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ABSTRACT. Under the generalized Riemann Hypothesis (GRH), Baluyot, Chandee, and Li nearly
doubled the range in which the density of low lying zeros predicted by Katz and Sarnak is known to
hold for a large family of automorphic L-functions. Generalizing their results, we prove the Katz-
Sarnak demnsity predictions hold for the n-th centered moments for test functions whose Fourier
transform is compactly supported in (—o,0) for o = min {3/2(n — 1),4/(2n — 13,)}. For n = 3,
our results improve the previously best known o = 2/3 to o = 3/4. We also prove the two-level
density agrees with Katz-Sarnak when o1 = 3/2 and o2 = 5/6, respectively, extending the previous
best-known sum of supports o1 + o2 = 2. This work is the first evidence of a new phenomenon: by
taking different test functions, we extend the range in which the Katz-Sarnak density predictions
are known to hold. Our techniques have applications to understanding related quantities containing
sums over multiple primes.
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1. INTRODUCTION

The Katz-Sarnak philosophy |katz1; katz2| predicts that the distribution of zeros near the central
point of a family of L-functions ordered by their analytic conductor agrees with the distribution
of eigenvalues near 1 of a classical compact group depending on the symmetry type of the family.
Katz and Sarnak [katz1] introduced the one-level density to study these arithmetically important
zeros near the central point using smooth test functions.

Iwaniec, Luo, and Sarnak [ILS] studied the one-level density of the family of automorphic L-
functions associated to forms f lying in Hy(q), an orthogonal basis of Hecke eigenforms for the space
of cuspidal newforms of weight k, level ¢, and trivial nebentypus. Assuming the generalized Riemann
Hypothesis (GRH), they established agreement with the density predicted by Katz and Sarnak
for test functions whose Fourier transform is supported in (—2,2) as ¢ — oo through squarefree
integers. Later, [barrett| removed the squarefree condition. Recently, Baluyot, Chandee, and Li
[BCL| studied a larger family associated to forms in H(q) averaged over all ¢ < Q, i.e., ¢ < @ and
@ < q. For this family, [BCL| developed novel techniques, allowing them to prove agreement with
the density predicted by Katz and Sarnak as () — oo for test functions whose Fourier transform is
supported in (—4,4). This result almost doubles the previously best known support.

In addition to extending the support, more information about low lying zeros can be gained by
studying higher level densities. While the two-level density is tractable, e.g., see [MillerEC|, when
n > 2, the combinatorics involved require knowing the distribution of the sign of the functional
equation, which is beyond current theory. To this end, Hughes and Rudnick [hughesrudnick]
introduced a related quantity, the n-th centered moment of the one-level density. Like the n-level
density, this statistic studies n-tuples of zeros, yielding better bounds on the order of vanishing
at the central point. Assuming GRH for L(s, f) and Dirichlet L-functions, Hughes and Miller
[Hughes 2007| showed agreement between the Katz-Sarnak density predictions and the n-th
centered moment of the one-level density for the family of L-functions associated to f € Hy(q) for
weight k£ > n/2 and test functions whose Fourier transform is suppported in 0 = 2/n as ¢ — oo
through squarefree integers. When splitting this family by sign, [Hughes 2007| obtained support
o =min{l/(n —1),2/n}. Subsequent work by [10yearsmall| removed the k£ > n/2 condition and
extended the support to ¢ = 2/n when splitting by sign. Previous work shows that o = 2/n is a
natural boundary. A natural question to ask is whether the methods of [BCL| can be generalized
to extend the support for the two-level density and the higher centered moments.

We study the family of L-functions associated with f € Hy(q) averaged over ¢ < @ and show
that this is indeed the case. More precisely, we show the Katz-Sarnak philosophy holds for the n-th
centered moment of the one-level density as Q — oo for test functions whose Fourier transform
is supported in (—o,0) with ¢ = min{3/2(n — 1),4/(2n — 1y,,)}. Moreover, we show the two-
level density of the low lying zeros for this family agrees with the predictions of Katz and Sarnak
for test functions whose Fourier transform is supported in o1 = 3/2 and g2 = 5/6, respectively,
which sum to support 7/3 > 2, the previously best known result. Thus, we extend the range in
which the Katz-Sarnak density conjecture is known to hold. In generalizing the methods of Baluyot,
Chandee, and Li, we encounter several technical obstructions. Handling the spectral terms resulting
from the Kuznetsov trace formula requires distinct primes, and we use a combinatorial argument
to reduce our analysis to this case. To facilitate our application of the Kuznetsov trace formula,
we must add back the primes dividing the level of our forms, i.e., O(¢™ 17 log(¢)) many terms.
Consequently, when n = 1, bounding the contribution from these terms is trivial and follows from a
direct application of the Petersson trace formula; however, when n > 2, this step creates a material
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technical obstruction. For test functions with suitably restricted support, we are able to add back
these primes but fundamentally different techniques would need to be developed to remove this
restriction. It is only to handle the terms arising from this step that we require o < 3/2(n — 1);
hence by adding back the primes dividing the level using another approach, the techniques we
develop would allow one to prove that the density predicted by Katz and Sarnak holds in the
extended range 0 = 4/(2n — 19,). Extending the support beyond this point would require handling
the novel terms that arise from Fisenstein series coefficients. Here, terms emerging only when n > 2
introduce competing sign influences that thwart a key contour shift. As we cannot move the contour
past the critical line, this is a natural limit for these techniques.

To make our results precise, let f(z) = S°0 ¥;(n)(4mn)*/%e(nz) € Sk(q) be a holomorphic
cuspform with trivial nebentypus, even integral weight k > 4, and level q. If f is an eigenform of all
the Hecke operators and the Atkin-Lehner involutions |,W (¢) and |, W (Q)) for all the primes p | ¢,
then we say that f is a newform and if, in addition, f is normalized so that (1) = 1, then we
say that f is primitive (see |[Ono|). The space S}V (q) of newforms has an orthogonal basis H(q)
of primitive Hecke eigenforms; hence if we let Ay (n)n(k_l)/ 2 be the Hecke eigenvalue of f, then for
[ € Hp(q) we have that Af(n) = /nis(n). For each f € Hi(q), the associated L-function L(s, f)
is defined for R(s) > 1 by

Loy = 3220 - (1 M0 o)
n=1

. p? p
SII(- o) (- ey L)

where yq is the principal character mod ¢. Since f is a newform, L(s, f) can be completed and
analytically continued to the entire complex plane. Further, it has a functional equation with
root number €; = 1. Under GRH for L(s, f), the nontrivial zeros of L(s, f) are all of the form
pr = 1/2 4+ iy with v € R, and they occur in complex conjugate pairs. We let v¢(j) be an
enumeration of the imaginary parts of the nontrivial zeros of L(s, f) counted with multiplicity
where v¢(j) = —v7(—7), and v¢(0) appears if and only if e, = —1. See |IK] for a general reference
on automorphic forms.
Throughout, we let ® be an even Schwartz function whose Fourier transform

~ 0 0 .

B(a) = / B(t)e(—at)di — / B(t)e2mi gy (12)
—0o0 —0o0

is compactly supported. For the family of L-functions associated to forms f € Hy(q), the number

of zeros up to some fixed constant Tp is O(logq). As such, Katz and Sarnak defined the one-level

density as (see [katzl])

OD(f;®) = Z@(@logq). (1.3)

Due to the scaling by log ¢/27 and the decay of ®, the contribution of the nontrivial zeros of L(s, f)
whose distance from the central point s = 1/2 is O(1/logq) is weighted most heavily. Each L-
function has only a small number of zeros within this range, and thus in order to evaluate the
asymptotic behavior of such sums, we must introduce additional averaging over the family. For the
orthogonal family we study, the Katz-Sarnak density conjecture predicts that
i 1 1
Jim. RO Y 09(f;9) = / d(x) (1 + 250(33)) dz, (1.4)

feHr(q) >

o0
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where W (O)(z) = 1+ 380(z) is the distribution for the scaling limit of orthogonal groups O(N)
calculated by Katz-Sarnak |katzl| and do(z) is the Dirac delta distribution at = 0.

While proving the Katz-Sarnak conjecture is far beyond current techniques, results for certain
families have been obtained by restricting the support and introducing additional averaging. To
interface with spectral theory, it is useful to define the following harmonic average of a set of numbers

ny over f € Hy(q):

hooo k=1 ur
2 = e Z AP (15)

feHK(q) FeH(

where ||f]|? = fFo(q)\H |£(2)|?y*~2 dx dy denotes the squared Petersson norm of f. As in [BCL], we
introduce additional averaging over ¢ < ). Let ¥ be a non-negative, smooth function compactly
supported on (0,00) with ¥(0) > 0 and for any X, define the notation

Eq[X] := N(l@zq: < )fg:h , and (X)), = C}gxleQ[X] (1.6)
where
Zm( ) Zh (1.7)
JeHL(g

By the work of [Martin]|, since T(0) # 0, we have that N(Q) = Q. Baluyot, Chandee, and Li (see
Theorem 1.1 of [BCL]|) proved that for ® compactly supported in (—4,4),

(GD(f; D)), = / () (14—;50(30)) da. (1.8)

—00
For n > 2, let ®; be even Schwartz functions whose Fourier transform is compactly supported in
(—04,0;) and define the n-th centered moment of the one-level density to be

%(‘I’l,...,@n) = <ﬁ

=1

oo

O9(f,®i) = (OD(f, ‘I%‘)>*]> : (1.9)

Our main result is as follows.

Theorem 1.1. Assume the Riemann hypothesis, GRH for L(s, f), L(s,sym2f), and Dirichlet L-
Junctions, and the notation and hypotheses as above. Additionally, suppose that {o;: 1 <i<n} is

such that for any 1 <i<mn
3
o5 < 5 (1.10)

and for any partition of {1,2,...,n} into two sets A, B, either
d oi+3) o <4 or 3 oit+ Y o5 < 4 (1.11)
icA jEB icA jEB

3 4 .
PICEE m} for each i. Then

n/2

M(Dy,...,B,) = i;';'zn/ |91 1) (1) B (24 () s (1.12)

T€S, i=1

For instance, one may take o; = 0 = min{

As a corollary, we obtain the following result toward the Katz-Sarnak density conjecture.
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Corollary 1.2. Assume the Riemann hypothesis, GRH for L(s, f), L(s,sym?f), and Dirichlet L-
functions, and the notation and hypotheses as above. Let o1 = 3/2 and o9 = 5/6. Then the two-level
density satisfies

. . 00 . - 2 ~
<ZZ@1 <W>¢Q<W>> _ 2/00u|®1(u)¢>2(u)du+£[1(;q)i(())—i-fbi(()))

n#F+je * B
— B1®5(0) — 20, 2(0) + ODD &;P2(0), (1.13)

where ODD = ((1—€5)/2)+ denotes the proportion of forms with odd functional equation, agreeing
with the Katz-Sarnak density conjecture.

Remark 1.3. The novelty of this result lies in that the sum of supports can only be extended beyond
the known range by taking the test functions to be different. To the authors knowledge, this is the
first time choosing different test functions improves a density result.

We now sketch the proof of Theorem 1.1. An explicit formula (Lemma 2.10) allows us to convert
the above sum over zeros into a sum over primes, i.e., to the limit in Theorem 3.2. We then use
a delicate combinatorial argument coupled with induction on n to reduce to the case where all n
primes are distinct. Within this combinatorial argument, whenever the primes are not perfectly
paired, we either have at least three primes equal, in which case we extract decay from these terms
and reduce to a smaller case; or if some of the primes are distinct and the remaining ones appear
exactly twice, then we use Holder’s inequality to split the sums over distinct primes from the other
prime sums and appeal to a lower case. We require the primes to be distinct so that bounding the
spectral terms resulting from the Kuznetsov trace formula is tractable.

The work of [ng| allows us to convert a harmonic average over Hp(q) to a weighted sum of
averages over an orthonormal basis of Si(d) for all d | ¢q. Next, we apply the Petersson trace
formula to remove the dependence of our prime sums on gq. Then, we apply the Kuznetsov trace
formula and individually bound the resulting spectral terms. We next generalize the method of
[BCL] to higher centered moments to bound the holomorphic and discrete parts of the spectrum.
Our calculations in this section rely on choosing the orthonormal bases for the space of holomorphic
cuspforms and the space of Maass cuspforms developed in [Blomer]|.

In contrast, the methods developed in [BCL| to handle the contribution from the Eisenstein
series part of the spectrum are more difficult to generalize. Handling novel terms that arise in the
explicit calculations of the Fourier coefficients of Eisenstein series [Kiral| when there are multiple
primes requires detailed analysis. We split the primes into sets p, 0, q based on divisibility conditions.
We observe that these conditions imply the primes in p are all relatively small and hence easy to
bound. The primes in o produce novel terms arising only when n > 3. While they are also small,
bounding them is more difficult and requires greater insight. The primes in q do not divide the
level and their contribution is a natural limit for the support we obtain. In the case n = 1, these
terms are bounded using a contour shift. In the general setting, one cannot uniformly reduce the
size of ] P;/ 2kt using the complex part of the exponent. New terms that emerge from the Fourier
coefficients of Eisenstein series force us to handle all possible sign combinations on these exponents.
Further reducing the size of the exponents would require moving the contour beyond the critical
line, hence these competing signs are a clear limit for extending the method of [BCL|. We leverage
the lack of perfect sign pairings in these exponents to achieve an improvement for n odd.

In Section 2, we introduce our notation, the necessary background on automorphic forms, and
several preliminary results. Then, in Section 3, we detail the combinatorial argument which allows
us to reduce to bounding a sum over distinct primes. Next, in Section 4, we apply the Petersson
trace formula, truncate in the less important parameters arising from the conversion from Hy(q) to
a basis for Si(d) for d | ¢, and add back the primes dividing the level. We then apply the Kuznetsov



6 TIMOTHY CHEEK, PICO GILMAN, KAREEM JABER, STEVEN J. MILLER, AND MARIE-HELENE TOME

trace formula and bound the resulting sums via Propositions 4.4 and 4.5, whose proofs occur in
Sections 5 and 6, respectively. In Section 6, we handle the continuous part of the spectrum, splitting
into the case of principal and non-principal characters.

Remark 1.4. When the authors first publically posted this paper, the results provided novel im-
provement over pre-existing results. However, in the time since when this paper was under review,
/chandee2025nthcenteredmomentslarge/ improved upon several of this paper’s results, though
there are still differences between the two works (for example, this paper provides the first instance
where there is a benefit in having the test function factor as a product of non-identical test functions
with different support).

2. NOTATION AND PRELIMINARY RESULTS

Throughout, p; always denotes a prime and p,o0,q,f,H and g denote sets of primes satisfying
certain conditions, which we specify when introducing these sets. For f: R — C, we define

ST = Y [ = S-S,

(p1,--pe)Ept 1=1 Bt =1
PiF#D; Pizhj
Conditions

All implied constants and Big Oh’s depend only on n, k, €, and the test functions ®; unless otherwise
stated. We let ¢ denote an arbitrary positive number and allow its value to change from line to line.

2.1. Automorphic Forms I. Here, we introduce the spectral theory relevant to the Kuznetsov
trace formula and follow the notations of [BHM; Blomer|. Specifically, we introduce the three
parts of the spectrum which arise from an application of the Kuznetsov trace formula and which we
handle in the paper.

Holomorphic forms. For any holomorphic cuspform f of level g, weight k, and trivial nebentypus,
we write its Fourier expansion as

f(z) = wa(n)(47rn)k/26(nz) (2.1)
n>1

and define v ¢(n) to be the n-th Fourier coefficient of f.

If f € Sk(q) is an eigenfunction of all the Hecke operators T, for (n,q) = 1, then we call f a
Hecke eigenform and write A¢(n) for the n-th Hecke eigenvalue of f. Since the operators T;, are
self-adjoint, for (n,q) = 1 the eigenvalues A¢(n) are real. If f is additionally a newform, then f is
an eigenform of T), for all n and A¢(p)? = p~! for p | ¢ [ILS].

When f € Si(q) and (n,q) = 1, we have that

Ar(n)r(1) = Vnyp(n) and Ap(n) <5 7(n) < nc. (2.2)

If fis a newform, then the above holds for all n, we have the sharper bound |[A¢(n)| < 7(n), and
the Hecke eigenvalues are multiplicative [ILS]|:

Mmdm) = > A () (2.3)

Maass forms. Let f be a Maass form on I'g(q) with spectral parameter t := xky € R U [—i6, 0]
(the best known value is § = 7/64 due to Kim-Sarnak [theta]). We write its Fourier expansion as

f(z) =Y pr(n)Wou(4r|nly)e(nz) (2.4)
n#0
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for z = x + iy, where Wy ;(y) = (y/w)% it(y/2) is the Whittaker function and Kj; is the modified
Bessel function of the second kind. We define p¢(n) to be the n-th Fourier coefficient of f.

As in the holomorphic case, each Maass form is an eigenfunction of the Hecke operators T, for
(n,q) =1. When (n,q) =1 or f is a newform, we have

Ar(n)pr(1) = Vnpg(n). (2.5)
We always have the bound
Ar(n) < T(n)n? < nfte (2.6)

Eisenstein series. Let ¢ be a cusp of T'g(q). We write the Fourier expansion of the (real-analytic)
Eisenstein series at 1/2 4 it as

1
E, <z; 5t it) = =00 y2+” + (0, t) —i Z(pc n, t)Wo.it(4m|nly)e(nx) (2.7)
n#0
for z = x 4 iy. We define ¢.(n,t) to be the n-th Fourier coefficient of E.(z,1/2 + it).
The Kuznetsov trace formula. We use the version stated in Lemma 10 of [Blomer]|.

Lemma 2.1. For ¢ : (0,00) — C smooth and compactly supported, and m,n,q € Z+, we have that

5 W¢<4W¢ZTH> = Y (=)W Gy m) () én(0)

C
c>1 0>2 even
c=0 mod ¢ 1<j<0;( )

Z pj cosh WKF(M(@)

L [ et e e, 29

where 0,(q) is the dimension of Se(q), the j-sum is over an orthonormal basis {u;}32, for the space
of Maass cuspforms of level q, k; 1is the spectral parameter of uj, and the Bessel tmnsforms o and

¢4+ are defined by

on() = 4t /0 h Je_1<5>¢<5>d§ (2.9)
and
010) = s [ () = a0 G (2.10)

Here and throughout, Jy_1 is the Bessel function of the first kind.

To handle the Bessel transforms resulting from applying the Kuznetsov trace formula, we recall
the following useful bounds.

Lemma 2.2 (Adapted from Lemma 3.3 and Lemma 8.8 of [BCL|). Suppose that W is a smooth
function that is compactly supported on (0,00). For real X >0 and u,& € R, let

mie) = a5 ) etu) 2.11)
Then the following estimates hold:
(a) hy(r),hp(r) < HZ‘;llO,gSX‘ (1f|r‘)cmin {X’“fl, \/%} for some F < (Ju| + 1)(1 + X),
(b) if r € (—1/4,1/4), then hy(ir) < (\/% +(1+ |u|)1/2> min {X’“fl, ﬁ}, and
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(c) if 0 < |3(2)| < L, then hy(z) < (1+ |ul)min {X’“*1*2|3(Z)‘,#X}.

2.2. Quasi-orthogonality relations for GL(2). In this subsection, we introduce the Petersson

trace formula which allows us to average over an orthonormal basis of Si(gq).

Definition 2.3. Let Si(q) be the space of cuspforms of weight k, level q, and trivial nebentypus.
Let Bi(q) be an orthogonal basis of Si(q) under the Petersson inner product. Define

Agmn) = Apglmn) = SV Ag(m)s(m), 2.12)
f€By(q)

where Y- denotes the harmonic average defined as in (1.5) and when (n,q) > 1, A¢(n) = /nys(n).

Lemma 2.4 (Petersson trace formula). If m,n,q are positive integers, then

Ag(myn) = 6(m,n)+2mi * Stminieq) . - (“T) (2.13)

C
c>1 q

where §(m,n) =1 when m =n and 0 otherwise and S denotes a Kloosterman sum.
The following lemma follows directly from Corollary 2.2 of [ILS].

Lemma 2.5. If m,n, q are positive integers, then

(a)(m, n, @) (mn)* v
Ag(m,n) = 6(m,n)+0 | LA DT ( i ) . (2.14)
a(0m.a) + (n.) Y

To convert from a sum over Hy(q) to a weighted sum over By (d) for d | ¢, we state the form of
Theorem 3.3.1 of |ng]| given in Lemma 2.3 of [BCL].

Lemma 2.6. Suppose that m,n,q are positive integers such that (mn,q) = 1, and let ¢ = q1q2
where qp is the largest factor of q satisfying p | 1 <= p* | q for all primes p. Then

1 9
Asmon) = Y P apmnn) = Y “<LL11LL?)H<1—1> ZW. (2.15)

2 p?
feMr(q) q=L1L2d p|L1 e|Lg®
Lilqa p2td
Lalg2

Remark 2.7. As in the remark in [BCL/, from u(L1L2) we deduce that (L2,d) = 1 and thus also
(e,d) = 1. This is crucial in our analysis of Ag.

2.3. Automorphic Forms II. For holomorphic cuspforms, Atkin and Lehner |AL| introduced the
concept of newforms and oldforms. Lemma 2.6 converts a harmonic average of Hecke eigenvalues
over an orthogonal basis of the space of newforms to a sum over d | ¢ of harmonic averages over
an orthogonal basis of Si(d). The Petersson and Kuznetsov trace formulae convert the resulting
sum into sums over orthogonal bases for the space of holomorphic cuspforms and the space of
Maass cuspforms, respectively. These bases, in general, contain oldforms. However, newforms have
many nice properties. For example, Lemma 2.12, which we use throughout to bound our sums over
primes, crucially relies on GRH for Hecke L-functions. Hence, we must express our bases in terms of
newforms in order to apply these results. To this end, we introduce orthonormal bases for the space
Sk(N) of holomorphic cuspforms of weight & and level N and the space A(N') of Maass cuspforms
of level N, which are expressed in terms of newforms.

Here, we state newform theory for Maass cuspforms and detail the construction of an orthonormal
basis B(N) for A(N) given by [Blomer]; the construction for holomorphic cuspforms is analogous.



ON THE DENSITY OF LOW LYING ZEROS OF A LARGE FAMILY OF AUTOMORPHIC L-FUNCTIONS 9

Each Maass form is a real-valued eigenfunction of the Laplacian A = —342(88722 + 68722) acting as a
linear operator on the space of cuspforms in L?(Tg(q)\H). If Af = Af, then we write A = 1/4—1—/-@?
and call k7 the spectral parameter of f.

Let A(N, k) denote the space of Maass cuspforms of level N and spectral parameter x so that
AWN) = [1., AN, k). In general, an L%-basis B(N,k) for AN, k) also includes oldforms. Let
B*(M) denote the set of level M newforms normalized as level N forms, i.e., such that their first
Fourier coefficient satisfies (see [BCL|)

_ Wry)®
s (VP = TN (2.16)

Let B*(M, k) C B*(M) denote the set of such forms with fixed spectral parameter x. For each
f € B*(M, k) and d such that dM | N, define

fla(z) = f(dz). (2.17)

D D @ ic (2.15)

MIN FEB*(M,k) AMIN

By newform theory,

While the first two sums are orthogonal, in general, the innermost is not. However, the forms f|4
corresponding to a given f € B*(M, k) are linearly independent. Thus, for each fixed f € B*(M, k),
Gram-Schmidt orthogonalization of the set {f|q : dM | N} yields an orthonormal basis B(M, f)
of @ypqp fla - C. Then, taking the union over all levels M | N and f € B*(M,k) gives an
orthonormal basis B(N, k) of A(N, k). Finally, taking the union over all spectral parameters x yields
an orthonormal basis B(N) == [[,. B(NV, k) of A(N). We thus have the orthogonal decomposition

P P BmMm.p, (2.19)
MIN feB*(M)

where we now take all newforms f € B*(M) of lower level M | N without fixing x;. Building on
the work of [ILS], who proved the following for squarefree levels and Proposition 5 of [Rouymi],
Blomer and Milicevic in Lemma 2 of [Blomer| proved that the set

B(M, f) = {f<g> =Y &(d)fla

dlg

gM J\/}, (2.20)

where £,(d) is defined as in [Blomer]|, forms an orthonormal basis for @d‘ﬁ fla-C. The forms f)

have the same spectral parameter as the underlying newform f € B*(M). Taking the union over
forms f € B*(M) and levels M | N yields an orthonormal basis of A(N') given by

BWN) = {f(g)

Following Section 3.1 of [BCL], we call this basis the Hecke basis of level A/, and throughout the
paper, we take our orthonormal basis of A(N) to be B(N).

The Hecke basis of level A consists of Hecke-Maass eigenforms, that is, the f(9) are real-valued
joint eigenfunctions of both the Laplacian and all the Hecke operators for (n,N) = 1. More
precisely, let 0 = \g < A\ < --- denote the eigenvalues (counted with multiplicity) of the Laplacian
acting on the space of cuspforms in L?(I'g(¢q)\H). As above, we write \; = 1/4 + /-@? and we follow
the convention of [BCL]: we choose the sign of x; such that x; > 0 if \; > 1/4 and such that
ik; > 0 otherwise. For each A\; > 0, we may choose an eigenvector u; such that {u;}32; forms
an orthonormal basis of A(N). Moreover, {u;}22, coincides with the Hecke basis B(N) for A(N)

feB M), M| N, and gM |N} (2.21)



10 TIMOTHY CHEEK, PICO GILMAN, KAREEM JABER, STEVEN J. MILLER, AND MARIE-HELENE TOME

defined in (2.21). Hence, each element u; is of the form f@ and both f and uj = £ have the
same spectral parameter.
The n-th Fourier coefficient of f|4 is nonzero only if d | n (see |Blomer|). Thus, we write

pra(n) = D &(d)ps(n/d) (2.22)
dlg

with the convention that pg(z) = 0 when x ¢ Z. Since g | N in (2.20), when (n,N') = 1, only the
d =1 term is nonzero and thus

Vipso (n) = &(Vnps(n) = &L)pr(DAs(n) = pso (DAf(n). (2.23)
Therefore, when (n,N') =1 we have that
)\f(g) (TL) = /\f(n) (2.24)

Moreover, by Lemma 2 of [Blomer]|, we have the following bound:
Vitpg (1) < (AAEROW,m) Y20 (1)] << Nonb/2H] (1)), (2.25)

The Fourier coefficients of the forms in the Hecke basis B(N) are quasi-multiplicative [BHM]: if
uj = f9) and m = gm’ with (m/,q) = 1, then

Vimpi(m) = Y p(d)xo(d)As (d(q?N)) <(N’§)m,)l/2 pj ((qu)m’> (2.26)

d|(Nq/(a.N)
In particular, when (¢, ') = 1, by |Blomer|, we have that

Vimpi(m) = As(q)Vm!pj(m'). (2.27)

This gives us a way to split p;(m) into the part coprime to A and the part dividing A, where the
part coprime to A becomes a Hecke eigenvalue of the underlying newform so that we can use Hecke
multiplicativity and Lemma 2.12.

Remark 2.8. Analogous results hold for holomorphic cuspforms with slight changes. Specifically,
the same construction works for holomorphic cuspforms of weight k and level N if we instead define
fla(z) = d*/?f(dz) (see [Blomer]). As in [BCL], we denote the Hecke basis of level N we thus
obtain by Bi(N). Additionally, for holomorphic cuspforms, we may take 6 = 0 in (2.25). For the
forms fin Bi(N), (2.26) and (2.27) hold with p;(m) replaced by 1(m).

2.4. Explicit formula and several consequences of GRH. We state several consequences of
GRH which are necessary in later sections.

Lemma 2.9. Assume the Riemann Hypothesis. Suppose ®© is an even Schwartz function, then

3 log®(p) & <logp) _ ;/OO B (u)du 1 O <loglogq> | (228

o plog?(q) \logg oo log q

Proof. This follow from a calculation similar to [jackmiller]. O
We require an explicit formula relating sums over zeros to sums over primes.

Lemma 2.10 (Lemma 2.5 of [BCL]). Let ® be an even Schwartz function whose Fourier transform
1s compactly supported. We have

o (%bgq) _ _10;(, i A(m)[Cf(m)JrC?(m)]&) <logm> LB 10 (11> (2.29)
Vf

vm log ¢ 0gq

m=1



ON THE DENSITY OF LOW LYING ZEROS OF A LARGE FAMILY OF AUTOMORPHIC L-FUNCTIONS 11

where A is the von Mangoldt function and
¢ ¢ e
0 otherwise,
for ag(p) and B¢(p) defined as in (1.1).
The following lemma is a minor generalization of [ILS].

Lemma 2.11. Let f be a primitive holomorphic cuspidal newform of weight k and level d | q with
trivial nebentypus. Assume GRH for L(s,sym?f) and let F(t) be a smooth compactly supported
function on (—o,0). Then

1 (log p)*As (p?) <10gp> loglog g
S = F < . 2.31
(log ¢)? 2 p log q log g (231)
(p,g)=1
Proof. Define g(tlogq) := tF(t) so that
1 A(n)Af(n?) 1
= 1 . 2.32
S longn: o g (logn) + O g (2.32)

Fourier inversion of g and the ideas of Proposition 7 of [Tao] yield

1 .
s+0 (logq) N logq/ an—‘rl/lqu—Ht <t 1qu> dt. (2.33)

The order of vanishing of L(s,sym?f) at s = 1 is 0 since Shimura [S1] proved that L(s,sym?f) is
entire and L(1,sym?f) # 0, so by Theorem 5.17 of [IK],

L 1
-7 (1 + logg + it,sym2f> < loglog(q + |t| +2), (2.34)
which completes the proof. O

Next, we generalize Lemma 2.7 of [BCL]| to sums over multiple primes.

Lemma 2.12. Assume GRH for L(s,x) with x mod q and for L(s, f) where f is a primitive
holomorphic Hecke eigenform or a primitive Maass Hecke eigenform of weight k and level q. For
1 <4< n, let U; be smooth functions compactly supported on [0, X] with X > 2. Write z; = 1/2+it;
with t; € R and let N > 1 be an integer. Suppose that for each i there is some A; € R with
| < %

~ 23 min{log(X + 3), X/x}

‘\1/§3) (2.35)

or all x € RT. Then,
J

n

Z ZH )\f i Ingz i(pi) < H

(piN)=1 i=1 i=1
pﬁ&p)

A; log1+€(X) log(q+ k + |ti]) + log(NX) sup |¥,(¢)] |-

(2.36)
If x is a nonprincipal character, the above holds with \;(p;) replaced with x(p;) and k = 0.

Proof. We observe that

Z Z H )\f i Ingz U, (p)

(pi,N) =1 i=1
Pi#pj, 1<i#j<n+1
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Z)‘f(pl)bgplql ™ EDY H #(pi logpz ¥, ()

p1tN b1 (pi,N) =1 =2 Py’
Pi#Dj, 2<l7éj<n+1

M2 (p1) log? og i
—nzw‘l’l@l)%@l) ZZ H pllgp U, (p;).  (2.37)

pitN P1 (Pisp1N) =1 =3 P
PiFPjs 3§i75j§”+1
The claim now follows by strong induction. The non-principal character case is analogous. O

Remark 2.13. By the remark following Lemma 2.7 of [BCL/, when we apply the previous lemma

to smooth functions of the form U(x) = V(cx/X) for V supported on [0,c] or ¥(z) = & (ﬁ;%?)

for ® compactly supported on (—o0, c|, we may take A; < 1.

3. TwWO-LEVEL DENSITY AND CENTERED MOMENTS

In this section, we prove Theorem 1.1. We will reduce the computation of the two-level density
and the n-th centered moment of the one-level density to a sum over n distinct primes not dividing
the level. This entire section proceeds by induction on n. Define

1 logp . (logp
U)o ot B2 (122 3.)
and
R @) = 09(f:0) ~8(0) — ;8:(0) + 22(J, ). (32

3.1. Bounding error terms. We follow the idea of [rubinstein]| to show that error terms can
be bounded by using a non-negative test function H with sufficiently nice properties. Specifically,
choose p such that 0 < p < % By the proof of Lemma 2 of [rubinstein|, there exists some real,
even, nonnegative Schwartz function H whose Fourier transform is supported in (—p, p) so that
H(x) > max; |®;(x)|. Note that H is dependently only on n and the ®;.

Lemma 3.1. For each 1 < i < n, we have |Ry(f;®;)] = O (bﬁ)lﬁ) uniform in f € Hi(q).

Further, if Theorem 3.2 holds for every j < n — 1, then for any T C {1,2,...,n},

Eq [H|<@(f§q)i)|

€T

= Or(1). (3.3)

Note we prove Theorem 3.2 by induction on n, while here we only use it on j <n — 1.

Proof. By Lemma 2.10, Lemma 4.1 of [BCL], GRH for L(s,sym?f) and [ILS], Theorem 5.17 of

[IK], and noting that ¢y = ¢f = cf, we conclude Ry is uniformly O <k’1‘°;l$> for f € Hi(q).

For each 1 < ¢ < n, we have

02(f: 90| < Z]@i (W)k’gq)‘ < ZH(W) — oo(H). (34)

27 27
Using this and the exact explicit formulas, we have

202(f,®;)| < |2:(0) + 5 ®i(0)] + |Ry(f; ®:)| + OF(f; H)

2
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®;(0) +

S PO+ [Ry(F3 ®0)| + H(0) + SH(O) + Ry(f; H) — 222(f, H)
(0) + 52O + [R(f: )| + HO) + JHO) +|R(f: H)| ~ 22(f H). (35)

IN

) > 0 because H > 0. Further, for sufficiently large ¢, we have |R,(f; ®;)| <1
R,(f; H)| < 1. Define the ﬁxed constant

®;(0)+ 5P,(0)| + HO)+ 5H(0) +2
Ki:lz() 22()|2() 5 H(0) ’ (3.6)
so that (3.5) gives the pointwise bound |Z(f, ®;)| < K; — Z(f, H). In particular, the right-hand

side is non-negative. Positivity of Eg gives

HL@(f;cbi)r] < Eq [H(m—@(f,m)] = Y -10FEg [2(s. | T] Ki (37)

€T €T ScT i€T\S

d
Note that H(0)+1H(0
for all f € Hy(q) and |

For every 2 < j < n — 1, the tuple consisting of j copies of H satisfies the support condition
of Theorem 3.2; namely, (7 —1)p < 1 < %, and, for every partition with @ +b = j, we have
(a+3b)p <3jp<3<4and (3a+b)p < 3jp <3 < 4. Thus, the right side is O(1). O

Note the H being nonnegative is crucial as it allows us to extract the error terms from the average
and consequently reduce to a lower case. Now, by Lemma 4.1 of [BCL|, using the linearity of Eq
to expand, and using Lemma 3.1 to bound any term containing an Ry(f, ®;), we conclude

(1, @) = lim Bg

. ~ 1
Z];[1 (ﬁ@(f; ;) — 4(0) — 2‘1%‘(0)>

= Jim Eg [H<—2@<f,q>i>+Rq<f;@i>>] — <—2>”<H92<f;<1>i>> . (39)
=1 i=1 *

The following theorem now immediately implies Theorem 1.1.

Theorem 3.2. Assume RH and GRH for L(s, f), L(s,sym?f), and Dirichlet L-functions. Let U be
a nonnegative, smooth function compactly supported on (0,00) for which \/I\/(O) > 0. For1 <i<n,
let ®; be an even Schwartz function whose Fourier transform is compactly supported in (—o;,0;),
where the o; satisfy Conditions (1.10) and (1.11). Then we have that

n n/2
<nl@<f;q>i>> - s S [ 0b e o

To compute the two-level density, by a similar calculation to that in [MillerEC]|, we have

2 . 2

, 1—e¢

> e (”f;” log q) = [[o2(5:0) —209(7:0:0) + L0, 0)22(0). (310
J1+js i=1 T i=1

By averaging each term over f € Hi(q) and ¢ < @ and using Lemma 3.1, Corollary 1.2 now follows

from Theorem 3.2.

3.2. Proof of Theorem 3.2. This subsection is dedicated to the proof of Theorem 3.2. For ease
of notation, apart from Lemma 3.5, we assume that all the functions ®; are equal to ®. Unlike
related papers, e.g., [10yearsmall; Hughes 2007], we must reduce to the case of distinct primes
to perform the manipulations needed to apply the Kuznetsov trace formula and to handle the
resulting terms.
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By splitting the sum into sums over powers of distinct primes, it suffices to bound each

S = N(lQ)Z < ) DD ZprZ,az (3.11)

q JeHK(q) p1,.petq =1
p’ﬁépj

where a1 > a9 > -+ > ay > 0 is a partition of n and
Ae(pi) 1 i~ (1 AN
Flpiai) = < 7(pi) log pi & < ngz)) ' (3.12)
V/Pilogq log q

We split into five disjoint cases based on the partition of n as delineated below.

1. Each part is 2. This term contributes, so we compute it in Lemma 3.5.
2. All parts are > 2, and at least one part is > 2.
3. There is exactly one 1 in the partition (and n > 2).
4. There are at least two 1’s in the partition, but not all 1’s.
5. FEach part is 1.
We proceed by induction on n with base cases n = 1,2,3. We first prove Cases 1 and 2. We prove
Case 5 in Proposition 4.1. Note that all three of these cases are proven independently of n. We
again use induction to prove Cases 3 and 4. Case 3 and Case 4 are vacuously true for n = 1,2 and
the base case n = 3 is proven in Appendix A.1.

Before proving Cases 1, 2, 3, and 4, we prove several auxiliary lemmas.

Lemma 3.3. If a; > 3, then
1

Z}"(pi,ai) < @ , (3.13)
yr log®(q)

where the bound is independent of f and N | gpip2 - - pn.

Proof. We use that |Af(p;)| < 7(p;) = 2 and that the sum over p; converges absolutely. O

Lemma 3.4. For any N | qpip2 - - - pn, we have that

> Fpi2) = ;/OO |u&>(u)2du+0<bg1°gq>, (3.14)

lo
pitN &4
with error term bounded uniformly in f.

Proof. We write A¢(p;)? = )\f( 2) + 1 and use Lemma 2.11 with F = ®? to deduce that the A (p?)
term is < loglog g(logq)~! and Lemma 2.9 to evaluate the contribution of the 1 term. D
Lemma 3.5. All of the sums corresponding to partitions in Case 1 contribute

n/2

n/Ql Z H/ [ul @, (2i—1)(u)® 7(21)( u) du. (3.15)

T€S, i=1

Proof. For each partition of the set {1,2,...,n} into n/2 disjoint sets of size 2, say {{a1, b1}, {az, b2},
-s{@n2,bp/2}}, we have a sum

n/2

1
S = N(Q); ( ) YN TIF®e2). (3.16)

F€HK(q) Pa;=pp;1q =1
Pa; #pa
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By applying Lemma 3.4 to each F, we conclude that
1 ks oo loglog q
S — L ( > h [/ u&>iu&>biudu+o<>] 3.17
v 2" (g) 2 M5 [ Batob) b (317
Expanding this out, any term with at least one O(loglogq/logq) term is < loglog@/log@ as
() — oo. Hence,
n/2

lim S = H / |u| @, (u) Py, (u) du. (3.18)

Q—o0

Now, for each 7 € S,,, from the partition {{1, 2},{2,3},...,{n—1,n}} we obtain another partition
by letting 7 act on this partition via {{7(2i —1),7(2i)} : 1 <1i < n/2}. The stabilizer of this group
action has order 2/2(n/2)! and this completes the proof. O

Lemma 3.6. The sums corresponding to partitions in Case 2 are O ((log Q)*?’) .
Proof. This follows from taking absolute values and using Lemmas 3.3 and 3.4. O
Lemma 3.7. The sums corresponding to partitions in Case 8 are O ((log Q)a_l) .
Lemma 3.8. The sums corresponding to partitions in Case 4 are O ((log Q)s_l) .

The proof of Lemmas 3.7 and 3.8 can be found in Appendix A. All that remains to be proved to
finish the induction is Case 5, i.e., where p1,...,p, are distinct and coprime to ¢. This comprises
the remainder of the paper.

Remark 3.9. In comparison to other cases, Case 5 is by far the most difficult, and we use the
Kuznetsov trace formula to handle this case.

4. CONVERTING SUMS OVER DISTINCT PRIMES TO SPECTRAL TERMS

In this section, we prove the following proposition to show that the sum over distinct primes
contributes negligibly as @ — oco. We follow Section 6 of [BCL|: we apply the Petersson trace
formula, truncate in LjLo, and then again in e, add back in primes that divide the level, and
perform several substitutions to apply the Kuznetsov trace formula.

Proposition 4.1. Fiz n > 1 and assume GRH for L(s, f) and for Dirichlet L-functions. Let ®; be

even Schwartz functions with E’Z compactly supported in (—o;,0;), where the o;’s satisfy Conditions
(1.10) and (1.11). Then

1 log p; >\f pi) =~ (logp; 1

5 = Zw( ) SO ] &, <

N(@) % " \Q) (logg)" E log q log Q
DPiFPj

We use Hecke multiplicativity to combine the A¢(p;) since (p;,p;) = (pi,q) = 1 for i # j. Then,
we apply Lemma 2.6 to A%(1,[[ps) and use Hecke multiplicativity once more to obtain

-1
_ ay 1! ML) — E
() Zq:\p <Q> (logg)" q:Z LiLs Hl (1 p2) 2.

LiLod p|L elLg°
Lilg p*Hd
Lalg2
< Sy ¥ [Ty, (e (12)
A logqg ) ’

f€Bk(d) P15 Pnfq =1
pl;épj
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4.1. Truncation in L1Ls and e. We next bound the contribution from L1Ls > Ly and e > E for
Lo = (log@Q)"" and E = (logQ)"*. (4.3)

We first truncate in L;Lo and then show that for LiLo < Ly, the sum over e > E contributes
negligibly as QQ — oo.
By Lemma 2.12 with N = ¢, each z; = 1/2, and X = ¢™** 7, we obtain

lo Ar(pi 1
> ITRER A () - (osyn (44
0gq
,,,,, pnfq i=1
pﬁépg

We then proceed as in [BCL|, mutatis mutandis.

4.2. Filling in primes. We now remove the dependence of the prime sums on ¢ in order to apply
the Kuznetsov trace formula. To do this, we add back the sums over distinct primes dividing ¢
and show that this changes the value of 31 by a negligible amount for test functions whose Fourier
transform has sufficiently small support. For £ > 1, it suffices to bound

o S (E) v £, E A () 5

lo
P1ye-5Delq Deg1ye-Prfq =1 &4 =L1Lod
pﬁﬁp] pz;ép] Ll‘ql
La|q2
L1L2<Lg
0L Tl ey (1) )
p|L1 e|Ly feBk
p{d e<E

From e | L$° and (L, d) = 1, we conclude (62,Hpi, d) = 1. Thus, by Lemma 2.5,

(€dlp)" o1 ro
Ay (62, HI%) < T e? sz (4.6)
Taking absolute values, using (4.6), and partial summing, we obtain
£ < QXimen(0im0)=3/2+e (4.7)
Since £ > 1, by Condition (1.10) we have ¥y = ¥ + O(Q ) 4+ O ((log Q)~'), where

— 1 Ingz Ingz ,u L1L2
T N(Q)zq:\ll( > (log g)" Z H (logq> 2

< Pn =1 =L1Lod
pﬁépj Ll\ql
Lalq2
L1L2<Lo
1
J(-%) =] Sstens (IT): (1)
p|L1 €|Loo fEBk,
p2td e<E

Remark 4.2. Since f € Bi(d) and we are no longer guaranteed (p;,d) = 1, we cannot use Hecke
multiplicativity. Splitting the eigenvalues before dropping this condition is not viable since we seek to
apply the Petersson trace formula. With this in mind, there are two natural methods for removing
this restriction on the supports, which we only require to add back the primes dividing q.

The first is to improve bounds on Kloosterman-Bessel sums (see Corollary 2.2 of [ILS/). Howewver,
analysis of these terms is difficult and notably, if one can achieve support a/(n — 1) for this step,
then one can similarly attain support a/n for the main result.
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The second is to prove a stronger variant of Lemma 2.12 using an improved bound for L'/ L(s, f)
on the line R(s) =1/2+1/logq (e.g., see Theorem 5.17 of [IK[ for a classical bound). Improving
the bound to < log(q+|s|)'*e would give arbitrary support for filling in primes. However, obtaining
better bounds requires control over the order of vanishing at s = 1/2 and the vertical distribution of
zeros near the central point—precisely the question we wish to study.

4.3. Applying the Kuznetsov trace formula. The goal of this subsection is to apply the
Kuznetsov trace formula to X9 to change the level of our forms. By the Petersson trace formula
(Lemma 2.4),

_ 1 logpz log p; ,u L1L2
= N(Q)zq:q’< > (logg)" Z H <1ogq> 2

-Pn i=1 q=L1Lad
pﬁépj Ll‘Ql
La|q2
Li1La<Lo
1 2~ pz,cd) /e [ pi
<] <1_p2> P g (e llE) )
plL1 elL5° cz1
p2)(d e<FE

Performing the substitutions in [BCL| where we use a sum over s rather than n, yields

2mi—k LiL 1\ r log p;
m- Vg = () S e $ IS
L1,Lo

p

plL1 r|L1 d|Ls Pl, P =1 e|Lg
(L1,L2)=1 pﬁépJ e<E
Li1Ly<Lo
S(e?, i;cLirds L2Lords
XZZ ( le 1 )\I’ 142
cLqirds Q
c>1 s>1

1 ) ﬁ@ (k)g(logpi> Jos (“\/62111’1) , (4.10)

X
log™ (L%Lgrds Py L%Lgrds) cLirds
We put m = cLirds so that our sum over s becomes
S(eQ,Hpi;m) Lngm - log p; 4/ ] pi
> i e Ttomye)
mlog (Lngrds) L log (L1Lom/c) m

m>1
m=0 mod cLird

_ Z 5(62,1;[1191';1“)]0 (477@) : (4.11)
m=0 nn:o%ichlrd
where
U (4mLy Lo/ [Tpi(cQ€)™1) 1 .
f(&) = ( >H(I)i logpi Teo1(6). (4.12)

log" <47TL1L2\/62 Hpi(cf)—l) i—1 log (47TL1L2\/62 sz-(cé)—1>
We now introduce n smooth partitions of unity for the sum over primes. This tells us that

D Zd 3 Hv<pl>... (4.13)

P1;---5Pn P Py P1;-5Pn =1
PiFDj DiFD;
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where Z?DZ_ denotes a sum over P; = 27 for j > 0, and V is a smooth function supported on [1/2, 3]
with Y p_o; V (z/P) =1 for all real z > 2. We separate the dependence of f(£) on the p; and put

AnLy Lo/ B
X = 2Qe 11 (4.14)
C

and

— X (log Q)" : log (A F)
H(E M, ... \y) = ‘1’<£*/HA> ( \/HTQ)E[ 10g( m@) . (4.15)

Following the proof of Lemma 6.1 of [BCL| mutatis mutandis, we obtain the following bound.

Lemma 4.3. Let H be the usual Fourier transform of H defined as above. For any A > 0,

A

~ 1

H(u,v1,...,0,) <4 < > . (4.16)
(L4 Jul) TT(L + [vs])
Since V¥ is compactly supported, say in (a1,b1), and 1/2 < p;/P; < 3 for all 1 < i < n, we have
that H( B ,...,%’;) is compactly supported in £. Thus, from (4.12) and (4.15) we write
1 P Dn ¢

= —H — = | S W= 4.17
1O = gt (68 B w5, (4.17)

where W is smooth, compactly supported, and satisfies W (a) = 1 whenever a € [277/b1,3"/a4].
Fourier inversion yields

f(&) = (ﬁng ( )/ / H(u,v1,...,v )e<u§+§:viﬁ> dudvy --- dv,. (4.18)

Let hy(€) = Jp—1(OW (EX) e (u€) and let & = [[p;. Then

_ omih 1(L1Lo) LT ) d..Na_ 1
Yo = N@Q) L§2 I1L, H(l p2> Z r2 Zﬂ(d)z %: (log Q)™

, p|L1 r|L1 d|Ls Py
(L1,L2)=1
L1La<Ly
10 . .
S A S X I (%) e(o2)
elLy 7T ¢>1P1sPn =1 ’
e<E pz?ép]
S(e?, x;cLyrds) 4V e2x
h dudvy - -+ dup,. 4.19
% Z cLyirds (cLlrds wan n ( )

By the Kuznetsov trace formula (Lemma 2.1), we have that

Z S(GQ’C;;?CAS;TdS) hy, (f?j?f) = Hol(c, z;u) + Dis(c, z;u) + Ctn(c, z; u) (4.20)
where
Hol(c, 7su) = o 3 DR a0, (4.21)
1<j<95(cL17"d)
W

he (). (4.22)

' . . PJ
Dis(c, z;u) = Z cosh Wlig)
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Ctn(c, z;u) = Z/ Ve goc(e e, t)ha () di (4.23)

cosh(m

and e, r,d, L1, and Lo are fixed. As such, the forms we work with are now of level N := cLird.
We now prove Proposition 4.1. It suffices to bound X4, which follows from the next propositions.

Proposition 4.4. With notation as above, we have that

D3 Hlogpz ( Pz>v< >[H01( [Ipiu) +Dis (e [Tpsu)]  (429)

c>1P15--Pn =1
pﬁép]

n
< QM1+ )’ T+ [wi)*V P (4.25)
i=1
Proposition 4.5. With notation as above, we have that

> > Hlogp’ ( pz)v( )cw( [Tviu)

c>1P15--Pn 4=1

p’ﬁépj
" P\
< (1+ |u])?@Q® (QH - @) T+ ). (4.26)
i=1
Taking absolute values, applying Lemma 4.3 with A = 9, and using »_o; < 4 from Condition
(1.11) yields

w<xg = anll(5) TRl Timar

1,L2 ‘Ll T‘L d‘LQ P P, |L°°
(L1,L2)=1 e<E
L1Lo<Lg
/°° /OO ‘A wor. oy [ ILpiclards) VTP | gdon - do
—oo ’ T clirds v clirds "

1 -5+ VIIB
<<WZ e Zd ZdlogQ<Q "+ g >

P,
(4 ) 10+ ol
/ / (U Tl TIL + Joal)® @00 o
TP : L5 (0i-5:)
< —N<Q)Zd~~2d (Q”*Jr HB) < Q(Q”*JrQ
P Py

o o 5 ) < Q°. (4.27)

5. DiSCRETE AND HoLOMORPHIC TERMS: PROOF OF PROPOSITION 4.4
In this section, we take the index for our prime sums to be « instead of i. We bound

pIsc = Y Y Dis (C,Hpa;u) f[ k:/gpﬁ;e <va];2> 1% (Z‘;), (5.1)

c>1P15--:Pn a=1
PaFDPgs

since bounding Hol (¢, [ | pa; u) follows analogously. By (4.22), we write

prsc = £3 D) o ([T ) T80 (e o (3. 02

c>1 5=1 P15---5Pn a=1
PaFPp
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where the j-sum is over the orthonormal Hecke basis detailed in Section 2.3. We split the sum into
the contribution from x; € R and from k; € iR, which we denote S7 and S2, respectively. We
bound S; as bounding Sy follows similarly. We begin by bounding the innermost sum.

Lemma 5.1. With notation as above, we have

T (Hpa)HWe (ve22) v (%) < lop0ivey [T+l

P1s--sPn = a=1
PaFPB
(5.3)
Proof. We follow the ideas in the proof of Lemma 7.1 of [BCL|. By Mellin inversion,
1" T VPalog(pa) , [ Pa
r (L) ([T T S (2
2ms PhZ;Pn <H ) }_Il Pa Pa
poﬁépﬁ
y / - / TT P W (50) P2 dsy -+ dsn, (5.4)
(0) (0) 4=1

where W, is the Mellin transform of W, = e(vaz)V (z), and Vj is a smooth function compactly
supported on (0, 00) such that V(z) = 1 whenever V(z) # 0. By the proof of Lemma 7.1 in [BCL],
for any A >0

~ 1+ [va\*
Wy (it) <a <1+]t!> : (5.5)

We split into n + 1 cases based on the number of primes dividing N. Without loss of generality, we
assume that p1,...,p¢ | N while pgy1,...,pn 1 N for 0 < £ < n. Therefore it suffices to bound

1\" Pa log(pa) Pa
) 2, (Hpa> H\ﬁ\/? " (%
D1, 7pf|sz+1 ..... pan a=1
PaFPga PaFDp

/ / o] H D W (sa) P2 dsy - - dsy, (5.6)

for 0 </ <n.

We separate the primes py, ..., p; dividing the level from the primes ps11, ..., pn not dividing the
level using the quasi-multiplicativity relation satisfied by the Fourier coefficients of Hecke-Maass
cuspforms in the basis Bi(N). Since ([[n_piPa, N) = 1, by (2.27) with ¢ = [[a_s,| Pa and

m' = Hﬁé:lpa, we have that

(i) () () e

a=/(+1

Thus, using Hecke multiplicativity since the primes not dividing the level are distinct, writing
Sa = itq, and taking absolute values, we conclude that

¢ ¢

Pa\ it

pj (H pa> I log(pa)Vo <P ) !
a=1 a=1 a

n
H Pzta
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n
)\f Pa IOg pa) Do
x Z H 1/2+2t Vo P, dty- - dtn. (5.8)
DPog1sePntN a=E+1
PaFDPs

We apply Lemma 2.12 to the sums over p, 1 N to obtain

Te < / / > (H pa> H log(pa) Vo ( )  ite (5.9)
P M\N
Pa p]
H log*¢ (Py + 2) 1og(N + k + |ta]) + log (N Po)| | [ ] Woa (ita) Pite| dty -+ dt,
a=0(+1 a=1
Now, we use that each log(FP,) < log @ < Q° and take (5.5) with A = 2, to conclude that
o< / / > (Hm)HlogpaV()( ) Sita
T p1,epe| N
DPaFDPg
T (1 |val
“(log N)(1 + [ta o dt, 1
X HQ og N)(1 + [ta]) H(1+]ta> dty - dt (5.10)

a=/(+1 a=1

By positivity, we drop the condition p, # pg on the sums over primes p, | N and from (2.25), we
have that [p;(p1- - pa)| < N(p1---pa)®|ps(1)]. Hence,

n

4
3 1+ «
T < (NQ / /OO > Nelpy( )|H H 1+|t|v|25dt1~-dtn (5.11)

Plse- ,mlN a=1
(1+ v -
< |pr(MI(NQ)® / / H 1+t’ T’Qadtl-ndtn < |pr(1) H1+\va|
where the sum over pi,...,ps | N occurs at most 7(N)* many times, and each term is < N°. [

We now bound S using the above lemma. By (2.25) and using that e < Q°, we obtain

epj(e®) < Ne|pp(1)] < (NQ)[ps(1)]. (5.12)
Combining Lemma 2.2(a), (5.2), Lemma 5.1, and (5.12) yields
5 < Zi:;ph((:)) L (53) s (1) f:[ 1+ Jua])? (5.13)
R A o o
© gmi“{X“’f jova 13 el mef(;)'z) S <1+ij|>c’

where f is the Hecke newform of level M such that u; = f9) with M | N and gM | N. We now
proceed analogously to [BCL]| to obtain Proposition 4.4.
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6. EISENSTEIN SERIES: PROOF OF PROPOSITION 4.5

The parameterization given by |Kiral| is crucial to our treatment here. In the following lemmas,
we recall their parameterization and specialize the results of [Kiral] to our setting.

Lemma 6.1 (Corollary 3.2 of [Kiral|). For N € Z*, (ab)~! forms a complete set of representatives
for the set of inequivalent cusps of T'o(N), where b runs over divisors of N and a runs over elements

of (Z/(b, N/b)Z)*. We can choose a so that (a, N) =1 after adding some multiple of (b, N/b).

Lemma 6.2. Let ¢ be a cusp of To(N), and let ¢ = (ab)~! be its representative given by Lemma
6.1. Suppose that b = bol', where by is the largest factor of b that is relatively prime to N/b. Write
@ for the Buler totient function, T for the Gauss sum, and xo for the principal character modulo
N/b.

(a) Let n be a squarefree integer. Then @ (n,t) = 0 unless

b/
= —  m. 6.1
e o
In this case, for some (potentially trivial) decomposition n =[], p; [, 9. we have that m =], q.
and b = (b, N/b) [1,; pj. Then

A 1/2+it

1/24it ) / e

pe(n,t) = ———_n~ 1/ L LL;b; _5 L1, a. ,0;bo (6.2)
I'(1/2 +it) IL;p; (No)/2+t = \ (I, a., (b, N/b))

L4
X (=t bod?a) (%)
L(1+ 2it, x XO)

; 1
d—21t
: d%: o (e 2
(d,N/Z)q;1 TL a0 ®N/B) ) x mod g2 87

(b) Fiz e € Z*. Suppose p.(n, )5 (e?,t) # 0 with n and b'/(b, N/b) as above. Then [I;p;leand

) 1/2+it
© <€2 t) _ ﬂe—l-&-%t L Hj Pj S 62 0: bO
o (1/2 +it) 1‘[]. p; (Nb)L/2+it ™ \ (2, (b, N/b))"

Z X(— Gy bod?a)T(X)
L(1+2it,x>x0)

(6.3)

X Z d~ 22t80<( T

dim 7) (b.N/b)
(d, Nl/b) BN/B)) ) x mod N7y

Proof. For n a positive integer, Theorem 3.4 in |Kiral| with a = 1/N gives ¢ (n,t) = 0 unless
b/

_ 4
" mam" o4
for some integer m. This, together with [Kiral], implies that
1/2+it . 1/2+it /
¢c(n’t) _ 777.”—1/2-5-% (b, N/b) ' b IS m 0 by
I'(1/2 +1it) (Nb)L/2tit (b, N/b) = \ (m, (b, N/b))’
X(‘#/b d*a)7(X)
X d_2”— (m,{ — . 6.5
; ( (b,N/b) ) z(‘;N/b) L(1 + 2it, x*x0) 65
m (m (b N/b)) x mod 7(m,(’b,N/b))

(d,N/b)=1

Since n is squarefree, for any prime p | n, we either have p || b'/(b, N/b) or p || m. Thus V/ =
(b, N/b)[];p; and m =[], q, for some decomposition n = []; p; ][, 9.. Substituting into (6.5) and
simplifying gives (a).
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Now, assume ¢(n,t)p.(e?,t) # 0. Then ¢.(n,t) # 0 implies that &' /(b, N/b) = [I;p;- Since
¢c(e?,t) # 0, we must have e? = m[];p;. This implies [[, p; | e. Finally, b = (b, N/b) []; p; gives
(b) after substituting and simplifying. O
Remark 6.3. For notation’s sake, we write d,m for the d | m term in the expansion of o.(e? 1),
and write d,m for the analogous terms in the expansion of p.(n,t).

From the following two propositions, we obtain Proposition 4.5.

Proposition 6.4. Write n = [[p;; then

CT Ny = ZZ ZHIngZ (m) ( pz>z/ co\s/}Et Be(€2, t)pe(n, t)hoy (t)dt

c>1 pi| N 7
pﬁép]

< Q° (1 A+ [ul)

2V HB. (6.6)
Q
Proposition 6.5. Write n = [[p;; then

CTNun = >3 Zngpl (“%@%)Z /_ Z (mme?,tm(u,t)m(t)dt

21 pi,..pgN i

Pe+415-- 7p7l1’N
PiFDj
< Q°(1+ |ul)? (Q”* + Y ng) [T+ wi)? (6.7)
=1

when £ < n, i.e., at least one sum is over primes not dividing N .
We now recall the following bounds which we use throughout:
S(a,0;7) < (a,7) < o
7(x) < V/c; where y is a character mod c;

Zl < fF

de
_ -1
(L(l +2it, x2><o)) < (N1 +]t])". (6.8)
When (a,bp) = 1, by Kluyver’s formula we have that
S(aa’,0;b0) = S(a’,0;bp) and S(a,0;b0) = u(bo). (6.9)

The proof of Proposition 6.4 is straightforward by taking absolute values and taking naive bounds,
similar to Section 8.2 of [BCL]|. See B.1 for the details.

6.1. Proof of Proposition 6.5 — The case where at least one p; { N. Using Lemma 6.1, we
write each cusp ¢ as (ab)~!, and thus the sum over cusps ¢ becomes

TNy = 35 S Y- Zﬂlogpl (p)e<£>

c>1 b|N a mod (b,N/b) pi,..pe|N @

Pet1y-PrtN
Di#D;
Vne?
_ cosh(m wc(e s U)pe(n, t)hy (t)dt, (6.10)

where n = [[ p;. We look to apply Lemma 6.2, as n is squarefree because the primes are distinct.
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When ¢.(n,t)p,(e2,t) # 0, (6.4) holds; hence without loss of generality, we may add any implica-
tions of this as conditions. For any index ¢ + 1 < i < n, the corresponding sum is over (p;, N) = 1,
hence (p;,b') = 1 and so p; | m. We thus split the initial sum into 2¢ sums where b'/(b, N/b)
ranges over all of the 2¢ possible products of the primes py,...,py | N, including the case where
b = (b, N/b) and none of these primes divide o'/(b, N/b). Up to reordering, we may write

PR PRI IED D DI S D SR O (6.11)

P15 pe| N PLyees pi\N P, ,p/,le Py pe\J/V
b
P1,.. ’p[‘r(b,N/b) pll ®,N/b) N/b) pl"'Pl|m

p2,.. 7p/+(b N/b)

We split each sum over p; | N into p; | by and p; 1 by, and bound each of the resulting cases
individually. We write

1;[10 = iljpi and ZZZ > Z : (6.12)

(Conditions (a)—(e))
y<3 ;ép]

where the conditions are

(a) for p € {p1,...,pe}, either we have that p | by or we have that p | N and p 1 by,
(b) p1---pj | %fersomeogjgﬁ,

(€) Pj+1,---»pe m for j 4+ 1 < ¢, using the j from the previous line,

(d) pf+17"'7pn+N7
() pi # p; for i # j, and
(£) (b]li,ﬁ is squarefree and has exactly j prime factors,

and the Zb|N sum is restricted to b satisfying Condition (f). Here, the p’s are the primes p1,...,p;
whose product is b’ /(b, N/b); the o’s are the primes pj;1, ..., pe which divide the level N but do not
divide b'/(b, N/b) and hence divide ; and the q’s are the primes py.1,...,p, which do not divide
the level and thus also divide m. Conditions (b)-(f) force b'/(b, N/b) = [[,p and m =[], 0[], .
Since (6.4) must also hold for e?, we may additionally restrict the sum over primes in p to those
dividing e.

We now apply Lemma 6.2; using the identity I'(1/2 + it)I'(1/2 — it) = 7/ cosh(rt), we obtain

CTNMN = Z by,

where

TSy SESI(5)e(vh) w5 (G o)

c>1 b|N a mod (b,N/b) P
(f)

pﬁépJ
1t
-y [T, 011, q
< [ e\ [Iello]]a pls L ,0: by
/‘0" 1;[ 1:[ IZI 1;[ (ITo 01, a. (b, N/b))
DY S o X(— Gy lod*a)T(X)
dm ¥ (%) (b,N/b) L(l — 2it, XQXO)
(d,N/b):l (m,(, /)) xmodm
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[, 0]l a -
1 UL, a7y 097 (V)
2

(b,N/b) L(1 + 2it, 1?2
¢<(H00qu7(b,N/b))> ¥ mod 4<1—[001<—lf;]\;,/(b;3,1v/b)) (o2t 0)

X

hy(t)dt. (6.13)

Here, we take [[; to be understood as iterating over the primes in the left sums, e.g., over the primes
in p,o0, and q. We take d = 1 for notational simplicity. For any other d satisfying the conditions for
vc(n,t) in Lemma 6.2, the corresponding sums merely change the input to ¢ by various factors of
p; (for some j+1 < i < n) and switch the exponent on some subset of primes from (—)* to (—)~.
This can be handled similarly, see Lemma 6.10 and Remark 6.12.

Remark 6.6. However, crucially, due to the values that d can take, all possible sign combinations
of +it on the q’s occur. Given the competing natures of these signs in the contour shift in the proof
of Lemma 6.10, a new argument is required to get an bound like that of [BCL/.

The other sums FE, are similar in structure; they differ only in the divisibility conditions implied
by (6.11) (and thus in the value of &'/(b, N/b), which determines m and m) and the value of d.
From now on, we only focus on E; as the other cases can be treated similarly. We split into the
principal and non-principal cases for 1 and write

El = Eprinc + Enon—princ~

We explicitly recall their definitions in (6.16) and (B.19) respectively and omit their definition here
due to their length. Proposition 6.5 now follows immediately from the following two lemmas.

Lemma 6.7. With the notation as above, and same assumptions as in Proposition 6.5, we have

Eprine < Q°(1 + [ul)? (QH* + gPZ> [T+ 1w (6.14)

Lemma 6.8. With the notation as above, and the same assumptions as in Proposition 6.5, we have

i

Enon—prine < Q°(1+ |u|) \ﬁH (14 |vi])? (6.15)

6.2. Proof of Lemma 6.7 — The principal character. Explicitly, we look to bound

Eprine = >0 3" ZZZHIO% (pz>e(“2>Nlbos(<m,(l:lN/b))’O;b°>

c¢21 b|N a mod (b,N/b) P
(f) Pﬁépj

o ! [Tooll;a
X/ooe 2 (U”H“QO @‘“)S((Hoonqq( b.N/B))’ 0b°>
Y(*mea)ﬁ
Z L(1 — 2it, x*x0)

% Z dQZt N
(d,z(\ifl/?;}):l 7 (W> x mod Tty

1 1
x E— Y (6.16)

D) ——
<(H o1, Cl(bN/b))) L(1 + 2it, 10" x0)

where ¢ is the principal character modulo (b, N/b)/(I], 0[], a, (b, N/b)).
We prove a generalization of Lemma 8.7 of [BCL].
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Lemma 6.9. Fiz A > 0. We have that

log pa o o
S STy (5 ()

P1y-pefN @

pl;épj
= H (Pl/m”v ( To zt) +O(P:(1+ \va])QlogN)>, (6.17)
where the +, are independent of one another and based on o, and Va satisfies
> L+ Jeal\*
Vals) < @° . 6.18
0 < o () (6.15)

Proof. This follows by induction, using Lemma 8.7 of [BCL] as the base case. For details, see
Appendix B.2. O

To bound the integral over ¢, we prove a generalization of Lemma 8.9 of [BCL.

Lemma 6.10. Let

o e 22, (t) 1/2+4it o 1 1/2-it i 1
I = P V,+ it P V- =-—it
/—oo L(l — 2it,X2X0, )L(l + 2it,w(2)X0) 1;[ at <2 T > H (2 ¢ )

x [TO(P5(1 + |vg])? log N) dt, (6.19)
B
where [],,+, Hﬁ are finite products over at most n indices in total, and at least one of ™ or a™ is
a non-trivial product. Suppose P; < Q"i_éi for 1 <i<nand {o;: 1 <i<n} satisfies Condition
(1.11). Then for 6* = 23", 6;, we have that

(1 + ful) min {X’f—?’/ms, \/}} Tt + o) TTICL + [os])? log N,
a 5

I < O 5*(10 (d) 1/242¢

(6.20)
where qq is the conductor of x%xo-

Proof. Place the index i in A if the sign of the imaginary part of the exponent of P; is negative;
otherwise, place the index 7 in B and add the remaining indices to A. Since the case in which all
primes are in [] . occurs in our application of this lemma, and since this term dominates, we reduce
to this case.

Since Condition (1.11) holds for this partition, for simplicity we assume

Z o; +3 Z 0j < 4.

icA jeB
Thus, making the change of variables s = 1/2 — it (if the other case of Condition (1.11) holds, take
s =1/2+1it), we obtain

. E 25—1 1 - ) o ) )
I = 1/(1/2) (d) L(2s, x2x0) L(2 — 25, 42x0) yPaVa (S)HPQ+ Vot (1 =)
x hy(i(s — 1/2)) [JOP5(1 + |vg])? log N) ds. (6.21)

B

We move the line of integration to R(s) = 1/4 + ¢, and then proceed analogously as in the proof of
Lemma 8.9 of [BCL]. O
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Remark 6.11. The condition on the supports o; is necessary to handle the novel terms emerging
from Lemma 6.2 when n > 2. Lemma 6.10 must handle all possible combinations of signs on the
exponents of || Piiit. Write [],c 4 P [Len Pgt. Based on our choice of change of variables, upon
shifting the contour to Re(s) = 1/4 + ¢ we are left with either

H Pi1/4+5 H Pj3/4+5 or H Pi3/4+e H ‘le/4+s'

€A JEB i€A jEB

If Condition (1.11) fails to hold, since each P; < Q%% either choice of change of variables,
s=1/2—it or s = 1/2 +it, yields a factor of size > Q'*=.

Remark 6.12. The argument in the above lemma cannot be pushed any further to increase the
support; the contour shift would otherwise cross the critical line, and is thus a natural boundary for
our treatment of Fisenstein series. See Remark 6.6 as well.

To bound El,ine, we first look to apply Lemma 6.9 to the sum over primes q not dividing N. To
do so, we first note that (][, q,00) = 1; by (6.9), we may remove [], q from the Kloosterman, and
similarly from the corresponding Euler totient function.

We move the sum over ¢ inside the integral and apply Lemma 6.9. Next, we note that for
every m, the modulus (b, N/b)/(m, (b, N/b)) of x is a factor of (b, N/b). Thus, moving the sum
> od (b,N/b) inside the integral, character orthogonality allows us to reduce to the case where
X = Xo is the principal character modulo (b, N/b)/(m, (b, N/b)). This gives

Byrve = LN T2 (B ) (wle) 5 [ (QPH)

o0

1N P o i —o°

(f) pi#p;

[I,0 m
" (1;“) o ((Hg o, (b, 7o) ) G Ny
. b,N/b
y Z 42 w <('m(,(b,]<//)b))> ©((b, N/b)) 1 1
b,N/b L(1 — 27t v2 b,N/b )
ar o (mony) PR o (iR ) L+ 2t do’x)
(d,N/b)=1

< hy () [ ] (P;Pi*”f/a* (; +, z't) + O(PE.(1 + |var)? log N)> dt, (6.22)

a*
where o* iterates over ™ and a~. We split into cases of all error and at least one main term.
Remark 6.13. The application of character orthogonality of x eliminates the contribution from the

Gauss sums T(x) over non-principal characters modulo (b, N/b)/(m, (b, N/b)), which would other-
wise contribute a detrimental additional factor of magnitude /(b, N/b)/(m, (b, N/b)).

6.2.1. All error terms. We consider the all error term of (6.22). We move the remaining prime sums
into the integral and apply absolute values. By Condition (a), we have some combination of the
sums p, o | by, or p,o | N,{by. We split the sum over primes in o into f | ¥/, g | bg, and b | N,h1b as

follows:
[lo = 1Iillsllo = 1Ii1Ls] 1o

flo- albo bV flo' glbo  BIN
ftbo btb bid
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Since by is the largest factor of b coprime to N/b, primes in o which divide b’ cannot be coprime to
N/b so (Ha\b/ o, (b, N/b)> = Lo 0 T o | N but o fb, then (Hofbo, (b, N/b)) — 1. Hence

Mo .\ _ |
S((Hgoa(b,N/b))’o’b()) - S(gg’o’b()) < \/%EIJ@ (6.23)

where we used (6.9) and to obtain the last bound, we have used that the primes o | by are distinct
so their product is at most by. Thus, taking absolute values, bounding the Kloosterman sum, and
dropping the condition p; # p; by positivity yields

Z Hlogpz < > e (Uig‘i) (1:[0>its <E[g,0;bo>

PiFP;
1 1
< Vi [Joss [ o] DL Og‘) < (bo)/eN". (6.24)
glbo 9 flo' f th b
bib
We now deal with the sum over p. Recall that we have H)J p | e. Since e < F < ¢, we have that
log p; (pz—) ( pz)
> 11 Vs )e pipi < Q°. (6.25)
RV ANN -

(Conditions (a),(b),(e))

We are now ready to bound Eppincerr- Using the bounds on hy (t) from Lemma 2.2 and the work
above (after dropping the condition on }_, ;- by positivity), we have that

Eprincerr < Q°(1+ |u) H L+ [0:)> DD (b, N/b))

c>1 b|N
2+a(b 1/2+£

14 k—1
N V (b, N/b)F Emm{X \/}7}(1+|10gX|), (6.26)
where F' < (1 + |u|)(1 4+ X) and we use the bounds in (6.8). By ¢((b, N/b)) < N/b, we conclude

> o((b, N/b)) 2??052/%8\/ (b,N/b) < ZJW VN T(N)N® < N (6.27)

1/2 €
b|N b|N

As such, arguing as in [BCL] to the sum over ¢, we obtain

Eprmc err K Qg(l + |U’ (628)

6.2.2. At least one main term. We now look to bound

b = SEEEIY(3):(+5) i [ (I011)

c>1bHN P o0 o0
(f) pL7£pJ

" (1;[ p) o <(Ho oQZ,ON/b»’O;bO) ° <<m<aM’0;bo>
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, b,N/b
RES “((é,(b,](f/)b))) o((b, N/b

1
y Z (¢ H 1/2i*zt < i*it>
(b,N/b) L(1 — 2it, x2 2
dm ¢((m,<b,N/b>>> (1= 2it,Xxex0)

(d,N/b)=1

1
X Ho P5(1+ |vg|)?log N) dt, (6.29)

bN/b)
((H o(bN/b))) L””” ’x0) 5

where the product over o is not empty.

We look to argue as in Lemma 6.10. We move the sums over p, o0 into the integral (including the
Kloosterman sum with o dependency) and obtain the integral in the statement of Lemma 6.10 with
an additional factor of

. bN/b ZZHlogpz < Z)e(w’é) (1;191:[0>ﬁt (E{p)

pﬁfp]
1 H o .
<m“3<%>s <(H 0, (b vN/b>>’O’b0>' (6.30)

In the worst case, after shifting the contour as in Lemma 6.10, we are left with [], pl/4== ], ot/4—=.

We take absolute values to obtain

T < N/b ZZH 1?%1 <H ) ((leN/b)> ‘S<(H oH( ,ON/b))’O;b())"

P (b,N/b))

pﬁ’épj
(6.31)

We again split the sum over primes in o into sums over § | ¥, g | by, and b | N, b 1 b to arrive at

Nb logp log f 1 log b
1« AP ST S e ST S i

flo” glbo 9 bV b

bib

x ——=— |S (T[T 9 0s0) |
v ((Hf(b N/B) )

where we have simplified the second Euler totient function using that none of the primes g or b

divide (b, N/b) and we have simplified the Kloosterman sum using that none of the primes f or

divide by. For notational convenience, we do not write the requirement that all primes are distinct

here, yet we still assume this condition. By Theorem 2.9 of [mont], ¢(n) > n'~¢ thus,

(6.32)

1 Ne(ITF, (b, N/b)) NeITf
< < . (6.33)
v (7@(;’(%}@)) (b, N/b) (b, 76)

As such, using b = b'bg and b" = (b, N/b) [, p, we conclude

1 p((b,N/b)) _ NeIIf (b, N/b)Y (b, N/b)
o () M < BN Nb N H Hf (6.34)
(IT1,(6,N/b))

We then use that the primes g are distinct together with the argument in (6.23) to deduce

1/4
S (H g,0; b0> < (bo)3* (H g) . (6.35)
g g
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Therefore,
- (b, N/b)(bo)¥/* logp 3/4-c log b
T <Q T Nl—ep ZH 1/4+5 ZHf 10gf2H10ggZHh1/4+a. (6.36)
flo/ f glbo 9 blN b
bib
Thus using that the § are distinct,
Do logf = 3 Y [ # T logn < (1)Y 7 log™ (0. (6.37)
flb! Pi€f i

By similar arguments to those in (6.25), the sums over primes in p and b are < (QN)°. Similarly,
the sum over primes in g is < bj. As such,

(b, N/b)(b0)3/4+s(b/)3/4—e
N1=¢p
We recall that g5 < N°. Therefore, we have that

N/b) . _ 1
Eprinemain < (14 [u)@ H T D) P i m{xk 3/2+26,ﬁ(}, (6.39)

¢>1 b|N
after dropping the condition on Zb| ~ by positivity. We now bound the sum over ¢ and b | N. Let
F(c) == min {X”‘T_‘g/”%7 X_I/Q} and put N = cLird := ca where o = Lird < Q°. We then have

b, N/b) (b1b2, 353-)
SN e € LY ()

(b, N/b)

T < QE N1l-epl/d—e’

<@ (6.38)

C>1 b|ca C>1 bl‘a b2‘c
bz,c/bz b1 (a/by)
< 2201 ~¢ (by) /A< F)) (b)/i—eal—e
c21 bale bi|a
1 (vacl) /
< O‘EZ (by)5/4—< ;1 e F(c'bs)
/
<<azb25/4szz /g (clby)
£lbs />1
< Qaasz b2 5/4 €Z£1 —€
£|by
< ngﬂ < QF (6.40)
- e < |
2
Hence, we conclude that
Eprinc,main < Q1_6*+E |U| H |'U] . (641)

The proof of Lemma 6.8 is straightforward and follows by applying Lemma 2.12 to the sum over
q, taking absolute values, and taking naive bounds. The idea is similar to Section 8.5 of [BCL].
See Appendix B.3 for details.
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APPENDIX A. PROOF OF LEMMAS IN THEOREM 3.2

In this section, we prove the base case of the induction and Lemmas 3.7 and 3.8. Recall that to
do this, we split into five disjoint cases based on the partition of n as follows.

Each part is 2. This term contributes and as such we compute it in Lemma 3.5.
All parts are > 2, and at least one part is > 2.

There is exactly one 1 in the partition (and n > 2).

There are at least two 1’s in the partition, but not all 1’s.

5. Each part is 1.

W=

A.1. Base Cases. When n = 2, we are either in Case 1 or Case 5, and since these cases have been
established independently of this induction, this completes the case n = 2. When n = 3, we are
either in Case 2 or Case 5, or we have the partition 2+ 1 = 3.

We begin with

1
S = N(Q)zq: ( > SN Fp2) Y Flps, ). (A1)

feHL(q) pr=p2iq p3fq
P17£P3

When p; = p2 = p3, S1 becomes
o (5) 2% :
— > F(p,3) < (A.2)
N(Q) % e o (log Q)?
by Lemma 3.6. Hence, S; = S2 + O((log Q)_ ) where
1 (p) log®(p) log(p') ~, (logp)\ ~ (logp/
&= g Xr(s) T YT # ((20)6 (1E0).
N 1 1
(@) q @ feMr(q) pla p'ta p\flog (a) 0&d 08d
Since f is a newform, Af(p)? = Af(p?) + 1, and thus
1 As( V') log?(p) log(p') =5 (logp\ = (logp/
52=z()2h22f B (20) (2L
N 1 1
@) q feHr(q) pla p'tq \flog (a) 08 d 084

T (E) B S () ().

1 1
F€HK(a) pla p'iq 084 08 q

We name these sums &3 and Sy, respectively.
To bound &y, we evaluate the sum over p using Lemma 2.9 and then apply the case n =1, i.e.,
Proposition 4.2 of [BCLY], to the resulting sum. We conclude that

S < </Z|uc1>2(u)du>N(1®Zq: < ) > 2 Hﬁ:g 5(32@2,)

Je€Mr(q9) P'ta
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e 1 1
% (u) d : A5
< </_Oo |u|®*(u) u> o2 Q < o2 Q (A.5)
We now bound Ss. Taking absolute values yields

Ar( log logp
S3 < h f < >
; fe%k: /N \/ Z plog log q
') log(p ) <10gp’) (A.6)
\/ f log(q logq )|’

where W is supported on (0,a). Viewing the sum over g and the sum over f as a single sum, we
now apply Cauchy- Schwarz to obtam

9,1/2
h q Ar(p?) log*(p) ~ (logp\?
- qz:lfe%:( <Q> %q: plog®(q) (I)<10gQ>
2,1/2
h q As(p')log(p') ~ (logp/
qz;fg:( <Q> p% V' log(q) <1><1qu> ' (A7)

After removing the diagonal piece whose contribution is O(1) by Lemma 2.9, the second sum reduces
to Proposition 4.1 with n = 2. Therefore,

2,1/2
s () log?(p) = (logp*
Sy < Z Zh () P . (A.8)
= e Q) \4= plog(q) logg
We apply Lemma 2.11 with F(t) = ®2(¢) to conclude that
1/2
loglog q loglog Q)
h
S; < Z Z ( >< g e ) < ol (A.9)

q=1 feHr(q)
]

We now assume n > 4 and for the purpose of strong induction assume Theorem 3.2 holds for
1,2,...,n— 1. We complete the proof in Lemmas 3.7 and 3.8.

A.2. Proof of Lemma 3.7. We recall that we assume our partition is in nonincreasing order.
Because n > 4 and there is exactly one 1 in the partition, there is at least one part > 3, or at least
two parts of 2.

Suppose there is a part > 3. Then by Lemma 2.12 and Lemma 3.4, we deduce

S = gL (2) >y S

JeHK(q) p1,petq =1

pﬁﬁp]
1
< WZ < > Zh ZLF p17a1 ’ Z ’f p?)QQ)‘ Z f(pg,ae)
! feHi(@) prfg patap1 pefap1--pe—1
1 1 (logg)**= < 1 )
< NQ =0 : A10
N(Q) ; < > feHz (logq)® logq log Q ( )
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Now, suppose there is exactly one part 1 and every other part is 2. Explicitly,

S = g LV (Q) SIOY Y Y [[Fed Y Feen. (A

q FE€HK(q) p11q P21P1q P3,-...Pr—11P1pP2g i=1 pefap1--pe—1
PiFPj
We now induct on ¢. The base case ¢ = 2 is handled in the n = 3 case (see Appendix A.1).
Now, we assume the statement holds for £ — 1 > 2. If p; = py, then this reduces to Case 2. If
p1 = p; for some 1 < i < £, then this reduces to at least one a; > 3. Hence, we may add back when
p1 equals any other p;. The same idea holds with ps. Since £ > 2, we now have

§ = o)+ Y w ( ) S S Y S [ Ay Y e, (A1)
N(Q) % e ;
k() pita p21q ps3;....pe—11q =1 Pefqps-—pe—1
pﬁép]

We apply Lemma 3.4 for F(p1,2) and F(p2,2) and write F(p;,2) = C;+G;, where C; is the integral
and G; < loglog ¢/ log q. Expanding out (C1 + G1)(C2+ G2) splits S into 4 sums: C1Cy; C1G2 and
C5G1; and G1Ga. The first case is trivial; since C1C5 is a constant independent of f, this reduces
to Case 5 or the inductive hypothesis.

To bound the C1G4 term, we add back the C1Cy term so that it suffices to show the C1(Co + G2)
term is o(1). By a similar argument as before, we may add back the condition that p; # pe for
3 < i < £. Since this difference is o(1), we appeal to the inductive hypothesis, completing this case.
The same idea holds for CyG1.

Finally, we bound the G;G2 sum. By Lemma 2.12 and Lemma 3.4, we have that

N(lQ)Z ( > > GGy ZHFPH) > Flpe )

q feHr(q) P3,-,pe—11q =3 petqps--pe—1
p’ﬁép]
1 (loglog q)? 10g2+6 (9)
< g 2 (2) > e 2 ) 0
q FeHL( P3y--sPe—11q =3
pt?épj
1 log logq)?, (log q)¢
< Y U < ) Zh log' ™ (q) < : (A.13)
N(Q) 4 e (oga)? log g
completing the induction and the proof of Lemma 3.7. ]

A.3. Proof of Lemma 3.8. Recall that this lemma bounds terms where the partition has at least
two 1’s in the partition, but it is not all 1. We will need the following generalization of Hélder’s
inequality, which is essential for our analysis of these terms, and a lemma which allows us to apply
this.

Lemma A.1. Suppose \; € RT with \y +---+ X\, = 1. Then
n n )\a n >\z
D laxPe o < (Z |ak|> (Z w) . (A14)
k=1 k=1 k=1

Lemma A.2. Let m > 1. Then there exist ' € 220 {1,2,...,m + 1} with >7" & = 1.

Proof. Take |m/2]-many & = (2|m/2])~" and [m/2]-many & = (2[m/2])~ . O
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We induct on ¢, the number of parts in our partition. Our base case is £ = 1 and is vacuous. Let
there be k > 2 many 1’s in our partition and k' — k many 2’s.

We add back in the primes for p; = p; when a; +a; > 2. If there is only one part of 1 remaining,
we are in Case 3 and if there are two parts of 1 remaining, we have £ — 1 parts and we apply the
inductive hypothesis. Hence, it suffices to bound

¢
1 h

w2t (g) o % Tl a1

q feHK(a) P1,--5Pelq i=1

i,j>0—k = pi#p;
Similar to the previous subsection, we apply Lemma 3.4 to each of the (k' — k)-many a; = 2. As
before, we first handle the all-integral terms which have a sum over at most n — 2 primes using the
inductive hypothesis. For each of the remaining sums, we denote by D(Q) the product of the sum
of the not-all-integral terms from Lemma 3.4 and the sums with a; > 2. Since k < ¢,

log 1 lpsk 1
(og ogQ) (log Q) ==t o «

D@ < \Tgq oz O)'

It thus suffices to bound
;. 1 q ‘ )
= N Eq:qf (Q) Y>IPD@) Y > [T F. (A.17)

feH(q) Dokt 15--Petq t=C—k+1
Pi#Dj

(A.16)

For a given p; and each / —k < j < ¢ and j # ¢, we add back the sum over p; = p;. Morally, to show
the terms we are adding are negligible, it suffices to show the innermost sum when averaged is O(1)
since the D(Q) term gives us decay once we take absolute values. This is formalized in Lemma A.4.
From there, we bound the resulting sum in Lemma A.3.

Lemma A.3. For each m > 2, we have

aQ
no. 1 hp >\f Dbi Ingz log p; — 0
S’ = 7N(Q)Z < ) Z Z ZH Jiogq <logq) = o(1). (A.18)

q=1 feHL(q) P1,-Pmfq =1

Proof. Taking the &; as given by Lemma A.2, we have

-5 Droor T () (ver (8)) e

=1 feHr(q) P1,.,Pmfq =1

Taking absolute values yields

s <3 T o] T () (v (7))

q=1 fcHr(q i=1| pifq

m

< o, 3 [ e ()| (vere ()" v

q=1 feHr(q) i=1 | pitq

We now raise the prime sums to the & and f;l € 2Z* powers. Since the As(p;) are real we obtain
-1 &

1" h /\f(pi) IngiA Ingi ' 1 q
5w ey ST [ (3 e loen (o)) g (1)

q=1 feH(q) i=1 pifq




ON THE DENSITY OF LOW LYING ZEROS OF A LARGE FAMILY OF AUTOMORPHIC L-FUNCTIONS 35
5—1 &

h T A (pi)log p; ~ (log p; 1 (q
< e ST ([ Metsn ey g (1))

=1 feHy(q) i=1 \ |pifq

We now apply Lemma A.1 to the sum over ¢ and f to conclude that
-1 &

1" h )\f(pi) log p; ~ ( log p; Z 1 q
S < g1 >y er (1) | vee(g)| - am

1
i=1 \ ¢=1 feHp(q) \pifq 08 q

Now, each term in the product is a 52-_1 <k+1<(n—-2)+1 < nth centered moment. By the
inductive hypothesis, each of these is finite. Hence 8" = o(1). O

Lemma A.4. Let IHy(s) be the statement: for any k > 0, removing the distinctness condition from

1 a® h k+s
Sy = WZ < ) Y@ Y > o JIFw (A.23)

g=1 f€MK(a) DLy PRAG Pl 15 P4 s1q 1=1
DiFDj
changes the sum by o(1). Let IHy(s) be the statement: for any k > 0 and j > 1 we have
1 a@ k+s
S ygut(s) Sr@ ¥ SFes Y [[Feen a2
9= JeHK(2) P1,--Prta P'la pk+1,---£k+s’(p’q i=1
PiFP;

is o(1). Suppose D(Q) — 0 as Q — oo independent of f € Hyp(q). Then IHy(s) and IHs(s) are
true for all s > 1.
Proof. The statement I Hq(1) is trivially true. Next, to prove I Hy(1), we observe

a® k+1

So = (1@2\1/(32) S Y SF) S [[Fen)
q=1 feHK(q) P1:--Px1q P'q Pr+1fg =1
1 &
) 2 PQ 2 D WY pr“ B
q=1 feHK( P15--P1q P'1q

Since j+1 > 2, by Lemma 3.3 or 3.4, we have that Zp’m F(p',j+1) =0(1) independent of f, and
thus Lemma A.3 bounds the second sum. If j = 1, then the first sum is o(1) by Lemma A.3 with
k + 2. Otherwise, if j > 1, then the sum over p’ is O(1), so we incorporate it into D(Q) and apply
Lemma A.3. We thus have shown [ Hs(1).

We assume [H; and [ Hs for all 1,2,...,s—1. We first prove I H;(s). By the same idea as (2.37),
we observe that

1 a@ h k+s
S = g L () z @Y Y Y [[Fe (4.26)

q=1 JFeH( P1y-PItq Prt11q Pry2y»Prtstq i=1
PiF#Dj
1 a@ k+s
~G-Uyg Y ( ) 2."P@Q > X > 7wy
q=1 feHL(q) D1yt Pr1fd Py PrtstPr1q =1

Pr+1=Pk+2 DiFDj
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Applying IH;(s — 1) to the first sum removes the distinctness condition and applying [ Hs(s — 2)
with j = 2, p’ = pi41 shows the second is o(1) (note that IH>(0) follows from Lemma A.3). Hence

1 aQ k+s
55 = WZ (Q) Zh (@) Z Z Hf(pi,1)+0(1) = o(l1), (A.27)
=1 feHK( P1yeesPk+11q Pht-2y-- P+ T =1

where the last equality follows by Lemma A.3.
We now prove IHs(s), using the same idea as (2.37). We add back when some p, = p’ for
¢ > k+ 1. By renaming ¢ to k + 1, it suffices to bound

1 a@ k+s
WZ < ) Y@ Y. Y F@i+1) > I 7.1, (A28)

q=1 feHr(q) P1,.-PK1q P'1q P42 PhtstP'q | i=1
Pi#D;j ’ #kt1

which is o(1) by IHa(s — 1). It now suffices to bound

/ 1 & h /. e
i = va 2 (3) Yo ¥ S ¥ A G

g=1 fe€HR(9) p1,-Prtq P'la Ph15,Ph+s1q 1=1
PiFP;j
If j = 1, then this is o(1) by [H;(s) and Lemma A.3, and if j > 1, then 3° , F(p',j) = O(1) and
we incorporate it into the D(Q) term. The resulting sum is o(1) by the same reasoning. O

APPENDIX B. PROOF OF RESULTS IN SECTION 6

B.1. Proof of Proposition 6.4 — Contribution from the primes p; | N. We now prove
Proposition 6.4. After using the parameterization given by Lemma 6.1, we take absolute values to
obtain

TNy < 33 Y Y- ZHW’ /- CLLP 2 (2 0o, 0] B ()] .

cosh(mt)
c>1 b|N a mod (b,N/b) pi| N
pﬁ&pj

(B.1)
We use (6.5) to bound the Fourier coefficients p,(e2,t) and ¢ (n,t) and obtain that

Vet (b,N/b) V m .
IT(1/2+it) Nbo (b, N/b) ‘S (( (b,N/b»’O’bO)‘

1 IT(X)|
T S _ : (B.2)
dm ¥ ((nfb(}fvjc;)b))’) mod —(b:N/b) ‘L(XQXO, 1+ 21'75)‘
(d,N/b)=1 h X OE T, (5, N75))

P(e*t) <

We bound the Kloosterman sum as < by and use the bounds in (6.8) on the L-function and the Gauss
sum. Recalling that b = b'by and m < e? so that the sum over d | m occurs < 7(m) < 7(e?) < €°
times, we obtain that

e ! !
pet0) < s O e NN+ )

13 ﬁe_l b 13
< Q |F(1/2—it)|\/m(N(1+’tm . (B.3)
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Using (6.8), we analogously obtain the bound above on ¢(n,t) with e replaced with /n. Substi-
tuting into (B.1), and using that |T'(1/2 — it)|?> = 7/ cosh(7t), we obtain

CTNgy < >3- ZHlogp’QfZ Yo /N (1+ )| he () dt.  (B.4)

1 pi|N i b|N a mod (b,N/b)
pl?ﬁp‘]
Using that > * 4 o) 1S N/b, 7(N) < N°¢, and dropping p; # p; by positivity, we have that
lo pz
CTNuy < > - ZH 8D QN)E / (1 + [t)F|hs (2] dt. (B.5)
c>1 pil
Since each p; | N, we have that
CTNun < D _(QN)* / (1 + [t])°|h (2)] dt. (B.6)
c>1 o0

We use the bound on A4 (t) from Lemma 2.2 and recall from (4.14) that X = % VILE g
N = cLird where Lird < (). We use the same argument as in (5.13) to obtain

€ € 13 k-1 L /oo 5(1+|10gX|) F ?
CTNn|N < Q ;N mln{X X 700(1-1-\75\) T T+ dt

v HP (B.7)

where F'is such that F' < (1 + |u])( X). This completes the proof of Proposition 6.4.

< (1+ |u)?@Q?

B.2. Proof of Lemma 6.9.
Proof. We proceed by induction on k, the number of a. Our base case is k = 1, and this is simply
[BCL|. We assume the lemma for £ and prove the lemma for x + 1. We have that
Kk+1
Z Z H log pa Pa Pa
1/2izt “\Yp,

Plyesprp1fN a=1DP

PaFDp
log p1 p1 logpa |, pa Pa
V=T <P1 DD H 1/2:|:zt “\%p, ) (B-8)
NP1 P2,.-pry1fNp1 a=2 Pa
PaFPga
The sum over pa, ..., pg+1 1S equal to
rk+1
= H <P1/2:thV < :th> + CLPE(1 + |va|)210g(Np1)>
a=2
k+1
= 11 <p1/2¢“v < :th> + CoPE(1 4+ |va|)? log N log (P, +3)) : (B.9)
a=2

where we have applied the inductive hypothesis with Np; to the sum from a« =2 to Kk + 1, and
Cy, = C (B.10)

a,p1,P2,, Pt 1,602, 0641,V2,.. ., Vie 1

is a sequence of constants, where ||C/,||cc < M is uniformly bounded independent of all variables
that C, is dependent on. Further, we have ||Cql|oo < ||CL||oo- We then expand this product, and
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split into cases based on whether the resulting term in the sum of products contains a factor of Cl,.
We first bound

k+1
log p1 D1 m\ T 1/2Fit 77
Ent1 = Z 1/2iitv<P1>e< p1> H PyPTY, $Zt

p1fN Dy a=2
par log p p p

_ 1/2Fity,; 1 b1 1

— H(P Va ( :|:zt>>z 1/2iitV<P1>e< P1> (B.11)
a=2 pitN P1

and by [BCL] this is

rk+1
Ens1 = (pll/mf/l <; qtz‘t) +O(P;(1+ \vly)QlogN)> 11 <P1/2Wv ( :th>> (B.12)

a=2
For each 2 < o < k + 1 define =,: R — R to be a smooth, uniformly bounded by M function with

“a(pl) - Ca}plaP27“'7PH+17t?v27~"77~)r€+1"721~~'1VH+1

and whose derivatives up to A are all bounded by M’M for some constant M’ > 1 independent of
all the variables which C, depends on. Without loss of generality, we assume that we are bounding

B
log p1 p1 p1 1/27it
g = 3 v (B ) (o) T2
1

p1fN a=2
k+1
=~ 1 . —_ e 2
xVa 5 Fit) [I Zap)Pi(l+[val)*log Nlog(Py +3) (B.13)
a=p+1
for some 1 < 8 < k. Define
z 2 K+1
Vi(z) = V <P1> e <U1PI> [] Eo(x)log(Pr+3). (B.14)
a=4+1
We observe that
Vi) < (14 [o1])' log(Pr +3)"*, (B.15)
with < based only on V and [, and thus conclude that
~ 1+‘U1| 4 1—|—|’L)1| 4
Py € . B.1
s < 1<1+|s|> <@ {15 (B.16)

Further, by the proof of [BCL], using our definition of Vj(z), we conclude that

B s 1 K+1

& = [[PF"Va <2 $it> IT P+ fval)* log(N) (M)~
a=2 a=F+1
i (1

x (Pf”jﬁtv1 (2 T it) + O(P§(1 + |v1])? log N)) : (B.17)

Summing over all 8 (including &,+1), we conclude that
log pa pa Pa 1/2Fit
S I ey () () - T meme (o

pan a= 1p a=1
pasﬁp;a
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1—eq

H+1 [
< MMM T (PI/QWV ( q:us>> <P§(1+|va|)2log(zv)> . (B.18)
ea€{0,1} a=1
1<a<k+1
Jda: eq=0

where M" is the supremum of all of the big O given in (B.12) and (B.17). Hence, the constants in
the big O are all bounded by M” (M M')"*! and this completes the induction. O

B.3. Proof of Lemma 6.8 — The non-principal characters. We now prove Lemma 6.8. The
goal of this subsection is to bound the following sum:

o S EE S EESI (3): ()i o)

c>1 b|N a mod (b,N/b) P
()

pﬁ’épg

® ! [0 11,9 B
/oo (1;[“1:["1;[0 (1,1”)5(( qu(bN/b))’O’b>Nbo

| ) X(— s bod2a) T (X)
w1 (m, (b, N/b))
" ; ! ¥ (M) Z(:bN/b> L(l — 2it, XQXO) (B.lg)
(va/,z) B (m,(b,N/b)) ) x mod (-t K7pyy
[oollga =\~
) 1 Z w(_(nool—[q qy(g,N/b))boa)T(w)h (t)dt
< (b,V/b) ) (b.N/b) L(4%x0,1 + 2it) o
(Lo o Ilq a.(0N/0)) /' 4 mod rr1r 3 ~7myy

Y#po

Observe that each prime in q is coprime to N and thus is also coprime to byg. Hence,

(H o[]a. @ N/b)) = (H o, (b, N/b)) : (B.20)
0 q 0

This allows us to bring the sum over q inside the integral and past the sum over characters. Hence,

Fuie = X3 X ZZHW”@%@ﬂQJ’%QbH)

c>1 b|N amod (b,N/b) P
(f)

it

pﬁép]
X(= o w7eyy bod?a) T(X)
2it (mv(bvN/b))
X (H p) Z d (b N/b) Z L(l _ QitaXQXO)
b d|m (m,(b,N/b)) mod &N/
(d,N/b)=1 X (. (5,N7/B))
I, = N (7
. S( [Lo 0.b0> 1 5 V(= oty o) (%)
0,(b,N/b))" " (b,N/b) L(1 + 2it. 42
(Ho ( / )) %, ((Ho 0,(b,N/b))) o mod - 2{\;/;{)/17)) ( + 27 7¢ XO)
Yv#EYo
Y(pi Ingz Pi i
xh+(t)S<( ROV b0> Z H NI 7 )elvp ) dt (B.21)
pﬁépj

Remark B.1. Note that Lemma 2.12 works with the +it independent of the q sum.
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Since the primes in q do not divide N and the primes in p,o0 divide N, the primes in q are
necessarily distinct from the primes in p, 0 and consequently these two sets of sums are independent
from one another. Thus, we can apply Lemma 2.12 to the sum over primes q. By Remark 2.13,
the function ¥;(z) =V (cz/X)e (v;x/X) where V is supported on [0, c] and X; = c¢P; satisfies the
conditions of Lemma 2.12 with A; < (1 + |v;])3. Taking absolute values, and after dropping the
condition on Zb| N by positivity, we conclude that

o > L (1 [N ey

c¢21 b|N a mod (b,N/b) P

pﬁépj
m 1 1700
x|s(—" 0 ) ’ S L
<(m7 (b7 N/b)) 0 dlzm o (%) 271\]/& |L(1 _2it7X2XO)‘
(d,N/b)=1 (m,(B,N/8)) /' x mod s 7y
e > ) 0 (B.2)

N —
14 <(Ho 0,(b,N/b))> 1 mod % ‘L(l + 2it, XO)
v#Yo

n

< 1

i=0+1

(b, N/b)
(I, 0, (6, N/b))

(log(P; + 2)) ™ log ( + ]t!) (1+ |v;])? + log (NPB;) |dt.

The second Kloosterman sum is < m < €2, and the sum over d occurs at most 7(m) < m® < e°
many times. Further simplify using (6.8), we conclude that

log p;
I D 9 3 L

c>1 b|N a mod (b,N/b) P
pv,7é

n

)),U;bo> \ (b, N/ + )7 (e ®)] T (4 o)t (B.23)

i=0+1

“Js (o
(I, 0, (b, N/b

Each prime in the sum over p is < e < QF, and the o sums occur < 7(N) < N€ many times.
Similarly, the sum of a occurs at most (b, N/b) many times, and thus we obtain

n

Buonrine < 335 N / (b, N1+ 1)° T (1 o) e ()]

e>1 b|N i=0+1

< QEH 1+ |vg]) ZNE/ (14 [¢])° [hy(2)] dt, (B.24)

c>1

where we use (b, N/b)? < % = N. From [BCL], we conclude that

2 VI[P

Enon—pm'nc < Qs(l =+ ’u‘) Q

(B.25)

.
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