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7. Results under Montgomery's Hypothesis (Theorem 2.13) 29Referen
es 301. Introdu
tionIn this paper we study the 1-level density of Diri
hlet L-fun
tions with modulus q. Thegoal is to 
ompute this statisti
 for large support and small error terms, providing a testof the predi
tions of the lower order and error terms in the L-fun
tion Ratios Conje
ture.In this introdu
tion we assume the reader is familiar with low-lying zeros of families of L-fun
tions and the Ratios Conje
ture, and brie�y des
ribe our results. For 
ompleteness weprovide a brief review of the subje
t in �2.1, and state our results in full in �2.2 to �2.4.We let η ∈ L1(R) be an even real fun
tion su
h that η̂ is C2 and has 
ompa
t support.Denoting by ρχ = 1
2
+ iγχ the non-trivial zeros of L(s, χ) (i.e., 0 < ℜ(ρχ) < 1) and 
hoosing

Q a s
aling parameter 
lose to q, the 1-level density is1
D1;q(η) :=

1

φ(q)

∑

χ mod q

∑

γχ

η

(
γχ

logQ

2π

)
; (1.1)throughout this paper a sum over χ mod q always means a sum over all 
hara
ters, in
ludingthe prin
ipal 
hara
ter. If we assume GRH then the γχ are real. As η(y) = (̂η̂)(y) is de�nedfor 
omplex values of y, it makes sense to 
onsider (1.1) for 
omplex γχ, in 
ase GRH is false(in other words, GRH is only needed to interpret the 1-level density as a spa
ing statisti
arising from an ordered sequen
e of real numbers, allowing for a spe
tral interpretation). Wealso study the average of (1.1) over the moduli Q/2 < q ≤ Q, whi
h is easier to understandin general:

D1;Q/2,Q(η) :=
1

Q/2

∑

Q/2<q≤Q
D1;q(η). (1.2)The powerful Ratios Conje
ture of Conrey, Farmer and Zirnbauer [CFZ1, CFZ2℄ yieldsa formula for D1;Q/2,Q(η) whi
h is believed to hold up to an error Oǫ(Q

− 1
2
+ǫ). While therehave been several papers [CS1, CS2, DHP, GJMMNPP, HMM, Mil3, Mil4, MilMo℄ show-ing agreement between various statisti
s involving L-fun
tions and the Ratios Conje
ture'spredi
tions, eviden
e for this pre
ise exponent in the error term is limited; the reason thisexponent was 
hosen is the �philosophy of square-root 
an
elation�. While some of the fami-lies studied have 1-level densities that agree beyond square-root 
an
elation, it is always forsmall support (supp(η̂) ⊂ (−1, 1)). Further, in no family studied were non-zero lower orderterms beyond square-root 
an
elation isolated in the 1-level density.The motivation of this paper was to resolve these issues. As the ratios 
onje
ture is used ina variety of problems, it is important to test its predi
tions in the greatest possible window.Our key �ndings are the following.1Sin
e η̂ is C2, we have that η(ξ) ≪ ξ−2 for large ξ, hen
e the sum over the zeros is absolutely 
onvergent.While most of the literature uses φ as the test fun
tion, sin
e we will use Euler's totient fun
tion extensivelywe use η. 2



• We un
over new, non-zero lower-order terms in the 1-level density for our familiesof Diri
hlet 
hara
ters. These terms are beyond what the Ratios Conje
ture 
anpredi
t, and suggest the possibility that a re�nement may be possible and needed.
• We show (un
onditionally) that the natural limit of a

ura
y of the L-fun
tion RatiosConje
ture is Ω(Q− 1

2
+o(1)). Thus the error term 
annot be improved for a generalfamily of L-fun
tions, though of 
ourse its vera
ity for all families is still open.The existen
e of lower-order terms beyond the Ratios Conje
ture's predi
tion in statisti
sof L-fun
tions is not without pre
edent. Indeed su
h terms have been isolated in the se
ondmoment of |L(1

2
, χ)| by Heath-Brown [HB℄, and for a more general shifted sum by Conrey[C℄.Before stating our main result, we give the Ratios Conje
ture's predi
tion. This predi
tionis done for a slightly di�erent family in [GJMMNPP℄, but it is trivial to 
onvert from theirformulation to the one below (we dis
uss the 
onversion in �2.2).Conje
ture 1.1 (Ratios Conje
ture). The 1-level density D1;q(η) (from (1.1) with s
alingparameter Q = q) equals

η̂(0)

(
1− log(8πeγ)

log q
−
∑

p|q
log p
p−1

log q

)
+

∫ ∞

0

η̂(0)− η̂(t)

qt/2 − q−t/2
dt+Oǫ

(
q−

1
2
+ǫ
)
. (1.3)The 1-level density D1;Q/2,Q(η) (from res
aling2 (1.3)) equals

η̂(0)

(
1− log(4πeγ) + 1

logQ
−
∑

p
log p
p(p−1)

logQ

)
+

∫ ∞

0

η̂(0)− η̂(t)

Qt/2 −Q−t/2dt+Oǫ

(
Q− 1

2
+ǫ
)
. (1.4)Surprisingly, our te
hniques are 
apable of not only verifying this predi
tion, but we areable to determine the 1-level density beyond what even the Ratios Conje
ture predi
ts. InTheorem 1.2 we obtain a new (arithmeti
al) term of order Q− 1

2/ logQ, whi
h is not predi
tedby the Ratios Conje
ture.Theorem 1.2. Assume GRH. If the Fourier Transform of the test fun
tion η is supportedin (−3
2
, 3
2
), then D1;Q/2,Q(η) equals

η̂(0)

(
1− log(4πeγ) + 1

logQ
−
∑

p
log p
p(p−1)

logQ

)
+

∫ ∞

0

η̂(0)− η̂(t)

Qt/2 −Q−t/2dt+
Q−1/2

logQ
Sη(Q), (1.5)where

Sη(Q) = C1η̂(1) + C2
η̂′(1)

logQ
+O

(( log logQ
logQ

)2)
, (1.6)2 To res
ale we multiply (1.3) by log q/ logQ, repla
e qt/2 − q−t/2 with Qt/2 − Q−t/2 and average over

Q/2 < q ≤ Q. The term log q averages to logQ + log 2 − 1 + O(logQ/Q), explaining the �additional� term
(log 2 − 1)/ logQ. Moreover the average of ∑p|q

log p
p−1 over this range is easily shown to be ∑p

1
p(p−1) +

O(logQ/Q). 3



with
C1 := (2−

√
2)ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

)

C2 := C1

(√
2 + 4

3
−
(
ζ ′

ζ

(
1

2

)
−
∑

p

log p

(p− 1)p1/2 + 1

))
. (1.7)We 
an give a more pre
ise formula for the term Sη(Q): see Remark 2.5. While Theorem1.2 is 
onditional on GRH, in Theorem 2.1 we prove a more pre
ise and un
onditional resultfor test fun
tions η whose Fourier transform has support 
ontained in [−1, 1].The �rst two terms in (1.5) agree with the Ratios Conje
ture's Predi
tion. As for theterm Q− 1

2Sη(Q)/ logQ, its presen
e 
on�rms that the error term Q− 1
2
+o(1) in the RatiosConje
ture is best possible, and suggests more generally that the 1-level density of a familyought to 
ontain a (possibly os
illating) arithmeti
al term of order Q− 1
2
+o(1), a statementwhi
h should be tested in other families. Interestingly this new term 
ontains the fa
tors

η̂(1) and η̂′(1), and is zero when η̂ is supported in (−1, 1). In this 
ase we give a morepre
ise estimate for the 1-level density in Theorem 2.1, in whi
h a lower-order term of order
Qσ/2−1+o(1) appears, where σ = sup(supp η̂). This term is a genuine lower-order term, andshows that for su
h test fun
tions the Ratios Conje
ture's predi
tion is not best possible.We thus show that a transition happens when σ is near 1. Indeed looking at the di�eren
ebetween the 1-level density and the Ratios Conje
ture's predi
tion, that is de�ning
EQ(η) := D1;Q/2,Q(η)− η̂(0)

(
1− log(4πeγ) + 1

logQ
−
∑

p
log p
p(p−1)

logQ

)
−
∫ ∞

0

η̂(0)− η̂(t)

Qt/2 −Q−t/2 dt, (1.8)our results imply that3 EQ(η) = Q−µ(σ)+o(1), where
µ(σ) =

{
σ
2
− 1 if σ ≤ 1

−1
2

if 1 ≤ σ < 3
2
.

(1.9)We 
onje
ture that µ(σ) should equal −1/2 for all σ ≥ 1, and that our new lower-order term
Q− 1

2Sη(Q)/ logQ should persist in this extended range.Conje
ture 1.3. Theorem 1.2 holds for test fun
tions η whose Fourier transform has arbi-trarily large �nite support σ.In Figure 1, the solid 
urve represents our results (Theorems 1.2 and 2.1), and the dashedline represents Conje
ture 1.3; note the resemblan
e between this graph and the one appear-ing in Montgomery's pair 
orrelation 
onje
ture [Mon2℄. We prove in Theorem 2.13 thatMontgomery's Conje
ture on primes in arithmeti
 progressions implies that µ(σ) ≤ −1/2for all σ ≥ 1.We believe that this phenomenon is universal and should also happen in di�erent families,in the sense that we believe that the Ratios Conje
ture's predi
tion should be best possiblefor σ ≥ 1, and should not be for σ < 1. For example, in [Mil4℄ it is shown that if the Fourier3For σ > 1, this holds for test fun
tions η for whi
h either η̂(1) 6= 0 or η̂′(1) 6= 0 (see Theorem 1.2); seeTheorem 2.1 if σ ≤ 1. If η̂(u) vanishes in a small interval around u = 1, then Theorem 2.6 gives the 
orre
tanswer. 4



Figure 1. The graph of µ(σ).transform of the involved test fun
tion is supported in (−1, 1), then the Ratios Conje
ture'spredi
tion is not best possible and one 
an improve the remainder term; however, in thisregion of limited support there are no new, non-zero lower order terms unpredi
ted by theRatios Conje
ture. These results 
on�rm the ex
eptional nature of the transition point
σ = 1, as is the 
ase in Montgomery's Pair Correlation Conje
ture [Mon2℄. Indeed if thislast 
onje
ture were known to hold beyond the point α = 1, then this would imply thenon-existen
e of Landau-Siegel zeros [CI℄.The proof of Theorem 1.2 is based on ideas used in the re
ent results of the �rst namedauthor [Fi1℄, whi
h improve on results of Fouvry [Fo℄, Bombieri, Friedlander and Iwanie
[BFI℄, Friedlander and Granville [FG2℄ and Friedlander, Granville, Hildebrandt and Maier[FGHM℄. Theorem 1.1 of [Fi1℄ 
annot be applied dire
tly here, sin
e this estimate is onlyvalid when looking at primes up to x modulo q with q ∼ Q, where Q is not too 
lose to
x. Additional estimates are needed, in
luding a 
areful analysis of the range x1−ǫ < Q ≤ x,whi
h required a 
ombination of divisor swit
hing te
hniques and pre
ise estimates on themean value of smoothed sums of the re
ipro
al of Euler's totient fun
tion. Additionally, inour analysis of the 1-level density after using the expli
it formula and exe
uting the sumover the family we obtain a sum over primes in the arithmeti
 progressions 1 mod q; this isone of the 
ases in whi
h one obtains an asymptoti
 in Theorem 1.1 of [Fi1℄, whi
h explainsthe o

urren
e of the lower-order term Q− 1

2Sη(Q)/ logQ in Theorem 1.2.The paper is organized as follows. In �2.1 we review previous results on low-lying zerosin families of L-fun
tions and des
ribe the motivation for the Ratios Conje
ture. See forexample [GJMMNPP, Mil4℄ for a detailed des
ription of how to apply the Ratios Conje
tureto predi
t the 1-level density. We des
ribe our un
onditional results in �2.2, and then improveour results in �2.3 by assuming GRH. In previous families there often is a natural barrier, andextending the support is related to standard 
onje
tures (for example, in [ILS℄ the authorsshow how 
an
elation in exponential sums involving square-roots of primes leads to largersupport for families of 
uspidal newforms). A similar phenomenon surfa
es here, where in�2.4 we show that in
reasing the support beyond (−2, 2) is related to 
onje
tures on thedistribution of primes in residue 
lasses. We analyze the in
rease in support provided byvarious 
onje
tures. These range from a 
onje
ture on the varian
e of primes in the residue
lasses, whi
h allow us to rea
h (−4, 4), to Montgomery's 
onje
ture for a �xed residue,5



whi
h gives us any �nite support. The next se
tions 
ontain the details of the proof; westate the expli
it formula and prove some needed sums in �3, and then prove our theoremsin the remaining se
tions. 2. Ba
kground and New Results2.1. Ba
kground and Previous Results. Assuming GRH, the non-trivial zeros of anyni
e L-fun
tion lie on the 
riti
al line, and therefore it is possible to investigate statisti
s ofits normalized zeros. These zeros are fundamental in many problems, ranging from the distri-bution of primes in 
ongruen
e 
lasses to the 
lass number [CI, Go, GZ, RubSa℄. Numeri
aland theoreti
al eviden
e [Hej, Mon2, Od1, Od2, RS℄ support a universality in behavior ofzeros of an individual automorphi
 L-fun
tion high above the 
entral point, spe
i�
ally thatthey are well-modeled by ensembles of random matri
es (see [FM, Ha℄ for histories of theemergen
e of random matrix theory in number theory). The story is di�erent for the low-lying zeros, the zeros near the 
entral point. A 
onvenient way to study these zeros is viathe 1-level density, whi
h we now des
ribe. Let η ∈ L1(R) be an even real fun
tion whoseFourier transform
η̂(y) =

∫ ∞

−∞
η(x)e−2πixydx (2.1)is C2 and has 
ompa
t support. Let FN be a (�nite) family of L-fun
tions satisfying GRH.4The 1-level density asso
iated to FN is de�ned by

D1;FN
(η) =

1

|FN |
∑

g∈FN

∑

j

η

(
log cg
2π

γ(j)g

)
, (2.2)where 1

2
+ iγ

(j)
g runs through the non-trivial zeros of L(s, g). Here cg is the �analyti
 
ondu
-tor� of g, and gives the natural s
ale for the low zeros. As η de
ays, only low-lying zeros (i.e.,zeros within a distan
e 1/ log cg of the 
entral point s = 1/2) 
ontribute signi�
antly. Thusthe 1-level density 
an help identify the symmetry type of the family. To evaluate (2.2), oneapplies the expli
it formula, 
onverting sums over zeros to sums over primes.Based in part on the fun
tion-�eld analysis whereG(F) is the monodromy group asso
iatedto the family F , Katz and Sarnak 
onje
tured that for ea
h reasonable irredu
ible family of

L-fun
tions there is an asso
iated symmetry groupG(F) (one of the following �ve: unitary U ,symple
ti
 USp, orthogonal O, SO(even), SO(odd)), and that the distribution of 
riti
al zerosnear 1/2 mirrors the distribution of eigenvalues near 1. The �ve groups have distinguishable
1-level densities. To date, for suitably restri
ted test fun
tions the statisti
s of zeros of manynatural families of L-fun
tions have been shown to agree with statisti
s of eigenvalues ofmatri
es from the 
lassi
al 
ompa
t groups, in
luding Diri
hlet L-fun
tions, ellipti
 
urves,
uspidal newforms, Maass forms, number �eld L-fun
tions, and symmetri
 powers of GL2automorphi
 representations [AM, AAILMZ, DM1, FI, Gao, Gü, HM, HR, ILS, KaSa1,KaSa2, Mil1, MilPe, RR, Ro, Rub, ShTe, Ya, Yo2℄, to name a few, as well as non-simplefamilies formed by Rankin-Selberg 
onvolution [DM2℄.In addition to predi
ting the main term (see for example [Con, KaSa1, KaSa2, KeSn1,KeSn2, KeSn3℄), te
hniques from random matrix theory have led to models that 
apturethe lower order terms in their full arithmeti
 glory for many families of L-fun
tions (see for4We often do not need GRH for the analysis, but only to interpret the results. If the GRH is true, thezeros lie on the 
riti
al line and 
an be ordered, whi
h suggests the possibility of a spe
tral interpretation.6



example the moment 
onje
tures of [CFKRS℄ or the hybrid model in [GHK℄). Sin
e themain terms agree with either unitary, symple
ti
 or orthogonal symmetry, it is only in thelower order terms that we 
an break this universality and see the arithmeti
 of the familyenter. These are therefore natural and important obje
ts to study, and 
an be isolated inmany families [HKS, Mil2, Yo1℄. We thus require a theory that is 
apable of making detailedpredi
tions. Re
ently the L-fun
tion Ratios Conje
ture [CFZ1, CFZ2℄ has had great su

essin determining lower order terms. Though a proof of the Ratios Conje
ture for arbitrarysupport is well beyond the rea
h of 
urrent methods, it is an indispensable tool in 
urrentinvestigations as it allows us to easily write down the predi
ted answer to a remarkable levelof pre
ision, whi
h we try to prove in as great a generality as possible.To study the 1-level density, it su�
es to obtain good estimates for
RFN

(α, γ) :=
1

|FN |
∑

g∈FN

L(1/2 + α, g)

L(1/2 + γ, g)
. (2.3)(In the 
urrent paper, the parameter Q plays the role of |FN |.) Asymptoti
 formulasfor RFN

(α, γ) have been 
onje
tured for a variety of families FN (see [CFZ1, CS1, CS2,GJMMNPP, HMM, Mil3, Mil4, MilMo℄) and are believed to hold up to errors of size
|FN |−1/2+ǫ for any ǫ > 0. The eviden
e for the 
orre
tness of this error term is limitedto test fun
tions with small support (frequently signi�
antly less than (−1, 1)), though insu
h regimes many of the above papers verify this predi
tion. Many of the steps in theRatios Conje
ture's re
ipe lead to the addition or omission of terms as large as those being
onsidered, and thus there was un
ertainty as to whether or not the resulting predi
tionsshould be a

urate to square-root 
an
elation. The results of the 
urrent paper 
an be seenas a 
on�rmation that this is the right error term for the �nal predi
ted answer, at least inthis family. Further, the novelty in our results resides in the fa
t that we are able to go be-yond square-root 
an
elation and we �nd a smaller term whi
h is unpredi
ted by the RatiosConje
ture (see Theorem 1.2). For a pre
ise explanation on how to derive the Ratios Con-je
ture's predi
tion in our family, we refer the reader to [GJMMNPP℄, and also re
ommend[CS1℄ for an a

essible overview of the Ratios Conje
ture.2.2. Un
onditional Results. We now des
ribe our un
onditional results. We remind thereader that η is a real even fun
tion su
h that η̂ is C2 and has 
ompa
t support.Theorem 2.1. Suppose that the Fourier transform of the test fun
tion η is supported onthe interval [−1, 1], so σ = sup(supp η̂) ≤ 1. There exists an absolute positive 
onstant c(
oming from the Prime Number Theorem) su
h that the 1-level density D1;q(η) (from (1.1)with s
aling parameter Q = q) equals

η̂(0)

(
1− log(8πeγ)

log q
−
∑

p|q
log p
p−1

log q

)
+

∫ ∞

0

η̂(0)− η̂(t)

qt/2 − q−t/2
dt

− 2

φ(q)

∫ 1

0

qu/2
(
η̂(u)

2
− η̂′(u)

log q

)
du− 2

log q

∑

pν‖q
pe≡1 mod q/pν

e,ν≥1

log p

φ(pν)pe/2
η̂

(
log pe

log q

)

+ O

(
q

σ
2
−1

ec
√
σ log q

)
. (2.4)7



Remark 2.2. The average over Q/2 < q ≤ Q of the fourth term in (2.4) 
an be shown tobe O(Q−1), and is therefore negligible when 
onsidering D1;Q/2,Q(η) (see (3.16)). However,the term involving the se
ond integral in (2.4) is of size qσ/2−1−o(1), and thus 
onstitutes agenuine lower-order term, smaller than the error term in (1.3) predi
ted using the RatiosConje
ture.Theorems 1.2 and 2.1 should be 
ompared to the main result of Goes, Ja
kson, Miller,Montague, Ninsuwan, Pe
kner and Pham [GJMMNPP℄, where they show one 
an extendthe support of η̂ to [−2, 2] and still get the main term, as well as the lower order terms downto a power savings. They only 
onsider q prime, and thus the sum over primes p dividing qbelow in Theorem 2.3 is absorbed by their error term. We brie�y dis
uss how one 
an easilyextend their results to the 
ase of general q. First note that L(s, χ) and L(s, χ∗) have thesame zeros in the 
riti
al strip if χ∗ is the primitive 
hara
ter of 
ondu
tor q∗ indu
ing thenon-prin
ipal 
hara
ter χ of 
ondu
tor q. We now have log q∗, whi
h 
an be 
onverted to asum over primes p dividing q by the same arguments as in the proof of Proposition 3.1. Therest of the expansion follows from expanding the digamma fun
tion Γ′/Γ in the integral inTheorem 1.3 of [GJMMNPP℄ and then standard algebra (along the lines of the 
omputationsin �3). We use Lemma 12.14 of [MonVa2℄, whi
h in our notation says that for a, b > 0 wehave∫ ∞

−∞

Γ′(a± ibτ)

Γ(a± ibτ)
η(t)dt =

Γ′(a)

Γ(a)
η̂(0) +

2π

b

∫ ∞

0

exp(−2πax/b)

1− exp(−2πx/b)
(η̂(0)− η̂(∓x)) dx, (2.5)and the identity

Γ′(1/4)

Γ(1/4)
+

Γ′(3/4)

Γ(3/4)
= −2γ − 6 log 2, (2.6)with γ the Euler-Mas
heroni 
onstant. We then extend to q ∈ (Q/2, Q] by res
aling the zerosby logQ and not log q and summing over the family; re
all the te
hni
al issues involved inthe res
aling are dis
ussed in Footnote 2.Theorem 2.3 (Goes, Ja
kson, Miller, Montague, Ninsuwan, Pe
kner, Pham [GJMMNPP℄).If 1 < σ ≤ 2, then the 1-level density D1;q(η) (from (1.1) with s
aling parameter Q = q)equalŝ

η(0)

(
1− log(8πeγ)

log q
−
∑

p|q
log p
p−1

log q

)
+

∫ ∞

0

η̂(0)− η̂(t)

qt/2 − q−t/2
dt+O

(
log log q

log q
q

σ
2
−1

)
, (2.7)and this agrees with the Ratios Conje
ture.Remark 2.4. Goes et al. [GJMMNPP℄ a
tually proved (2.7) for any σ ≤ 2, with theadditional error term O(q−1/2+ǫ). We prefered not to in
lude the 
ase σ ≤ 1, as Theorem2.1 is more pre
ise in this range.2.3. Results under GRH. We �rst mention a more pre
ise version of Theorem 1.2.Remark 2.5. If in addition to the hypotheses of Theorem 1.2 we assume that the Fouriertransform of the test fun
tion η is K + 1 times 
ontinuously di�erentiable, then we 
an givea more pre
ise expression for the term Sη(Q) appearing in (1.5):

Sη(Q) =
K∑

i=0

ai(η)

(logQ)i
+Oǫ,K

(
1

(logQ)K+1−ǫ

)
, (2.8)8



where the ai(η) are 
onstants depending (linearly) on the Taylor 
oe�
ients of η̂(t) at t = 1.In fa
t, Sη(Q) is a trun
ated linear fun
tional, whi
h 
omposed with the Fourier Transformoperator is supported on {1} (in the sense of distributions).Our next result is an extension of Theorem 1.2, in the 
ase where η̂(u) vanishes in a smallinterval to the right of u = 1.Theorem 2.6. Assume GRH.(1) If η̂ is supported in (−3
2
,−1 − κ] ∪ [−1, 1] ∪ [1 + κ, 3

2
) for some κ > 0, then for any

ǫ > 0 the average 1-level density D1;Q/2,Q(η) equals
η̂(0)

(
1− 1 + log(4πeγ)

logQ
−
∑

p
log p
p(p−1)

logQ

)
+

∫ ∞

0

η̂(0)− η̂(t)

Qt/2 −Q−t/2 dt

− 4 log 2

Q

ζ(2)ζ(3)

ζ(6)

∫ 1

0

Qu/2

(
η̂(u)

2
− η̂′(u)

logQ

)
du

−
∫ 4/3

1+κ

((u− 1) logQ+ C6)Q
−u/2

(
η̂(u)

2
− η̂′(u)

logQ

)
du

+ Oǫ(Q
− 1

2
−κ+ǫ +Q− 2

3 logQ +Qσ−2 logQ), (2.9)with C6 := log(π/2) + 1 + γ +
∑

p
log p
p(p−1)

.Note that for σ ≥ 4
3
, unless η̂(x) has some mass near x = λ for some 1 < λ < 4−2σ,the fourth term in (2.9) goes in the error term (and hen
e (2.9) redu
es to (2.10)).However, if 1 < σ < 4

3
, it is always a genuine lower-order term of size Q−σ/2+o(1).(2) If f is supported in (−2,−a] ∪ [−1, 1] ∪ [a, 2) for some 1 ≤ a < 2 (if a = 1, then wehave the full interval (−2, 2)), then we have that D1;Q/2,Q(η) equals

η̂(0)

(
1− 1 + log(4πeγ)

logQ
−
∑

p
log p
p(p−1)

logQ

)
+

∫ ∞

0

η̂(0)− η̂(t)

Qt/2 −Q−t/2dt

− 4 log 2

Q

ζ(2)ζ(3)

ζ(6)

∫ 1

0

Qu/2

(
η̂(u)

2
− η̂′(u)

logQ

)
du+O(Q− a

2 +Qσ−2 logQ).(2.10)Unless a > 1 and σ < 3
2
, the third term of (2.10) goes in the error term.2.4. Results beyond GRH. As the GRH is insu�
ient to 
ompute the 1-level densityfor test fun
tions supported beyond [−2, 2], we explore the 
onsequen
es of other standard
onje
tures in number theory involving the distribution of primes among residue 
lasses.Before stating these 
onje
tures, we �rst set the notation. Let

ψ(x) :=
∑

n≤x
Λ(n), ψ(x, q, a) :=

∑

n≤x
n≡a mod q

Λ(n), (2.11)
E(x, q, a) := ψ(x, q, a)− ψ(x)

φ(q)
. (2.12)If we assume GRH, we have that 9



ψ(x) = x+O(x
1
2 (log x)2), E(x, q, a) = O(x

1
2 (log x)2). (2.13)Our �rst result uses GRH and the following de-averaging hypothesis, whi
h depends on aparameter δ ∈ [0, 1].Hypothesis 2.7. We have

∑

Q/2<q≤Q

∣∣∣∣ψ(x; q, 1)−
ψ(x)

φ(q)

∣∣∣∣
2

≪ Qδ−1
∑

Q/2<q≤Q

∑

1≤a≤q:
(a,q)=1

∣∣∣∣ψ(x; q, a)−
ψ(x)

φ(q)

∣∣∣∣
2

. (2.14)This hypothesis is trivially true for δ = 1, and while it is unlikely to be true for δ = 0, itis reasonable to expe
t it to hold for any δ > 0. What we need is some 
ontrol over biasesof primes 
ongruent to 1 mod q. For the residue 
lass a mod q, ∣∣∣ψ(x; q, a)− ψ(x)
φ(q)

∣∣∣
2 is thevarian
e; the above 
onje
ture 
an be interpreted as bounding ∣∣∣ψ(x; q, 1)− ψ(x)

φ(q)

∣∣∣
2 in termsof the average varian
e.5Under these hypotheses, we show how to extend the support to a wider but still limitedrange.Theorem 2.8. Assume GRH and Hypothesis 2.7 for some δ ∈ (0, 1). The average 1-leveldensity D1;Q/2,Q(η̂) equals

η̂(0)

(
1− 1 + log(4πeγ)

logQ
−
∑

p
log p
p(p−1)

logQ

)
+

∫ ∞

0

η̂(0)− η̂(t)

Qt/2 −Q−t/2dt

+O(Q
δ−1
2 (logQ)

3
2 + Q

σ+2δ
4

−1(logQ)
1
3 ), (2.15)whi
h is asymptoti
 to η̂(0) provided the support of η̂ is 
ontained in (−4 + 2δ, 4− 2δ).The proof of Theorem 2.8 is given in �6. It uses a result of Goldston and Vaughan [GV℄,whi
h is an improvement of results of Barban, Davenport, Halberstam, Hooley, Montgomeryand others.Remark 2.9. In Theorem 2.8 we study the weighted 1-level density

D1;Q/2,Q(η) :=
∑

Q/2<q≤Q

1

φ(q)

∑

χ mod q

∑

γχ

η

(
γχ

logQ

2π

)
, (2.16)whi
h is te
hni
ally easier to study than the unweighted version

Dunweighted
1;Q/2,Q (η) :=

1
9
π2 (Q/2)2

∑

Q/2<q≤Q

∑

χ mod q

∑

γχ

η

(
γχ

logQ

2π

)
. (2.17)This is similar to many other families of L-fun
tions, su
h as 
uspidal newforms [ILS, MilMo℄and Maass forms [AAILMZ, AM℄, where the introdu
tion of weights (arising from the Pe-tersson and Kuznetsov tra
e formulas) fa
ilitates evaluating the arithmeti
al terms.Finally, we show how we 
an determine the 1-level density for arbitrary �nite support,under a hypothesis of Montgomery [Mon1℄.5Note that we only need this de-averaging hypothesis for the spe
ial residue 
lass a = 1.10



Hypothesis 2.10 (Montgomery). For any a, q su
h that (a, q) = 1 and q ≤ x, we have
ψ(x; q, a)− ψ(x)

φ(q)
≪ǫ xǫ

(
x

q

)1/2

. (2.18)It is by gaining some savings in q in the error E(x, q, a) that we 
an in
rease the support forfamilies of Diri
hlet L-fun
tions. The following weaker version of Montgomery's Conje
ture,whi
h depends on a parameter θ ∈ (0, 1/2], also su�
es to in
rease the support beyond
[−2, 2].Hypothesis 2.11. For any a, q su
h that (a, q) = 1 and q ≤ x, we have

ψ(x; q, 1)− ψ(x)

φ(q)
≪ǫ

x
1
2
+ǫ

qθ
. (2.19)Hypothesis 2.12. Fix ǫ > 0. We have for xǫ ≤ q ≤ √

x that
∑

n≤x
n≡1 mod q

Λ(n)
(
1− n

x

)
− 1

φ(q)

∑

n≤x
Λ(n)

(
1− n

x

)
= o(x1/2). (2.20)Note that this is a weighted version of ψ(x; q, 1) − ψ(x)

φ(q)
; that is, we added the weight(

1− n
x

). The reason for this is that it makes the 
ount smoother, and this makes it easier toanalyze in general sin
e the Mellin transform of g(y) := 1−y in the interval [0, 1] is de
ayingfaster in verti
al strips than that of g(y) ≡ 1.Amongst the last three hypotheses, Hypothesis 2.12 is the weakest, but it is still su�
ientto derive the asymptoti
 in the 1-level density for test fun
tions with arbitrary large support.Theorem 2.13. For η whose Fourier Transform has arbitrarily large (but �nite) support,we have the following:(1) If we assume Hypothesis 2.12, then the 1-level density D1;q(η) equals η̂(0) + o(1),agreeing with the s
aling limit of unitary matri
es.(2) If we assume Hypothesis 2.11 for some 0 < θ ≤ 1
2
, then D1;q(η) equals

η̂(0)

(
1− log(8πeγ)

log q
−
∑

p|q
log p
p−1

log q

)
+

∫ ∞

0

η̂(0)− η̂(t)

qt/2 − q−t/2
dt+Oǫ(q

−θ+ǫ). (2.21)Remark 2.14. Under GRH, the left hand side of (2.20) is O(x1/2 log q). Therefore, if wewin by more than a logarithm over GRH, then we have the expe
ted asymptoti
 for the 1-leveldensity for η̂ of arbitrarily large �nite support.Interestingly, if we assume Montgomery's Conje
ture (Hypothesis 2.10), then we 
an take
θ = 1/2 in (2.21), and doing so we end up pre
isely with the Ratios Conje
ture's predi
tion(see (1.3)).We derive the expli
it formula for the families of Diri
hlet 
hara
ters in �3, as well assome useful estimates for some of the resulting sums. We give the un
onditional results in�4, Theorems 2.1 and 2.3. The proofs of Theorems 1.2 and 2.6 are 
onditional on GRH,and use results of [FG2℄ and [Fi1℄; we give them in �5. We 
on
lude with an analysis of the
onsequen
es of the hypotheses on the distribution of primes in residue 
lasses, using thede-averaging hypothesis to prove Theorem 2.8 in �6 and Montgomery's hypothesis to proveTheorem 2.13 in �7. 11



3. The Expli
it Formula and Needed SumsOur starting point for investigating the behavior of low-lying zeros is the expli
it formula,whi
h relates sums over zeros to sums over primes. We follow the derivation in [MonVa2℄(see also [ILS, RS℄, and [Da, IK℄ for all needed results about Diri
hlet L-fun
tions). We�rst derive the expansion for Diri
hlet 
hara
ters with �xed 
ondu
tor q, and then extendto q ∈ (Q/2, Q]. We 
on
lude with some te
hni
al estimates that will be of use in provingTheorem 1.2. Here and throughout, we will set f := η̂. Note that η is real and even, andthus so is the 
ase for f , and moreover we have f̂ = η.3.1. The Expli
it Formula for �xed q.Proposition 3.1 (Expli
it Formula for the Family of Diri
hlet Chara
ters Modulo q). Let
f be an even, twi
e di�erentiable test fun
tion with 
ompa
t support. Denote the non-trivialzeros of L(s, χ) by ρχ = 1/2 + iγχ. Then the 1-level density D1,q(f̂) equals

1

φ(q)

∑

χ mod q

∑

γχ

f̂

(
γχ

logQ

2π

)
=

f(0)

logQ


log q − log(8πeγ)−

∑

p|q

log p

p− 1




+

∫ ∞

0

f(0)− f(t)

Qt/2 −Q−t/2 dt−
2

logQ

∑

pν‖q
pe≡1 mod q/pν

e,ν≥1

log p

φ(pν)pe/2
f

(
log pe

logQ

)

− 2

logQ

( ∑

n≡1 mod q

− 1

φ(q)

∑

n

)
Λ(n)

n1/2
f

(
logn

logQ

)
+O

(
1

φ(q)

)
. (3.1)Proof. We start with Weil's expli
it formula for L(s, χ), with χ mod q a non-prin
ipal 
har-a
ter (we add the 
ontribution from the prin
ipal 
hara
ter later). We 
an repla
e L(s, χ) by

L(s, χ∗) (where χ∗ is the primitive 
hara
ter of 
ondu
tor q∗ indu
ing χ), sin
e these havethe same non-trivial zeros. Taking F (x) := 2π
logQ

f
(

2πx
logQ

) in Theorem 12.13 of [MonVa2℄(whose 
onditions are satis�ed by our restri
tions on f), we �nd Φ(s) = f̂
(

logQ
2π

(s− 1
2
)

i

), and
∑

ρχ

f̂

(
logQ

2π
γχ

)
=

f(0)

logQ

(
log(q∗/π) +

Γ′

Γ

(
1

4
+
a(χ)

2

))

− 2

logQ

∞∑

n=1

Λ(n)ℜ(χ∗(n))

n1/2
f

(
logn

logQ

)
+

4π

logQ

∫ ∞

0

e−(1+2a(χ))πx

1− e−4πx

(
f(0)− f

(
2πx

logQ

))
dx,(3.2)where a(χ) = 0 for the half of the 
hara
ters with χ(−1) = 1 and 1 for the half with

χ(−1) = −1. Making the substitution t = 2πx
logQ

in the integral and summing over χ 6= χ0,12



we �nd
∑

χ 6=χ0

∑

γχ

f̂

(
γχ

logQ

2π

)
=

f(0)

logQ

(∑

χ 6=χ0

log(q∗/π) +
φ(q)

2

Γ′

Γ

(
3

4

)
+
φ(q)

2

Γ′

Γ

(
1

4

))

+ φ(q)

∫ ∞

0

Q−3t/2 +Q−t/2

1−Q−2t
(f(0)− f(t))dt

− 2

logQ

(
φ(q)

∑

n≡1 mod q

−
∑

n

)
Λ(n)

n1/2
f

(
log n

logQ

)

− 2

logQ

∑

χ 6=χ0

∑

n

Λ(n)ℜ(χ∗(n)− χ(n))

n1/2
f

(
log n

logQ

)
+O (1) . (3.3)To get (3.3) from (3.2) we added zero by writing χ∗(n) as (χ∗(n)− χ(n)) + χ(n). Summing

χ(n) over all χ mod q gives φ(q) if n ≡ 1 mod q and 0 otherwise; as our sum omits theprin
ipal 
hara
ter, the sum of χ(n) over the non-prin
ipal 
hara
ters yields the sum on thethird line above. We also repla
ed (φ(q)− 1)/2 by φ(q)/2 in the �rst term, hen
e the O(1).We use Proposition 3.3 of [FiMa℄ for the �rst term (whi
h involves the sum over the
ondu
tor of the indu
ing 
hara
ter). We then use the dupli
ation formula of the digammafun
tion ψ(z) = Γ′(z)/Γ(z) to simplify the next two terms, namely ψ(1/4) + ψ(3/4). As
ψ(1/2) = −γ−2 ln 2 (equation 6.3.3 of [AS℄) and ψ(2z) = 1

2
ψ(z)+ 1

2
ψ(z+ 1

2
)+ ln 2 (equation6.3.8 of [AS℄), setting z = 1/4 yields ψ(1/4) + ψ(3/4) = −2γ − 6 ln 2. We keep the next twoterms as they are, and then apply Proposition 3.4 of [FiMa℄ (with r = 1) for the last term,obtaining that it equals

− 2

logQ

∑

n

Λ(n)

n1/2
f

(
log n

logQ

)
Re

(∑

χ 6=χ0

(χ∗(n)− χ(n))

)
. (3.4)Writing n = pe, this term is zero unless p | q. If p | q, then it is zero unless pe ≡ 1 mod q/pν ,where ν ≥ 1 is the largest ν su
h that pν | q. Therefore this term equals

− 2

logQ

∑

p

∑

e,ν≥1
pν‖q,pe≡1 mod q/pν

Λ(pe)

φ(pν)pe/2
f

(
log pe

logQ

)
. (3.5)Combining the above and some elementary algebra yields

1

φ(q)

∑

χ 6=χ0

∑

γχ

f̂

(
γχ

logQ

2π

)
=

f(0)

logQ


log q − log(8πeγ)−

∑

p|q

log p

p− 1




+

∫ ∞

0

f(0)− f(t)

Qt/2 −Q−t/2dt−
2

logQ

( ∑

n≡1 mod q

− 1

φ(q)

∑

n

)
Λ(n)

n1/2
f

(
log n

logQ

)

− 2

logQ

∑

pν‖q
pe≡1 mod q/pν

e,ν≥1

log p

φ(pν)pe/2
f

(
log pe

logQ

)
+O

(
1

φ(q)

)
. (3.6)13



Finally, sin
e the non-trivial zeros of L(s, χ0) 
oin
ide with those of ζ(s), the di�eren
ebetween the left hand side of (3.1) and that of (3.6) is
1

φ(q)

∑

γζ

f̂

(
γζ

logQ

2π

)
≪ 1

φ(q)
(3.7)(sin
e f is twi
e 
ontinuously di�erentiable, f̂(y) ≪ 1/y2), 
ompleting the proof.6 �3.2. The Averaged Expli
it Formula for q ∈ (Q/2, Q]. We now average the expli
itformula for D1;q(f̂) (Proposition 3.1) over q ∈ (Q/2, Q]. We 
on
entrate on deriving usefulexpansions, whi
h we then analyze in later se
tions when we determine the allowable support.Proposition 3.2 (Expli
it Formula for the Averaged Family of Diri
hlet Chara
ters Modulo

q). The averaged 1-level density, D1;Q/2,Q(f̂), equals
D1;Q/2,Q(f̂) =

1

Q/2

∑

Q/2<q≤Q
D1;q(f̂)

=
f(0)

logQ

(
logQ− 1− γ − log(4π)−

∑

p

log p

p(p− 1)

)
+

∫ ∞

0

f(0)− f(t)

Qt/2 −Q−t/2dt

+
2

Q/2

∑

Q/2<q≤Q

∫ ∞

0

(
f(u)

2
− f ′(u)

logQ

)
ψ(Qu; q, 1)− ψ(Qu)

φ(q)

Qu/2
du+O

(
1

Q

)
. (3.8)Setting

ψ2(x; q, a) :=
∑

n≤x
n≡a mod q

Λ(n)
(
1− n

x

)
, ψ2(x) :=

∑

n≤x
Λ(n)

(
1− n

x

)
, (3.9)the last integral in (3.8) may be repla
ed with

− 2

∫ ∞

0

(
3f(u)

4
− 2f ′(u)

logQ
+

f ′′(u)

(logQ)2

)
ψ2(Q

u; q, 1)− ψ2(Qu)
φ(q)

Qu/2
du. (3.10)Proof. The main term in the expansion of D1;q(f̂) from Proposition 3.1 is

T1(q) :=
f(0)

logQ


log q − log(8πeγ)−

∑

p|q

log p

p− 1


 . (3.11)Using the anti-derivative of log x is x log x−x, one easily �nds its average over Q/2 < q ≤ Qis

1

Q/2

∑

Q<q≤2Q

T1(q) =
f(0)

logQ

(
logQ− 1− γ − log(4π)−

∑

p

log p

p(p− 1)

)
+O

(
1

Q

)
. (3.12)6While the expli
it formula for ζ(s) has a term arising from its pole at s = 1, that term does not matterhere as it is insigni�
ant upon division by the family's size.14



We now turn to the lower-order term
T2(q) := − 2

logQ

∑

pν‖q
pe≡1 mod q/pν

e,ν≥1

log p

φ(pν)pe/2
f

(
log pe

logQ

)
. (3.13)Before determining its average behavior, we note that its size 
an vary greatly with q. It isvery small for prime q (so ν = 1 and p = q in the sum), sin
e

T2(q) ≪ 1

logQ

∑

e≥1

log q

φ(q)qe/2
≪ 1

(q − 1)(q
1
2 − 1)

; (3.14)however, it 
an be as large as C√
q logQ

for other values of q (su
h as q = 2(2e − 1)). This ismore or less as large as it 
an get, sin
e for general q we have
T2(q) ≪ 1

logQ

∑

pν‖q
e,ν≥1
pe≤Qσ

log p

φ(pν)(q/pν)1/2
≪ (log q)

1
2

q
1
2 log log q

. (3.15)On average, however, T2(q) is very small:
1

Q/2

∑

Q/2<q≤Q
T2(q) ≪ 1

Q

∑

Q/2<q≤Q

∑

pν‖q
pe≡1 mod q/pν

e,ν≥1

log p

pν+e/2
≪ 1

Q

∑

pν

ν,e≥1

log p

pν+e/2

∑

q≤Q
pν |q

q
pν

|pe−1

1

≪ 1

Q

∑

pν

ν,e≥1

log p

pν+e/2
τ(pe − 1) ≪ǫ

1

Q

∑

pν

ν,e≥1

log p

pν+(1−ǫ) e
2

≪ 1

Q

∑

p

log p

p
3
2
− ǫ

2

≪ 1

Q
. (3.16)While we will not re-write the next lower order term, it is instru
tive to determine its size.Set

T3(q) :=

∫ ∞

0

f(0)− f(t)

Qt/2 −Q−t/2dt. (3.17)Letting t = 2πx/ logQ, we �nd
T3(q) =

2π

logQ

∫ ∞

0

f(0)− f
(

2πx
logQ

)

2 sinh(πx)
dx. (3.18)Sin
e f is twi
e di�erentiable with 
ompa
t support, |f(0)− f(x)| ≪ |x|, thus

T3(q) ≪ 2π

logQ

∫ ∞

0

x

2 sinh(πx)
dx =

π

4 logQ
. (3.19)As ∫ ∞

0

xkdx

sinh(πx)
=

2k+1 − 1

2kπk+1
Γ(k + 1)ζ(k + 1), (3.20)15



if f has a Taylor series of order K + 1 we have
T3(q) =

K∑

k=1

(2k+1 − 1)ζ(k + 1)f (k)(0)

logk+1Q
+O

(
1

logK+1Q

)
. (3.21)If the Taylor 
oe�
ients of f de
ay very fast, we 
an even make our bounds uniform and getan error term smaller than a negative power of Q.The remaining term from Proposition 3.1 is the most important, and 
ontrols the allowablesupport. The arithmeti
 lives here, as this term involves primes in arithmeti
 progressions.It is

T4(q) := − 2

logQ

( ∑

n≡1 mod q

− 1

φ(q)

∑

n

)
Λ(n)

n1/2
f

(
log n

logQ

)

= − 2

logQ

∫ ∞

1

t−
1
2f

(
log t

logQ

)
d

(
ψ(t; q, 1)− ψ(t)

φ(q)

)

=
2

logQ

∫ ∞

1

1
2
f
(

log t
logQ

)
− 1

logQ
f ′
(

log t
logQ

)

t
3
2

(
ψ(t; q, 1)− ψ(t)

φ(q)

)
dt. (3.22)The 
laim in the proposition follows by 
hanging variables by setting t = Qu; spe
i�
ally,the �nal integral is

T4(q) = 2

∫ ∞

0

(
f(u)

2
− f ′(u)

logQ

)
ψ(Qu; q, 1)− ψ(Qu)

φ(q)

Qu/2
du. (3.23)We give an alternative expansion for the �nal integral. This expansion involves a smoothedsum of Λ(n), whi
h will be te
hni
ally easier to analyze when we turn to determining theallowable support under Montgomery's hypothesis (Theorem 2.13(1)). Re
all

ψ2(x; q, a) :=
∑

n≤x
n≡a mod q

Λ(n)
(
1− n

x

)
, ψ2(x) :=

∑

n≤x
Λ(n)

(
1− n

x

)
. (3.24)We integrate by parts in (3.22). Sin
e

∫ x

1

(
ψ(t; q, 1)− ψ(t)

φ(q)

)
dt =

∫ x

1




∑

n≤t
n≡1 mod q

Λ(n)− 1

φ(q)

∑

n≤t
Λ(n)


 dt

=
∑

n≤x
n≡1 mod q

Λ(n)

∫ x

n

dt− 1

φ(q)

∑

n≤x
Λ(n)

∫ x

n

dt

= x




∑

n≤x
n≡1 mod q

Λ(n)
(
1− n

x

)
− 1

φ(q)

∑

n≤x
Λ(n)

(
1− n

x

)

 , (3.25)we �nd

T4(q) = −2

∫ ∞

0

(
3f(u)

4
− 2f ′(u)

logQ
+

f ′′(u)

(logQ)2

)
ψ2(Q

u; q, 1)− ψ2(Qu)
φ(q)

Qu/2
du, (3.26)16




ompleting the proof. �Remark 3.3. It will be 
onvenient later that in the averaged 
ase ψ and ψ2 are both evaluatedat (Qu; q, 1) and not (qu; q, 1); this is be
ause we are res
aling all L-fun
tion zeros by the samequantity (a global res
aling instead of a lo
al res
aling).3.3. Te
hni
al Estimates. In the proof of Theorem 2.6, we need the following estimationof a weighted sum of the re
ipro
al of the totient fun
tion.Lemma 3.4. Let φ be Euler's totient fun
tion. We have
∑

r≤R

1

φ(r)

(
R1/2 +

r

R1/2
− 2r1/2

)
= D1R

1/2 logR +D2R
1/2 +D3 +O

(
logR

R1/2

)
, (3.27)where

D1 :=
ζ(2)ζ(3)

ζ(6)
, D2 := D1

(
γ − 3−

∑

p

log p

p2 − p+ 1

)
,

D3 := −2ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

)
. (3.28)More generally, if P (u) :=∑d

i=0 aiu
i is a polynomial of degree d and of norm

‖P‖ := max
i

|ai|, (3.29)then
∑

r≤R

1

φ(r)

∫ 1

log r
logR

P (u)
(
R

u
2 − r

R
u
2

)
du = E1 logR

∫ 1

−∞
R

u
2uP (u)du

+ E2

∫ 1

−∞
R

u
2P (u)du+

d+1∑

j=1

Fj(P )

(logR)j
+Od(R

− 1
2‖P‖) (3.30)where

E1 :=
ζ(2)ζ(3)

ζ(6)
, E2 := E1

(
γ − 1−

∑

p

log p

p2 − p+ 1

)
, (3.31)and the Fj(P ) are 
onstants depending on P whi
h 
an be 
omputed expli
itly. For example,

F1(P ) = −4ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

) d∑

i=0

(−1)iP (i)(1)

F2(P ) = −4ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

)(
ζ ′

ζ

(
1

2

)
−
∑

p

log p

(p− 1)p1/2 + 1

)
d∑

i=1

(−1)iP (i)(1).(3.32)17



Finally,
∑

r≤R

1

φ(r)

∫ 1

log(r/2)
log(R/2)

P (u)

(
(R/2)

u
2 − r

2(R/2)
u
2

)
du

= E1 log(R/2)

∫ 1

−∞
(R/2)

u
2 uP (u)du+ (E2 + E1 log 2)

∫ 1

−∞
(R/2)

u
2P (u)du

+
d+1∑

j=1

F
(2)
j (P )

(log(R/2))j
+Od(R

− 1
2‖P‖), (3.33)where the �rst two 
onstants are given by

F
(2)
1 (P ) :=

F1(P )√
2

F
(2)
2 (P ) := −2

√
2ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

)

×
(
ζ ′

ζ

(
1

2

)
−
∑

p

log p

(p− 1)p1/2 + 1
+ log 2

)
d∑

i=1

(−1)iP (i)(1).(3.34)Remark 3.5. It is possible to improve the estimates in (3.27), (3.30) and (3.33) to oneswith an error term of Oǫ,d(R
−5/4+ǫ‖P‖); however, this is not needed for our purposes.Proof. By Mellin inversion, for c ≥ 2 the left hand side of (3.27) equals

1

2πi

∫

ℜ(s)=c

Z(s)

(
Rs+ 1

2

s
+
Rs+ 1

2

s+ 1
− 2

Rs+ 1
2

s+ 1
2

)
ds =

1

2πi

∫

ℜ(s)=c

Z(s)
Rs+ 1

2

2s(s+ 1
2
)(s+ 1)

ds,(3.35)where
Z(s) :=

∑

n≥1

1

nsφ(n)
. (3.36)Taking Euler produ
ts,

Z(s) = ζ(s+ 1)ζ(s+ 2)Z2(s), (3.37)where
Z2(s) :=

∏

p

(
1 +

1

p(p− 1)

(
1

ps+1
− 1

p2s+2

))
, (3.38)whi
h 
onverges for ℜ(s) > −3

2
. We shift the 
ontour of integration to the left to the line

ℜ(s) = −3
2
+ ǫ. By a standard residue 
al
ulation, we get that (3.35) equals

D1R
1/2 logR+D2R

1/2+D3+D4
logR

R1/2
+
D5

R1/2
+

1

2πi

∫

ℜ(s)=− 3
2
+ǫ

Z(s)
Rs+ 1

2

2s(s+ 1
2
)(s+ 1)

ds (3.39)for some 
onstants D4 and D5. The proof now follows from standard bounds on the zetafun
tion, whi
h show that this integral is ≪ǫ R
−1+ǫ. See the proof of Lemma 6.9 of [Fi1℄ formore details. 18



We now move to (3.30). The Mellin transform in this 
ase is (for ℜ(s) > 0)
α(s) :=

∫ R

0

rs−1

∫ 1

log r
logR

P (u)
(
R

u
2 − r

R
u
2

)
dudr

=

∫ 1

−∞
P (u)

∫ Ru

0

rs−1
(
R

u
2 − r

R
u
2

)
drdu

=

∫ 1

−∞
P (u)

Ru(s+ 1
2
)

s(s+ 1)
du, (3.40)whi
h is now de�ned for ℜ(s) > −1/2. To meromorphi
ally extend α(s) to the whole 
omplexplane, we integrate by parts n times:

α(s) =
Rs+ 1

2

s(s+ 1)

n∑

i=0

(−1)iP (i)(1)

(s+ 1
2
)i+1(logR)i+1

, (3.41)whi
h is a meromorphi
 fun
tion with poles at the points s = 0,−1/2,−1. The integral weneed to 
ompute is
1

2πi

∫

ℜ(s)=1

Z(s)α(s)ds. (3.42)We remark that
α(−3/2 + ǫ+ it) ≪ǫ,d

R−1+ǫ

t3
‖P‖, (3.43)hen
e the proof is similar as in the previous 
ase, sin
e by shifting the 
ontour of integrationto the left, we have

1

2πi

∫

ℜ(s)=1

Z(s)α(s)ds = A+Oǫ,d(R
−1+ǫ‖P‖), (3.44)where A is the sum of the residues of Z(s)α(s) for −3/2 + ǫ ≤ ℜ(s) ≤ 2. Note that if

β(s) := s(s+ 1)α(s), then
β(0) =

∫ 1

−∞
R

u
2P (u)du, β ′(0) = logR

∫ 1

−∞
R

u
2 uP (u)du, (3.45)so the residue at s = 0 equals

ζ(2)ζ(3)

ζ(6)
β(0)

(
β ′

β
(0) + γ − 1−

∑

p

log p

p2 − p+ 1

)
. (3.46)For the pole at s = −1/2, we need to use the analyti
 
ontinuation of α(s) provided in (3.41),whi
h shows that this residue equals

n+1∑

j=1

Fj(P )

(logR)j
, (3.47)19



where the Fj(P ) are 
onstants depending on P whi
h 
an be 
omputed expli
itly. Forexample,
F1(P ) = −4ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

) d∑

i=0

(−1)iP (i)(1)

F2(P ) = −4ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

)(
ζ ′

ζ

(
1

2

)
−
∑

p

log p

(p− 1)p1/2 + 1

)
d∑

i=1

(−1)iP (i)(1).(3.48)Moreover, Fi(P ) ≪d ‖P‖ for all i.At s = −1, we have a double pole with residue
R− 1

2

n+1∑

j=0

Gj(P )

(logR)j
, (3.49)for some 
onstants Gj(P ) ≪d ‖P‖, hen
e the the proof of (3.30) is 
omplete.For the proof of (3.33), we pro
eed in the same way, noting that the Mellin transform is

α2(s) =
2s

s(s+ 1)

∫ 1

−∞
P (u)(R/2)u(s+

1
2
)du. (3.50)

�4. Un
onditional Results (Theorems 2.1 and 2.3)Using the expansion for the 1-level density D1,q(f̂) and the averaged 1-level density
D1;Q/2,Q(f̂) from Propositions 3.1 and 3.2, we prove our un
onditional results.Proof of Theorem 2.1. We start from Proposition 3.1. The only term of (3.1) we need tounderstand is the last one (the �prime sum�), whi
h is given by

T4(q) := 2

∫ 1

0

(
f(u)

2
− f ′(u)

log q

)
ψ(qu; q, 1)− ψ(qu)

φ(q)

qu/2
du. (4.1)(We used that the support of f is 
ontained in [−1, 1] and we made the substitution t = qu.)However, sin
e there are no integers 
ongruent to 1 mod q in the interval [2, qu] when u ≤ 1(this is also true when qu is repla
ed by Qu, with Q/2 < q ≤ Q), the ψ(qu; q, 1) term equalszero. By the Prime Number Theorem there is an absolute, 
omputable 
onstant c > 0 su
hthat

T4(q) = −2

∫ 1

0

(
f(u)

2
− f ′(u)

log q

)
ψ(qu)

qu/2φ(q)
du

= − 2

φ(q)

∫ 1

0

qu/2
(
f(u)

2
− f ′(u)

log q

)
du+O

(
1

φ(q)

∫ σ

0

qu/2

ec
√
u log q

du

)
, (4.2)and the error term is

≪ qσ/4

φ(q)

∫ σ/2

0

e−c
√
u log qdu+

e−c
√

σ
2
log q

φ(q)

∫ σ

σ/2

qu/2du ≪ qσ/2−1

ec′
√
σ log q

(4.3)for q large enough (in terms of σ), 
ompleting the proof. �20



Proof of Theorem 2.3. Starting again from Proposition 3.1, we have that
− 2

logQ

∑

pν‖q
pe≡1 mod q/pν

e,ν≥1

log p

φ(pν)pe/2
f

(
log pe

logQ

)
≪ (log q)

1
2

q
1
2 log log q

(4.4)(see (3.15)), hen
e this goes in the error term and the only term we need to worry about isthe last one.As our support ex
eeds [−1, 1], the ψ(qu; q, 1) no longer trivially vanishes, and the lastterm is
T4(q) = 2

∫ 2

0

(
f(u)

2
− f ′(u)

log q

)
ψ(qu; q, 1)− ψ(qu)

φ(q)

qu/2
du. (4.5)In the proof of Theorem 2.1 above we showed that the 
ontribution from the integral where

0 ≤ u ≤ 1 is O(q−1/2).For any �xed ǫ > 0, trivial bounds for the region 1 ≤ u ≤ 1 + ǫ yield a 
ontribution thatis
≪

∫ 1+ǫ

1

(u log q)q
u
2
−1du ≪ q−

1
2
+ǫ. (4.6)We use the Brun-Tit
hmarsh Theorem (see [MonVa1℄) for the region where 1+ ǫ ≤ u ≤ 2,whi
h asserts that for q < x,

π(x; q, a) ≤ 2x

φ(q) log(x/q)
. (4.7)We �rst bound the 
ontribution from prime powers as follows. First there are at most 2eω(q)residue 
lasses b mod q su
h that be ≡ 1 mod q, and so using that ω(q) ≪ log q/ log log q we
ompute

∑

e≥2

∑

p≤x1/e
pe≡1 mod q

log p ≪
∑

2≤e≤ 2
ǫ

eω(q) max
b mod q

( ∑

p≤x1/e
p≡b mod q

log p

)
+

∑

2
ǫ
≤e≤2 log x

∑

p≤x1/e
log p

≪
∑

2≤e≤ 2
ǫ

eω(q)
(
1 +

x1/e

q

)
log x+

∑

2
ǫ
≤e≤2 log x

x1/e

≪
(
2

ǫ

)ω(q)+1(
1 +

x1/2

q

)
log x+ xǫ/2 log x

≪ǫ xǫ
(
1 +

x1/2

q

)
, (4.8)provided q is large enough in terms of ǫ.Thus, for 1 + ǫ ≤ u ≤ 2, we have

ψ(qu; q, 1) ≪ǫ
qu−1 log(qu) log log q

(u− 1) log q
+ qǫ + q

u
2
−1+ǫ ≪ǫ qu−1 log log q, (4.9)whi
h bounds the integral from 1 + ǫ to σ by

≪
∫ σ

1+ǫ

q
u
2
−1 log log qdu ≪ log log q

log q
q

σ
2
−1, (4.10)21




ompleting the proof. �5. Results Under GRH (Theorems 1.2 and 2.6)In this se
tion we assume GRH (but none of the stronger results about the distributionof primes among residue 
lasses) and prove Theorems 1.2 and 2.6. The main ingredient inthe proofs are the results of [Fo, BFI, FG2, Fi1℄. The following is the needed 
onditionalversion.Theorem 5.1. Assume GRH. Fix an integer a 6= 0 and ǫ > 0. We have forM =M(x) ≤ x
1
4that

∑
x

2M
<q≤ x

M
(q,a)=1

(
ψ(x; q, a)− Λ(a)− ψ(x)

φ(q)

)
=

φ(a)

a

x

2M
µ0(a,M)+Oa,ǫ

(
x

M
3
2
−ǫ +

√
xM(log x)2

)
,(5.1)where

µ0(a,M) :=





−1
2
logM − C6

2
if a = ±1

−1
2
log p if a = ±pe

0 otherwise, (5.2)with
C6 := log π + 1 + γ +

∑

p

log p

p(p− 1)
. (5.3)Proof. See Remark 1.5 of [Fi1℄. Note that the restri
tionM = o(x

1
4/ log x) is required for theerror term to be negligible 
ompared to the main term, but it 
an be 
hanged to M ≤ x

1
4 .
�We now pro
eed to prove Theorems 1.2 and 2.6. Note that by the averaged 1-level density(Proposition 3.2), the proof is 
ompleted by analyzing the average of T4(q):

1

Q/2

∑

Q/2<q≤Q
T4(q) = 2

∫ σ

0

(
f(u)

2
− f ′(u)

logQ

)
1

Q/2

∑

Q/2<q≤Q

ψ(Qu; q, 1)− ψ(Qu)
φ(q)

Qu/2
du. (5.4)We break the integral into regions and bound ea
h separately. Going through the proof ofTheorem 2.1 and applying GRH, we see that the 
ontribution to the integral from u ∈ [0, 1]equals

− 4 log 2

Q

ζ(2)ζ(3)

ζ(6)

∫ 1

0

Qu/2

(
f(u)

2
− f ′(u)

logQ

)
du+O

(
log2Q

Q

)
. (5.5)We now analyze the three 
ases of the theorem, 
orresponding to di�erent support restri
tionsfor our test fun
tion.Proof of Theorem 2.6(2). To prove (2.10), we need to understand the part of the integral in(5.4) with a ≤ u ≤ 2. Arguing as in [FG2℄ (see also the proof of Proposition 6.1 of [Fi1℄),we have that for x1/2 ≤ Q ≤ x,

∑

Q/2<q≤Q

(
ψ(x; q, 1)− ψ(x)

φ(q)

)
≪ Q (log(x/Q) + 1) +

x3/2(log x)2

Q
. (5.6)22



The basi
 idea to obtain this last estimate is to write
∑

Q/2<q≤Q
ψ(x; q, 1) =

∑

n≤x
n−1=qr
Q/2<q≤Q

Λ(n),and to turn this into a sum over r ≤ 2(x − 1)/Q of the fun
tion ψ(x; r, 1) − ψ(rQ/2 +
1; r, 1). One then applies GRH and estimates the resulting sum over r using estimates onthe summatory fun
tion of 1/φ(r). Applying (5.6), the part of the integral in (5.4) with
a ≤ u ≤ 2 is

≪
∫ σ

a

(
Q−u/2(log(Qu−1) + 1) +Qu−2(log(Qu))2

)
du ≪ Q− a

2 +Qσ−2 logQ. (5.7)
�Proof of Theorem 2.6(1). We need to study the part of the integral in (5.4) with 1 + κ ≤

u ≤ 3
2
. We �rst see that by (5.7), the part of the integral with 4

3
≤ u ≤ 3

2
is

≪ Q− 2
3 +Qσ−2 logQ. (5.8)We turn to the part of the integral with 1 + κ ≤ u ≤ 4

3
. We have by Theorem 5.1 (setting

x := Qu and M := Qu−1) that it is
= 2

∫ 4
3

1+κ

(
f(u)

2
− f ′(u)

logQ

)
Q−u/2

(
− 1

2
log(Qu−1)− C6

2

+Oǫ

(
Q

1−u
2

(1−ǫ) +Q
3
2
u−2(logQu)2

))
du

= −
∫ 4

3

1+κ

((u− 1) logQ + C6)Q
−u/2

(
f(u)

2
− f ′(u)

logQ

)
du+Oǫ

(
Q− 1

2
−κ(1−ǫ)

logQ
+Q− 2

3 logQ

)
,(5.9)hen
e (2.9) holds.
�Proof of Theorem 1.2. We now turn to (1.5), with f supported in (−3

2
, 3
2
). Set κ := A log logQ

logQwith A ≥ 1 a 
onstant. As the big-Oh 
onstant in (5.9) is independent of κ, we may use(5.9) to estimate the 
ontribution to (5.4) from u ∈ [1 + κ, 4
3
]. This part of the integral
ontributes

−
∫ 4/3

1+κ

((u− 1) logQ+ C6)Q
−u/2

(
f(u)

2
− f ′(u)

logQ

)
du+Oǫ

(
Q−1/2

(logQ)A(1−ǫ)+1

)

≪ Q−1/2

(logQ)A/2
. (5.10)The part of the integral with 4

3
≤ u ≤ 3

2
was already shown to be ≪ Q− 2

3 +Qσ−2 logQ, andhen
e is absorbed into the error term sin
e σ < 3/2.23



We now 
ome to the heart of the argument, the part of the integral where 1 ≤ u ≤ 1 + κ.Sin
e f ∈ C2(R), we have that in our range of u, g(u) := f(u)
2

− f ′(u)
logQ

satis�es
g(u) =

f(1)

2
+
f ′(1)

2
(u− 1) +O((u− 1)2)− f ′(1)

logQ
+O

(
u− 1

logQ

)

= P (u− 1) +O

(
(log logQ)2

(logQ)2

)
, (5.11)where P (u) := f(1)

2
− f ′(1)

logQ
+ f ′(1)

2
u. At this point, if f were CK(R), we 
ould take its Taylorexpansion and get an error of Oǫ,A

(
(log logQ)K

(logQ)K

).We 
annot apply Theorem 5.1 dire
tly sin
e the error term is not got enough for moderatevalues ofM . Instead, we argue as in the proof of Proposition 6.1 of [Fi1℄. Slightly modifyingthe proof and using GRH, we get that
∑

Q/2<q≤Q

(
ψ(x; q, a)− ψ(x)

φ(q)

)

= x

(
− C1 −

∑

r<x−1
Q

1

φ(r)

(
1− r

x/Q

)
+
∑

r<x−1
Q/2

1

φ(r)

(
1− r

2x/Q

))
+Oǫ

(
x3/2+

ǫ
2

Q

)
,(5.12)with

C1 :=
ζ(2)ζ(3)

ζ(6)
log 2. (5.13)(We used that ∑Q/2<q≤Q =

∑
Q/2<q≤x−

∑
Q<q≤x, as in the proof of Theorem 4.1* of [Fi2℄.)The 
ontribution of the error term in (5.12) to the part of the integral in (5.4) with 1 ≤ u ≤

1 + κ is (remember κ logQ = A log logQ)
≪

∫ 1+κ

1

1

Q/2

Q
3u
2
+ ǫu

2 /Q

Qu/2
du ≪ǫ Q−1+ǫ. (5.14)Therefore, all that remains to 
omplete the proof of Theorem 1.2 it to estimate the 
ontri-bution to (5.4) from u ∈ [1, 1+κ]. Using Lemma 5.9 of [Fi1℄ to bound the error in repla
ing24



g(u) with P (u− 1), we �nd
2

∫ 1+κ

1

g(u)
Q

u
2

Q/2

(
− C1 −

∑

r<Qu
−1

Q

1

φ(r)

(
1− r

Qu−1

)

+
∑

r<Qu
−1

Q/2

1

φ(r)

(
1− r

2Qu−1

))
du

= 4

∫ 1+κ

1

P (u− 1)Q
u
2
−1

(
− C1 −

∑

r≤Qu
−1

Q

1

φ(r)

(
1− r

Qu−1

)

+
∑

r≤Qu
−1

Q/2

1

φ(r)

(
1− r

2Qu−1

))
du+O

(
Q−1/2(log logQ)2

(logQ)3

)
; (5.15)we 
hanged r < · · · to r ≤ · · · in the sums above, whi
h gives a negligible error term.Setting R := Qκ − 1

Q
, we 
ompute that

∫ 1+κ

1

P (u− 1)Q
u
2
−1

∑

r≤Qu
−1

Q

1

φ(r)

(
1− r

Qu−1

)
du

=
1

Q

∑

r≤Qκ− 1
Q

1

φ(r)

∫ 1+κ

1+
log(r+Q−1)

logQ

P (u− 1)

(
Qu/2 − r

Q
u
2
−1

)
du

=
1

Q

∑

r≤R

1

φ(r)

∫ 1+κ

1+κ log r
logR

P (u− 1)

(
Qu/2 − r

Q
u
2
−1

)
du+Oǫ(Q

− 3
2
+ǫ),the error term 
oming from the fa
t that we repla
ed log(r+Q−1) by log r. Performing two
hanges of variables, we obtain that this is

= Q−1/2
∑

r≤R

1

φ(r)

∫ κ

κ log r
logR

P (u)

(
Qu/2 − r

Qu/2

)
du+Oǫ(Q

− 3
2
+ǫ)

= Q−1/2
∑

r≤R

1

φ(r)

∫ 1

log r
logR

κP (κv)
(
R

v
2 − r

R
v
2

)
dv +Oǫ(Q

− 3
2
+ǫ). (5.16)Let

F1 := − 4ζ

(
1

2

)∏

p

(
1 +

1

(p− 1)p1/2

) and F2 := F1

(
ζ ′

ζ

(
1

2

)
−
∑

p

log p

(p− 1)p
1
2 + 1

)
.(5.17)25



By Lemma 3.4, we �nd that (5.16) equals
κ

Q1/2

(
E1 logR

∫ 1

−∞
Ru/2vP (κv)dv + E2

∫ 1

−∞
R

v
2P (κv)dv

F1
P (κ)− κP ′(κ)

logR
+ F2

−κP ′(κ)

(logR)2
+O

(
R−1/2

)
)

= Q−1/2

(
E1 logQ

∫ κ

−∞
Qu/2uP (u)du+ E2

∫ κ

−∞
Qu/2P (u)du

+ F1

f(1)
2

− f ′(1)
logQ

logQ
− F2

f ′(1)

2(logQ)2
+O

(
R−1/2

)
)
. (5.18)We obtain in an analogous way with R := 2Qκ − 2

Q
that

∫ 1+κ

1

P (u− 1)Q
u
2
−1

∑

r≤2Qu
−1

Q

1

φ(r)

(
1− r

2Qu−1

)
du

= Q−1/2
∑

r≤R

1

φ(r)

∫ 1

log(r/2)
log(R/2)

κP (κv)

(
(R/2)

v
2 − r

2(R/2)
v
2

)
dv +Oǫ(Q

− 3
2
+ǫ), (5.19)whi
h by Lemma 3.4 is

=
κ

Q1/2

(
E1 log(R/2)

∫ 1

−∞
(R/2)

v
2 vP (κv)dv

+ (E2 + E1 log 2)

∫ 1

−∞
(R/2)

v
2P (κv)dv +

n∑

j=1

F
(2)
j

(log(R/2))j
+O(R−1/2)

)

= Q−1/2

(
E1 logQ

∫ κ

−∞
Qu/2uP (u)du+ (E2 + E1 log 2)

∫ κ

−∞
Qu/2P (u)dv

+
F1√
2

f(1)
2

− f ′(1)
logQ

logQ
− F2 + F1 log 2√

2

f ′(1)

2(logQ)2
+O(R−1/2)

)
. (5.20)We now substitute (5.18) and (5.20) in (5.15), to get that (5.15) is (noti
e the remarkable
an
ellations)

= −4C1

∫ 1+κ

1

P (u− 1)Q
u
2
−1du+ 4E1 log 2Q

− 1
2

∫ κ

−∞
Q

u
2P (u)du

+ 4Q− 1
2

(
−F1

f(1)
2

− f ′(1)
logQ

logQ
+ F2

f ′(1)

2(logQ)2
+
F1√
2

f(1)
2

− f ′(1)
logQ

logQ
− F2 + F1 log 2√

2

f ′(1)

2(logQ)2

)

+O

(
Q− 1

2
(log logQ)2

(logQ)3
+

Q− 1
2

(logQ)A/2

)
,26



whi
h by (3.31) and (5.13) is
= 4 log 2

ζ(2)ζ(3)

ζ(6)

∫ 1

−∞
P (u− 1)Q

u
2
−1du

+ (2−
√
2)Q− 1

2

(
−F1

f(1)

logQ
+

(
F2 −

√
2 + 4

3
F1

)
f ′(1)

(logQ)2

)

+O

(
Q− 1

2
(log logQ)2

(logQ)3
+

Q− 1
2

(logQ)A/2

)
. (5.21)But, yet another 
an
ellation is 
oming: we have that

∫ 1

−∞
P (u− 1)Q

u
2
−1du =

∫ 1

−∞
g(u)Q

u
2
−1du+O

(
Q− 1

2
(log logQ)2

(logQ)3

)
, (5.22)and so by (5.5) this term 
an
els (up to the error term O(Q−1)) with the part of the integralof T4(Q) with u ≤ 1 (whi
h is 
oming from a totally di�erent part of the problem, wherethere are no primes in arithmeti
 progressions involved)!Combining all the terms,

1

Q/2

∑

Q/2<q≤Q
T4(Q) = (2−

√
2)Q−1/2

(
−F1

f(1)

logQ
+

(
F2 −

√
2 + 4

3
F1

)
f ′(1)

(logQ)2

)

+ O

(
Q−1/2

(logQ)A/2
+Q−1/2 (log logQ)

2

(logQ)3

)
. (5.23)The proof is 
ompleted by taking A = 6.

�6. Results under De-averaging Hypothesis (Theorem 2.8)In this se
tion we assume the de-averaging hypothesis (Hypothesis 2.7), whi
h relates thevarian
e in the distribution of primes 
ongruent to 1 to the average varian
e over all residue
lasses. Expli
itly, we assume (2.14) holds for some δ ∈ (0, 1], and show how this allows usto 
ompute the main term in the averaged 1-level density, D1;Q/2,Q(f̂), for test fun
tions fsupported in [−4 + 2δ, 4 − 2δ]. (Remember that this hypothesis is trivially true for δ = 1,and expe
ted to hold for any δ > 0.)Proof of Theorem 2.8. Starting from (3.23), we have that
T4(q) = 2

∫ ∞

0

(
f(u)

2
− f ′(u)

logQ

)
ψ(Qu; q, 1)− ψ(Qu)

φ(q)

Qu/2
du. (6.1)Feeding this into Proposition 3.2, we are left with determining

1

Q/2

∑

Q/2<q≤Q
T4(q) =

1

Q/2

∫ σ

0

(
f(u)

2
− f ′(u)

logQ

)
Q−u/2

∑

Q/2<q≤Q

(
ψ(Qu; q, 1)− ψ(Qu)

φ(q)

)
du.(6.2)27



We have already seen in the proof of Theorem 2.1 that the part of the integral in (6.2)with 0 ≤ u ≤ 1 is O(Q−1/2). For the part where u ≥ 1, the Cau
hy-S
hwarz inequality showsthat its 
ontribution to the integral in (6.2) is
≪ 1

Q/2

∫ σ

1

Q−u/2

∣∣∣∣∣∣
∑

Q/2<q≤Q

(
ψ(Qu; q, 1)− ψ(Qu)

φ(q)

)2

∣∣∣∣∣∣

1/2

·

∣∣∣∣∣∣
∑

Q/2<q≤Q
12

∣∣∣∣∣∣

1/2

du. (6.3)Now, by Hypothesis 2.7, this is
≪ 1

Q/2

∫ σ

1

Q−u/2 ·Q δ−1
2

( ∑

Q/2<q≤Q

∑

1≤a≤q
(a,q)=1

(
ψ(Qu; q, a)− ψ(Qu)

φ(q)

)2
)1/2

·Q1/2 du. (6.4)We now use a result of Goldston and Vaughan [GV℄, whi
h states that under GRH we havefor 1 ≤ Q ≤ x that
∑

q≤Q

∑

1≤a≤q
(a,q)=1

(
ψ(x; q, a)− ψ(x)

φ(q)

)2

= Qx logQ− cxQ +Oǫ

(
Q2(x/Q)

1
4
+ǫ + x3/2(log 2x)5/2(log log 3x)2

)
, (6.5)where c := γ + log 2π + 1 +

∑
p

log p
p(p−1)

.We now split the range of integration into the two subintervals 1 ≤ u ≤ 2 and 2 ≤ u ≤ σ.In the �rst range, we have that for ǫ > 0 small enough, u+1 ≥ max(7/4+u/4+ǫ(u−1), 3u/2),so (6.5) implies that
∑

q≤Q

∑

1≤a≤q
(a,q)=1

(
ψ(x; q, a)− ψ(x)

φ(q)

)2

≪ Qx(log x)3 (6.6)(whi
h, up to xǫ, follows from Hooley's original result [Ho℄), so we get that the part of (6.4)with 1 ≤ u ≤ 2 is
≪ Q

δ
2
−1

∫ 2

1

Q−u/2Q
u+1
2 (logQ)3/2 du ≪ Q

δ−1
2 (logQ)3/2, (6.7)whi
h is o(1) if δ < 1.We now examine the se
ond interval, that is 2 ≤ u ≤ σ. In this range, (6.5) be
omes

∑

q≤Q

∑

1≤a≤q
(a,q)=1

(
ψ(x; q, a)− ψ(x)

φ(q)

)2

≪ x3/2(log x)5/2(log log x)2 (6.8)(whi
h, up to a fa
tor of xǫ, follows from Hooley's original result [Ho℄). We thus get thatthe part of (6.4) with 2 ≤ u ≤ σ is
≪ Q

δ
2

Q/2

∫ σ

2

Q−u/2Q3u/4(u logQ)5/4 log log(Qu)du ≪ Q
σ+2δ

4
−1(logQ)1/4 log logQ. (6.9)If σ < 4− 2δ then the above is o(1), 
ompleting the proof. �28



7. Results under Montgomery's Hypothesis (Theorem 2.13)We 
ontinue our investigations beyond the GRH, and assume a smoothed version of Mont-gomery's hypothesis, Hypothesis 2.12. Interestingly, this assumption allows us to 
omputethe main term of the 1-level density, D1;q(f̂), for test fun
tions of arbitrarily large (but �nite)support. While similar results have been previously observed [MilSar℄, we in
lude a proofboth for 
ompleteness and be
ause these observations are not in the literature.Proof of Theorem 2.13. As we are �xing the modulus, we take Q := q. By the expli
itformula from Proposition 3.1, we have
D1;q(f̂) =

f(0)

log q


log q − log(8πeγ)−

∑

p|q

log p

p− 1


+

∫ ∞

0

f(0)− f(t)

qt/2 − q−t/2
dt

− 2

log q

( ∑

n≡1 mod q

− 1

φ(q)

∑

n

)
Λ(n)

n1/2
f

(
log n

log q

)
+O

(
1

φ(q)

)
. (7.1)Let σ := sup(suppf) < ∞. We proved in �4 that the only terms that are not O(1/ log q)are the leading term f(0) and possibly the prime sum, whi
h we now study. We have

T4(q) = 2

∫ ∞

0

(
f(u)

2
− f ′(u)

log q

)
ψ(qu; q, 1)− ψ(qu)

φ(q)

qu/2
du. (7.2)In the proof of Theorem 2.1 we determined that the part of the integral with 0 ≤ u ≤ 1 is

O(q−1/2). From the proof of Theorem 2.3, the part with 1 ≤ u ≤ 2 is O( log log q
log q

).(1) Proof of Theorem 2.13(1). For the rest of the integral, we use Hypothesis 2.12. Notethat u ≥ 2, so x = qu ≥ q2 with u ≤ σ, hen
e we 
an repla
e ox→∞ by oq→∞. Anintegration by parts gives that the rest of the integral is
= 0−

(
f(2)

2
− f ′(2)

log q

)
ψ2(q

2; q, 1)− ψ2(q2)
φ(q)

q

− 2

∫ ∞

0

(
3f(u)

4
− 2f ′(u)

log q
+

f ′′(u)

(log q)2

)
ψ2(q

u; q, 1)− ψ2(qu)
φ(q)

qu/2
du

=
o(q)

q
+

∫ σ

2

(|f(u)|+ |f ′(u)|+ |f ′′(u)|) o(q
u/2)

qu/2
du = o(1), (7.3)proving the 
laim. Note that we are using the smoothed version of the prime sum.(2) Proof of Theorem 2.13(2). We already know that the part of the integral with 0 ≤

u ≤ 1 is ≪ q−1/2. Taking ǫ := ǫ′/σ in Hypothesis 2.11, the rest of the integral is
O
(∫ σ

1
qǫu−θdu

), whi
h is O (qǫ′−θ) and thus negligible if we may take θ > 0.
�Remark 7.1. Depending on our assumptions about the size of the error term in the dis-tribution of primes in residue 
lasses, we may allow σ to grow with Q at various expli
itrates. 29
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