condition were
considered; the sequence that arose was called the Kerdagkgence. The Kentucky sequence is

what we now refer to here as thig 2)-Generacci sequence. This leads to a natural extensiorewher
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we consider bins of sizeand any two summands of a decomposition must come from digtins
with at leasts bins between them. We now give the technical definitions ef(thb)-Generacci
sequences and their associated legal decompositions.

Definition 1.1 ((s, b)-Generacci legal decompositiongpr fixed integers, b > 1, let an increas-
ing sequence of positive integdls } 22, and a family of subsequencBs = {ayn—1)41: - - - aon }
be given (we call these subsequenbess). We declare a decomposition of an integer =
ag, + ag, + -+ + ag, Wherea,, > a,,,, to be an(s,b)-Generacci legal decompositi@movided
{ag, a6} ¢ Bi—s UBj_s11 U---UB;forall i, j. (We say3; = () for j <0.)

Thus if we have a summand, € B; in a legal decomposition, we cannot have any other
summands from that bin, nor any summands from any of thies preceding or any of thebins
following B;.

Definition 1.2 ((s, b)-Generacci sequencefor fixed integerss,b > 1, an increasing sequence
of positive integerda; }2, is the(s, b)-Generacci sequendkeverya; for i > 1 is the smallest
positive integer that does not have &n b)-Generacci legal decomposition using the elements
{al, ce 7a'i—1}~

Using the above definition and Zeckendorf’'s theorem, welsatehe(1, 1)-Generacci sequence
is the Fibonacci sequence (appropriately normalized). éSotiner known sequences arising from
the (s, b)-Generacci sequences are Narayana's cow sequence, whloh (3 1)-Generacci se-
quence, and the Kentucky sequence, which ig the)-Generacci sequence.

Theorem 1.3(Recurrence Relation and Explicit Formulagts, b > 1 be fixed. 1t > (s+1)b+1,
then then™ term of the(s, b)-Generacci sequence is given by the recurrence relation

an, = Qp_p + ban_(s+1)b. (1.2)
We have a generalized Binet's formula, with
a, = AP [1+0((Aa/A)")] (1.3)

where )\, is the largest root ofc(>*1® — 2* — p = 0, and¢; and \, are constants with\; > 1,
cp > 0and|\y| < Ap.

Remark 1.4. The(s, b)-Generacci sequence also satisfies the recurrence
Ap = Qp-1+ Ap—1—f(n—1), (14)
wheref(kb+ j) = sb+j — 1for j = 1,...,b. While this representation does have its leading

coefficient positive, note the depth = f(n — 1) + 1 is not independent of., and thus this
representation is not a Positive Linear Recurrence.

The proof of Theorern 113 is given i §2.1. We note that theiteaterm in the recurrence in
(@.2) is zero whenevér> 2, and hence this sequence falls out of the scope of the Rokitiear
Recurrences results.

1.1.2. Fibonacci Quilt Sequence.

The Fibonacci Quilt sequence arose from the goal of findingguence coming from a 2-
dimensional process. We begin by recalling the beautifttl ttaat the Fibonacci numbers tile the
plane with squares spiraling to infinity, where the side taraf then square isF,, (see Figuréll;

note that here we start the Fibonacci sequence with two 1's).
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FIGURE 1. The (start of the) Fibonacci Spiral.

Inspired by Zeckendorf decomposition rules and by the Falboinspiral we define the following
notion of legal decompositions and create the associatedaen sequence which we call the Fi-
bonacci Quilt sequence. The spiral depicted in Figlire 1 earidwed as a log cabiquilt pattern,
such as that presented in Figlie 2 (left). Hence we adoptaimerribonacci Quilt sequence.

Definition 1.5 (FQ-legal decomposition) et an increasing sequence of positive integers 2,
be given. We declare a decomposition of an integer

m = q¢ +qe, + -+ Qe (1.5)

(whereq,, > qo,,,) to be anFQ-legal decompositioif for all 7,5, |¢; — ¢;| # 0,1,3,4 and
{17 3} gZ {617627 ... gt}

This means that if the terms of the sequence are arrangedpimad is the rectangles of a log
cabin quilt, we cannot use two terms if they share part of gyeeBiguré 2 shows that, + ¢,,_; is
not legal, buy,, + ¢,,_» is legal forn > 4. The starting pattern of the quilt forbids decompositions
that contaings + ¢;.

We define a new sequenge, }, called the Fibonacci Quilt sequence, in the following way.

Definition 1.6 (Fibonacci Quilt sequenceAn increasing sequence of positive integfys 2, is
called theFibonacci Quilt sequendéeveryg; (: > 1) is the smallest positive integer that does not
have an FQ-legal decomposition using the eleméats. .., ¢;_1}.

From the definition of an FQ-legal decomposition, the re@dersee that the first five terms of
the sequence must Hé, 2,3, 4,5}. We havegs # 6 as6 = ¢4 + ¢; = 4 + 2 is an FQ-legal de-
composition. We must havg = 7. Continuing we have the start of the Fibonacci Quilt seqaenc
displayed in Figurgl2 (right). Note that with the exceptiéa few initial terms, the Fibonacci Quilt
sequence and the Padovan (see entry A000931 from the OEjErsee are eventually identical.

Theorem 1.7(Recurrence Relations) et g, denote the:™ term in the Fibonacci Quilt. Then

for n > 6, n+1 = qn Tt Qn—a, (16)

for n > 5, Gn+1 = Qn—1 1 Qn—2, (17)
Z%’ = Qn+s — 6. (1.8)
i=1

The proof is given in[§Z]2.
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FIGURE 2. (Left) Log Cabin Quilt Pattern. (Right) First few terms thie Fi-
bonacci Quilt sequence.

Remark 1.8. At first the above theorem seems to suggest that the FiboQadctis a PLR, aq(1.8)
gives us a recurrence where the leading coefficient is p@sdtind, unlike the alternative expression
for the (s, b)-Generacci, this time the depth is fixed. The reason it is LR is subtle, and has
to do with the second part of the definition: the decompasiaev. The decomposition law ot
from using(1.8) to reduce summands, but from the geometry of the spiral. wbigh remarking
that (1.7) is the minimal length recurrence for this sequence, and traacteristic polynomial
arising from(1.8)is divisible by the polynomial frorfi. 7).

1.2. Results. Our theorems are for two sequences which satisfy recursewit@ leading term
zero. Prior results in the literature mostly consideredtResLinear Recurrences and results in-
cluded the uniqueness of legal decompositions, Gausstsawvime of the number of summands,
and exponential decay in the distribution of the gaps batwesenmands [BBGILMT, BILMT,
DDKMMV| DDKMV, MW1, MW?2]. In [CEHMNL1], a first example of a norpositive linear re-
currence appeared and the aforementioned results weregpusing arguments technically similar
to those already present in the literature. What is new smighper are two extensions of the work
presented in [CFHMN1]. The first is the, b)-Generacci sequence, whose legal decompositions
are unique but where new techniques are required to provaritsus properties. The second is the
more interesting newly discovered Fibonacci Quilt seqeemthich displays drastically different
behavior, one consequence being that the FQ-legal decdtmopssare not unique (for example,
there are three distinct FQ-legal decompositions of 1061864, 86+12+7+1, and 65+37+4).

1.2.1. Decomposition results.

Theorem 1.9 (Uniqueness of Decompositions f¢s, b)-Generacci) For each pair of integers
s,b > 1, a unique(s, b)-Generacci sequence exists. Consequently, for a givengbairttegers
s,b > 1, every positive integer can be written uniquely as a sum stfrdit terms of thés, b)-
Generacci sequence where no two summands are in the sanambibetween any two summands

there are at least bins between them.
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As Theoren 1.9 follows from a similar argument to that in thpendix of [CFHMN1], we omit
it in this paper.

Remark 1.10. We could also prove this result by showing that our sequemcklegal decom-
position rule give rise to arf-decomposition. These were defined and studigDBPKMMV] ,
and briefly a validf-decomposition means that for each summand chosen a blednsécutive
summands before are not available for use, and that numbsrdés solely on. The methods of
[DDKMMV] are applicable and yield that each positive integer has ajuailegal decomposition.
These results are not available for the Fibonacci Quilt s=pe, as the FQ-legal decomposition
is not anf-decomposition. The reason is that in fsdecomposition there is a functigisuch that
if we havey, then we cannot have any of tlién) terms of the sequence immediately priogto
There is no suclf for the Fibonacci Quilt sequence, as for> 8 if we haveg, we cannot have
¢n—1 andgq,_sz but we can have,, _».

We have already seen that the Fibonacci Quilt leads to naqtardecompositions; this is just
the beginning of the difference in behavior. The first resolicerns the exponential number of
FQ-legal decompositions as we decompose larger integess we need to introduce some nota-
tion. Let{q, } denote the Fibonacci Quilt sequence. For each positivgénte let drq(m) denote
the number of FQ-legal decompositionaf anddrq....(n) the average number of FQ-legal de-
compositions of integers if), := [0, g,+1); thus

dpQave(n) = ! > dpq(m). (1.9)

In §3 we prove the following.

Theorem 1.11(Growth Rate of Average Number of Decompositionsgt r; be the largest root
ofr" —r% —7r2 — 1 =0 (sor; ~ 1.39704) and let); be the largest root of* — z — 1 = 0 (so

M= 3 (2- 3—\@)1/3 + 3723 (L (9+169))"" ~ 1.32472), and set\ = r,/\; ~ 1.05459
1 = D) 3 ~ 1. y = 7’1/ 1 ~ L. .

3 2
There exist computable constants > C; > 0 such that for alln sufficiently large,

CIA" < drgave(n) < CoA™ (1.10)

Thus the average number of FQ-legal decompositions oféngeg [0, ¢,,+1) tends to infinity ex-
ponentially fast.

Remark 1.12. At the cost of additional algebra one could prove the existasf a constant’ such
that drq..ve(n) ~ CA™; however, as the interesting part of the above theorem ieiponential
growth and not the multiplicative factor, we prefer to give tsimpler proof which captures the
correct growth rate.

We end with another new behavior. For many of the previousrrences, the greedy algo-
rithm successfully terminates in a legal decompositioat ibnot the case for the Fibonacci Quilt
sequence. In(84 we prove the following.

Theorem 1.13.There is a computable constgmte (0, 1) such that, a3 — oo, the percentage
of positive integers inl, ¢,) where the greedy algorithm terminates in a Fibonacci Quatéll
decomposition converges o This constant is approximately .92627.

Interestingly, a simple modification of the greedy algantdoesalways terminate in a legal

decomposition, and this decomposition yields a minimal benof summands.
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Definition 1.14 (Greedy-6 Decomposition)The Greedy-6 Decomposition writes as a sum of
Fibonacci Quilt numbers as follows:

e if there is ann with m = ¢, then we are done,

e if m = 6 then we decompose asq, + ¢, and we are done, and

e if m > gs andm # g, for all n > 1, then we writen = ¢, + © whereg,, < m < gy, 11
andz > 0, and then iterate the process with input:= x.

We denote the decomposition that results from the Greedgdithm byG(m).

Theorem 1.15.For all m > 0, the Greedy-6 Algorithm results in a FQ-legal decomposition
Moreover, ifG(m) = qo, +qe, +- - -+ qe,_, +qo, Withqe, > qo, > - -+ > qq,, then the decomposition
satisfies exactly one of the following conditions:
Q) ¢; — ¢;1 > 5forall i or
(2) l; —l;p1 >bfori <t—3andl, o > 10, 6,1 =4, {;, = 2.
Further, ifm = qo, +qo, + - -+ qo,_, + q¢, With g, > g4, > - - - > q, denotes a decomposition
of m where either

Q) ¢; — ¢;41 > 5forall i or

(2) gz — £i+1 >5 for <t-—3 andﬁt_g > 10, gt—l = 4, gt =2,
theng,, + qo, + -+ q, , + ¢, = G(m). That is, the decomposition ai is the Greedy-6
decomposition.

Let D(m) be a given decomposition af as a sum of Fibonacci Quilt numbers (not necessarily
legal):
m = ciqq + g+ -+ Cugn, ¢ €40,1,2,...}. (1.11)
We define the number of summands by
#summands(D(m)) (= ¢ +co+ -+ + Cpe (1.12)
Theorem 1.16.If D(m) is any decomposition of. as a sum of Fibonacci Quilt numbers, then
#summands(G(m)) < #summands(D(m)). (1.13)

1.2.2. Gaussian Behavior of Number of Summands;i)-Generacci legal decompositionBe-

low we report on the distribution of the number of summandsé1 s, b)-Generacci legal decom-
positions. In attacking this problem we developed a newrtiegle similar to ones used before but
critically different in that we are able to bypass technesgumptions that other papers needed to
prove a Gaussian distribution. We elaborate on this meth¢@FHMNPX], where we also deter-
mine the distribution of gaps between summands. We havesaltosoncentrate on the Fibonacci
Quilt results in this paper, and just state many of(thé)-Generacci outcomes, as we see the same
behavior as in other systems for theb)-Generacci numbers, but see fundamentally new behavior
for the Fibonacci Quilt sequence.

Theorem 1.17(Gaussian Behavior of Summands farb)-Generacci) Let the random variable
Y,, denote the number of summands in the (unique)))-Generacci legal decomposition of an
integer picked at random from0, a,,+1) with uniform probabilityﬂ Then foru, andc?, the mean

1Using the methods of [BDEMMTTW], these results can be ex¢entd hold almost surely for sufficiently large
sub-interval ofia, —1)p+1, Gbnt1)-
7



and variance ol/,,, we have
pn = An+ B +o(1) (1.14)
02 = On+ D +o(1) (1.15)

n

for some positive constants B, C, D. Moreover if we normaliz&,, to Y = (Y,, — u,)/on, then
Y,! converges in distribution to the standard normal distribatasn — oo.

Unfortunately, the above methods do not directly genesabZ5aussian results for the Fibonacci
Quilt sequence. Interestingly and fortunately there israngt connection between the two se-
guences, and in [CFHMNEX] we show how to interpret many qaestconcerning the Fibonacci
Quilt sequence to a weighted average of several copies ¢dthe¢-Generacci sequence. This cor-
respondence is not available for questions on unique degsitiqn, but does immediately yield
Gaussian behavior and determines the limiting behavidnefridividual gap measures.

2. RECURRENCERELATIONS

2.1. Recurrence Relations for the(s, b)-Generacci SequenceRecall that fors, b > 1, an(s, b)-
Generacci decomposition of a positive integer is legalefftiilowing conditions hold.

(1) No terma; is used more than once.

(2) No two distinct terms;, a; in a decomposition can have indicgg from the same bin.

(3) If ¢, anda; are summands in a legal decomposition, then there are atslbass between
them.

The terms of thés, b)-Generacci sequence can be pictured as follows:

Ial, ey a’bl7lal+b7 sy a2b| yoeey Al4nby - - 7a(n+1)b 7a1+(n+1)b7 L 7a(n+2)b 7a1+(n+2)b7 L 7a(n+3)b g oo
L ] 1 ] 1 1
B1 B Bn+1 Bn+2 Bn+s

(2.1)
We now prove the following results related to the elementhefs, b)-Generacci sequence.

Lemma 2.1.If s,b > 1, thena; = i forall 1 <i < (s+ 1)b+ 1, whereq; is thei™" term in the
(s, b)-Generacci sequence.

Proof. This follows directly from the definition of thés, b)-Generacci sequence. That is, we
note that at thés + 1)"-bin, we clearly haves-many bins to the left, yet we are unable to use
any elements from those bins to decompose any new integdrssa] = i, forall 1 < ¢ <
(s+1)b+1. O

Lemma 2.2. If k£ can be decomposed using summafds. . ., a, }, then so cark — 1.

Proof. Let k = ay, + ag, + - - - + ay, With ¢ > ¢, > --- > (, be a legal decomposition &f So
k—lza31+a52+~-~+(a3t—1).

It must be the case that either, — 1 is zero or it has a legal decomposition with summands
indexed smaller tha#,, asa,, was added because it was the smallest integer that couldenot b
legally decomposed with summands indexed smaller thanf ¢, was sufficiently distant from
¢, for the decomposition of to be legal, using summands with even smaller indices does no
create an illegal interaction with the remaining summangs . ., a, ;. O

This lemma allows us to conclude that the smallest integdrdbes not have a legal decompo-
sition using{ay, . . ., a,} is one more than the largest integer that does have a legaimbexsition

using{as, ..., a,}.
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Lemma2.3.1f s,b,n > 1andl < j < b+ 1, then
Ajynp = Al4nh T (Jj— 1)a1+(n—s)b- (2.2)

Proof. The terma, ., is the first entry in thgn + 1) bin and trivially satisfies the recursion
relation forj = 1.

Recall a legal decomposition containing a member of(the- 1) bin would not have other
addends from any of bingB,,_s.1, B,_s12, ..., Bs, B.ir1}. S0 by construction we have ., ,,, =
a1+nb + G14(n—s), AS the largest integer that can be legally decomposed adignds from bins
Bl, Bg, ceey Bn_s is A14(n—s)b — 1.

Using the same argument we have

A34nb = A24nb T Al4(n—s)b = Ql4np T 2a1+(n—s)b- (2.3)
We proceed similarly fof = 4,...,b. Forj = b+1, the termay, 14y = a14(n11)s IS the first entry
in the (n + 2)™ bin. By CONStrUCtiONt 4 (n41)p = A(n+1)p + A14+m—sp. USINg Equation[(2]2) with
j = bwe have
A1 (ng1)p = Ont1)pF01+m—s)b = Q4npT(0=1) 014 (- T (n—s)p = Q14nbT0014(n—s)p- (2.4)
O

Proof of Theorerh 113Fix s, b > 1. We proceed by consideringf the formj+nb, j € {1, ..., b},
S0a; = aj is thej™ entry in the(n + 1)t bin. Using Lemma2]3,
Ajinb = Ay + (J — D)aipm—sp
= 1416 + 011 (n—s—1)p + (J — 1) @14 (n—s)p
= 14m-1)p T (J = Dargmos—1)p + (0 = J + 1)a1ym—s—1p + (J — 1) @14 (n—s)p
= Ajym-1p+ (0 —J+ 1arym-s—1p + (J — 1)aitm—sp. (2.5)
Again using the construction of our sequence we have, ., = Gn—s)pp + Gi4(n-2s—1)p- TS
substitution gives
Ajnp = Qjpn—1p + (0= 7+ D)arr—s—1)p + (J — D)am-sp + (7 — L)ai4m-2e—1)
= Ajr(n—1)p T Cpmn—s—1 + (J — 1)a1tm-2s—16 + (b = J)@14+-(-s—1)p + (J — 1)am—-syp
= Qjrin—1)p T Crn-s—1)p + (0 = J)a@14(n—s—1p + ( — 1)@m—s)p- (2.6)
Note that by Lemm&2l3y,,—sp = a14(n—s—1p + (b — 1)@14(—25—1%, SO the last two terms in
(2.8) may be simplified as
(b= 7)a14(m—s—1p + (J = 1)a14m—s—1p + (7 — 1)(b = 1)a14(n—2s—1y
= (b-1) [a1+(n_s_1)b +(j— 1)a1+(n—2s—1)b:|
= (b= 1)t (n—s—1)p- (2.7)
Substituting[(2.I7) into Equation (2.6) yields
Ajanb = Qjt(n—1)b T Gitr—s—1)b T (0 = 1)@ n-s—1p
= jtr(n—1)p + DAt (n—s—1)b, (2.8)

which completes the proof of the first part of Theofem 1.3.
For the proof of the second part, we have from Lemima 2.3

Ajinp = Aj—1+4nb + Q14 (n—s)bs (29)
9



thus
Ajinb = Qj—14nb + Qj—14nb—(sbtj—2) (2.10)

forj =2,...,b+ 1. The result now follows if we defing(j + nb) = sb+j —1,forj=1,...,b.
We prove the Generalized Binet Formula and the approximatiéd\ppendixA. O

2.2. Recurrence Relations for Fibonacci Quilt Sequence.

Proof of Theorerh 117The proof is by induction. The basis cases#foxK 11 can be checked by
brute force.

By construction, we can legally decompose all numbers inrttegval 1, ¢,,_4 — 1] using terms
in{q,--.,q.—5}: g.—4 Was added to the sequence because it was the first numbeotithhot be
decomposed using those terms. So, ugjngve can legally decompose all numbers in the interval,
(@0, @ + ¢u_a — 1]. In fact, we can decompose all numbers in the intefal, + ¢,,_4 — 1] using
{@1,--.,q.}. The termg,., will be the smallest number that we cannot legally decomps#sy
{@1,--.,q.}. The argument above shows that, > ¢, + ¢,_4.

Notice

G+ Gn-a = (o1 4 Gn-s) + Gn-s
= (@p-1t (Qn—4 + Qn—5>
= dn—1 + dn—2- (211)

It remains to show that there is no legal decompositiomcf ¢, + ¢,—4 = 1 + Gn_2- If ¢
were in the decomposition af,, the remaining summands would have to add,to,. But that is a
contradiction ag,,_, was added to the sequence because it had no legal decomp®aiisums of
other terms. Similarly, we can see that any legal decomipasif m does not use,,_1, ¢,_2, ¢n_4.

Notice thatg,_3 must be part of any possible legal decompositiomofif it were not, then
m < Z?j ¢ = g — 6 < ¢, < qn + go—a = m. Hence any legal decomposition would have
m = ¢,_3 + =, where the largest possible summand in the decompositionsaj,, 5.

Now assume we have a legal decompositiomof ¢,,_3 + x. There are two cases.

Case 1 The legal decomposition af usesg,,_5 as a summand. So
m = qp-3+T = qn-3+ qn-s5+Y (2.12)

andy can be legally decomposed using summands ffemgs,, . . ., ¢,—10}. Then using Equation
@8),y < 327" ¢ = ¢._5 — 6. This leads us to the following:

Gn + Qg = m < Qqp3+ Gus5+ Gn-s5— 6
< dn—3 + dn—4 + qn—5 — 6

= Gn—1 + Qn—5 — 6
< Qn, (2.13)

a contradiction.
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Case 2 The largest possible summand used in the legal decompositi is ¢,_s. Thus

n—=8
n T qn—a = m < (Qp-3+ Z qi
=1

= qn-3+tQqn-3— 6
< qn—2 + qn-3
< Qn, (2.14)
another contradiction.

Som cannot be legally decomposed usifyg, ..., ¢,} andg,.1 = ¢, + ¢.—4. The proof of
Equation[(1.F7) follows from the work done in Equatién (2.1T9 prove Equatiori (118), note

n+1 n
Z%‘ = Qn+1 T+ Z % = Gnt1+ Gnis — 6 = Gnye — 0. (2.15)
i=1 i=1 0

Proposition 2.4 (Explicit Formula) Let ¢, denote thex™" term in the Fibonacci Quilt sequence.
Then

Gn = Q1] + apdy + azhy (2.16)
wherea; ~ 1.26724,

A\ = 1<273\/@>1/3+ (% (9+\/@))1/3

33 ; e ~ 1.32472 (2.17)

and\; ~ —0.662359 — 0.56228; (which has absolute value approximately 0.8688).
Proof. Using the recurrence relation from Equatibn {1.6) in Thedied, we have the characteris-
tic equation
= x+1. (2.18)
Henceq, = ay\! + as\? + ash, , Wherel;, A, and\, are the three distinct solutions to the
characteristic equation, which are easily found by thectdrimula.
We solve for they; using the first few terms of the sequence. Straightforwal@liGtions reveal
ap ~ 1.26724
as ~ —0.13362 + 0.1282777
a3 ~ —0.13362 — 0.1282774, (2.19)
completing the proof. O

3. GROWTH RATE OF NUMBER OF DECOMPOSITIONS FORFIBONACCI QUILT SEQUENCE

We prove Theorermn 1.11 by deriving a recurrence relationfemumber of FQ-legal decompo-
sitions. Specifically, consider the following definitions.

e d,: the number of FQ-legal decompositions using only elemei{s, ¢», . . ., ¢,}. Note
we include one empty decomposition of 0 in this count. Furtbeme of the decomposi-
tions are of numbers larger thajp, ; (for example, fom largeq, + ¢,—2 + ¢n—20 > Gni1)-
We setd, = 1.

e ¢,: the number of FQ-legal decompositions using only elemei{s;, ¢», . .., ¢, } andg,

is one of the summands. We sgt= 1.
11



e b,: the number of FQ-legal decompositions using only elemehtsy, ¢, . .., ¢,} and
bothg, andg,_- are used.

By brute force one can compute the first few values of theseesexps; see Tabé 1.

L]l dnfcnlbol dn]

1 2 1] 0| 1
2 3| 1| O 2
3 4, 1| 0 3
4 6| 2| 1| 4
5 8| 2| 1| 5
6 11| 3| 1| 7
7\ 15) 4] 1 9
8| 21| 6| 2|12
9| 30| 9| 3|16
10| 42|12| 4|21
11| 59|17| 6| 28
12| 82|23| 8| 37
13| 114|32| 11| 49

TABLE 1. Values of the first few terms of,, ¢, andb,,; for ease of comparison we
have included,, as well.

We first find three recurrence relations interlacing ourehreknowns.
Lemma 3.1. For n > 7 we have

d, = cptcepat--+c = cy+dp

¢n = dp_5+Ccp_o—bp_o

b, = d,_n, (3.1)
which implies

dy = dp 1+ dyo—dp3+d, 5—d,_9. (3.2)

Proof. The relation ford,, in (3.1) is the simplest to see. The left hand side counts tiehber
of FQ-legal decompositions where the largest element wsgd which may or may not be used.
The right hand side counts the same quantity, partitionaged on the largest index used. It is
important to note that, is included and equals 1, as otherwise we would not have tipdyete-
composition (corresponding to an FQ-legal decompositid)).o0WWe immediately use this relation
with n — 1 for n to replace:,,_1 + - - - + ¢o With d,,_;.

Our second relation comes from counting the number of FQHdgcompositions wherg, is
used and no larger index occurs, which is just Sinceg, occurs in all such numbers we cannot
useq,_1, ¢n—3 Or ¢,_4, butg,_o may or may not be used. If we do not uge , then we are left
with choosing FQ-legal decompositions where the largetbirused is at most— 5; by definition
this isd,,_5. We must add back all the numbers arising from decompositismgg, andq,_».
Note that ifn — 2 was the largest index used then the number of valid decotnpasiisc,,_»;
however, this includes,_, decompositions where we use bagth, andg,_,. As wemustuseg,,
we cannot use,,_, and thus thesé,_, decompositions should not have been included; thus

equalsd,,_s + c,—2 — b,_2. (Note: alternatively one could prove the relation= d,,_5 + b,,.)
12



Finally, considem,,. This counts the times we ugg (which forbids us from using,,_1, ¢,,_3
andg,_4) andg,_» (which forbids us from using,,_3, ¢,_5 andgq,_¢). Note all other indices at
mostn — 7 may or may not be used, and no other larger index can be ch&sedefinition the
number of valid choices i&,_~.

We now easily derive a recurrence involving just ttge The first relation yields,, = d,, — d,,_,
while the third gives$,, = d,,_7. We can thus rewrite the second relation involving afity which
immediately gived(312). O

Armed with the above, we solve the recurrencedor

Lemma 3.2. We have

dn = Brry [14 O ((r2/r1)")], (3.3)
wherep; > 0, 1y &~ 1.39704 andr, ~ 1.07378 are the two largest (in absolute value) roots of
rT—rf—r2—1=0.

Proof. The characteristic polynomial associated to the recuerémcd,, in (3.2) factors as
=S TSt = (= D)+ D = =2 1), (3.4)

The roots of the septic are all distinct, with the larggsapproximately 1.39704 and the next two
largest being complex conjugate pairs of sizex~ 1.07378; the remaining roots are at most 1 in
absolute value. Thus by standard techniques for solvingreace relations [GDl] (as the roots are
distinct) there are constants such that

d, = Birl + Bary + -+ By + Bg1™ + Bo(—1)". (3.5)

To complete the proof, we need only show tlyat > 0 (if it vanished, thend,, would grow
slower than one would expect). As the roots come from a degpeynomial, it is not surprising
that we do not have a closed form expression for them. Fatlyna simple comparison proves
that3; > 0. Sinced, counts the number of FQ-legal decompositions using indicesore than
qn, We must have,, > ¢,. As g, grows like\} with \; ~ 1.3247, if 3, = 0 thend,, < ¢, for large
n, a contradiction. Thug; > 0. O

We can now determine the average behaviakgf(m), the number of FQ-legal decompositions
of m.

Proof of Theorerh 1.11We have

1 Gn+1—1
drQave(n) = > dp(m). (3.6)
In+1 m=0

We first deal with the upper bound. The summation on the righthside of Equatior (3.6) is
less thand,,, becausé,, counts some FQ-legal decompositions that exeged Thus

dn

dFQ;avc (n) S .
qn+1

(3.7)

Forn large by Lemma& 3]2 we have

dn = Py [L+ O ((rz/r1)")] (3.8)
with 8, > 0 andr; ~ 1.39704, and from Proposition 2.4

Gn = 1A} [l ;O ((A2/A1)™)] (3.9)



wherea; ~ 1.26724,
1/3 1 1/3
N (27 3\/69> L (G(9+v69))
1= 515 5
2

. 5 e ~ 1.32472 (3.10)
and )\, ~ —0.662359 — 0.56228: (which has absolute value approximately 0.8688). Thusetteer
aCy > 0 such that fom large we haveélpq.av.(n) < Co(ri/A1)™.

We now turn to the lower bound fafrq....(n). As we are primarily interested in the growth
rate ofdrq..ve(n) and not on optimal values for the constattsandC,, we can give a simple
argument which suffices to prove the exponential growth, thiteugh at a cost of a poor choice
of C',. Note that for large: the sum on the right side of Equatidn (3.6) is clearly at ldasty;.
To see this, notd,,_,p;4 counts the number of FQ-legal decompositions using no surdraager
thang,,_2016, and if ¢, _2016 IS our largest summand then ly (1.8) our number cannot exceed

n—2016
Z ¢ = qn—201 —6 < ¢n. (3.11)
=1
Thus
drquue(n) > =218 (3.12)
Gn+1
We now argue as we did for the upper bound, noting that foelarge have
dp_oo16 = 1720 Bt [14 O ((ro/m1)™)] . (3.13)
Thus forn sufficiently large
drquave(n) > Ci(r1/A)", (3.14)
completing the proof. O

4. GREEDY ALGORITHMS FOR THEFIBONACCI QUILT SEQUENCE

4.1. Greedy Decomposition.Let h,, denote the number of integers from 1¢t0 ; — 1 where the
greedy algorithm successfully terminates in a legal deasitijpn. We have already seen that the
first number where the greedy algorithm fails is 6; the otlhess than 200 are 27, 34, 43, 55, 71,
92,113,120, 141, 148, 157,178, 185 and 194.

Tablel2 listsh,, for the first few values of., as well ag,, the percentage of integers|ih ¢,1)
where the greedy algorithm yields a legal decomposition.

We start by determining a recurrence relation/gr

Lemma 4.1. For h,, as above,
hn - hn—l -+ hn_5 -+ 1, (41)
with initial valuesh, = kfor1 < k < 5.

Proof. We can determine the number integersliny, ;) for which the greedy algorithm is suc-
cessful by counting the same thing[ing¢,, ) and in[g,, ¢,+1). The number of integers ii, ¢,) for
which the greedy algorithm is successful is just ;.

Integersn € [¢,, ¢.+1) for which the greedy algorithm is successful must have Erggmmand
qn. SOM = q,, +x. We claimz € [0, ¢,—4). Otherwisen = g, + & > ¢, + ¢n—4 = Gn+1, Which is
a contradiction. Ifr = 0, thenm = ¢,, can be legally decomposed using the greedy algorithm and

we must add 1 to our count. #f is to have a successful legal greedy decomposition then sb mu
14



L] g ] Pn |

1 1| 1 100.0000
2 2| 2] 100.0000
3 3| 3| 100.0000
4 4| 4 100.0000
5 5| 5| 83.3333
6 7| 7| 87.5000
7 9| 10| 90.9091
8| 12| 14| 93.3333
9 16| 19| 95.0000

10| 21| 25| 92.5926
11| 28| 33| 91.6667
12| 37| 44| 91.6667
13| 49| 59| 92.1875
14| 65| 79| 92.9412
15| 86| 105| 92.9204
16| 114| 139|| 92.6667
17| 151|184 92.4623
TABLE 2. Values of the first few terms af,, h,, andp,.

x. Hence it remains to count how manye [1, ¢,_4) have successful legal greedy decompositions,
but this is justh,,_5. Combining these counts finishes the proof. O

We now prove the greedy algorithm successfully terminaiea positive percentage of integers,
as well as fails for a positive percentage of integers.

Proof of Theorerh 1.13Instead of solving the recurrence [n_(4.1), it is easier tajle= h,, + 1
and first solve

In = Gn-1+ 9n-s, gr = k+1forl <k <5. (4.2)
The characteristic polynomial for this is
Pt =1 =0, or (P —r—1@F*—r+1). (4.3)
By standard recurrence relation techniques, we have
On = CIA] + CoAy + -+ - + AL, (4.4)

where

~ 1.32472 (4.5)

N, = - |22 2V T
=312 9 32/3

is the largest root of the recurrence igr(the other roots are at most 1 in absolute value).
By Propositioi 2.4 we have

| <27 3¢@>”‘°”+ (4 (9+v69))"”*

n = A} + oAy + as)y, (4.6)

where\;, Ay, A3 are the same as in Equatidn (4.4) and~ 1.26724.
We must show that; «; # 0, as this will imply thaty,, andg, both grow at the same exponential

rate. Asg, > 2¢,_s impliesg, > ¢2"/° we have thay,, is growing exponentially, thus, # 0.
15



Unfortunately writinge; in closed form requires solving a fifth order equation, big tdan easily
be done numerically and the limiting ratig, = 4, /(¢,+1 — 1) can be approximated well. That
ratio converges t%)\% ~ 0.92627. O

4.2. Greedy-6 Decomposition.

Lemma4.2.For¢ > 1+ 5k andk > 0, we havey, + qo—5 + - - + qo_sr < Qos1.
Proof. We proceed by induction ol For the Basis Step, note

Qe+ qe—5 < Q-+ qe—a = QGe41- (4.7)

For the Inductive Step: By inductive hypothesis and themenice relation stated in Theorém]1.7,
Qe+ (qes + -+ qesk) < @+ Q-4 = Qes1, (4.8)
completing the proof. O

Proof of Theorerh_ 1.15-or the first part, we verify that ifn < 151 = ¢;7 the theorem holds.
Definel,, := [¢n, ¢us1) = [Gn, Gnr1 — 1]. Assume for allm € U?;llfg, m satisfies the theorem.
Now considern € I,. If m = ¢, then we add done. Assume = ¢, + = with x > 0. Since
Gn+1 = Qn + qn_a, We knowz < g¢,_4. Then by the inductive hypothesis we know theatisfies
the theorem. Namel¥(z) = g, + qx, + - - - + qx, IS @ FQ-legal decomposition which satisfies ei-
ther Condition (1) or (2) but not both. Théltm) = ¢, +qx, +qx, +- - - +qx, and lastlyn —k; > 5.

For the second part, let = q,, +q, +- -+ q¢,_, + q,, b€ a decomposition that satisfies either
Condition (1) or (2) but not both. Note that in both casess ttecomposition is legal. =1,
thenm is a Fibonacci Quilt number and the theorem is trivial. So esuaet > 2. Hence by
construction of the sequence,is not a Fibonacci Quilt number.

LetG(m) = qx, + qr, + -+ + qr.. Note thats > 2. For contradiction we assume the given
decomposition is not the Greedy-6 decomposition. Withoss lof generality we may assume
qe, 7 qr, - Sincegg, was chosen according to the Greedy-6 algoritm< gy, -

Case 1 Using Lemma4]2,
m = qu+tqu+t -+t <t a5t T an-se-1) < do < gy <mo (4.9)
which is a contradiction.
Case 2 Again using Lemma4l2,
m = qf1 +q£2+”‘+qft72 +Q4+Q2 = qf1 +q£2+”‘+qft72 +Q5+Q1

< Qo Qo5+ F Ges50-2) T Q1

< qou+1t Qi

< Ot @

< m (4.10)
which is a contradiction. O

In order to prove Theorem 1.6 we will need several relatigpss between the terms in the

Fibonacci Quilt sequence. The following lemma describeséhrelationships.
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Lemma 4.3. The following hold.

Q) If n > 7,then2q, = Guio+ Gn_s-
(2) If n > 8,theng, + gn—2 = Gui1 + Gu_s-
(3) If n > 10, theng, + ¢u—3 = Gnt1 + Gn-s-

Proof. The proof follows from repeated uses of the recurrenceiogisistated in Theorem 1.7:

2Qn = Gn+ Gn-1+ Q-5 = Gni2 T Gn_s, (411)
On T+ qn-2 = Gn t+ qn-a + G5 = Gni1 + Gn_s, (412)
and
Gn + Q-3 = Gn+ Qv+ Gn-3 — Gn-a = Qnt1 + qn—s. (413)
U

Proof of Theorerh 1.16The proof follows by showing that we can move frd@m) to G(m) with-
out increasing the number of summands by doing five types @&sdl hat the summation remains
unchanged after each move follows from Lenima 4.3 and The@@m

(1) Replaceq, with ¢,2 + ¢,_5 (forn > 7). (If n < 6, replace2qs with g5 + ¢ , replaceqs
with ¢; + ¢,, replace2q, with ¢ + ¢;, replace2qs with ¢5 + ¢, replace2q, with ¢4, and
replace2q; with g,.)

(2) Replacey, 1 + ¢,_2 With ¢, 1 (for n > 5). In other words, if we have two adjacent terms,
use the recurrence relation to replacen(K 4, replaceyg; + ¢, with g5 and replace, + ¢;
with ¢3.)

(3) Replacey, + ¢,—2 With ¢,,+1 + ¢,,—5 (for n > 8). (If n < 7, replaceyg; + ¢ with gs + ¢o,
g6 + g4 With g7 + g2, ¢5 + g3 With ¢7 + ¢1, g4 + g2 With g5 + g1, andgs + ¢; with ¢4.)

(4) Replacey, + g,—3 With ¢, 11 + g,—s (for n > 10). (If n <9, replacegy + gs With g1 + g,
gs+qs With go+q1, g7+qa With gs+q1, g6+ With g7 +q1, g5 +¢2 With g6, andg,+q¢; with gs.)

(5) Replacey, + ¢,_4 With ¢,,1 (for n > 6). In other words, if we have two adjacent terms,
use the recurrence relation to replace.

Notice that in all moves, the number of summands either dsee by one or remains un-
changed. In addition, the sum of the indices either decssas®mains unchanged. There are three
situations where neither the index sum nor the number of samdsdecreaseg + ¢3 = ¢7 + ¢1,
qs + 2 = q5 + q1, and2q3 = ¢5 + ¢;. But in these situations, the numbergf ¢4, g3, ¢» decrease.
Therefore this process eventually terminates becausedes sum and the number of summands
cannot decrease indefinitely.

Letm = qy, + qe, + -+ + q,_, + q¢, be the decomposition obtained after all possible moves.
Each move either decreases the number of summands or replacsummands with two that are
farther apart in the sequence. In fact, closer examinafitimeomoves reveal§ — ¢;_; > 5 except
maybe/;_, = 5 and/; = 1.
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If /,_, = 5and/; = 1, replacegs + ¢ with g, + ¢.. By Theoreni 1.15 this is the Greedy-6
decomposition ofn. O

APPENDIXA. GENERALIZED BINET FORMULA FOR (s, b)-GENERACCI SEQUENCE

We now prove the Generalized Binet Formula for theh)-Generacci sequence. The argument
is almoststandard, but the fact that the leading coefficient in thanmretice relation is zero leads to
some technical obstructions. We resolve these by firstipgssia related characteristic polynomial
where the leading coefficient is positive (and then Permmb&nius arguments are applicable), and
then carefully expand to our sequence.

Proof of the Generalized Binet Formula in Theorflem IT8e recurrence in (1l.2) generates the char-
acteristic polynomial

BT _gsb _p = 0. (A1)
Lettingy = 2° in (A1), we are able to pass to studying

qy) = vy’ —y*—b =0 (A.2)
The polynomial(y) has the following properties.

(1) The roots are distinct.
(2) There is a positive rootsatisfyingr > |r;| wherer; is any other root of(y).
(3) The positive root described in (2) satisfies> 1 and is the only positive root.

To prove property (1), consider

q(y) = (s+1Dy*—sy* " = (s+ 1)y (y — j 1) : (A.3)

If a repeated rooy exists theny(y) = ¢'(y) = 0. Clearly,y = 0 is not a root, s@; = < 1.

In this case,

s+1

s \° s
() () < "

which is a contradiction asis a positive integer.

Property (2) follows from the same argument used in the ppb®dheorem A.1 in[BBGILMT],
or by using the Perron-Frobenius Theorem for non-negatigducible matrices.

Furthermore, since the roetsatisfiesr*(r — 1) = b andb > 0, necessarilyr > 1. Now,

q(0) = =b, q(r) =0, ¢(y) < O0fory < eril and¢'(y) > 0 fory > eril implies that
q(y) > 0 forall y > r. Hencey is the only positive root of(y), completing the proof of property

3).

Let w; > 0 be chosen so that? = r, and let the (distinct) roots of (A.2) be denoted by
wh wh, ... Wb, wherew] > 1is the only positive root and? > |w!|, forall j = 2,...,s+ 1.
For convenience, we arrange the roots so &ffat- [w3| > --- > |w?, |. Then the roots of (Al1)
are given by

b—1 b—1 b—1
w1, wlgb, ey wlﬁb , W, UJQC[), ceey WQCb g ooy Wetds w8+1(b, ey ws+1Cb s (A5)
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2w . . - . . . .
where(, = e is a primitive b root of unity. Now, using standard results on solving linear
recurrence relations (see for example [Gol, Section 3tAp,»" term of the sequence has an
expansion

b—1 s+1 s+1 b—1
an =YD anwigh)" = (Z Qyj f”) w?, (A.6)

k=0 j=1 J=1
for some constants;, ;.
Forn=¢b+v, v=0,1,...,b—1,

Y = (MG = GF, foranyk. (A7)
Thus
s+1 b—1 s+1
App+v = Z( A, j :k> (W?)Zw;'} = ch(W?)ga (A.8)
j=1 k=0 j=1
b—1
wherec; = w! Y "oy % forj=1,... s+1.
k=0

Note thate; must be a real number, as otherwisg,, is non-real for large (sincew®* > 0
is the dominant term in the expansion). The final step is to@tbatc; > 0. If ¢; < 0, then

for large/, ag., < 0 (again sincest* > 0 is the dominant term in the expansion). clf = 0,
s+1

thenag.,, = Z cjwﬁe, wherem is the smallest index greater than 1 such that 0. Then the
j=m

dominant term in the expansionig’, where, by property (3) of the polynomigly), the root.?  is
either negative or complex non-realulf < 0, thenw? alternates in sign which violates, ., > 0
for all £. If w? is complex nonreal, then® is not always real, again violating,,, > 0 for all £.

Thus,c; = 0 forall j > 1, and since:; = 0 this implies thati,, = 0, a contradiction. O
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