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ABSTRACT
We illustrate how to invite and excite students about research by exploring higher-
dimensional generalizations of the classical egg drop problem, in which the goal
is to locate a breaking point using the fewest number of trials. Beginning with
the one-dimensional case, we prove that with k eggs and N floors, the minimal
number of drops in the worst case satisfies P1(k) ≤ ⌈kN1/k⌉. We then extend the
recursive algorithm to two and three dimensions, proving similar formulas: P2(k) ≤
⌈(k−1)(M +N)1/(k−1)⌉ in 2D and P3(k) ≤ ⌈(k−2)(L+M +N)1/(k−2)⌉ in 3D, and
conjecture a general formula for the d-dimensional case. Beyond the breaking point
problems, we then study the breaking line problems, where the breaking condition
occurs along x+ y = V (with slope −1) or, more generally, αx+ βy = V (with the
slope of the line unknown). We discuss how one frequently has to pivot from the
original problem, which is intractable, to something that can be solved; in our case,
using induction and recursion, two standard proof techniques.

KEYWORDS
Egg Drop Problems, recurrence relations, recursive algorithm, higher-dimensional
generalization, worst-case analysis, linear search, sequential search, jump search

1. Motivation

There are two complementary goals of this work. The first is to describe a successful
approach to help students transition from taking straightforward mathematics classes
to doing research. In particular: How does one find good questions to ask, and when
those prove too difficult how can one pivot to find something that is still of interest
and solvable? The second, of course, is to ask and solve such questions!

We investigate the famous egg drop problem and explore several generalizations.
These problems share a common theme: we first solve a problem with a smaller value
of the key parameter, and derive a recurrence relation to express the solution when we
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increase by 1 to the earlier case. This is an incredibly powerful technique, and many
common problems are solved this way (see, for example, [1]). For example, imagine
we have an n× 1 ruler and want to cover it with 1× 1 squares or 2× 1 dominoes. If

we let T
(2)
n be the total number of such tilings for a ruler of length n, we quickly see

that T
(2)
1 = 1, T

(2)
2 = 2 and

T (2)
n = T

(2)
n−1 + T

(2)
n−2,

which implies that the total number of tilings of a ruler of length n is Fn+1 (if the
far left is covered by a square we are left with an (n − 1) × 1 ruler to cover, while
otherwise if we start with a domino we then have an (n− 2)× 1 ruler to cover; clearly
the two cases are distinct as one starts with a 1 × 1 tile and the other with a 2 × 1
tile, as illustrated in Figure 1.1).

Figure 1.1. Recursive decomposition of tilings of a ruler of length n.

Thus, if we know how many tilings there are for rulers of length at most n, the
recurrence immediately gives us the number for n+1. Recognizing this as the Fibonacci
recurrence, we see that the number of tilings is the Fibonacci numbers — the classical
Fibonacci sequence offset by 1.

We can even generalize this problem to a problem where we tile a length n ruler
with 1× 1, 2× 1, . . . , k× 1 tiles (see [12]). If we put down a tile of size 1 for our first
tile, we get a remaining ruler of length n− 1 which gets downgraded to the previous
case. If we put down a tile of size 2 for our first tile, we get a remaining ruler of length
n− 2 which gets downgraded to the n− 2 case. Likewise, if we put down a tile of size
k for our first tile, we get a remaining ruler of length n − k, which gets downgraded
to the n− k case.

Since all cases are distinct, we can add them all together to form a recurrence for
the total number of ways to tile a ruler of length n with 1× 1, 2× 1, . . . , k × 1 tiles.

Let T
(k)
n denote the number of ways to tile a ruler of length n using tiles of length

1, 2, . . . , k. Then T
(k)
n satisfies the recurrence

T (k)
n = T

(k)
n−1 + T

(k)
n−2 + · · ·+ T

(k)
n−k,

and is related to the k-bonacci sequence by

T (k)
n = F

(k)
n+k−1,

where F
(k)
i represents the ith number in the k-bonacci sequence.1

1The k-bonacci sequence {F (k)
n } is defined by the recurrence F

(k)
n = F

(k)
n−1 + F

(k)
n−2 + · · ·+ F

(k)
n−k for n ≥ k, with

initial conditions F
(k)
0 = F

(k)
1 = · · · = F

(k)
k−2 = 0 and F

(k)
k−1 = 1.
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Our proofs also provide an opportunity to highlight a good aspect of mathematical
writing: if you have similar results used throughout a paper, it is best to prove a
general result with free parameters, and then specialize as needed for the different
situations. For a good example of this, see Lemma 2.1 of [8]; for us it will be Lemma
3.1 (which we use four times).

The topic below is a favorite of the third named author, who has used it in several
of his classes at Williams, at continuing education classes in the Teachers As Scholars
program, and at many math camps, including one attended by the other two. The
problem is easy to state and explore, there are several natural generalizations, and
when investigating, numerous technical obstructions arise, making it a wonderful in-
troduction to proofs and research. Similar to many problems in the field, what matters
most is not an extensive background of advanced material but rather an inquisitive-
ness and ability to see connections and apply techniques. The Fibonacci numbers and
other sequences arising from recurrence relations provide a rich ground for introducing
students to research; after describing the problem, challenges and solutions, we end
with some additional questions and encourage readers interested in pursuing these
further to contact us.

2. Introduction

The egg drop problem is a classic puzzle that has fascinated mathematicians and
computer scientists. It is often featured in technical interviews at major technology
companies such as Microsoft and Google, as it elegantly combines combinatorial rea-
soning with dynamic programming techniques.

The Egg Drop problem was introduced in [6].

Suppose we wish to know which windows in a 36-story building are safe to drop an egg
from, and which will cause the egg to break on landing. Suppose two eggs are available.
What is the least number of egg droppings that is guaranteed to work in all cases?

We make a few assumptions (see also Remark 2.6).

• An egg that survives a fall can be used again, with no damage.
• A broken egg must be discarded.
• All magical eggs react the same way when being dropped from the same floor.
• If an egg breaks when dropped, then it would break from a higher floor.
• If an egg survives a fall, then it would survive a shorter fall.
• It is not ruled out that the first floor breaks eggs, nor is it ruled out that a drop
from the 36th floor does not cause an egg to break.

The book displays the optimal solution to the problem – to start at the eighth floor
and if the egg breaks, return to test every point from the first floor until the second
egg breaks; otherwise use the first egg to test the fifteenth floor, and so on (as shown
in Table 2.1). No matter where the first egg breaks, it will always require no more
than 8 drops.

Later, Boardman [2] generalized this into the problem: Given k eggs, how many
floors can we handle if we have at most n drops?

Using both generating functions and a direct counting approach, he showed that
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Table 2.1. Optimal dropping schedule for two eggs and 36 floors.

First Egg Breaks at Floor Second Egg Test Floors if First Egg Breaks

8 1 → 2 → 3 → 4 → 5 → 6 → 7
15 9 → 10 → 11 → 12 → 13 → 14
21 16 → 17 → 18 → 19 → 20
26 22 → 23 → 24 → 25
30 27 → 28 → 29
33 31 → 32
35 34
36

the total number of floors that can be tested is

k∑
j=1

(
n

j

)
.

Building off of Boardman’s work, Parks and Wills [11] extended the problem using
a binary decision tree to calculate the most floors that can be explored with k eggs
and d drops for two adapted problems.

• Replacement Eggs: the supply of eggs is restored to the original number k
whenever the egg that is dropped does not break.

• Bonus Eggs: A new egg is received whenever the egg that is dropped does not
break.

All of these results employ a dynamic search where each drop decision depends on
the previous outcomes. There is another family of methods known as statistical or
fixed-step strategies that we use in this paper.

There are also many other adaptations that can be made. This paper builds on
earlier lectures presented by the third named author in his Problem Solving class,
Math 331 (Lecture 9, [9]), at Williams College, as well as at many math camps.
We generalize the traditional egg drop problem into a problem with N floors and
k eggs and bound the optimal step size and least number of drops required under
such a strategy. Beyond the one-dimensional problem, we also extend the traditional
one-dimensional egg drop problem by introducing higher dimensional generalizations.
Instead of searching a point along a vertical line of floors, we explore versions set in
a two-dimensional plane and three-dimensional space, where the condition depends
on multiple coordinates, and then create and solve a recursive equation to build up
the general solution from the simple initial case. Moreover, we continue this line of
generalization to search for a breaking line instead of a point in a 2D plane.

Our main theorems are the following.

For k ≥ 1 eggs and N floors, the minimum number of drops required in the worst-
case scenario satisfies

P1(k) ≤ ⌈k ·N1/k⌉.

Theorem 2.1. One-Dimensional Breaking Point Problem: For k ≥ 1 eggs and
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N floors, in the worst-case scenario, the optimal step size under the given strategy is

S1P ;k ≤ N (k−1)/k,

which leads to a minimum number of egg drops

P1(k) ≤ ⌈k ·N1/k⌉.

Theorem 2.2. Two-Dimensional Breaking Point Problem: For k ≥ 2 eggs and
a rectangular region of dimensions M ×N , the minimum number of drops required in
the worst-case scenario satisfies

P2(k) ≤ ⌈(k − 1) · (M +N)1/(k−1)⌉.

Theorem 2.3. Three-Dimensional Breaking Point Problem: For k ≥ 3 eggs
and a cubic space of dimensions L×M ×N , the minimum number of drops required
in the worst-case scenario satisfies

P3(k) ≤ ⌈(k − 2) · (L+M +N)1/(k−2)⌉.

Theorem 2.4. Two-Dimensional Breaking Line x+ y = V , Method One: We
perform a recursive jump search along the main diagonal of the rectangular region of
dimensions M × N . For k ≥ 1 eggs, the minimum number of drops required in the
worst-case scenario under Method One satisfies

L
(1)
2 (k) ≤ ⌈k · (M +N)1/k⌉.

Theorem 2.5. Two-Dimensional Breaking Line x + y = V , Method Two:
We combine a diagonal search in the rectangular region of dimensions M ×N with a
final verification of the last uncertain point using the reserved egg. For k ≥ 2 eggs, the
minimum number of drops required in the worst-case scenario under Method Two
satisfies

L
(2)
2 (k) ≤ ⌈(k − 1) ·M1/(k−1)⌉+ 1.

In future work, we plan to extend our study of the two-dimensional breaking line
x + y = V to the more general case αx + βy = V , which introduces new challenges
and strategies.

Remark 2.6. We focused on minimizing the worst-case number of drops, but we
could also consider minimizing the average-case performance. Since the worst case
occurs only rarely, it might be reasonable to allow some risk by optimizing the average
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instead. We do not address minimizing the average case in this paper, but leave it as
a direction for future research.

3. Preliminaries

Before moving to the one-dimensional case and introducing our recursive searching
strategy, we state a general minimizing lemma that will be applied repeatedly in later
sections. This lemma captures the common structure of the functions that appear
subsequently in all 1-, 2- and 3-dimensional cases when optimizing the step size, and
hence the minimal number of drops.

Lemma 3.1. Given any real numbers a > 0, b ≥ 0, n > 1, and any function of the
form

f(S) =
n

S
+ a ·

(
n+ b

n

)1/a

· S1/a, for S ∈ (0, n],

the function always achieves its global minimum at

S∗ = n(n+ b)−1/(a+1),

while

f(S∗) = (a+ 1)(n+ b)1/(a+1).

Proof. To minimize f(S), we calculate the first derivative

f ′(S) = −n · S−2 +

(
n+ b

n

)1/a

· S(1−a)/a. (3.1)

Solving f ′(S) = 0, we find the breaking point

S∗ = n(n+ b)−1/(a+1).

(All the elementary calculations for the expressions derived in this section are provided
in Appendix A). This is a potential location for a global minimum. Computing the
second derivative at the breaking point yields

f ′′(S∗) = 2n · (S∗)−3 +
1− a

a

(
n+ b

n

)1/a

· (S∗)(1−2a)/a

= n · 1 + a

a
· (S∗)−3 > 0,

(3.2)

since a, n, and S∗ are all positive. This verifies that the breaking point is a unique
local minimum. Since the domain is S ∈ (0, n], and S∗ is not an endpoint, the global
minimum must occur either at this interior point (i.e., the breaking point) or at an
endpoint.

6



• As S → 0+: We have n/S → +∞ and a · ((n+ b)/n)1/a ·S1/a → 0+. This implies
that f(S) → +∞. Thus, the function cannot achieve the global minimum there.

• At S = n: We get

f ′(n) = −n · n−2 +

(
n+ b

n

)1/a

· n(1−a)/a =
(n+ b)1/a − 1

n
> 0, (3.3)

since the conditions a > 0, b ≥ 0, and n > 1 imply that (n+ b)1/a > 1. Thus, the
function cannot attain its minimum at the endpoint n, as it increases at that
point.

From the argument above, we can conclude that the breaking point is a global mini-
mum.

Substituting the optimal S∗ into f(S), we obtain

f(S∗) =
n

S∗ + a

(
n+ b

n

)1/a

(S∗)1/a

= (a+ 1) · (n+ b)1/(a+1),

(3.4)

therefore completing the proof.

4. The One-Dimensional Breaking Point Problem

This section reviews a recursive strategy for the one-dimensional Egg Drop problem
with k eggs and N floors. Distinct from the approach presented in the introduction,
our method derives the optimal step size for the search and establishes an upper
bound on the worst-case number of drops.2 All results in this section are proved
by induction, and our one-dimensional search also serves as the foundation for the
higher-dimensional generalizations.

Among a linear array of numbers from 1 to N , there exists a unique breaking point
n ∈ (0, N ] (both n and N are integers) such that

• if a magical egg is dropped from any point a < n, the egg remains intact with
no damage, and

• if it is dropped from any point a ≥ n, the egg breaks.

We first describe a general strategy for solving this problem. If only one egg is
available, test every lattice point from 1 upwards until the egg breaks at the breaking
point,3 which is the only reliable method to determine the breaking point.

If more than one egg is available, we can introduce a more efficient searching ap-
proach. Suppose we have k eggs and N floors. We begin by dropping the first egg
at positions of the form i · S1P ;k, where i = 1, 2, 3, . . .. Here S1P ;k denotes the k-
egg step size to be determined when performing the breaking point (P) search in the
one-dimensional setting.4 Later we similarly use S2P ;k and S3P ;k for breaking point

2The worst-case number of drops ensures that, regardless of where the eggs break, the breaking point can always

be determined within this number of trials.
3This method is known as a linear search or sequential search.
4This method is known as a jump search.
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searches in higher dimensions, and S2L;k for the two-dimensional breaking line (L)
search. Continue this process until the egg breaks at position T · S1P ;k. Now we know
that the breaking point must lie within the interval ((T − 1)S1P ;k, TS1P ;k] (the red
segment in Figure 4.1), consisting of exactly S1P ;k candidate points, among which
S1P ;k − 1 need to be tested.5

Figure 4.1. The 1D breaking point strategy.

We now face a reduced sub-problem: a (k− 1)-egg search over a smaller interval of
S1P ;k−1 points. In the following recursive process, one egg is used to narrow down the
interval, then the same strategy is applied with the remaining k − 1 eggs, until only
one egg is left. At this point, we revert to a linear search within the final sub-segment.

We now prove Theorem 2.1.

4.1. Base Case: k = 1

In the worst-case scenario with only one egg, the egg does not break during the
sequential search until it is dropped at position N . Thus, the step size must be 1, and
the number of drops required in the worst case is exactly N .

The base case holds, since the optimal step size is S1P ;1 ≤ N (1−1)/1 = 1, and the
worst-case number of drops is P1(1) ≤ ⌈1 ·N1/1⌉ = N .

4.2. Inductive Case

Assuming that Theorem 2.1 is true for k, we must show that S1P ;k+1 ≤ Nk/(k+1) and
P1(k + 1) ≤ ⌈(k + 1) ·N1/(k+1)⌉ are also true.

To do so, we apply the recursive strategy described previously. Suppose we drop
the first egg at intervals of increment size S1P ;k+1 (i.e., jump search from positions
S1P ;k+1, 2S1P ;k+1, . . .), stopping when the egg breaks. In the worst case, this requires
N/S1P ;k+1 drops with the first egg. Then, we are left with a sub-interval (the red
sub-segment in Figure 4.2) of length at most S1P ;k+1 − 1 candidate points to search
using the remaining k eggs.

Figure 4.2. The 1D breaking point strategy in the worst case.

5Point TS1P ;k does not need to be tested again.
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By the inductive hypothesis, the worst-case number of drops needed to search a
segment of size S1P ;k+1 − 1 with k eggs is at most k · (S1P ;k+1 − 1)1/k, which is

approximately equal to, and less than, k · S1/k
1P ;k+1 drops.

Thus, the total number of drops in the worst case is approximately and at most

f1P ;k+1(S1P ;k+1) ≤ N

S1P ;k+1
+ k · S1/k

1P ;k+1. (4.1)

We now use Lemma 3.1 with a = k, b = 0, and n = N giving

S∗
1P ;k+1 = N · (N + 0)−1/(k+1) = Nk/(k+1)

and

f1P ;k+1(S
∗
1P ;k+1) = (k + 1)(N + 0)1/(k+1) = (k + 1) ·N1/(k+1).

Note that in Lemma 3.1 to minimize f(S), we treated S as a continuous variable to
allow differentiation. However, in a real-world setting, such as a building, the tested
points correspond to discrete floors and must therefore be integers, so we round up
to the nearest integer floor. In an abstract setting, such as a number line, noninteger
points can be tested.

In this case, the number of drops is taken as ⌈(k + 1) · N1/(k+1)⌉ to obtain an
integer value. The approximation is reasonable and safe because the derivative of
f1P ;k+1(S1P ;k+1) decreases and then increases, so we know that the best integer step
size lies either immediately above or below the continuous optimal. There is no prob-
lem with rounding up the step size to the closest integer, since there is only a very
small change in the total number of required drops between rounding up and down.6

However, as illustrated by the Knapsack Problem (see, for example, [4, 7]), the in-
teger minimum or maximum can significantly differ from its real-valued counterpart.
For example, imagine a bag that can hold only 100 pounds, and we want to maximize
the value of what is inside; assume we can put any amounts of the following three
products in it, so long as the total weight is at most 100. One product is worth $150
and comes in 51 pound units, the second is $100 per unit and each is 50 pounds, while
the last is worth $99 and comes in 50 pound units. Clearly we never should use any of
the third item. If we can take partial amounts of a product (i.e., we are in a continuous
case), we take 100/51 units of the first product and none of the second, for a value of
about $292.12. If however we can only take integral amounts of each product, the best
we can do is to take none of the first and two of the second, for a value of $200. Note
the integral optimal is far from the real. So, we need to be cautious when rounding.

Thus, given S1P ;k ≤ Nk−1/k is true, S1P ;k+1 ≤ Nk/(k+1) is true, and given P1(k) ≤
⌈k · N1/k⌉ is true, P1(k + 1) ≤ ⌈(k + 1) · N1/(k+1)⌉ is true, completing the inductive
step, and hence the proof. 2

Since we approximated S1P ;k+1 − 1 into S1P ;k+1, and rounded up the minimum
number of drops, we obtain our claimed upper bound.

6For example, with N = 100 and k = 4, the optimal continuous step size is approximately S1P ;4 ≈ 31.62278,

giving f1P ;4(31.62278) ≈ 12.34778 drops. Rounding up to 32 yields f1P ;4(32) ≈ 12.63866, while rounding down to

31 gives f1P ;4(31) ≈ 12.66425. Since we are only aiming for an upper bound, choosing the “wrong” integer step

size merely increases the bound by a negligible amount, and both round to the same integer.
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Also, note that this is not the optimal testing strategy, though it is close. When
k = 2 and the total number of floors is a triangular number such as 36, the method
described in the introduction achieves a slightly better result. In that approach, the
search steps decrease by one each time, ensuring that the total number of drops
remains the same, no matter where the first egg breaks. However, in our theorem, the
step sizes are uniform, resulting in the same power ofN as we get with the “triangular”
strategy, which makes the analysis easier and the generalization to higher-dimensional
settings more natural. We leave to the interested reader seeing what improvements
are possible in our results below in extending the triangular number approach to our
higher-dimensional problems.

5. The Two-Dimensional Breaking Point Problem

There are many ways to extend the traditional egg drop problem, and generalizing
into a two-dimensional breaking point problem is a natural one. Let us consider a
rectangular region in the plane with coordinates ranging from (0, 0) to (M,N), without
loss of generality assuming M ≥ N . There exists a unique breaking point (m,n), where
m, n, M , and N are all integers, with m ∈ (0,M ] and n ∈ (0, N ] such that if a magical
egg is dropped at a point (a, b), then

• if a < m and b < n, the egg remains intact, and undamaged;
• otherwise (i.e., if a ≥ m or b ≥ n), the egg breaks.

The objective is to determine the exact value of the breaking point (m,n) using
the minimal number of egg drops.

It is impossible to determine both coordinates of the breaking point using only one
egg, as a single egg can only be used to resolve the breaking coordinate along one axis.

If two eggs are available, we can only find the breaking point by performing a linear
search with one egg per axis, until the egg breaks along each axis.

When more than two eggs are provided, a more efficient strategy may be employed.
Suppose we have k ≥ 2 eggs. We begin our jump search by dropping the first egg at
positions of the form (iS2P ;k, iNS2P ;k/M), where i = 1, 2, 3, . . . and S2P ;k is a k-egg
step size (or a scaling factor) to be determined in the two-dimensional setting when
searching for a breaking point (P) (as shown in Figure 5.1).7 Note that in the real-world
context, we would round iNS2P ;k/M to the nearest integer to ensure that drops occur
at integer positions. However, in an abstract setting, such as a coordinate plane, we
allow the egg to be dropped at any real-valued position, so iNS2P ;k/M need not be an
integer. Continue this process until the egg breaks at position (TS2P ;k, TNS2P ;k/M).
Now, the breaking point must lie within the red sub-rectangle from ((T−1)S2P ;k, (T−
1)NS2P ;k/M) to (TS2P ;k, TNS2P ;k/M). This red rectangle has side lengths S2P ;k and
NS2P ;k/M , respectively.

Having lost one egg, this becomes a reduced sub-problem: a (k − 1)-egg search
within the red sub-rectangle of dimensions S2P ;k by NS2P ;k/M . Continue the recursive
approach until only two eggs are left. Then, we fall back on the two-egg strategy
described earlier to find the breaking point.

Now we prove Theorem 2.2.

7The rectangles defined between (0, 0) and (iS2P ;k, iNS2P ;k/M) are all similar to the largest rectangular region,

and all the test points lie along the diagonal of this rectangle.
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Figure 5.1. The 2D breaking point strategy.

5.1. Base Case: k = 2

When we have two eggs, the only guaranteed strategy is to perform a linear search
along each axis—one egg used to determine the breaking x-coordinate and the other
for y. In the worst-case scenario, the eggs do not break until they are dropped at
position M along the x-axis and at position N along the y-axis. This results in a total
of M +N egg drops.

The base case is true, since the worst-case number of drops is P2(1) ≤ ⌈(2 − 1) ·
(M +N)1/(2−1)⌉ = M +N .

5.2. Inductive Step

Assuming that Theorem 2.2 is true for k, then we must show that P2(k + 1) ≤
⌈k · (M +N)1/k⌉ is also true.

To do this, we consider the same strategy described earlier: we drop the first egg at
points of the form (iS2P ;k+1, iNS2P ;k+1/M), for i = 1, 2, 3, . . ., until the egg breaks, to
narrow down the searching region (as shown in Figure 5.2). Again, iNS2P ;k+1/M can
be any real number. In the worst case, this requires M/S2P ;k+1 drops with the first
egg.

Once the egg breaks, we are left with a reduced search region: the red sub-rectangle,
with a diagonal from (M − S2P ;k+1, N − NS2P ;k+1/M) to (M,N), and a total side
length of

S2P ;k+1 +
NS2P ;k+1

M
=

M +N

M
· S2P ;k+1.

Applying the inductive hypothesis to this smaller region with the remaining k eggs,
the worst-case number of drops is

(k − 1) ·
(
M +N

M
· S2P ;k+1

)1/(k−1)

= (k − 1) ·
(
M +N

M

)1/(k−1)

· S1/(k−1)
2P ;k+1 .

Thus, the total number of drops is the sum of the diagonal jump search and the
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Figure 5.2. The 2D breaking point strategy in the worst case.

linear search, and can be expressed as function

f2P ;k+1(S2P ;k+1) ≤ M

S2P ;k+1
+ (k − 1) ·

(
M +N

M

)1/(k−1)

· S1/(k−1)
2P ;k+1 .

We now use Lemma 3.1 with a = k − 1, b = N, and n = M giving

S∗
2P ;k+1 = M · (M +N)−1/k

and

f2P ;k+1(S
∗
2P ;k+1) = k · (M +N)1/k.

Therefore, it is true that the minimum number of egg drops required in the worst
case with k + 1 eggs is

P2(k + 1) ≤ ⌈k · (M +N)1/k⌉,

when given P2(k) ≤ ⌈(k − 1) · (M +N)1/(k−1)⌉ is true, completing the inductive step
and thus the proof. 2

The generalization of the breaking point to the three-dimensional case is similar to
the two-dimensional case. For the full argument, see Appendix B.

The results in one, two, and three dimensions suggest a clear recursive pattern. This
observation naturally leads to the following conjecture for a general d-dimensional
setting.

Conjecture 5.1. In a d-dimensional setting with sides N1, N2, . . . , Nd and k eggs, the
minimum number of drops required in the worst-case scenario under the same strategy
satisfies

Pd(k) ≤ ⌈(k − d+ 1) · (N1 +N2 + · · ·+Nd)
1/(k−d+1)⌉, for k ≥ d.
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Equivalently, if we let r = k − d+ 1, then for r ≥ 1,

Pd(r + d− 1) ≤

r
(

d∑
i=1

Ni

)1/r


This formulation is consistent with a more general pattern relating the dimension
and the number of eggs, though we do not pursue this further here.

The tricky part in this expression is figuring out the correct coefficient and the
denominator of the exponent. In the one-dimensional setting, both are k, or k − 0,
and in the two-dimensional case, they become k−1. We see a pattern, and thus, in the
d-dimensional case, we use k − (d− 1) (as we subtract one less than the dimension).

6. The Two-Dimensional Breaking Line x + y = V Problem

This section introduces a new egg drop problem and a different rule for classifying
whether eggs break or not when dropped. Consider a rectangular region in the plane
with coordinates ranging from (0, 0) to (M,N). Without loss of generality, assume
M ≥ N . Within this region, there exists a unique breaking line of the form x+ y = V
that passes through the rectangle, where x and y are variables, and V is an unknown
positive constant. The breaking line determines the outcome of dropping a magical
egg at a point (a, b):

• if the point (a, b) lies below the line (i.e., a + b < V ), the egg remains intact
with no damage;

• otherwise (i.e., if a+ b ≥ V ), the egg breaks.

The objective is to split the (M + 1)(N + 1) lattice points within and on the side
of the rectangle into two groups: safe points and breaking points.8 To determine the
location of a line we usually need two points the line passes through. However, since
we know the slope of the line is −1, we only need to locate one point the line passes
through.

Let us start by outlining our overall strategy. With only one egg, we need to take
the most cautious approach—a linear search along the bottom and right edges of the
rectangle—to guarantee that we do not skip over any lattice points on the breaking
line, since we have no spare eggs to go back and test again. It is the same whether
we move along the bottom and right sides, or along the left and top sides, since the
slope of the breaking line is −1 (as shown in Figure 6.1).

• If the breaking line l1 intersects the left and bottom sides of the rectangle at A1

and B1, respectively, then OA1 = OB1.
• If the breaking line l2 intersects the top and bottom sides at A′

2 and B2, and the
y-axis at A2, then NA2 = NA′

2 and OA2 = OB2. This implies that ON+NA′
2 =

OB2.
• If the breaking line l3 intersects the top and right sides at A′

3 and B′
3, and the

y and x-axes at A3 and B3, respectively, then NA3 = NA′
3, MB3 = MB′

3, and
OA3 = OB3. This implies that ON +NA′

3 = OM +MB′
3.

With multiple eggs, more efficient strategies can be implemented.

8Safe points are those where the egg remains intact, while breaking points are those where the egg breaks.
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Figure 6.1. The 2D breaking line x+ y = V : 1-egg argument.

6.1. Method One

Suppose we have k ≥ 2 eggs. We use Figure 6.2 to illustrate our first strategy
here. We begin our jump search by dropping the first egg at points of the form
(iS2L;k, iNS2L;k/M), where i = 1, 2, 3, . . . along the diagonal of the M -by-N rect-
angle, and S2L;k is a scale factor to be determined when searching for the breaking
line (L) in the 2D setting. Assuming the same convention as above, iNS2L;k/M can
be any real numbers in the abstract setting. Continue this process until the egg breaks
at point (TS2L;k, TNS2L;k/M). Now, the breaking line must pass through the red sub-
rectangle from ((T − 1)S2L;k, (T − 1)NS2L;k/M) (excluded) to (TS2L;k, TNS2L;k/M).
We know that this red rectangle has side lengths S2L;k and NS2L;k/M , respectively,
and

• all points on or to the left of the line l1 are safe points, and
• all points on or to the right of the line l2 are breaking points.

Figure 6.2. The 2D breaking line x+ y = V : Method One strategy.

Having lost one egg, we are reduced to a sub-problem: a (k − 1)-egg search within
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the red sub-rectangle of dimensions s by Ns/M . Continue the recursive approach
along the diagonal until only one egg remains. Then, we fall back onto the one-egg
strategy described earlier.

Now we prove Theorem 2.4.

6.1.1. Base Case: k = 1

If the egg breaks at point (a, 0) on the bottom side of the rectangle (see Figure 6.3),

• all points on or to the left of the line l1 : y = −x+ a− 1 are safe points, and
• all points on or to the right of the line l2 : y = −x+ a are breaking points.

The line l2 is simply l1 shifted one square to the right. Since l1 has slope −1 and
an integer x-intercept, there are no lattice points between l1 and l2.

Similarly, if the egg breaks at point (M, b) on the right side of the rectangle, there
are no lattice points between l1 and l2.

Figure 6.3. The 2D breaking line x+ y = V : 1-egg strategy.

In the worst case, with only one egg, we test all points on the bottom and right
sides of the rectangle until the egg breaks at point (M,N), with the total number of

drops being M +N . Note that L
(1)
2 (1) = ⌈1 · (M +N)1/1⌉ = M +N . Thus, the base

case holds at 1.

6.1.2. Inductive Step

Assuming that Theorem 2.4 is true for k, then we must show that L
(1)
2 (k + 1) ≤

⌈(k + 1) · (M +N)1/(k+1)⌉ is true.
To do so, we consider the same strategy described earlier: we drop the first egg at

points of the form (iS2L;k+1, iNS2L;k+1/M), for i = 1, 2, 3, . . ., until the egg breaks, to
narrow down the searching region. Again, iNS2L;k+1/M can be any real numbers, not
necessarily integers. In the worst case, this requires M/S2L;k+1 drops with the first
egg breaking at the very end of the diagonal of the rectangle.

Once the egg breaks, we are left with a reduced search region: the sub-rectangle,
with a diagonal from (M − S2L;k+1, N − NS2L;k+1/M) to (M,N), and a total side
length of

S2L;k+1 +
NS2L;k+1

M
=

M +N

M
· S2L;k+1.

Applying the inductive hypothesis to this smaller region with the remaining k eggs,
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the worst-case number of drops is

k ·
(
M +N

M
· S2L;k+1

)1/k

= k ·
(
M +N

M

)1/k

· S1/k
2L;k+1.

Thus, the total number of drops is the sum of the diagonal jump search and the
linear search along the sides of the last sub-rectangle, and can be expressed as function

f2L;k+1(S2L;k+1) ≤ M

S2L;k+1
+ k ·

(
M +N

M

)1/k

· S1/k
2L;k+1.

We now use Lemma 3.1 with a = k, b = N, and n = M giving

S∗
2L;k+1 = M · (M +N)−1/(k+1)

and

f2L;k+1(S
∗
2L;k+1) = (k + 1)(M +N)1/(k+1).

Therefore, when given L
(1)
2 (k) ≤ ⌈k · (M + N)1/k⌉ is true, it is also true that the

minimum number of egg drops required in the worst case with k + 1 eggs is

L
(1)
2 (k + 1) ≤ ⌈(k + 1) · (M +N)1/(k+1)⌉,

completing the inductive step. 2

6.2. Method Two

With two eggs, we can also apply an alternative strategy: if we test points along the
diagonal of the form (i, iN/M), where i = 1, 2, 3, . . ., with iN/M can be any real
numbers, until the first egg breaks at point (T, TN/M), then

• all points on or to the left of the line l1 : y = −x + (T − 1)(1 +N/M) are safe
points, and

• all points on or to the right of the line l2 : y = −x+ T (1 +N/M) are breaking
points.

Note that l2 is simply l1 shifted 1 + N/M upwards. So there can be one or two
rows of points between l1 and l2, since M ≥ N implies that 0 ≤ N/M ≤ 1 and
1 ≤ 1 +N/M ≤ 2.

Worst Case One: First Egg Breaks at (M − 1, (M − 1)N/M)

If the first egg breaks at point (M − 1, (M − 1)N/M) (as shown in Figure 6.4), then
it takes us M − 1 drops, leaving two rows of candidate points between l1 and l2 on
lines l3 : y = −x+M +N −3 and l4 : y = −x+M +N −2 in the worst case. We only
need to test one point on each of l3 and l4 respectively with the second egg. Thus,
altogether this process requires (M − 1) + 2 = M + 1 drops.
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Figure 6.4. The 2D breaking line x+ y = V : Method Two: 2-egg strategy in Worst Case One.

Worst Case Two: First Egg Breaks at (M,N)

If the first egg breaks at point (M,N) (as shown in Figure 6.5), it requires M drops,
and leaves only one row of points between l1 and l2 on line l3 : y = −x+M +N − 1.
We only need to test one of these points on l3 with the second egg, at either point
(M − 1, N) or (M,N − 1). Thus, altogether this process also requires M + 1 drops.

Figure 6.5. The 2D breaking line x+ y = V : Method Two: 2-egg strategy in Worst Case Two.

Now we prove Theorem 2.5. Under Method Two, with two eggs available, the worst
case occurs when the first egg breaks at (M − 1, (M − 1)N/M) or (M,N), requiring
M + 1 drops.

With k ≥ 3 eggs, we first set one egg aside and use the remaining k − 1 eggs to
search along the diagonal of the rectangle. This requires (k−1) ·M1/(k−1) drops, since
the diagonal can be treated as a line where we apply a one-dimensional searching
strategy (Theorem 2.1). We then use the reserved egg for testing the final uncertain
point, costing another drop in the worst case. Thus, if there are k ≥ 2 eggs, then under
Method Two, in the worst-case scenario, the minimum number of drops is given by

L
(2)
2 (k) ≤ ⌈(k − 1) ·M1/(k−1)⌉+ 1. 2

7. Future Work

Consider a rectangular region in the plane with coordinates ranging from (0, 0) to
(M,N). Without loss of generality, assume M ≥ N . Within this region, there exists a
unique breaking line of the form αx+βy = V that passes through the rectangle, where
x and y are variables, α, β and V are unknown constants with following constraints.

• The breaking line has a positive y-intercept.
• The slope of the breaking line can be negative, 0, or undefined, so that the line
can be descending, horizontal or vertical.

• The breaking line has to go through at least two lattice points within or on the
boundary of the rectangle.
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The breaking line determines the outcome of dropping a magical egg at a point
(a, b):

• if the point (a, b) lies strictly below the line (i.e., αx+βy < V ), the egg remains
intact and undamaged;

• otherwise (i.e., if αx+ βy ≥ V ), the egg breaks.

The objective is to split the (M+1)(N+1) lattice points on and within the rectangle
into two groups: safe points and breaking points.

7.1. Failure of One-Egg Strategy

It is impossible to complete the classification with only one egg, because we need at
least two breaking points to narrow down the range and constrain the slope of the
breaking line.

For example, in Figure 7.1, the egg breaks at point (3, 0). There are six possible
locations for the breaking line, two of which are shown as l1 and l2:

• l1 is a line that enters through point (0, 1) and exits through point (3, 0), or
• l2 is a line that enters through point (2, 2) and exits through point (3, 0).

Figure 7.1. The 2D breaking line αx+ βy = V : 1-egg failure example.

If l1 is the breaking line, the set of safe points includes (0, 0), (1, 0) and (2, 0), and
the rest are breaking points. If l2 is the breaking line, there will be four more safe
points. Thus, with only one egg, we cannot determine the complete set of breaking
and non-breaking points.

7.2. Two-Egg Strategy

With only two eggs, we must use the most conservative approach to ensure that no
lattice points on the breaking line are skipped.

• First, perform a sequential search at every lattice point along the left and top
sides of the rectangle using the first egg, and suppose the egg breaks at point
(0, a) on the left side or point (b,N) on top.

• If the egg breaks at (0, a), we then consider all points (x, y) within or on the
boundary of the rectangle from (1, 0) to (M,a) and compute their slopes relative
to (0, a), namely

m1(x, y) =
y − a

x
.

If the egg breaks at (b,N), we can calculate the slopes from (b,N) to every point

18



(x, y) in the rectangle from (b+ 1, 0) to (M,N), giving

m2(x, y) =
y −N

x− b
.

• The set of slopes is ordered in increasing value, and the corresponding points
are tested sequentially from the smallest slope upward, using the second egg,
until it breaks at a certain point (c, d).

• Because the breaking line must pass through at least two lattice points, points
that share the same slope relative to the first breaking point (either (0, a) or
(b,N)) can be treated as a single candidate point.9

At this point, we can conclude that all points strictly below the line passing through
the first breaking point (0, a) (or (b,N)) and the second breaking point (c, d) are safe,
while all points on or above this line are points where the egg is bound to break.

From here we leave this breaking line (unknown slope) problem for future work. In
particular, we have not yet generalized the strategy to handle more than two eggs—
such as cases of three, four, or k eggs—and have not derived a general formula to
compute or bound the number of drops required. It also remains an open question
whether alternative strategies could be employed, for instance, using smaller incre-
ments with more frequent drops when additional eggs are available.

7.3. Other Questions

Another direction for future research is to consider average-case strategies. In this
paper, we focus on minimizing the number of drops in the worst-case scenario, but
we could also minimize the expected number of drops. Since the worst case occurs
only rarely, it may be reasonable to allow some risk to improve average performance.
If we assume a probability distribution for the breaking floor—for example, uniform,
exponential, or binomial—then the goal would be to optimize the search strategy with
respect to that distribution.

Additionally, we could compare the two methods and see when one is better than the
other. We have done some preliminary calculations along these lines; see Appendix C of
the arXiv version of this paper (available at https://arxiv.org/abs/2511.18330).

Appendix A. Elementary Calculations

We begin with the first derivative from Equation 3.1,

f ′(S) = −n · S−2 +

(
n+ b

n

)1/a

· S(1−a)/a.

We first set f ′(S) = 0 and get

−n · (S∗)−2 +

(
n+ b

n

)1/a

· (S∗)(1−a)/a = 0.

9Without the constraint that the breaking line passes through at least two lattice points, even points with same

slope relative to the first breaking point must be strictly tested from the lowest upward.
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Add n · (S∗)−2 to both sides and we have(
n+ b

n

)1/a

· (S∗)(1−a)/a = n · (S∗)−2.

Multiplying both sides by (S∗)2 gives us(
n+ b

n

)1/a

· (S∗)(a+1)/a = n.

Multiply both sides by (n/(n+ b))1/a, and we get

(S∗)(a+1)/a = n ·
(

n

n+ b

)1/a

= n(a+1)/a · (n+ b)−1/a.

Raise both sides to the power of a/(a+ 1), yielding

S∗ = n(n+ b)−1/(a+1).

Then we examine the second derivative from Equation 3.2,

f ′′(S∗) = 2n · (S∗)−3 +
1− a

a

(
n+ b

n

)1/a

· (S∗)(1−2a)/a.

To determine its sign, we reuse the condition f ′(S∗) = 0:

f ′(S∗) = −n · (S∗)−2 +

(
n+ b

n

)1/a

· (S∗)(1−a)/a = 0.

Rewrite the equation by adding n · (S∗)−2 to both sides and get(
n+ b

n

)1/a

· (S∗)(1−a)/a = n · (S∗)−2.

Multiply both sides by (S∗)−1, giving us(
n+ b

n

)1/a

· (S∗)(1−2a)/a = n · (S∗)−3.

Substituting the left-hand side of the previous equation into f ′′(S∗) simplifies the
expression

f ′′(S∗) = 2n · (S∗)−3 +
1− a

a
n · (S∗)−3 = n · 1 + a

a
· (S∗)−3 > 0.
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From Equation 3.3, we evaluate the derivative at the endpoint S = n:

f ′(n) = −n · n−2 +

(
n+ b

n

)1/a

· n(1−a)/a

= −n−1 + (n+ b)1/an−1

=
(n+ b)1/a − 1

n
> 0.

We substitute the optimal value S∗ into f(S) from Equation 3.4

f(S∗) =
n

S∗ + a

(
n+ b

n

)1/a

(S∗)1/a.

The first term is

n

S∗ =
n

n(n+ b)−1/(a+1)

= (n+ b)1/(a+1).

The second term is

a

(
n+ b

n

)1/a

(S∗)1/a = a

(
n+ b

n

)1/a (
n(n+ b)−1/(a+1)

)1/a
= a(n+ b)1/a(n+ b)−1/a(a+1)

= a(n+ b)1/(a+1).

Add both terms together to obtain the final value

f(S∗) = (n+ b)1/(a+1) + a(n+ b)1/(a+1)

= (a+ 1)(n+ b)1/(a+1).

Appendix B. The Three-Dimensional Breaking Point Problem

What about evolving the problem into a three-dimensional case? Similar to the two-
dimensional problem, now consider a cuboid in three-dimensional space with coor-
dinates from (0, 0, 0) to (L,M,N), inclusive. Without loss of generality, we assume
L ≥ M ≥ N . Then the target is to use the minimal number of egg drops to locate the
breaking point (l,m, n), where l, m, n, L, M , and N are all integers, with l ∈ (0, L],
m ∈ (0,M ], and n ∈ (0, N ], such that if a magical egg is dropped at a point (a, b, c),
then

• if a < l, b < m, and c < n, the egg remains intact, with no damage;
• otherwise (i.e., if a ≥ l, b ≥ m, or c ≥ n), the egg breaks.

Now we prove Theorem 2.3.
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B.1. Base Case: k = 3

It is impossible to determine all coordinates of the breaking point using only one or
two eggs, as at least three eggs are needed to guarantee the completion of searching
along all three axes.

When three eggs are available, the only guaranteed strategy is to perform a linear
search along each axis—using one egg per axis to determine each of the breaking x-,
y-, and z-coordinates. In the worst-case scenario, the eggs do not break until they are
dropped at positions (L, 0, 0), (0,M, 0) and (0, 0, N), resulting in a total of L+M+N
egg drops.

Note that when k = 3,

P3(3) ≤ ⌈(3− 2) · (L+M +N)1/(3−2)⌉ = L+M +N,

which exactly matches the number of drops required by the linear strategy, implying
the base case holds at 3.

B.2. Inductive Step

Assume that with k ≥ 3 eggs, the minimum number of drops required in the worst
case is

P3(k) ≤ ⌈(k − 2) · (L+M +N)1/(k−2)⌉.

We aim to prove that, if P3(k) is true for k, then P3(k + 1) is true, which indicates
that, with k + 1 eggs, the worst-case minimum number of drops is

P3(k + 1) ≤ ⌈(k − 1) · (L+M +N)1/(k−1)⌉.

We drop the first egg at points of the form
(iS3P ;k+1, iMS3P ;k+1/L, iNS3P ;k+1/L), for i = 1, 2, 3, . . ., where S3P ;k+1 is a
k-egg step size to be determined when searching for a breaking point (P) in the
three-dimensional setting, until it breaks at (L,M,N) (as shown in Figure B1), which
requires L/S3P ;k+1 drops in the worst case. Assuming the same convention as above,
iMS3P ;k+1/L and iNS3P ;k+1/L can be any real numbers, not necessarily integers.

The breaking point must lie within a sub-cuboid of dimensions S3P ;k+1,
MS3P ;k+1/L, and NS3P ;k+1/L shown in red. Since one egg has been used, we are
now left with k eggs and must search this smaller red sub-cuboid under the same
recursive strategy. By the inductive hypothesis, the number of drops required for this
sub-problem is

(k−2)·
(
S3P ;k+1 +

MS3P ;k+1

L
+

NS3P ;k+1

L

)1/(k−2)

= (k−2)·
(
L+M +N

L

)1/(k−2)

·S1/(k−2)
3P ;k+1 .

Thus, the total number of drops in the worst case is diagonal tries plus linear tries,
and can be expressed as the function

f3P ;k+1(S3P ;k+1) ≤ L

S3P ;k+1
+ (k − 2) ·

(
L+M +N

L

)1/(k−2)

· S1/(k−2)
3P ;k+1 .
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Figure B1. The 3D breaking point strategy.

We now use Lemma 3.1 with a = k − 2, b = M +N, and n = L giving

S∗
3P ;k+1 = L · (L+M +N)−1/(k−1)

and

f3P ;k+1(S
∗
3P ;k+1) = (k − 1) · (L+M +N)1/(k−1).

Thus, the inductive step holds: as long as given P3(k) is true, with k + 1 eggs, the
worst-case minimum number of drops is

P3(k + 1) ≤ ⌈(k − 1) · (L+M +N)1/(k−1)⌉,

completing the proof. 2
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