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ABSTRACT

Zeckendorf proved that every positive integer has a unique decomposition as a sum of
non-adjacent Fibonacci numbers. There are numerous extensions; we concentrate on
representations arising from Positive Linear Recurrence Sequences (PLRS), which
are fixed depth recurrences with non-negative integral coefficients whose first and
last terms are positive: Gn4+1 = c1Gn+- - -+ ¢ Grn—r+1 With ¢; non-negative integers
and cicr > 1. We again find every integer can be written uniquely as an appropriate
sum of terms of the sequence, and we can study the distribution of gaps between
summands in decompositions. Bower et al. [3] proved that if each ¢; > 1 then
the distribution of gaps in the generalized Zeckendorf decompositions of integers in
[Gn,Gn+1) converges to a geometric decay for gaps at least two, with parameter
equal to the largest root of the characteristic polynomial of the recurrence. What if
some of the ¢;’s are allowed to be zero? To date only the Kangaroo case, where there
is a fixed g such that ¢; = 1 if ¢ = 1 mod g and 0 otherwise, has been done and again
geometric behavior emerges. Related limiting results may also be obtained using the
more general probabilistic framework developed by Ben-Ari and Miller [2], but their
approach requires more advanced machinery. One of the goals of this paper is to
show that the elementary methods used by Bower et al. [3] can be adapted to this
setting as well. Our motivation for exploring the generalizations below is that new
behavior is sometimes seen in these and related problems (for example, Catral et al.
[5] proved that not every integer has a unique decomposition in a non-PLRS case of
c1 = 0), while other times we have the same answers just after more involved algebra.
We analyze the case Hpy1 = Hp + Hp—p + Hp—p—q. For gaps at least max(p, q) we
again prove geometric decay, with parameter the largest root of the characteristic
polynomial associated with the recurrence. For the finitely many smaller gaps, under
the restriction p < g + 2, we prove that the limiting probabilities exist and can be
computed using a transfer-matrix method, yielding results that depend on p, ¢, and
the gap size g. The case p > ¢ + 2 is not addressed by our small-gap argument.
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1. Introduction

1.1. Background

The Fibonacci sequence is the sequence { F, },>1 defined by the initial conditions F; =
1, F5 = 1, and the recurrence relation F, 1 = F,, + F,,_1, for n > 2. Thus, each term
after the first two is the sum of the two preceding terms, giving 1,1,2,3,5,8,13,.... In
Zeckendorf’s theorem, the Fibonacci numbers are 1,2, 3,5,8,13, ..., with the repeated
1 omitted. This convention ensures that every positive integer has a unique represen-
tation as a sum of nonconsecutive Fibonacci numbers. In Theorem this result
is established for Positive Linear Recurrence Sequences (PLRS), a broader
class of sequences that includes the Fibonacci numbers and satisfies a generalized
Zeckendorf theorem.

Definition 1. We say a sequence {H,}?2, of positive integers is a Positive Linear
Recurrence Sequence (PLRS) if the following properties hold.

(1) Recurrence relation: There are non-negative integers L,cy, ..., cr such that
H,.1. = aaH,+--+cHp-1, (1.1)

with L,c, and cp, positive.
(2) Initial conditions: Hy =1, and for 1 < n < L we have

Hn+1 = H,+cH, 1+ -+c,H +1. (12)

We call a decomposition Y | a;Hpmy1—; of a positive integer N (and the sequence
{a;}™,) legal if a1 > 0, the other a; > 0, and one of the following two conditions
holds.

o We havem < L and a; = ¢; for 1 <1< m.
e There exists s € {0, ..., L} such that

ap = ¢, Q3 = C3, ..., Gs_1 = Cs_1 and as; < cs, (1.3)

Asi1y---,051¢ =0 for some £ >0, and {bi}ﬁjsfz (with b; = asye4;) is legal.

If Y aiHpmia—i is a legal decomposition of N, we define the number of sum-
mands (of this decomposition of N ) to be ay + -+ + ap,.

Theorem 1.1 (Generalized Zeckendorf’s Theorem for PLRS [14, Theorem 1.1]). Ev-
ery integer N € [H,, H,11) has a unique legal decomposition of the form

N = zaiHn—i-l—i- (14)
i=1

Uniqueness in decompositions fails for some sequences. For example, in [5], Catral
et al. found that for some non-PLRS sequences, like Fibonacci quilt sequences, not
all integers have exactly one decomposition. Recently, [16] studied Zero Linear Recur-
rence Relations (ZLRRs), another setting in which zero coefficients arise. Unlike our
PLRS setting, ZLRRs have a zero first coefficient and are not applicable as our zero



coefficients are in a different location, which can lead to non-unique decompositions
and complications for the greedy algorithmﬂ

The uniqueness in decompositions for PLRS makes it natural to ask statistical ques-
tions about these decompositions. Since all legal decompositions of PLRS sequences
are also the ones obtained by the greedy algorithm, studying all integers N in an
interval such as [H,, H,+1) and asking what a typical legal decomposition looks like
is reasonable as now all integers should have the same largest summand and are thus
of the same scale.

Remark 1.2. We are localizing so that the objects studied are of similar scale. Having
N in [H,, H,.1) ensures the largest summand of its decomposition is H,; thus all
integers in this interval have the same largest summand. While it is appropriate to
so normalize, we would see similar behavior if instead we studied all integers from
[1, H,+1) because that interval is the union of the intervals [H;, Hi+1). As {H;} is an
exponentially growing sequence, as n — oo almost all of the integers in [1, H,11) are
in any union of intervals over indices from n— [logn] to n, and changing the interval
by such a small amount will not change to first order any of the quantities we study.

Lekkerkerker proved that the average number of summands in Zeckendorf decom-
positions of integers in [F),, Fj,4+1) grows linearly in n (see Theorem . Later, vari-
ous works studied limiting laws for the number of summands. For example, Kologlu,
Kopp, Miller, and Wang [§] proved that the distribution of the number of summands in
Zeckendorf decompositions converges to a Gaussian as n — oco. Miller and Wang [14]
extended this result to generalized Zeckendorf decompositions arising from PLRS.

Definition 1.3. We say that f(z) = O(g(x)) as x — oo if there exist constants C > 0
and xq such that

[f(@)] < Cg(x) (1.5)

for all x > xg.
We say that f(x) = o(g(z)) as x — oo if

w i@
fm o5y = O (1.6)

Theorem 1.4 (Generalized Lekkerkerker’s Theorem for PLRS [14, Theorem 1.2]).
Let {H,}°, be a Positive Linear Recurrence Sequence. Choose N uniformly at ran-
dom from [H,, H,+1), and let K,, denote the number of summands in the legal decom-
position of N. Denote the mean of K, by u,. Then there exist constants C' > 0, d,
and v1 € (0,1) depending only on L and the ¢;’s in the recurrence relation of the H,’s
such that

pn = Cn+d+o(77). (1.7)

A related problem, which is the direction of this paper, is the distribution of
gaps between summands. If a legal decomposition contains only the summands
H; ,Hj,, ..., Hj, , with the indices written in non-increasing order, then the differences
between consecutive indices are called gap sizes (i.e., j; — jo where j; > jo represents

1 After choosing the largest available summand, the algorithm continues by choosing smaller-indexed summands.



the size of the gap between Hj, and Hj,). Previous work studied gap distributions for
PLRS when all recurrence coefficients are positive [3], Kangaroo recurrences [1], which
are PLRS with zero coefficients that occur in groups of size g, and ZLRR [16], where
the first recurrence coefficient is zero. Ben-Ari and Miller [2] also developed a prob-
abilistic approach to generalized Zeckendorf decompositions that applies to certain
recurrences with zero coefficients. Their framework establishes general limiting results
but the techniques require a lot more heavy machinery — thus the value of our paper
is not decreased. Although in each of the these settings, the limiting gap distribution
was shown to exhibit geometric decay, their results complement rather than cover the
PLRS case studied here, as our zero coefficients occur in different locations.

The purpose of this paper is to test the generality of the geometric decay. We study
the simplest next case — three-term sequences with coefficients 0 and 1, but unlike
the Kangaroo recurrence, we can have coefficients 0 and 1 placed anywhere as long as
the resulting sequence is still a PLRS. In particular, we analyze the sequences of form

Hypw = Hy+Hyp+ Hypy, (1.8)

with initial conditions to match those for a PLRS. We consider all integers N in
the interval [H,,, H,4+1). Our goal is to determine whether, as n — oo, the limiting
gap distribution still geometrically decays by a factor of r; for these more general
sequences. We prove this geometric decay for all sufficiently large gaps. For the finitely
many smaller gaps, when p < ¢ 4+ 2, we prove that the limiting probabilities exist
and give a transfer-matrix formula for computing them. It is very plausible that the
existence of the small gap limit can still be proved when p > ¢ + 2 but our current
transfer matrix does not prove it.
Before we state our main theorems, we need a definition.

Definition 1.5. Define P,(g) as the probability density of a gap of size g from all
decompositions of integers in [H,, H,11), and set

P(g) = lim P,(9). (1.9)

n—r00

1.2. Main Theorems

Theorem 1.6. Consider the recurrence Hy1w = Hy, + H,,—p, + Hy—p—, with initial
conditions to match a PLRS. For large gap sizes (i.e., g > max{p,q}), P(g) decays
geometrically in 11 — namely,
- K1 —2p—2 -
Pg) = Kpq 1’ = 6(7"11"‘1)27’1 P, (1.10)
with r1 the dominant root of the characteristic polynomial, k1 the generalized Binet
constant in front of r1, and C' the computable Lekkerkerker constant.

Theorem 1.7. Consider the recurrence Hy,1 = Hy, + H,,—p, + Hy—p,—, with initial
conditions to match a PLRS. Define small gap sizes as 1 < g < max{p,q}. For
each fixed choice of p, q, and small gap size g, the limiting probability P(g) exists
when p < q+ 2 and its value generally depends on the ordered pair (p,q) and on g;
namely,



r9 T PMy MY M, Pu,.,
Cri(ri+1) ’

(1.11)

with r1 the dominant root of the characteristic polynomial, k1 the generalized Binet
constant in front of r1, C the computable Lekkerkerker constant, and P the computable
Perron projection matriz. The matrices My and My are the transfer matrices corre-
sponding respectively to appending a 0 and appending a 1 to the current state, and
Uptq 15 the initial state-count vector for legal strings of length p + q with the largest
summand H, forced.

Tables and present numerical values of P(g) for several choices of p, g, and
g. Table summarizes the numerical results for the large-gap probabilities. For each
ordered pair (p,q) and each large gap size g > max{p, ¢}, we list the limiting proba-
bilities predicted by Theorem and when n = 35 the finite-n approximation Ps5(g)
obtained by brute-force counting. The two values are in close agreement, providing
numerical support for the large-gap formula. Table summarizes the numerical re-
sults for the small-gap probabilities in the cases where p < ¢ + 2. For each pair (p, q)
and each small gap size g, we list the dominant root r; (or the Perron eigenvalue A
of the transfer matrix), the limiting probability predicted by Theorem the total
contribution from the large-gap range, the sum over all gap sizes, and the finite-n ap-
proximation Ps5(g). The limiting small-gap probabilities are in close agreement with
the corresponding values of Ps5(g) obtained by brute-force counting. Together with
the fact that the total probabilities are close to 1 with only rounding errors, this
provides a numerical check of the transfer-matrix method.

Remark 1.8. The numerical data suggest that the small-gap limiting probabilities
may exhibit geometric decay over certain ranges, although this behavior does not neces-
sarily hold across all small gaps. The exceptional behavior occurs at particular bound-
ary gap sizes, where the recurrence may create additional interactions between the
summands on the two sides of the gap. A precise description of the geometric decay
amonyg the small gaps is given in Theorem [3.8, together with its proof.

2. Proof of Theorem [1.6l

2.1. Total number of gaps

By Theorem the average number of summands in the legal decompositions of all
N € [Hy, Hy41) is Cn+d + o(77). Since a decomposition with & summands contains
k — 1 gaps, the average number of gaps is Cn 4+ d — 1 + o(7}).

The total number of gaps is equal to the average number of gaps multiplied by
the total number of decompositions. By the uniqueness of legal decompositions, the
total number of decompositions in [H,,, H,+1) equals the number of integers in this
interval, namely H,, — H,, = H,_, + H,,_p_,. Thus, the total number of gaps in the
legal decompositions of all N € [H,,, Hy11) is

(Hp—p+ Hp—p—g)(Cn+d—1+0(77)). (2.1)



P 4 g K1 CLek 1 P(g) > P(g) large g P35(g)
I 2 3 0722124418 0.326378645 1.754877666  0.233203644 0542341925  0.230812321
4 0.132940118 0.127630879
5 0.075754636 0.070509529
2 1 3 0723606798 0.276393202 1.618033989  0.236067978  0.618033989  0.240416291
4 0.145898034 0.144237126
5 0.090169944 0.086456041
I 3 4 0814040668 0.297756511  1.704902776 0.160784731  0.388879636  0.154548036
5 0.094307273 0.087898873
6 0.055315338 0.049943357
2 2 3 0811108777 0.241709338 1.570147312 0.281798472  0.776054020  0.289167104
4 0.179472633 0.178824829
5 0.114303054 0.110489019
3 1 4 0819222321 0.155953755  1.497094049  0.258396563  0.778210798  0.190569410
5 0.172598751 0.124254447
6 0.115289184 0.098140515
1 4 5 0894220519 0.282740362 1.673648546  0.109296593  0.271542312  0.101682253
6 0.065304387 0.058859127
7 0.039019176 0.034035468
2 3 4 0891359789 0.220855136  1.538496592  0.208893679  0.596813829  0.208780412
5 0.135777798 0.131677290
6 0.088253558 0.082971234
3 2 4 0896185072 0.194254004 1465571232 0.216756572  0.682327803  0.224258782
5 0.147899036 0.148558566
6 0.100915624 0.098322866
4 1 5 00907738526 0.128265612 1.419632763 0.216127106  0.731165790  0.175694096
6 0.152241560 0.140324066
7 0.107240100 0.098345708
I 5 6 0962099524 0.275311854 1.653634587 0.073017650  0.184727850  0.065584710
7 0.044155856 0.038383830
8 0.026702305 0.022439490
2 4 5 0964324423 0.208037272 1.516784253 0.154198981  0.452580714  0.149506649
6 0.101661776 0.095565703
7 0.067024546 0.061025875
3 3 4 00968233828 0.178392975 1443268791 0.245780788  0.800254264  0.255440245
5 0.170294535 0.171864302
6 0.117992252 0.115533807
4 2 5 0977162977 0.151370617 1.397035275  0.191225916  0.672860492  0.184649969
6 0.136879805 0.129954309
7 0.097978775 0.090410099
5 1 6 0090756210 0.139847372  1.365254707  0.145956029  0.545556710  0.170687658
7 0.106907545 0.123037779
8 0.078305934 0.087825712

Table 1.1. Large-gap data.

2.2. Number of occurrences of a gap of size g

Lemma 2.1. We define X; 4(n) as the total number of legal decompositions where all
summands are chosen from {Hi,...,H,}, such that H,,, Hiy4 and H; are forcefully
chosen, all indices between H; and H; 4, cannot be chosen, and all remaining terms
are free to be chosen subject to the legality conditions. The number of occurrences of
a gap of size g > max{p, q} in the legal decompositions of all N € [H,, H, 1) 1is

n—g n—g
Z Xig (”) = Z(Hifp + Hifpfq) (anifgdp +2Hpi—g-2p—q+ anifg%pf?q)- (2-2)
1=1 i=1

Proof. We prove Lemma by counting the number of possible arrangements to the
left and to the rightﬂ of a gap of size g. Let H; and H; 4 be consecutive summands in

2Throughout this paper, we list the indices in decreasing order, as produced by the greedy algorithm. Thus the



p g g ri(or)) P(g) > Plg)largeg 3 P(g)allg P35(9)
1T 2 1 1.754877666 0.196866065  0.542341925  1.000000001  0.216044289

2 0.260792011 0.268433483
2 1 1 1.618033989 0 0.618033989  1.000000000 0

2 0.381966011 0.400385763
1 3 1 1.704902776 0.143768434  0.388879636  1.000000000  0.165810625

2 0.294572363 0.303503501

3 0.172779567 0.172979258
2 2 1 1570147312 0 0.776054020  1.000000000 0

2 0.223945980 0.241540540
1T 4 1 1673648546 0.101562455  0.271542312  1.000000000  0.126665506

2 0.320744607 0.329814431

3 0.191643943 0.191499920

4 0.114506683 0.111096625
2 3 1 1.538496592 0 0.596813829  1.000000000 0

2 0.177255371 0.196966720

3 0.225930800 0.235126066
3 2 1 1465571232 0 0.682327803  0.999999999 0

2 0 0

3 0.317672196 0.335550315
1 5 1 1.653634587 0.069613145  0.184727850  1.000000000  0.097780841

2 0.340239296 0.348675306

3 0.205752407 0.204902952

4 0.124424349 0.120311951

5 0.075242953 0.070579825
2 4 1 1516784253 0 0.452580714  1.000000001 0

2 0.137119308 0.159214967

3 0.247274492 0.257301422

4 0.163025487 0.165440707
3 3 1 1443268791 0 0.800254264  1.000000000 0

2 0 0

3 0.199745736 0.217320999

Table 1.2. Small-gap data.

the decomposition. Now we discuss the number of arrangements to either side of the

gap g (see Figure .

LHS
H, Hivgin Hivg @ must be chosen
Q-  -OOR—-- ” (O can be chosen
H:
Hrgtpl & cannot be chosen

Figure 2.1. Number of gaps of size g.

Remark 2.2. Lemma|2.1| can only be proven with large g, since, otherwise, the left
and right sides of the gap from H; to H;i, are not independent and can interact with
each other through the recurrence relation.

First, the number of arrangements to the right of the gap (including H;) equals
the number of legal choices from {H;, Hs, ..., H;} with H; chosen. By the existence
and uniqueness of legal decompositions for this PLRS, these choices are in bijection
with the total number of integers in the interval [H;, H;11). Thus, the number of such

“right” side of a gap refers to the smaller-indexed summands.



arrangements is H; 1 — H; = H;_p, + H;_,,_,.

Next, the number of arrangements to the left of the gap (including H;;4) cor-
respond to the number of legal choices from {H;\4, Hitg41,. .., H,} with H;i, and
H,, chosen. By shifting indices, this bijects with the number of legal choices from
{H\,Hs,...,H,—;i_g1} in which Hy and H,_;,_411 must be chosen. In order to com-
pute this quantity, we find the number of arrangements where H,_;_,41 must be
used and subtract the number of arrangements where H,,_;_,41 must be used but H;
cannot be used.

The number of arrangements where H,_; ;.1 must be used is H,_;_g4o —
H, i g1 = Hy iy pi1 + Hy i_g_p_qt1, and the number of arrangements where
H,_;_4+1 must be used but H; cannot be used is H,,_;_g41 — Hy—j—g = Hy_j_g_p +
H, i g p—q Thus, the number of valid left-hand arrangements is (Hp—i—g—pr1 +
Hn—i—g—p—q+1)_(Hn—i—g—p+Hn—i—g—p—q) = Hn—i—g—2p+2Hn—i—g—2p—q+Hn—i—g—2p—2q'

Multiplying the number of choices on the left- and right-hand-sides and summing
over all possible positions ¢ of the gaps gives the total number of occurrences of a gap
of size ¢:

n—g n—g

ZXi,g(n) = Z(Hi—p+Hi—p—q)(Hn—i—g—2p+2Hn—i—g—2p—q+Hn—i—g—2p—2q)- (2.3)
i=1 i=1

In cases where negative indicesﬂ appear, we extend the recurrence backward until

—2p — 2q. [

2.3. The distribution of the average gap measure

The probability of choosing a gap of size g from all decompositions of all N €
[Hp, Hy11) is

Z?;f] Xig(n)

B0 = i, H ) (©n ot d— T4 o(p)) (24)

By the generalized Binet formula [12],
H, = rir] +0(p"), (2.5)
where 7 is the unique dominant root and |raf, |rs|,...,|rprer1| < r1. We can prove

that x; must be positive. We know that H,, and r; are positive and we have

Zj - m+o<<7f’l>n>. (2.6)

The error term tends to zero, as |p| < 1.

We can prove the uniqueness of the leading root by proving that it is not of mul-
tiplicity 2 or greater. We prove this fact for all PLRS instead of just our specific
three-term one to aid future researchers. To do so, it suffices to prove that there are
no roots of multiplicity 2. If there is a root x of multiplicity 2, then for some z we

3The negative-index extension is used only to handle boundary terms uniformly. Since the backward values are
uniquely determined by the same recurrence, it only gives a consistent way to evaluate the summation near the
endpoints without introducing any new legal decompositions.



have f(z) = f'(x) = 0. Suppose there exists such a root. The characteristic equation
is

f(z) = zF - chxL_j. (2.7)
The derivative of the characteristic equation is
L
f'(x) = Lat™t— ch(L — j)al=7t (2.8)
j=1

Calculating the roots of f'(x) = 0, we can easily see x = 0 is a root and now we prove
that there does not exist any positive roots which can satisfy f’(x) = 0. To do so, we
multiply both sides of f’(x) = 0 by = to obtain

L
vf'(z) = LmL—ZCj(L—j)xL_j = 0. (2.9)

L _

From the characteristic equation f(z) = 0, we obtain =" = Zle cjz’ =7 for roots x

for f. Substituting this into the previous equation, we get
L L
vf'(z) = LchJ;L_J — ch(L —j)xtI = 0. (2.10)
j=1 j=1
Simplifying yields
L
af'(z) = Y jeat =0, (2.11)
j=1

which cannot be true if  is positive as each ¢; > 0 (and at least one is positive).
Thus, there are no positive roots of f/(x) = 0, which means that there cannot be a
double leading root for any PLRS.
Lleta=¢t—p,b=i—-p—q,c=n—1—9g—2p,d=n—1—9g — 2p —q and
e=n—1— g — 2p— 2q for notation convenience. From Lemma [2.1, we have

Xig(n) = (Ho + Hy)(H, + 2Hy + H.). (2.12)

We now separate the summation into three regions:

n—g f(n) n—g—f(n)-1 n—g
Z Xig(n) = Z Xig(n) + Z Xig(n) + Z Xig(n), (2.13)
i=1 i=1 i=f(n)+1 i=n—g—f(n)

where we let f(n) = logn such thaff] when n — oo, we have f(n) — oco. Let h(n) = n.

4We choose logn for definiteness, but we just need f(n) — oo and f(n)/n — 0, when n — oo.



By L’Hopital’s Rule, we get

lim () = lim () = lim Yn =0 (2.14)

n—00 h(n) n—00 h’(n) n—oo 1

(i.c., f(n) = o(n)).
The first and third sums correspond to the left and right edge regions respectively,
each of which contains at most f(n) terms. Since each non-leading product has order

at most 7797 we get the total left edge size as
(n)
Y Xig(n) = O(f(n)-r{™07"). (2.15)
i=1

As for the denominator of (2.4), it is of order n - 7.
By forming the ratio, we obtain that

denominator n- r’f*p

: : n—g—3
left edge contribution 0 (f(n) ryY p) 0 (fsln) .rl_g_gp> C(@10)

As f(n)/n — 0, the left edge contribution is negligible. Similarly, we find that the
right edge contribution is also negligible.
We now consider the middle range

fn)+1 < i < mn—g—f(n)—1. (2.17)

In this region, all of a,b,c,d,e > f(n) + O(1). So the Binet approximation in the
middle range is of form

Hy = k™ +0(p™) = kyr™ <1+o<<”>m>) = (14 0(1), (2.18)

T1

where k1 > 0 and |p| < 1 implying 0 < |p/r1] < 1.
Note that a+c =n—g—3p, a+d = b+c=n—g—3p—q, a+e = b+d = n—g—3p—2q,
and b+ e =n — g — 3p — 3q. Therefore, from (2.12) we have
XLg(TL) = (Ha + Hb)(Hc + 2Hd + He)
= Ri(r] + )] + 2] + 7)1+ 0(1))
= K2R )3 4 0(7’?79731’73‘1) . (2.19)

for i in the middle range. Since 2f(n) + O(1) = o(n), summing the n — 2f(n) + O(1)
terms over the middle range gives

n—g—f(n)-1
S Xigln) = R G 4 13 0 on) + o(nr M)

ot (2:20

= K2R 1) 4 o(nr ) TITRPTR),
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Substituting this into (2.4)), and using Hy,,—p, + Hp—p—q = k1(1 +r])r{ 7"+ o(r{™ "),
we obtain
R2PTTITIPT(R 4 1) o(ng 9T TI)

(ra(r] + D)y "+ o(r] ")) (Cn+d — 1+ o(7}))

P.(g) = (2.21)

The denominator can be written as
(R (rf +D)r ™+ o(r ")) (Cn 4+ O(1)) ~ (k1(rf + D)ri ™" "+ o(ry"))Cn,
SO

,{%T?—g—f}p—gq(rg +1)3n+ o(nr?_g_gp_gq)

P, = 2.22
n(9) k(i + 1)r!P7Cn + o(nri™?) (2.22)
Simplifying gives us
K oy _
P.(g9) = 61(7"11 + 1) P72 9 4 o(1). (2.23)
Taking the limit as n — 0o, we obtain
. R1 —2p—2 - -
P(g) = lim Pu(g) = F(ri+ 1) = Kpgori?, (2.24)

for some constant K,, > 0. Since r; > 1, this shows that the distribution decays
geometrically in 7. O

3. Proof of Theorem

When discussing small g, the left side of H;;, (included) and the right side of H;
(included) are no longer independent. For example, if the legal decomposition on the
left hand side of the gap g is H,, + H;i44p + Hi14 and the legal decomposition on
the right side of the gap g is H; + H;—, + H;1 44 + Hy, then once the two sides are
combined together, the decomposition becomes illegal thus leading to an overcount
since we have H; g + Hiyg + Hiyg—g = Hiygypy1 by the recurrence.

However, for fixed p,q and g, any illegal interaction caused by combining the left
and right sides of the gap must occur inside a bounded window around the forced pair
H; 4, H;. The size of this window depends only on p, ¢ and g, but not n, and mainly
there are only finitely many types of left-hand-side and right-hand-side interruptions
(two common examples of which are shown in Figure . This implies that there
are only finitely many types of local interactions. If we can prove in general, for each
legal choice with certain fixed restrictions, the number of such legal decompositions
has asymptotic form C,, 4,77 4+ O(p™) and after summing over i, the total contribution
has form Cj, 4 gnry + O(np™), where C, 44 is some non-zero constant in terms of p, g,
and g, then we can prove that the limiting probability density for small g approaches
a constant, since our total number of gaps (Hy,—p + Hp—p—q)(Cn+d —1+0(1])) =
D, qnr{ + o(nrf) for some constant D, , > 0.

It is easy to prove certain types of restricted legal decompositions have such
asymptotic form. For example, define A, as the total number of legal decompo-

11



RHS

Hivgip Hiyg HL+g q

f& 0@9@*0

@ must be chosen

(O can be chosen

— LHS —RHS —

)| & cannot be chosen
H Hl+p+q L+q 1+g
o ‘& ol

Figure 3.1. Examples: two types of left and right hand side interactions.

s

sitions from {Hj,..., H,} where H,, must be chosen and all other summands are
free to be chosen, and define B,, as the total number of legal decompositions from
{Hi,...,H,} where H,, and H; must be chosen and all other summands are free to
be Chosen We can use the countlng method from the proof of Lemma [2.1] and get
A, = Hyy1 — H,, and B, ni1 —2H, + Hy 1. As n — oo, by Bmet s formula
H, = kir{ + korg + -+ - + ffp+q+1rg+q+1 = K1 -] 4+ O(p™), substituting H,, into the
values of A, and B,, we get

Ay = kT =k P+ 0(p") = a-rt+0(p"), (3.1)
and
B, = K- r{”“l — 2Ky -1 + K1 ~7{’*1 +0(p") = B-rT+0(p"), (3.2)

where «a, 3, and p are all positive constants, and |p| < r1. These are examples of legal
choices with fixed endpoint restrictions.

What about other middle-point restrictions — say more generalized restrictions?
Suppose, for example, that we define C), as the total number of legal decompositions
from {Hy, ..., H,} where certain restrictions are imposed, such as one fixed term being
required to be chosen and another fixed term being required not to be chosen. To deal
with such restrictions, we introduce a finite-state transfer matrix. This matrix
method shows that the number of legal decompositions satisfying any fixed finite list
of local restrictions has an asymptotic expansion of the form C,, 77 + O(p™), with
|p| < r1 and positive Cp 4, depends only on the restriction but not on n.

A string ¢, ¢,_1 ... cy represents the decomposition ¢, H, + ¢, 1H,_1+ -+ c1Hy,
where ¢; = 1 means H; is chosen and ¢; = 0 means H; is not chosen.

For example, when p = 1 and ¢ = 2, the recurrence is H,,,.1 = H, + H,_1 + H,,_3,
and the corresponding string pattern 1101 is forbidden because it can be replaced by
the single larger summand by the recurrence. Also, blocks containing 111 are forbidden
because it exceeds the allowed coefficient pattern.

A state is a binary string of length p+ ¢ that can legally appear as the most recent
p + q digits of a decomposition under the recursive PLRS legality rule. Let £ denote
the total number of states: S, 5s,...,.5.

The total number of (p + ¢)-digit long binary strings is 2°79. Now we explicitly list
all the forms of illegal states and remove them from the list of all (p + ¢)-digit long
binary strings, giving us all the legal states.

12



Remark 3.1. This transfer-matric method only works when p < q+ 2, meaning that
everything in this section from this point onward is discussed under this condition. In
Section [B, we clearly explain why this method cannot be applied when p > q + 2.

Theorem 3.2. Ifp = q orp = q+1, then the illegal binary states are those containing
patterns

100...01, 0 <a < p-2
O’
a S

If p < q, then the illegal binary states are those containing patterns of forms shown
above, as well as all patterns of forms

100...0100...01, p—-1< b < g—2.
10’ b0’
p— ] ]

Proof. First, we prove every state containing one of the listed patterns is illegal. If a
string contains

100...0 1,
——

a 0’s

where 0 < a < p— 2, then a gap of size less than p occurs. However, by Appendix [A]
no legal decomposition can contain a gap of size less than p for all cases p < g + 2.
Altogether there are p — 1 such types of illegal strings.

For cases p < ¢, besides the previously described p — 1 types of illegal strings, we
need to remove another g — p types of strings containing

100...0100...0 1,
—_— =
p—10’s b0’s

where p — 1 < b < g — 2. Since the recurrence is a gap of size p followed by a gap of
size ¢, then these strings must have a sum no less than the recurrence, thus making
these strings illegal. Altogether there are ¢ — 1 types of illegal strings for cases p < q.
It remains to prove that no other types of illegal states occur. Suppose that a binary
state avoids all the forbidden patterns listed above. We show that it is legal.
Consider any substring beginning with a digit 1. The coefficient pattern correspond-
ing to the recurrence H,, 1y = H, + H,,_p + H,,_,_4 is

100...0100...01.
——
p—10’s q—10’s

Because the state avoids every pattern

100...01, 0 <a <p-2,
——

a 0’s

there can be no second 1 among the next p — 1 positions. Thus, after an initial 1, the

13



state must begin either with

100...0
~——
p—10’s

or with

100...0.
N——

p0’s
In the first case, if p < ¢, the state avoids every pattern

100...0100...01, 0 <b <gq-—2.
— =

p—1 zeros b zeros

Therefore, after the second 1, no further 1 can occur until at least ¢ — 1 zeros have
appeared. Consequently, the substring must begin with

100...0100...0.
—— =

p—1 zeros g—1 zeros

Since a state has length p+ ¢, the final 1 of the full recurrence pattern does not occur
inside the state. Thus the state does not equal or exceed the recurrence coefficient
pattern and is legal.

If p=gqor p=q+1, any third 1 occurring early enough to form gaps sized smaller
than p is already excluded by the first family. Therefore, in these cases as well, every
state avoiding the listed patterns is legal.

Now consider the second case. The substring is strictly smaller than the recurrence
coefficient pattern at position p + 1, since it has a 0 where the coefficient pattern has
a 1. And the remaining string is a downgraded version of an initial 1 followed by p—1

or p zeros.
Thus every illegal state contains one of the listed forbidden patterns, and the list
is complete. ]

Definition 3.3. Define v to be the state-count vector for legal strings of length k.
Its §™" component vi(S;) records the number of legal strings of length k whose latest
added p + q digits form the state S;. Thus

U, (Sz )

Our strings are read from largest index n to smallest index p + ¢, and appending
one additional lower-index digit updates the state vector by the transfer matrix. Thus
the vector evolves one digit at a time from length p + ¢ to length n.

Although we write v,4 to indicate that the initial state has length p+ ¢, the vector
is not determined by the sum p-+q alone. Its components are indexed by the legal states
for the recurrence Hy,1 = H,, + H,,_, + H,—,—4, and these legal states depend on the
ordered pair (p, ¢). Thus, in general, the vectors corresponding to (p,q) = (1,3), (2,2),
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and (3,1) are different, even though p + ¢ = 4 in each case. Likewise, the matrices M
also depend on (p, q).

Definition 3.4. We define the transfer matriz M by

Mo 1, if state S, can legally follow state Sy,
ab 0, otherwise.

Thus vg41 = Moy.

Definition 3.5. We define (My)qp and (My)qp by

(M) 1= 1, if state S, can legally follow state Sy and the digit being added is 0,
0Jab 0, otherwise,

and

(M) - {1, if state S, can legally follow state Sy and the digit being added is 1,
1)ab =

0, otherwise.

Then May, = (Mo)ap + (Mi)ap-

Lemma 3.6. If a legal string contains finitely many fized local restrictions on its
digits, then the number of such legal strings of length n satisfying these restrictions
has the asymptotic form

Cpaggml + O(p"),

where Cp, 4.4 15 a positive constant depending on the restrictions, ri is the dominant
eigenvalue of the transfer matrix M (i.e., the leading root of the characteristic poly-
nomial of our recurrence), and 0 < p < ry.

Proof. If no restrictions are implied (i.e., any summand from H; to H, is free to
choose), then the number of legal decompositions is simply 17 M TPy, .

When finitely many fixed local restrictions are imposed, we can count such legal
decompositions by replacing M by a limited number of My or M;. Thus the number
of legal strings under those restrictions has the form

]_TA1A2 e An_p_qvp+q,

where each Ay can be either M, My, or M;. Since the number of restriction matrices
is fixed and independent of n, the total number of unrestricted transition steps is
n+ O0(1).

In order to carry out the remaining analysis, we use the Perron-Frobenius theorem.
It originated with Perron’s work [15] on positive matrices and was later extended
by Frobenius [7] to non-negative matrices. Since the original papers are written in
German, we refer the reader to [I3] for an English version.

In order to use the Perron—Frobenius theorem, we have to first make sure that M
is primitiveﬂ Let L = p + q. Each state is a binary string of length L. We now show

5A matrix is primitive if, after multiplying it by itself enough times, every entry becomes positive.
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that for any two states S, and Sj, there is a legal path of length 2L from S, to .S;.

Start from S, and append L zeros to the end of the string. This must be legal, since
adding zeros cannot create the forbidden pattern involving three 1’s. After these L
steps, the current state is the all-zero state. Next append the L digits of S;. Doing
this gets us to the state Sp. This second part also must be legal, since before the digits
of Sy are appended, the previous L digits are all zero, so no forbidden pattern can
occur across the boundary between the zeros and Sp. Moreover, the forbidden pattern
has length L + 1 = p 4+ ¢ 4+ 1, while the block Sj has length only L, so the forbidden
pattern cannot occur entirely inside Sp.

Thus, for every pair of states S, and .S, there is a legal path of length 2L from S,
to Sp. Therefore every entry of M?F is positive, so M is primitive.

Now we can use the Perron—Frobenius theorem, and get

M" = r}P+O(p") (3.3)

for some p < r1, where 71 is the dominant eigenvalueﬁ and P is the Perron projection
matrix. If v and w are the right and left Perron eigenvectors, respectively, then

Mu = ru, and w'M = rw’, (3.4)
and
T
uw
P = —. 3.5
T (3.5)

Since the number of restrictive matrices do not depend on n, inserting them changes
only the leading constant C'. Hence, the total number of legal strings satisfying the
fixed restrictions also has the form

Cp.q.g7T +O(p").

O]

To count the total number of small gaps of size g, we first count the total number
of legal decompositions where H,,, H;, and H;,, are chosen, all terms between H;
and H;;, are not chosen, and all other terms are free to choose. This involves only
24 (g—1)=g+1 fixed restrictionsﬂ Building the string from higher index to lower
index (i.e., from H, down to Hp), the number of legal decompositions with these
restrictions in place are

1M MY T M My (3.6)

Note that here v,,, denotes the initial state-count vector for the first p + ¢ highest-
indexed digits, with the top digit corresponding to H,, forced to be 1.

Since the asymptotic estimation from Perron—Frobenius can only be used when the
power of M is large, we need to divide the range of i into three regions — two edge
regions 1 <i < f(n)andn—p—q—g— f(n)+1<i<n-—g,as well as a middle
region f(n)+1<i<n—p—q—g— f(n), where f(n) = logn, and only apply Lemma

6The eigenvalue 71 is also the largest characteristic root of our recurrence.
7"The condition Hy, =1 is already included in vp44.
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to the middle region. We let M*~! = M and M"P=971=9 = M? for simplicity
and call them free blocks since no restrictions are imposed in those strings. We can
guarantee that a =i — 1 and b =n — p — ¢ — i — g are both greater than f(n). Note
that f(n) =logn — oo as n — oo, implying that the lengths of both the free blocks
approach infinity when 7 is in the middle region. Then we can apply Perron—Frobenius
Theorem on the two free blocks, and get

M® = r{P+O(p*) (3.7)
and

M = 5P+ 0(p"). (3.8)
Now we substitute M® and M? into our counting expression, and the main term is

b at+b __
Tl =

a _ —p—q—g—1 n o n
Ty = 1 Tt = Upgg - T1- (3.9)

The error comes from the cases where at least one term is from the error term of the
free blocks, and has the form of

a f(n)
prd = r‘f+b <p) < Terb <p> (3.10)

1 1
or
b f(n)
phre = poth <p> < rf+b<”> (3.11)
r1 1
or
a+b f(n)
ptpd = r%+b <p> < T‘iH-b ('0) . (3.12)
1 ™

Thus the number of valid decompositions with this gap at position ¢ has the form

p f(n)
Cpagri +0 [ () — Gyt + o)), (3.13)

1

where the constant depends only on the local configuration but not on n. Summing
over the n — 2f(n) — O(1) = n — o(n) numbers of middle-range values of i, we get

(n—0(n))(Cpaqrt +o(r1)) = Cpggnry + o(nry). (3.14)
Since the total number of gaps is
D, qnrl + o(nr?)

we obtain

P.(9) = =22 +0(1), (3.15)




and

. C
P(g) = lim P,(g9) = -2 = K, ., (3.16)

n—00 Dp,q

Thus the expression above gives the middle-region contribution to the probability.

We now prove the insignificance of 4 in either edge region. Since p, g, and ¢ are all
constants, the total number of edge values of i is bounded by O(f(n)). For such edge
values of 7, the number of legal decompositions satisfying the gap restrictions is at
most the total number of legal decompositions using terms from {Hj, ..., H,} with
H,, chosen. By the uniqueness of legal decompositions, this number is

Hyp1 —H, = Hy_p+Hyp g (3.17)

By Binet’s Formula we have H,, is asymptotically equal to k177+O(p"), where |p| < 71.
From this we get

Hyp+ Hopy = O(T). (3.18)

Since there are only O(f(n)) edge values that we need to discuss, the total, edge
contribution is O(f(n) - r}). The total number of gaps is asymptotically equal to nrf,
meaning that

Py edge(9) = o) ) _ (bm) — 0. (3.19)

n
nry n

Thus the edge cases do not affect the limiting probability.
We now compute the limiting constant K, ,. Substituting M, and M, into (3.6)
and summing over about n valid middle positions, we get

1T (r{ PYMiM ™ Mi(r} P)vysq + o(nrf)

n—p—q—g—14T g—1 n (3.20)
= nry 1" PMiM{™ My Pvyiq + o(nry).
Then dividing byf
Cri(rl + 1)r P nr}
gives the limiting constant
Plg) = Kyoy — rfgfllTP]\/hMg*lMvaerq. (3.21)

Cri(ri+1)

Remark 3.7. The formula in Theorem contains an explicit factor of 7'17971. We
now determine when the remaining matriz factor is independent of gap size g.

Theorem 3.8. Assume that p < q+ 2.

8We can also express the denominator as 1TMi*1M1M"’p’q’ivp+q, which is asymptotically equal to
r?_p_q_llTPMvaijq‘ Then, we can get P(g) = (rl_ngPMlMg_lMvap+q)/(1TPM1Pvp+q). The result
obtained is equivalent to that in Equation (3.21)).
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(1) If p=q+1, then

Plg)  _
1
P(g+1)
for every admissible gap g > p.
(2) If p < q, then
Plg) _
SR ZA——
P(g+1)

for every gap such thatp+1<g<qg-—1.

Proof. When p = ¢ + 1, by Theorem [A] the minimum gap size is p. Therefore, a
gap of size ¢ cannot occur in any legal decomposition, since ¢ < p. The only possible
interaction between the two sides of a forced gap would require the recurrence pattern,
whose consecutive gaps are p and ¢, to cross the forced gap. Since a gap of size ¢ is
impossible, such an interaction cannot occur. Thus, the left- and right-hand sides are
independent not only for g > p, but for every gap g > p. Consequently, the large-gap
counting argument applies starting at g = p.

Now let us consider the p < g case. If p = q or p = ¢ — 1, then there is no integer g
satisfying p + 1 < g < ¢ — 1. Thus, it remains only to consider the case p < g — 2.

Define

S(g) = 1TPMMJ ™" M, Pu,,,.

The quantity S(g) represents the contribution of legal configurations containing two
consecutive chosen summands separated by a gap of size g, which is of binary pattern

109711,
By Theorem [1.7], we get
Plo) = o —S(y)
Cri(ri+1) ’
and hence
Pg) 5(9)

= .
Plg+1) — 'S(g+1)
Thus, it suffices to prove that S(g) = S(g+1) forallp+1<g<q¢g-—1.

Case 1: The gap immediately preceding H; , has size p.
In this case, the three consecutive summands have gap pattern

10P~11097 1.
If g < ¢, this is an illegal pattern described by Theorem Hence, no legal configu-

ration with preceding gap p contributes to S(g) for g < ¢q. However, when g = ¢ + 1,
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this forbidden pattern no longer occurs, meaning that this case may contribute to
S(g+ 1). This explains why S(q) # S(¢ + 1) and the boundary ratio cannot be r;.

Case 2: The gap immediately preceding H; , has size larger than p
In this case, the local configuration has the form

10971109711, d > p.
Inserting one additional zero between the two forced summands
107110711 — 107711091

changes the forced gap from g to g 4+ 1, leaving the surrounding configuration un-
changed and therefore preserving legality. Thus, the contribution of this case is inde-
pendent of g, so we have

S(g) = S(g+1), p+l1 <g <qg-1L
Equivalently,

P(g)

— 9 = g +1<g<q—1.
Pla + 1) 1 p 9 <4q

Note that when forced gap has size p, the configuration on one side of the gap
may interact with the configuration on the other side through the recurrence pattern.
This interaction disappears once the forced gap has size at least p + 1. Therefore,

S(p) #S(p+1).
All in all, this proves that the non-boundary small-gap limiting probabilities decay
geometrically with common ratio r; throughout the interval from p 4+ 1 to q. O

Table illustrates the geometric decay descibed in Theorem for several choices
of p and ¢. In the ranges covered by the theorem, the numerical ratios P(g)/P(g+ 1)
agree with the dominant root r;, while the remaining values occur at the exceptional
boundary gaps.

Appendix A. Minimum gap size for PLRS H,,, = H,+ H,,_, + H,,_,_4

Theorem A.1l. Let there be a recurrence Hy, 1 = Hy, + H,,_, + H,_,—q, with initial
conditions to match a PLRS. The minimum gap size for p < q+ 1 is p. When
p>q+ 2, then a gap of size p — 1 is allowed.

Lemma A.2. Whenp=q+1, we have Hy 1 — Hy, = Hj—py1.
Proof. This is proved by induction.

Base Case: Take k = p. Then the statement becomes H,; — H, = H; = 1,
which by the initial conditions is true. Thus the base case holds.

Inductive Step: We assume that Hy; — Hy = Hj_p, 4 is true for all k£, and we
need to prove that it is also true for k +p (i.e., Hyipr1 — Hyqp = Hii1).
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P 4 g 1 P(g) P(g)/P(g+1)

2 1 1.618033989 0 0
2 0.381966011  1.618033988
3 0.236067978  1.618033989
4 0.145898034

1 3 1 1.704902776 0.143768434  0.488058121
2 0.294572363  1.704902776
3 0.172779567  1.074601831
4 0.160784731  1.704902776
5 0.094307273

1 4 1 1.673648546 0.101562455  0.316645871
2 0.320744607  1.673648546
3 0.191643944  1.673648546
4 0.114506683  1.047669284
5 0.109296593  1.673648546
6 0.065304387

3 2 1 1465571232 0
2 0 0
3 0.317672196  1.465571232
4 0.216756572  1.465571232
5 0.147899036

1 5 1 1.653634587 0.069613145  0.204600545
2 0.340239206  1.653634587
3 0.205752407  1.653634587
4 0.124424349  1.653634587
5 0.075242053  1.030476223
6 0.073017650  1.653634587
7 0.044155856

2 4 1 1516784253 0
2 0.143271629  0.554522656
3 0.258369298  1.516784253
4 0.170340177  1.104677708
5 0.154198981  1.516784253
6 0.101661776

Table 3.1. Geometric decay among small-gap probabilities.

Starting from the recurrence at index k + p, since ¢ = p — 1, we get
Hyypr1 = Higvp+ Hp + Hp—pta1. (A1)
After simplification, we have
Hiipr1 — Hevp = Hi+ Hepia. (A2)
Rearranging our assumption gives that,
Hy v = Hp+Hppia. (A3)

Thus the statement holds for k£ + p, since Hyypy1 — Hiqp = Hp + Hy—pp1 = Hiqa,
completing the proof. O

Proof. We now prove Theorem [AT] Suppose a legal decomposition contains Hy, and
suppose the next summand is H;, where j < k. Since the total value of a decomposition
with largest summand Hj;, must be less than Hj41, we must have Hy + H; < Hjq,
or equivalently, H; < Hjp4y — Hy. Setting Dy, := Hjyq — Hy, thus we know that the
smallest possible gap after Hjy is determined by the largest index j < k for which
Hj < Dy,.
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We now compute Dy,. For k — oo, the recurrence gives Hy 1 = Hp+Hj_p+Hy_p_q,
SO

D, = Hk—p + Hk—p—q- (A4)

Since we want to figure out whether a gap of p — 1 can occur, now the question is
whether H; can equal Hy_(,_1) = Hg_py1 or not. This is equivalent to finding whether
Hj,_p 41 is less than, equal to, or greater than Dy. If Hy_,.1 < Dy, then a gap of size
p — 1 is allowed; otherwise, the minimum gap size is no less than p. To do this, we
have to analyze three cases.

A.0.1. Case 1: p<q

Ifp<gq,then k—-p—q<k—2p. So Hy_,_, is not large enough to cause Dj, to be
larger than Hj_,11. In fact,

Dy = Hyp+Hppq < Hpp+ Hi_op, (A5)
but by the construction of the sequence,
Hy py1 = Hyp+Hypop+Hpop g > Hppy+ Hp_gp (AG)
for k — oo.
Thus, Dy < Hy_p,y1 meaning that a gap of size p — 1 is impossible.
Since Hy,_, < Hy_p,+ Hy_p_q = Dy, is always true, we have Hj,_, < Dy, for all cases,

meaning that gap of size p can be reached for all cases and the minimum gap size is
p in this case.

A.0.2. Case 2:p=q+1
By definition,

Dy = Hy p+Hppq = Hpp+ Hpopi1. (A7)
By Lemma we have
Dk = Hk+1 - Hk - kap+1‘ (AS)

Thus Hj_p41 is still not allowed, implying that a gap of size p — 1 is impossible and
the minimum gap size is still p.

A.0.3. Case 3: ¢ <p—2

Now ¢ is smaller, so k —p—q is larger, then we have k—p—q > k—2p+2. So Hj_p_ is
large enough to push Dy, past Hj_,41, meaning that Dy = Hp_, + Hy—p—g > Hy—pi1.
Thus, a gap of size p — 1 is allowed after Hy. O
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Appendix B. Limitations of the Small-Gap Theorem for p > q + 2

In this section we explain why Theorem fails when p > ¢ 4+ 2. The main issue is
that we cannot find an explicit rule that defines illegal states, thus we are incapable of
listing legal states. An explicit legal state rule is essential, since our transfer matrix M
and initial vector v are both formed using all legal states. Recall cases when p < ¢+ 2.
We first list all the (p + ¢)-digit binary strings, construct rules for illegal strings in
Theorem and remove all the (p+¢)-digit binary strings containing illegal patterns,
leaving all the legal states to form M and v. The matrices formed in this way have
two crucial features.

e The Perron eigenvalue A of the transfer matrix agrees with the dominant root r;
of the recurrence (see data in Section , meaning our transfer matrix perfectly
describes the growth rate of the sequence.

e This matrix also records enough information to count gaps.

As for the p > g + 2 cases, the illegal state rule is not uniform across the
whole sequence.

Theorem B.1. Forp > g+ 2, a gap of size p — 1 is forbidden among the initial-
condition terms, but can appear later after the recurrence has begun.

The latter part of the theorem has been proved in Section [A] Now we only need to
prove the former part is true. It suffices to prove that for all 1 < k£ < ¢ + 1, we have
Hj, + Hyyp—1 = Hyp. This is obvious, since our initial conditions are

H =1
Hy = 2

H,yn =p+1=H,+H (k=1)
Hy, > = H,y +H +1 = Hp1 + Hy (k = 2)
Hp+3 Hp+2 + H2 + 1 = Hp+2 + H3 (k - 3)

Hpiq1 = Hppg+ Ho+1 = Hypqg+ Hopyr (B = q—1).
Thus, strings containing patterns

100...01
——
p—2 0’s

are difficult to be sorted as legal or illegal states, leading to the limitation of the
method.
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Appendix C. Small Gap Counting Examples

Cc.1. (p,g,n)=1(1,2,8)

We first use the recurrence H,,; = H, + H,_1 + H,_3 as an example to check our
small gap counting method. We know the initial conditions of this recurrence are

Using the recurrence, we get the next few terms

Hy = Hi+Hy+H = T+4+1 = 12,
H¢ = Hs+H,+Hy, = 124742 = 21,
Hy = Ho+ Hs+ Hy = 21+12+4 = 37,
Hy = Hy+ Hg+ Hy = 374+21+7 = 65,
Hy = Hy+ H;+ Hy = 65+37+12 = 114.

We now list the legal, greedy decompositions and gap sizes for all integers in the range
[Hs, Hy) = [65,114)

in order to count the total number of gaps of size 1 and 2, which are the only small
gap sizes for these values of p and ¢. By brute force counting using Table we know
that altogether there are 33 gaps of size 1 and 34 gaps of size 2.

Table C1. Greedy decompositions and gap sizes for integers in [Hg, Hg) = [65,114)
when p =1 and ¢ = 2.

N | Greedy decomposition Gap sizes
65 | Hg

66 | Hs + H;

67 | Hs + Ho

68 | Hs + Hy + H;

69 | Hs + Hj

70 | Hs + Hs + Hy

71 | Hy+ Hs + H»

72 H8—|-H4

73 | Hs+ Hy+ Hy

74 | Hs+ Hy+ Ho

75 | Hg+ Hy+ Hy + Hy
76 | Hs+ Hy + Hs3

77 | Hg+ Hj

78 | Hs + Hs + H;

79 | Hs+ Hs + Ho

80 | Hg+ Hs + Ho + H;
81 | Hs + Hs + H3

82 | Hs+ Hs + Hs + Hy
83 | Hs+ Hs + Hs + H,
84 | Hs+ Hs + Hy

85 | Hs+ Hs + Hy + Hy
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N

Greedy decomposition

Gap sizes

86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111
112
113

Hg + Hg

Hg + Hg + Hy

Hg + Hg + Ho
Hs+ Hg+ Ho + Hy

Hg + Hg + Hs
Hs+ Hg + Hs + H;

Hs + He + Hy + Hy

Hg + Hg + Hy

Hs + He + Hy + Hy

Hs + He + Hy + Hy

Hg + Hg + H, + Hy + H,
Hs + Hg + Hy + H,

Hg + Hg + Hj

Hy + Hg + Hs + H;

Hg + Hg + Hs + H»

Hg + Hg + Hs + Hy + H,y
Hy + H-

Hs + H7 + Hy

Hg + H7 + Ho

Hg + H7 + Hy + Hy

He + Ho + Hs

Hs + H7 + H3 + Hy

Hg + H7 + H3 + H»

Hg + H7 + Hy

Hg+ H; + Hy + Hy

Hg + H7 + Hy + Hy
Hg+H;+Hy+ Hy + Hy
Hg + H7+ Hy + H3
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Now we form the transition matrices M, M; and M.

M

Ss Sy Ss

Se  S7

S1 =000
Sy =001
S3 =010
Sy =011
S5 = 100
Se = 101
S7 =110

Sy

0 0 1

coocoo~r~W0
coor~roolr
O == OOO
—ooocoo
coococor

55 S(; S7 MO

O OO~ O
OO = O OO

Sy

S5

Se

St

coococor~oWn

cooro oo

o o000 oo

0

OO OO OO

0 0 O S

coococo
coorRro O
cocoococoo

n
coocococorn
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Here, matrix M represents adding a new digit 0 or 1 to the end of our string. Matrix
M, represents appending 0, while M; represents appending 1.

Next, we construct the state-count vector vz, which records the states determined
by the three largest-indexed terms Hg, H7, and Hg. Each component of vz counts the
initial number of each state. Since Hg is forced to be chosen and the pattern 111 is
illegal, the entries of v3 are determined by the remaining legal states.

0 State Initial count
0 S1 = 000 0
0 Ss = 001 0
v = |0 S3 =010 0
1 Sy =011 0
1 S5 = 100 1
1 S = 101 1
S7 =110 1

Now we calculate the total number of gaps of size 1 that go from H; to H;,. To do
so, we first let ¢ run from 1 to 4 and then discuss ¢ = 5,6, 7 separately for computing
the edge values.

If ¢ = 1, then the gap goes from H; to Hy and we can calculate the total number
of such gaps.

State vy | vg = Muvsg | vs = Muy | vg = Mus | v; = Myvg | vg = Myvy
S1=000]| 0 1 2 3 0 0
So=001| 0 1 2 3 5 0
S3=010| 0 1 1 3 0 0
S;=011]0 1 1 3 4 8
Ss =100 1 1 1 2 0 0
Se =101 1 0 1 1 3 0
S;=1101 1 0 1 1 0 0

1Tv; |3 5 9 16 12 8

Similarly if ¢ = 2, 3,4, then the total number of such gaps are shown in the tables
below, respectively.

State V3 | V4 = Mvg V5 = MU4 Vg = Ml'l)g) Vr = Mﬂ)ﬁ Vg = M’U7
S1=000]| 0 1 2 0 0 0
Sy=001| 0 1 2 3 0 0
S3=010| 0 1 1 0 0 0
Sy=011]0 1 1 3 4 0
S5 =100 | 1 1 1 0 0 0
Se=1011 1 0 1 1 0 0
S;=1101| 1 0 1 0 0 4

1Tv; |3 5 9 7 4 4
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State V3 | Vg = MUg Vs = M1U4 Ve — M11)5 vy = M'UG Vg = M’U7
S1=0001| 0 1 0 0 0 0
So=001| 0 1 2 0 0 0
S3=010| 0 1 0 0 0 0
Sy,=011] 0 1 1 3 0 0
S5 =100 | 1 1 0 0 0 3
Se=1011 1 0 1 0 0 0
S7;=1101 1 0 0 0 3 0

1Tv; |3 5 4 3 3 3

State vy | vg = Mivs | v5 = Myvg | v¢ = Mus | v7 = Mug | vg = Moy
S1=000]| 0 0 0 0 0 1
So=001| 0 1 0 0 0 1
S3=010| 0 0 0 0 0 0
S,=011] 0 1 1 0 0 0
S5 =100 | 1 0 0 0 1 0
Se =101 1 0 0 0 0 0
S; =110 1 0 0 1 0 0

1Tv; |3 2 1 1 1 2

Now we work on the case where ¢ = 5. For the gap Hg — Hj, the initial state must
be HyH;Hg = 101, so we need a new vector v’ for edge calculation.

0 State Initial count
0 S1 = 000 0
0 Sy = 001 0
o = o S3 =010 0
3 0 Sy =011 0
1 Ss = 100 0
0 Sg = 101 1
S; =110 0

State | v5 | vg = Myvh | v5 = Muy | v = Mus | v7 = Mug | vs = Moy
S1=0001| 0 0 0 0 1 1
So=001| 0 0 0 0 1 1
S3=010| 0 0 0 0 0 1
S;=011| 0 1 0 0 0 1
S5 =1001| 0 0 0 1 0 0
Se =101 1 0 0 0 0 0
S7;=110| 0 0 1 0 0 0

1Tv; |1 1 1 1 2 4

Note that ¢ = 6 implies the forbidden pattern 111, so there are none.
When i = 7 (i.e., for the gap Hs — Hy of size 1), the initial state must be HsH;Hg =

27



110, so we construct another v” just for the edge counting.

0 State Initial count
0 S1 = 000 0
0 S = 001 0
o = o S3 = 010 0
3 0 Sy =011 0
0 S5 = 100 0
1 Se = 101 0
Sy =110 1

~
<

State | v§ | vy = Mv§ | vs = Muvy | v = Mvs | v7 = Mug | vg = Moz
S; =000 0 0 1 1 1 2
So=0011] 0 0 1 1 1 2
S3=0101| 0 0 0 1 1 2
S;=0111] 0 0 0 1 1 2
S5 =100 0 1 0 0 1 2
Se=1011] 0 0 0 0 1 1
S;=1101| 1 0 0 0 1 1

17v; |1 1 2 4 7 12

Summing over i, the matrix products for gaps of size 1 sum to 33, agreeing with the
brute force count.

1 | Forced gap Matrix product Count

1 H2 — H1 1TM1M1M3'U3 8

2 H3 —>H2 1TMM1M1M2U3 4

3| Hy— Hj 1TM2M1M1MU3 3

4 H5 — H4 1TM3M1M11}3 2

5 Hﬁ — H5 ]_TM4M1’U§) 4

6 | H7 — Hg | impossible, since it would force 111 0

7| Hs— Hy 17 MPvY 12
Total number of gaps of size 1 33

Now we calculate the total number of gaps of size 2. The method is straightforward
and similar to the one used for gaps of size 1. For g = 2, we force the pattern

Hi+2 == 1, Hi+1 - 0, Hz = 1.

Thus the forced block is My MyM;. Summing over ¢, we get 34 gaps of size 2, matching
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the brute force countf

i | Forced gap | Matrix product | Count

1 H3 — H1 1TM1MOM1M2"03 4

2 H4 — H2 1TMM1M0M1M1}3 6

3 H5 — Hg ]_TM2M1M0M1U3 3

4 H6 — Hy 1TM3M1M0'Ué 5

5 H7 — H5 ]_TM4M1”Ug 0

6 | Hs — Hg 17 M5 16
Total number of gaps of size 2 34

c.2. (p,g,n)=1(2,1,9)
For (p,q) = (2,1), the recurrence is

HnJrl = H,+Hp o+ Hy 3.

The initial conditions are

Applying the recurrence gives
Hs =8,  Hg = 13, H; = 21, Hg = 34, Hg = 55, Hyp = 89.
Thus, we consider the legal decompositions of the integers in
[Hy, Hio) = [55,89),

and counting the gaps in these decompositions gives

P q g P9
2 1 1 0/71
2 1 2 33/71
2 1 3 18/71
2 1 4 10/71
2 1 5 5/71
2 1 6 3/71
2 1 7 1/71
2 1 8 171

The recurrence block is 1011 and the pattern 11 is forbidden. Thus, the legal states
of length p 4+ ¢ = 3 are

S1 =000, S,=001, S3=010, S,=100, Ss=101.

9For g = 2 and i = 5, the forced gap is H7 — Hs, so the forced pattern is HyHgHs = 101. Since Hg is already
forced, this creates Hg Hy Heg Hs = 1101, which is exactly the recurrence block and thus is illegal.
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Now we form the transfer matrix M.

M Sp Sy S3 Sy Ss
Sp=000{1 0 0 1 O
Sy=001|{1 0 O 1 O
S3=010{ 0 1 0 0 1
Sy=10{0 0 1 0 O
Ss=101{ 0 0 1 0 O

Separating transitions according to whether the appended digit is 1 or 0 gives M; and
M.

00 00O 10010
10010 00 00O
My = ]0 0 0 0 O My =101 0 0 1
00 00O 00100
00100 00 00O

We next construct the initial state-count vector vs. Since Hy is forced to be chosen,
the first digit of the state corresponding to Hg, Hg, H7 must be 1.

0 State Initial count
0 S = 000 0
v o= |0 S = 001 0
1 S3 = 010 0
1 Sy = 100 1
S5 = 101 1

When counting the number of gaps of size 2, for boundary cases in which Hg and
Hy are both forced to choose, we invent an special vector v4 only for edge counting.

S
w
I
—oococo

Gaps of size 1 are impossible because they would produce the forbidden pattern 11.
We now count gaps of size 2.

1 | Forced gap Matrix product Count

1 H3 — H; 1TM1M0M1M3U3 )

2 H, — H, 1TMM1M0M1M21)3 3

3 H5 — H3 1TM2M1M0M1M’U3 4

4 H6 — Hy 1TM3M1M0M1U3 3

5 H7 — H5 ].TM4M1M0'Ué 5)

6 | Hs — Hg | impossible, since it would force the pattern 11 0

7| Hy — Hy 17 M) 13
Total number of gaps of size 2 33
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We can see that the result give by matrix method agrees with that from brute force
counting.
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