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ABSTRACT. Kossovsky recently conjectured that the distribution of leading digits of
a chain of probability distributions converges to Benford’s law as the length of the
chain grows. We prove his conjecture in many cases, and provide an interpretation in
terms of products of independent random variables and a central limit theorem. An
interesting consequence is that in hierarchical Bayesian models priors tend to satisfy
Benford’s Law as the number of levels of the hierarchy increases, which allows us to
develop some simple tests (based on Benford’s law) to test proposed models. We give
explicit formulas for the error terms as sums of Mellin transforms, which converges
extremely rapidly as the number of terms in the chain grows. We may interpret our
results as showing that certain Markov chain Monte Carlo processes are rapidly mixing
to Benford’s law.

1. INTRODUCTION

The distribution of leading digits of numbers in data sets has intrigued researchers
for over 100 years. Using scientific notation (base ), for any z > (0 we may write
v = Mp(x)B*, where k € Z and Mp(x) is the mantissa of x base B. We say the
data follows Benford’s law if the probability of having a mantissa of at most s is log s.
This implies that the probability of observing a first digit of d base B is logg (1 + 1/d);
in particular, about 30% of the time the first digit is 1 base 10 (and not 11% as one
might naively guess). Many systems are known to satisfy Benford’s law. Examples
include recurrence relations [BrDu], n! and (Z) (0 < k < n) [Dia], iterates of power,
exponential and rational maps [BBH, Hi2], values of L-functions near the critical line
and characteristic polynomials of random matrix ensembles [KonMi], iterates of the
3z + 1 Map [KonMi, LS] and differences of order statistics [MN], to name a few. In
addition to arising in a variety of mathematical settings, Benford’s Law surfaces in
diverse fields, from atomic physics [P] to biology [CLTF] to geology [NM] to the stock
market [Ley]. Applications range from detecting fraud in accounting [Nigl, Nig2] and
social sciences [Me] to determining optimal ways to store numbers (see page 255 of
[Knu] and [BH]). See [Hil, Rai] for a description and history of the subject, and [Hu]
for a detailed bibliography of the field. In this paper we show how Benford’s law arises
in chains of probability distributions and hierarchical Bayesian models. This allows us
to construct tests (based on Benford’s law) of certain models. We may interpret our
results as saying that in many Markov chain Monte Carlo problems, the distribution of
first digits of the stationary distribution satisfies Benford’s law, and the chain has rapid
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mixing (i.e., few iterations are required to have excellent agreement with Benford’s
law); see Remark 1.6 for additional comments.

Since the early work of Newcomb [New] and Benford [Ben], there have been nu-
merous theoretical advances as to why various data sets and operations yield Benford
behavior. One reason for the immense amount of interest generated by this law is the
observation that, in many cases, combining two data sets yields a new set which is closer
to Benford’s law (see for example [Ham]). A common example is street addresses. If
one studies the distribution of leading digits on a long street, the result is clearly non-
Benford; depending on the length of the street, the probability of a first digit of 1 can
oscillate between 1/9 and 5/9. However, if we consider many streets and amalgamate
the data (as Benford [Ben] did), the result is quite close to Benford’s law. We may
interpret the above as first choosing a street length from some distribution, so the street
addresses say are integers in [1, X| for some random variable X. Then for each choice
of X we study the distribution of the leading digits on that street, and then calculate the
expected frequencies as X varies.

In [Ko], A. Kossovsky suggested such an interpretation and proposed that general-
izations of the above procedure will rapidly lead to convergence to Benford behavior.
Explicitly, he studied the distribution of leading digits of chained probability distribu-
tions, and conjectured that as the length of the chain increases then the behavior tends
to Benford’s law. In this note we quantify and prove some of his conjectures; see [Ko]
for a complete description of his investigations. Let D;(#) denote a one-parameter dis-
tribution with parameter 6 and density function fp,); thus by X ~ D;(f) we mean

b
Prob(X € [a,b]) = / Ipi0)(x)dx. (1.1)

We create a chain of random variables as follows. Let p : N — N. Let X; =
D,1y(1) and define X, inductively by X, ~ Dpn)(Xin—1). Computer simulations
and other considerations led Kossovsky to conjecture that if our underlying distribu-
tions are ‘nice’, then as n — oo the distribution of the leading digits of X,, converges
to Benford’s law, and further that if X; is Benford then X, is Benford. Note that our
example of street addresses is just a special case with a chain length of two and uniform
distributions. Another way of stating our results is that for certain Markov chain Monte
Carlo processes, Benford’s law is absorbing for the distribution of first digits (and in
fact the system is rapidly mixing as well).

We prove his claims in several cases, providing a partial answer to which distributions
are ‘nice’.! Before stating our results, we first discuss some important consequences.
Returning to our street example, we see we may reformulate it in terms of a Bayesian
model (see [Ber] for more details). In Bayesian models we have some data (say x)
whose values depend on a parameter (say (3, called the prior). Thus there are two densi-
ties, that of the data (which depends on [3) and that of the prior. In our situation, x would
be the street address, drawn from a uniform distribution on say [1, (3], and then 3 would
be drawn from some distribution modeling how street lengths are distributed. One can

IThe conjecture may fail if we chain arbitrary parameters of arbitrary distributions. A good test case
is to consider chaining the shape parameter  of a Weibull distribution: f(z) = 27~ !exp(—x7) for
x > 0. The difficulty with numerics here is that very quickly we end up with a shape parameter very
small (say less than 10~2°), and thus the numerics become suspect.
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of course consider more involved models where the prior depends on a hyperparameter
drawn from a different distribution (and so on). These are called hierarchical Bayesian
models, and in this setting we again encounter chains of distribution, where the number
of chains is basically the number of levels.

One of the major problems in Bayesian theory is to justify the choice of the prior.
Many ideas have been proposed (for example, Jeffrey’s prior, conjugate priors, empir-
ical Bayes, hierarchical models). In putting priors on hyperparameters, we often make
our prior more “diffuse”, so to speak, or less informative. Our main result says that,
in many cases, a non-informative prior in this hierarchical sense leads to sample data
closely approximating Benford’s Law; further, in many situations a Benford prior might
be the true non-informative prior, rather than classic approaches which are essentially
variants on the uniform distribution. Our results can thus be used as a data integrity
check in this situation.

We introduce some notation and then state our main results. By Err (z) we mean
an error at most z in absolute value. Let f(x ) be a continuous real-valued function on
[0, 00). We define its Mellin transform, (M f)(s), b

(M / fz (1.2)

Note (M f)(s) = E[z*!], and thus results about expected values translate to results on
Mellin transforms; for example, (M f)(1) = 1 for any distribution supported on [0, c0).
If g(s) is an analytic function for RRe(s) € (a, b) such that g(c+iy) tends to zero uni-
formly as |y| — oo for any ¢ € (a,b), then the inverse Mellin transform, (M~'g)(z),
is given by
. 1 c+1i00
- = — —*d 1.3
M) = oo [ g 13
(provided that the integral converges absolutely). If we set g(s) = (Mf)(s) then
f(z) = (M~1g)(z). We define the convolution of two functions f; and f, by

hete) = [ 8 () a0 = [CA(G) AOT s

The Mellin convolution theorem states that

(M(frx f2))(s) = (MFi)(s) - (Mf2)(s), (1.5)
which by induction?® gives
(M(fro--x fu))(s) = (Mfu)(s) - (MFn)(s). (1.6)

See Appendix 2 of [Pa] for an enumeration of properties of the Mellin transform.?
Our main results are the following:

2As (Mf)(s) = E[z*"], we may re-interpret the following in terms of products of independent
random variables; see also Remark 2.3.

S we let z = ™ and s = o — i€, then (M [)(c — i€) = 2m [*_(f(e?™)e2 o) e=2miuédy,
which is the Fourier transform of g(u) = 27 f(e*™*)e?™ . The Mellin and Fourier transforms as thus
related; in fact, it is this logarithmic change of variables which explains why both enter into Benford’s
law problems. For proofs of the Mellin transform properties one can therefore just mimic the proofs of
the corresponding statements for the Fourier transform; a good reference is [SS].
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Theorem 1.1. Let {D;(0)};c; be a collection of one-parameter distributions with asso-
ciated densities [p,g) which vanish outside of [0,00). Letp : N — I, X1 ~ Dp(1),
X ~ Dpim)(Xom—1), and assume

(1) for each m > 2,

fm(Tm) = /0 po(m)(l)( o )fm—l(xm—l)dxml (1.7)

Tm—1 m—1

where f,, is the density of the random variable X, (see Lemma 1.2 for examples
where this condition is satisfied);
(2) we have

= T 2mil

li M 1— = 0. 1.8

i 3 [T (1555 ) o
o

Then as n — oo the distribution of leading digits of X,, tends to Benford’s law. Further,

the error is a nice function of the Mellin transforms. Explicitly, if Y,, = logg X, then

|Prob(Y,, mod 1 € [a,b]) — (b —a)|

= 2mil
< (-a)-| > [TMfp,0) (1‘1og B) : (1.9)

l=—00 m=1
L#£0

If I is finite and all densities are continuous, then the second condition holds.

The second condition in Theorem 1.1 is extremely weak, and is typically satisfied
in all examples of interest. For example, assume [ is finite and all the densities are

continuous. Then for ¢ # 0 we have rapid decay (in /) of ‘( M po(m>(1)) (1 _ ligié )

this is because our expression is equivalent to taking the Fourier transform of a related,
continuous function at ¢/ log B, which by the Riemann-Lebesgue lemma tends to zero
as |¢| — oo. With some work, we can construct a pathological infinite family of distinct
densities where this product condition fails; see [MN] for the details. Note that for any
density f we have (M f)(1) = 1. This is why in (1.8) we sum only over ¢ # 0; the
¢ = 0 term is always 1, and gives the main term term. Frequently this sum tends to zero
very rapidly with n; we give some explicit examples in §3.

The first condition is more serious, and thus we give a few non-trivial examples where
it holds.

b

Lemma 1.2. Assume the density fp, @) (x) = 0" f(x/0) for some f (with antideriv-
ative F). Let X,,_1 have density f,_1 and let X,, ~ Dpun)(Xm—1). Then (1.7) is
satisfied for X,,. Examples include
o Let Dyyi¢(0) be the uniform distribution on [0,0] (thus fp,, e (x) = 1/0 for
x € [0, 0] and 0 otherwise);
o Let Doy, (0) be the exponential distribution with parameter 0 (thus fp,. ) (r) =
0=t exp(—x/0) for x > 0 and 0 otherwise);
® Digauss| (0) be the density of |W | where W ~ N(0,0//2) (thus ID ey (@) (T) =

(2/V702) exp(—(2/6)?) if = > 0 and 0 otherwise).
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Thus we see that fixing all the parameters but the standard deviation always gives a
density satisfying the conditions.

Proof. We calculate the density f,,, of X,, by differentiating the cumulative distribution
function F,,:

Fo(zn) = / Prob(X,, < | Xm-1 = p—1)Prob(X,,—1 = p_1)dx,—1

m—1:0

= / PrOb(Xm < xm|Xm—1 = xm—l)fm—l(xm—1>dxm—1

m—le

- /x:o_lo [/j: d <x,j_1> mit_l} i1 (@m—1)dm—y

= /OO F ( tm ) fmfl(xmfl>dxmfl
Tm—1=0 Tm—1
o) = [T () fsond

m_1=0 Tm—1 Tm—1

o0 . dz,._
= / iof (xx 1) Fn1(Tm1) ; 711. (1.10)

We state two important special cases of Theorem 1.1.
Corollary 1.3. Let the notation be as in Theorem 1.1, and assume all conditions there
are satisfied.

e Ifp(m) = 1 for all m (in other words, if we always use the same distribution),
then

Prob(Y,, mod 1 € [a,b]) — (b —a)

o0

< (b-a)-| > ((prl(l)) (1—1?;22))n . (1.11)

{=—o00

0£0

o Let Dyens g be the distribution with density

L ifzec[1,B
fBenf,B(x) = {mlogB [ )

0 otherwise.

(1.12)
Note if X ~ Dgent,p then X is Benford base B (this follows by direct integra-
tion). If Dp(1)(1) = Dgent,p then for all n, X, is exactly Benford base B.

Finally, we give a simple generalization of Theorem 1.1.

Corollary 1.4. Notation and conditions as in Theorem 1.1, for each m > 1 let r(m) be

a non-zero integer. Let now X, ~ Dy, (X:,fz_l)). Then the results of Theorem 1.1
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still hold, except now |Prob(Y,, mod 1 € [a, b]) — (b — a)| is at most

b—a)- > []Mf,..0) (1—%) : (1.13)

t=—o00 m=1
00
Remark 1.5. In Corollary 1.4 we could take r(m) € Q — {0}, and the proof would
follow similarly. We chose to take r(m) € Z — {0} as then the claim in Corollary 1.3
also holds.

We prove our main results in §2, and comment on some alternate interpretations of
our results. In particular, we show we may interpret our results in terms of the dis-
tribution of products of independent random variables, which has been connected to
Benford’s law by many authors (see the description and references in [MN] for addi-
tional details).

Remark 1.6 (Connection with rapidly mixing Markov chains). One of our goals in this
work is to demonstrate the ease of using the Mellin transform to obtain rapidly converg-
ing estimates on deviations from Benford’s law. To this end we give some examples in
§3 where we only use one distribution in the chain, obtaining very rapidly converging
(in n) bounds. For many distributions, the associated Markov chains rapidly converge
to a stationary distribution. It is of great interest to obtain estimates on the rate of con-
vergence. Our results allow us to deduce such bounds in terms of the Mellin transform.
Further, our results hold for a large class of underlying distributions; in particular, it is
not necessary that the Markov chain converge to a stationary distribution. For more on
Markov chains and convergence, see [DS-C, Has, MR, MRRTT, Ran, Sinl, Sin2].

The proof of Corollary 1.4 follows from Theorem 1.1 and a lemma on the Mellin
transform of the density of X:,le_l), which we give in Appendix A. This is but one of
many possible generalizations which can readily be studied using our methods.

Our results immediately apply to the situation of hierarchical Bayesian models with
each variable depending on just one other variable. Thus we have established a con-
nection between this field and Benford’s Law. In particular, we see that when there are
many levels then the observed sample values should approximately follow Benford’s
law, and thus these simple digit frequency tests can be used to test some detailed as-
sumptions about hierarchical Bayesian models. In practice there is excellent agreement
with Benford’s law even when there are few levels; see the examples in §3 for explicit
bounds from uniform and exponential chains as well as examples where such chains
may arise. In future work we plan to explore the case of chaining several variables,
in order to handle the most general situations; for example, in addition to varying the
scale, we will investigate the effects of changing the shape parameters of a distribution
(such as the exponent in a Weibull family).

2. PROOF OF THEOREM 1.1

We first prove Theorem 1.1, and then show how Corollary 1.3 follows.
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Proof of Theorem 1.1. We first calculate f,,, the density of X,,. The basis case is clear,
and for the inductive step we note

dx,_
/ fDP(n) < 1) fn 1(1'” 1); - = (po(n)(l)*fnfl)<xn)- 2.1)

n—1
By the Mellin convolution theorem and induction we have

(MFa)(s) = (M(fp,, 0 * fa1))(s)
= (Mfop<n) ))(8) - (Mfn1)(s)

= (M fp, 1)) (5)- 22)

m=1

By the Mellin inversion theorem we find

i = (s (fimoo))er @

m=1

To investigate the distribution of the digits of X, (base B) it is convenient to make a
logarithmic change of variables. Thus set Y,, = logz X,,. We have

Prob(Y, <y) = Prob(X, < BY) = F,(BY). (2.4)
Taking the derivative gives the density of Y,,, which we denote by g,,(y):
gn(y) = [u(B*)B"log B. (2.5)

A standard method to show X,, tends to Benford behavior as n — oo is to show that
Y,, mod 1 tends to the uniform distribution on [0, 1] (see for example [Dia, MT-B]). This
can be seen from the following calculation. The key ingredient is Poisson Summation.
While the argument is similar to that in [KonMi], the resulting expressions are not in the
form considered there, and we thus cannot simply quote their results (though a trivial
modification of that argument suffices). Let h,, ,,(t) = gn(y + t). Then

Z gn y+£ Z hny = Z Z 627”y£A £ (26)

l=—o00 f=—o00 f=—00 f=—00

where fAdenotes the Fourier transform of f:

— / h f(x)e ™8 dy, .7)
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Letting [a, b] C [0, 1], we see that

% pbil
Prob(Y,, mod 1 € [a,b]) = Z / gn(y)dy
f=—oc Y att
= / Z guly + O)dy
4 f=—00
= / TG, () dy
¢ f=—00
= b—a+Ermr ((b —a)) |§n(£)|) . (29)
(0

Note that since g,, is a probability density, g,(0) = 1. The proof is completed by
showing that the sum over / tends to zero as n — oo. We thus need to compute g,,(¢):

0O = [ mle ey
= /OO fn(By>By log B. 6727riy§dy
— /OO fn(t)t727rz£/ log Bdt
0
_ 2mi€
= M) (1 B log B>
o 2mi€
— nl__[l(/\/lfpp(m)u)) <1 — logB) . (2.9)

Substituting completes the proof. U

Remark 2.1. If f is a continuous density function, then (M f) (1 — 1?)7;1‘; ) < 1lif¢ #0.

This is because f(x) is non-negative and

(M) ( 1207m§3> / F(t)e2mE08s gy, (2.10)

note the integral is clearly at most fo (t)dt = 1 (since f is a density) and in fact
is less than this because of the oscillation due to the exponential factor. As || grows
this integral tends to zero rapidly. This follows from our assumption that the Mellin
transform is a nice function, and indicates that we have rapid convergence if all the
distributions in the chain are equal. An alternate proof of the decay in |£| is to note

that (M f) < - igzﬁ ) is the Fourier transform of g(u) = f(e*)e" at &/ log B, and this

B
tends to zero by the Riemann-Lebesgue lemma.

The above proof suggests the following:

Corollary 2.2. Let 0 be a permutation of N (thus o is a 1-1 and onto map from N to
N). Assume all conditions in Theorem 1.1 hold for both some map p : N — N (with the
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chained random variables X,,) and p o o : N — N (with the chained random variables

)?mz If{p(1),...,p(n)} ={p(c(1)),...,p(c(n))} then the density of X,, equals that
of X,.

Proof. The proof is immediate, and follows from the commutativity of multiplication
in the expansion for the density f,, in (2.3). O

Remark 2.3. The proof of Theorem 1.1 suggests another interpretation. Namely, the
density of X,, is exactly that of the density of 21 - - - =, where the =, are independent
random variables with =,,, ~ Dy.,y(1). For example, the density of the random variable
=1 - =9 is given by

dt
/ po(z po(l)(1)< ) (2.11)

(the generalization to more products is stralghtforward ). T0 see this, we first calculate
the probability that =, - 25 € [0, 2| and then differentiate with respect to x. Thus

Prob(Z; -2, € [0,2]) = / Prob (Eg € [O, %D fo,0m (t)dt
t=0
> T
= /t_o Fp,,0) (;) I, ()dt. (2.12)
Differentiating gives the density of =, - =, which equals
dt
/ fDP(2) 1) po(1) )(t)? (213)

Thus the convergence to Benford behavior of X, is equivalent to the convergence to
Benford behavior of the product of n identically distributed random variables. This
is basically the central limit theorem for random variables modulo 1 (see for example
[MN]), and thus yields an alternate proof of this important result (at least in this special
case). Note this also gives another explanation for Corollary 2.2.

Proof of Corollary 1.3. The first part follows immediately from Theorem 1.1. For the
second claim, we need the Mellin transform of fpen¢ 5:

(MfBenf,B)(S) = / fBenfB xd%

— S— 2d
logB/1 v

B 1 ifs=1 (2.14)
oo s ifs#1 '
Thus

2wl 1 if¢=0
en: 1— - . 215
(M f’B)( logB) {0 if0£ (e, (2.15)

Earlier we showed

(ML) (s) =[] M, m)(s). (2.16)

m=1
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We are assuming that Dp,(1)(1) = Dpent,, and thus when we evaluate at s = 1 — —ligié

with ¢ € Z, the only term which survives is when ¢ = 0. From the proof of Theorem
1.1 we have

Prob(Y, mod 1 € [a,b]) = b—a+ Err ((b —a)y |§n(4)|) . (2.17)
00
where Y,, = logg X,, and
N B 2mig
() = M£) (1- 2% @19

note X, is Benford base B if and only if Y, mod 1 is the uniform distribution. As
gn(0) = 0if 0 # £ € Z (from evaluating the Mellin transform of f;), we obtain that

Prob(Y,, mod 1 € [a,b]) = b— q; (2.19)
thus X, is Benford base B for all n. |

Remark 2.4. Note that, unlike the other theorems, we have Benford behavior for a
finite value of n; there are no error terms. Further, by Corollary 2.2, we obtain that X,
is exactly Benford base B if for some m < n we have X,,, ~ Dgent,5(Xm—1).

3. EXAMPLES

We give two explicit examples of the types of rapidly converging error estimates
easily obtainable from these methods. The first example is chaining exponential distri-
butions. Many processes have wait times governed by a Poisson or exponential distri-
bution; thus applications of these results could be to more involved processes where the
wait time parameter depends on another process. For our second example we consider
chaining uniform distributions. Our street example gives one instance where this could
arise, namely when we choose uniformly among options of varying size.

3.1. Chains of the Exponential Distribution. Let X; ~ Exp(1) (the standard expo-
nential distribution) and X,, ~ Exp(X,,_1), and set Y, = logg X,,. By Theorem 1.1
we know that as n — oo the distribution of digits of X,, tends to Benford’s law; we now
bound the error term. We need the following two ingredients:

e the Mellin transform of the standard exponential function (which we denote by
fexp) 1s the Gamma function:

/Ooexp(—:c)x51dx = I'(s). 3.1)
0

2mil 2mil
(M foxp) (1 ~ g B) =T (1 s B) . (3.2)

(1 +iz)| = +/7x/sinh(rx). (3.3)

Thus

e forreal z,
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Substituting these into Theorem 1.1 (or Corollary 1.3) gives

o0

2120/ log B n/2
Prob(Y, mod 1 € [a,0]) = b—a+Erm ((b —a) Z (sinh(Zﬁéﬁ/ log B)) 7
=1

(3.4)

or equivalently the probability that the mantissa of X, is in [1, s] is

s 2720/ log B n/2
logp s + Err <logB s Z (sinh(27r2€/ log B)) . (3.5)
=1

As sinh(x) grows exponentially in x, we see the above sum converges rapidly (i.e., the
large ¢ terms are immaterial), and the error term decreases rapidly with n.

If we take B = 10 we find the difference between the probability of observing the
mantissa of X, in [1, s] and the Benford probability of log s is at most .0033 log s if
n = 2,.00019logy s if n = 3, .000011logy sif n = 5 and 3.6 - 1073 log 5 s if n = 10.
If B = 10 then for all / > 1 we have exp(27%(/log 10) — exp(—27%¢/log10) >

20000 6xp(272¢/ log 10). Thus the error term is bounded by

10001

1 N 17.148¢ v < .057"1 (3.6)

0810 8 E _— : 0810 S- :
&10 = \ exp(8.57206() - 510

3.2. Chains of the Uniform Distribution. Let X; ~ Unif(0, k) (without loss of gen-
erality we may assume k& € [1,10)) and set X,, ~ Unif(0, X,,,—1). If P,(s) is the
probability that the base 10 mantissa of X, is at most s, then

k (log k)"! 1 -1
P,(s) = logyys + Err (; ( 01§(71)) + <2'9n T C<;L.)7n ) 2logy s) . 37

As the uniform distribution is so easy to work with, we sketch an alternate, more
explicit derivation; in fact, it was by generalizing this and the exponential case (which
involved properties of the Meijer GG-function) that led us to the proof of the general
case. One can prove by induction that

log" (k/xn)
= =—" 3.8
For the base case n = 2, since X; ~ Unif(0, k) we have
k
FQ,k(Jlg) = / Prob <X2 < xz‘Xl = .Tl) PI'Ob(Xl = xl)dxl
0
T2 k
= / PI‘Ob(XQ S $2|X1 = xl)% —|—/ PI‘Ob(XQ S $2|X1 = xl)%
0 T2
- O o T2
0 k: To ZE1 k
log(k
_ 22 meloglk/es) (3.9)

k k
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Differentiating yields

log(k/x
for(as) = —g(k/ 2), (3.10)
which proves the base case. The inductive step follows similarly.
We have
o0 5107 min(s,k)
Py(s) = > / For(n)da, + / Fose()d,,. (3.11)
=1 J10-¢ 1

Note for large n the contribution from the second integral is negligible, as the integrand
is bounded by (log k)"~! /(n—1)!, which tends rapidly to O for fixed k and increasing n.
We change variables by letting u = log(k/x,,). Thus du = —x, 'dz,, or dx, = ke “du.
Thus if we set

ule™  if >0
n(u) = I'(n) - 3.12
gn(u) {0 ifu <0, (3.12)

we find that

o0 log k+/£1og 10 log k—log(min(s,k))
P,(s) = Z/ gn(u)du —/1 gn(u)du,

I=—o0 ¥ log k+Llog 10—log s og k—log s

(3.13)

where g,,(u) = 0 for u < 0 allows us to extend the /-sum to all integers. The contribu-
(logk)n—!

RO We evaluate

tion from the second integral is negligible, as it is bounded by %
the main term by Poisson Summation. Thus

o0 log k+/¢log 10 1 n—1
P.(s) = Z /1 gn(u)du + Err (E%)

I——oo ¥ log k+Llog 10—log s S F(n)
ko k (log k)™~ !
= / Z gn(u + ¢log 10)du + Err (—&>
log k—log s = — oo S F(n)

= /110g10k i gn ((w+£)log 10) dw + Err (%%)

0810 k—108108 p— _ o

logg k > l n—1
= / Z P (€) log 10 dw + Err (E%) , (3.14)
1

0810 k—1og19 8 p— S F(n)

where hy, ., (t) = g,((w + t)/T) with T = 1/ log 10. We have written our sum like this
to facilitate applying the Poisson Summation formula. We have

[e.e]

0 (%) = 3 b0 = 3 ) = 73 i)

{=—00 {=—0c0 {=—0c0 {=—00
(3.15)

Recall that g, (u) is the density function for the Gamma distribution with parameter
n. Its characteristic function is well-known to be E[e”| = (1 — it)~"; thus its Fourier
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transform (which is E[e™2™]) is just g,,(t) = (1+2it)~". Therefore substituting (3.15)
into (3.14) and splitting off the contribution from ¢ = 0 yields

logyo k > ‘ omil \ " k (log k)"!
re) = || 2 e (reige) o (SR

0g10k—logios p—_

k (log k)1 = omil \ "
= log,, s+ Err <g%) + Err (ZQlogm(s) : (1 + og 10) > :

=1
(3.16)
The error term is easily analyzed. The contribution from ¢ = 1 is bounded by
(2.9)7"2log,, s, while the £ > 2 terms contribute at most
2logg s 2logy, s
€ "= —1 3.17
where
= 1
5) = —, Re(s) >1 3.18
C(s) ; 0 Jels) (3.18)

is the Riemann zeta function. Thus

k (log k)" | 1
Pu(s) = log,ys+ Err (g(oﬁ(g) + (2'971 + 5(2?771 ) 2logy, s) .(3.19)
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APPENDIX A. GENERAL POWERS OF RANDOM VARIABLES

Our main theorem considers a chain of random variables, where X,,, ~ D), (Xm—1)-
Our proof uses properties of the Mellin transform, and shows the equivalence of chain-
ing to products of random variables.

More generally, for each m let (m) be a non-zero integer. We consider now X, ~

Dpim) (X;L(Tl_l)). Our theorems generalize immediately to this case as well. The key

ingredient is the following lemma.
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Lemma A.1. Let W have density ¢, and for r € 7. — {0} let U = W have density 1),.
Then
1

vnlu) = i)'
e
(Mip)(s) = (M) (r(s —1)+1). (A.D)
In particular, taking s =1 — lig’é yields
2mil 2mird

)1 — = 1— . A2
i) (1- 25 ) = (Mo (13200 (a2)
Proof. We calculate the cumulative distribution function of U, and then differentiate to
get its density. We consider r > 0 (the case of r = —|r| < 0 is handled similarly). We

have
U, (u) = Prob(U < u) = Prob(W” <wu) = Prob (W <u!") = &(u/"),(A.3)

where @ is the antiderivative of ¢. Thus

Ue(u) = ¢( Yy u = (A4)

We now calculate the Mellin transform, again considering just the case of r > 0, as the
other case follows similarly.

(Mi,)(s) = /%(u)ud—“
= [ rewnyu et

— / ¢ trsl
- / sl = (Mo s 1)1 (AS)

the remaining claim follows by direct substitution. U

Remark A.2. For us, one of the most important consequences of Lemma A.l is that
when we evaluate the resulting Mellin transform at 1 — fjg”é we end up with the Mellin

transform of another density evaluated at 1 — % Thus our arguments from

before follow with almost no change; it is essential that the effect of replacing X,, 1
with X :,EZ_I) is only to change the imaginary part of where we evaluate. We could take
r(m—1) € Q — {0} or even R — {0} and the argument would still hold (but now the
second part of Corollary 1.3 would fail).
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