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ABSTRACT

Given a linear recurrence of the form ¢, = aicn—1 + -+ + ajcn—j, it is well-known
that ¢, = Y pr(n)r™, where the sum is taken over the set of characteristic roots
and each pr(n) is some polynomial. We give a closed formula for the coefficients of
each polynomial p,(n) for any linear recurrence of this form.
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1. Introduction

Let {a,}1<n<; be a finite sequence of complex numbers and {c, },>0 be the sequence
defined by the recurrence ¢, = ajc,—1 + - + ajc,—; for all n > j, where the initial
conditions {cy}o<k<;j—1 are fixed. Such a sequence {c,} is called a linear recurrence
with constant coefficients. The characteristic polynomial of {c,} is the polynomial
p(z) = 20— a0 — g — o — aj—1z —a;. A characteristic root of the recurrence
satisfied by {c,} is defined to be a root of p.

A classical result (e.g., [9, Theorem IV.9]) in the theory of recurrence relations
states that {c,} admits a generalized Binet formula: for all n > 0, we have that
¢n = . pr(n)r", where the sum is taken over the set of characteristic roots and
each p,.(n) is a polynomial depending on the initial conditions. We construct closed
formulas for the coefficients of each p,(n).

Theorem 1.1. Define the sequence {c,} C C by the recurrence relation
Cn = Q1Cp1+ -+ ajCpj (1.1)

with cy,c1,...,cj—1 € C. For each characteristic root v and integer 0 < k < j —1, let

(i) m, be the multiplicity of r,
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(1) Sppp = Zezj—k (k;:e)agr_k_e, and
(iii) Nei= (=1 Sz, (1 )aer™)

Then ¢, = Z Z - /@'”nmf'*ir”, where the outer sum is taken over the set of charac-
teristic roots and
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(m, —)! (m, —1—4d,)!
@#{d1,...dp}C{0,1,....i—1}  k1=0 u=1 ko= 0

dy<--<dp=i—1

(1.2)

Computing p,(n) is traditionally done by algorithmically computing the generating
function for {¢,} and determining its partial fraction decomposition. Algorithms for
computing partial fraction decompositions are well-studied, some of which can be
found in [10,11,16].

From Theorem 1.1, one may obtain a closed formula for the partial fraction decom-
position of a proper rational function, circumventing any algorithmic computations.
A closed formula for such a partial fraction decomposition was also recently given
by Chargeishvili, Fekéshdzy, Somogyi, and Van Thurenhout in [6]. Of course, from
[6, Equation 11], a closed formula for the linear recurrence may be obtained by ap-
plying Newton’s binomial expansion to each term in the composition. However, our
formula contrasts favorably with this approach in two ways:

(i) the formula given for each &, ; is not a function of any of the other characteristic
roots, and

(ii) our formula provides an exact formula for each coefficient of p,(n) rather than
representing p,(n) as a sum of binomial coefficients.

Thus, if one wished to compute a particular p,(n), none of the roots other than r
would need to be computed.

The primary application of Theorem 1.1 is toward an implementation to symbol-
ically compute the generalized Binet formula of any linear recurrence with constant
coefficients, allowing us to quantifiably determine how varying a1, ...,a; and the ini-
tial conditions impact the recurrence. Most of the difficulty lies in accounting for
multiple roots, since each leading coefficient &, ; reduces to

N, =
= . 1-3
R 1 ( T 1)' g - CkSr,k,0 ( )

Thus, Theorem 1.1 simplifies dramatically if all of the characteristic roots of the recur-
rence are of multiplicity one. A prototypical class of recurrences with this property are
the j-nacci numbers, which are defined by the recurrence F(n,j) = > 7_, F(n —¢,j)
and initial conditions F'(0,7) = F(1,j) =---=F(j —2,j) =0and F(j —1,5) = 1.
Letting j > 2 and n > 0, from Theorem 1.1 we have the formula

Finj) = Y w (1.4)

where the sum is taken over the set of roots of the characteristic polynomial z/ —



x/~' — ... — 2 — 1. This follows from Theorem 1.1 by a simplification of geometric

series and the identity Z{E;B r* = ri. Of course, this result is equivalent to the various
closed forms for the j-nacci numbers given in the literature (e.g., [5, Lemma 3.2]).

However, our formula permitting multiple roots allows us to consider more com-
plicated recurrences. Exposited by Ahlgren in [1], Ramanujan stated in his last note-
book [15, pg.54] that the circular summation of the sixth powers of the symmet-
ric theta function decomposes into a product of Ramanujan’s general theta func-
tion and another function Fy. By a formula for Fg(q) given in [1, Theorem 1],
Zabolotskiy notes in [14] that the exponents in the expansion of Fg(¢?) are precisely
the nonnegative integers congruent to 0,5,8,9 mod 12, which satisfy the recurrence
Cn = 2Cp_1—2Cp_2+2Cy_3—Cp_yq. By definition, cg = 0, ¢y =5, co =8, and c3 = 9. The
characteristic roots are 1,4, —i, which have multiplicities 2, 1, 1 respectively. Applying
Theorem 1.1, we find that K11 = 3, Ri,2 = 1, Ri1 = (—1 — l)/2, K—i1 = (—1 + ’L)/2,
thus obtaining

1 1
e = Bt 14 S(—1=i)i" + S(=1+0)(=)" = 3n+1+sin (%) ~ cos (ﬂ)
(1.5)

We now consider another example demonstrating the power of allowing for multiple
roots: the generalized pentagonal numbers are the exponents in the expansion given
by the celebrated pentagonal number theorem [4], which asserts the g-series identity

[[a—am) = D (—1)Fg*12, (1.6)

n>1 keZ

That is, n is a generalized pentagonal number if and only if n = k(3k — 1)/2 for some
k € Z. We aim to prove a closed formula for the generalized pentagonal numbers
in increasing order, which in turn would provide a singly infinite series expansion of
monomials. By [13], this sequence satisfies the recurrence ¢, = ¢;,—1 4+ 2¢—2 — 2¢p—3 —
Cna+ Cp_s With cg =0, ¢c; =1, co =2, c3 =5, and ¢4 = 7. The characteristic roots
are 1 and —1, which have multiplicities 3 and 2 respectively. Applying Theorem 1.1,
we find that R1,1 = 3/8, Ri1,2 = 3/8, K13 = 1/16, R_11= —1/8, K-1,2 = —1/16, thus
obtaining

n 1 n
1) (1)

which matches the formula given by Barry in [3, Section 7).
Most of the remaining part of the paper is dedicated to proving Theorem 1.1,
followed by a discussion on directions for future work.

2. Proof of Theorem 1.1

To prove Theorem 1.1, we appeal to the fact that the coefficient of the asymptotically
dominant term in the expansion formula for {¢,} is straightforward to compute by
[9, Note IV.26]. In particular, to compute the coefficient of n™ ~r" we subtract all
terms which asymptotically dominate n™ ~%r", obtaining a new linear recurrence {c/, }
satisfying ¢, = Kk, ;n™ "r"(1 + O(1/n)). To leverage [9, Note IV.26], we first must



compute the generating function of {c,} in closed form. To do this, we break {¢,}
into a linear combination of a simpler sequence, which we refer to henceforth as the
(a1, ...,a;)-nacci sequence.

Definition 2.1 ((ai,...,a;j)-nacci sequence). Let {a,}1<n<; be a finite sequence of

complex numbers. Define the sequence {Fé“l"“"”)}nzo, which we call the (a1,...,a;)-
nacct sequence, by the recurrence relation

Floa) = N quFlyo) (2.1)
>1
with Fo(al’”"aj) = Fl(al""’aj) == F](flz’ 29) = 0 and F(al’ 299) = q,
The upside of considering the simpler (ai, ..., a;)-nacci sequence is that its gener-

ating function is trivial to compute in closed form. Thus, once we precisely describe
the linear combination yielding {¢,}, the desired generating function formula for {c,}
quickly follows.

Lemma 2.2. Let {a,}1<n<; be a finite sequence of complex numbers. Then

j—1

_z (2.2)
n>0 L= 2y a2

Proof. To determine the ordinary generating function of {Fjy (a1, } We use the

standard ansatz that this function is rational with denominator 1—3" -, a,z‘. Indeed,
we have -

1— Z GEZZ Z Fk(al,...,aj)zk . Z F]Eal,...,aj)zk . Z Z aeFlgal,..,,aj)Zk+(

1 £>0 k>0 £>1 k>0
_ Z F]ial,-..,aj)zk o Z Z asz(;a_le,.‘.,aj)Zk
k>0 1 k>t
* (ala 70']) j—1 F(U‘lv“'7aj) _ F(alv"'vaj)
= z + k agl_,
k>j £>1
= Flm@)g=t = gl (2.3)
where the starred equality follows since Fk(al""’aj )= 0if k <j-—2. O
Lemma 2.3. Define the sequence {c,} C C by the recurrence relation ¢, = ajcp,—1 +
a2Cp—o + -+ -+ ajcu—; with co,c1,...,cj—1 € C. Then for all n > j,
j—
Z > aF . (24)
k=0 £>j—k

In [12, pg.6], Liu proves a result similar to Lemma 2.3, using instead an explicit for-

mula for Fj, %) As we are ultimately only concerned with the generating function



of F{®r% ), we need not consider its explicit form.
We now recall the definition of the Kronecker delta for use in the proof of Lemma
2.3. For two numbers k, k', the Kronecker delta is defined by

1 ifk=4k
6 r= ’ 25
ok {0 if k£ K. (25)

Proof of Lemma 2.3. We have that

_al a9 aj—1 (Ij—
1 0 0 0
Qay,...,a;) = [0 1 - 0 0 (2.6)
o0 - 1 0 |
is the j X j companion matrix of the (ay, ..., a;)-nacci sequence. This matrix encodes
the recurrence relation for the (ai,...,a;j)-nacci sequence in that
Fy(Lill,...,a]-) Fé“lymﬂj)
Fr(Lal ..... aj) F(all,...,aj)
: = Q(al,...,aj) n—: . (27)
(a1,10) (@105
Fn—1j+2 ! Fn—lj—i-l !

For each 0 < k£ < j — 1, let ex,, be such that ¢, = Z{;E crekn. From the linear
recurrence satisfied by {c,}, we deduce ey, = 2521 agekn—¢. As this is the same

recurrence satisfied by the (a1, ..., a;)-nacci sequence,
€kn+1l €k.n
T = Qe | (2.8)
€kn—j+2 ek,n;j+1
Thus,
€kn+j—1 €k,j—1 5k7j71
EE2Qar,. a0 = QU a)” 5’“{’2 . (29)
e ero 5o



We claim that (Q(aq,...,a;))" equals

r (a1,...,a;) (a1,...,a;) (a1,...,a;) (@1,..,a5) 7
E:ez1a%PZ+j—1—e E:ZZQafP%+j—Z T §:z2j71affk+aj—3—e E:ezjaffl+aj—2—e
Z a F(al,...,aj) Z a F(a17...,aj) Z a F(ab...,aj) Z a F(al,...,aj)
>1 % 50y 0>2 WU 10 0>5—1 M 4 95-a—4 > UL pyo53-¢
S a Flansag) S s plasag) S a Flansag) S sa Fla1sag)
o>1 W1y > W0y 0>5—1 W 12 0> WU iy
((ll,...,(l]') (alv"'va‘j) ((ll,...,(lj) ((ll,...,(lj)
_§:ez1aéﬁh—e E:zzza€5%+1—z T E:ezj—1aéﬁk+j—2—z E:szaﬁﬁ%+j—1—€_

for any integer n > j. Indeed, let q((fb) denote the (a,b)™ entry of (Q(a1,...,a;))". By
[7, Theorem 3.2],

_ b—1
Z (n) n = ' (1 B =1 CLZZK) (2 10)
Qap?" = :
n>0 " L= 2 e a2’
if a > b, and
a Zafb+£
S - ER 2a1)
n>0 7 1- 2621 ez
if a < b. Lemma 2.2 gives that
j—1
poany - 212
nzzo 1— 2521 apzt
From these formulas, we see that
b—1 :
di = E, = Do aE e = YR (213)
=1 >b
for any a, b, verifying the formula for (Q(ai,...,a;))".

The last entry ey ,, of the vector in (2.9) is obtained by taking the (j — k)™ en-
try (with entries numbered from left to right starting from 1) of the last row of

(Q(a1,-..,a;j))". Thus,

ehn = Y alFln) (2.14)
0>i—k

completing the proof. O

From Lemmas 2.2 and 2.3, we obtain a closed formula for the generating function
of an arbitrary linear recurrence with constant coefficients. We note that this formula
is equivalent to other such generating function formulas in the literature, such as
[17, Theorem 5]; however, writing the formula in this particular manner is conducive
to ultimately simplifying the formula for &, ;.



Proposition 2.4. Define the sequence {c,} C C by the recurrence relation

Cn = Q1Cp—1+ 2Ch_2+ -+ ajcn_; (2.15)
with co,c1,...,¢cj—1 € C. Then
n i;é Ch D gk a4 (1 —arz — - —a;2) E?;B c2®
D ez = = . . (2.16)
l—a1z—--—a;z

n>0

Proof. By Lemmas 2.2 and 2.3,

j—1
Al,.ey
E 2t = g CL2 +E E Cr g agF7E+] 17) y
n>0 k=0 n>j k=0 (>j—k
Jj—1 Jj—1

(a17 70')
o D ar) B

1>j—k n>j

= ckzk—i— Ck E ay g F,(la“”"aj)z”*ﬁl*k*g
(>j—k n>2j—1—-k—¢

= ckzk+ Ck E ay E F(al’ 205) yn—j 1kt

I
2
N?;'
+

(]

i™MT I
= o = o
i1 I
’—‘O = o

<.
I
m

k=0 k=0 (>j—k n>j—1
J—-1 i1 Sl
= ckzk + Ck E ay -
1—a1z — —a;z’
k=0 k=0 £>j—k
j ¢ j -1 .k
ZJ Cr Z£> L@+ (1 —arz — - —a;29) T—0 CkZ (2.17)
N l—ajz—---—a;z ’ )
UJ

The final lemma before the proof of Theorem 1.1, Lemma 2.5, is crucial toward
simplifying our formula for , ;. In particular, it is due to this result that our formula
for k,; does not depend on any characteristic root other than 7.

Lemma 2.5. Let p(z) = 27 — ayz9~' — -+~ — a;. Then for any nonzero distinct roots
1,72 Ofp;

= kit 0

Mk —k—t _
E "ty g < , >agr2 =0 (2.18)
k=0 >k

for any nonnegative integers My < m,, — 1 and My < m,, — 1, where m,, and m,,
are the multiplicities of 71 and ro respectively.

Proof. Rewriting the sum as

j-1 14 k ‘
St 5 (G ar = St S (2) (5w

k=j—¢



= aery ryt <1> < > i+ k— o)
; T2 kz_(:) T M, (j )
(2.19)

we see that it suffices to show that by := r57r Zi_:% (r1/ro)" (jj\zg) (j+k—0)M: satisfies
the linear recurrence with characteristic polynomial z/p(1/z) = a2/ +aj_127 71+ -+
a1z — 1 for all £ > j. We proceed by determining the generating function of {bs}s>o.
Splitting into two series, we observe that

S = 3 (e (2) (ko) - (e ()

SRR (a2
(2.20)

for some polynomial D(z) of degree at most M. Recognizing that
Zi:o (r1/ra)F (J+k)(]+k 0)M1 is a Cauchy product, we see that

" () ,i( ) T R e L

£>0
(2.21)

for some polynomial A(z) of degree at most M; + My. Let L(z) = (1 — z/r)M1+1(1 —
z/ro)M2+1 Since r; and 7y are distinct, deg(A) < M + My < j. So (2.20) and (2.21)
show that {bs}¢>0 is a linear combination of sequences which, by [9, pg.255], all satisfy
the linear recurrence with characteristic polynomial zM1+M2+2[,(1/2) for all £ > j. As
71,79 are distinct, zM1+M2+2[,(1/2) divides 2/p(1/z), whence it follows that b, satisfies
the linear recurrence with characteristic polynomial z/p(1/z) for all £ > j. O

Definition 2.6. Let u = {c,} be as in Theorem 1.1. For each characteristic root r,
let p¥(n) be the polynomial such that c, =), py(n)r™ for all n > 0.

Proof of Theorem 1.1. By a standard result in the theory of recurrence relations
(e.g., [9, Theorem IV.9]), we know that ¢, = > > K, ;n™ ~'r™ for some constants
Kyri. S0 it suffices to show that formula (1.2) holds for all characteristic roots r and
1<i<m,.

Let u = {¢;}n>0. Let r be a characteristic root, let 1 < i < m,, and let S Z r be
the set of characteristic roots greater than or equal to r in modulus. Define

i1
= {cn - Zp%(n)R” - Z /{mnmr_vrn} . (2.22)
v=1

ReS

n>0
Noting that r,; = [2"7"] pi(z) = [" 7] p¥(z), we proceed by computing
[z~ p¥(2). As n™ R™ satisfies recurrence (1.1) for any characteristic root R and

M < mp — 1, it follows that u’ also satisfies recurrence (1.1) with initial conditions

j+ L
Mo

)



{cr =Y peg PR(k)RF — S Kok ™ UrF}o<r<i1. Let p(2) be the characteristic poly-
nomial of (1.1). Then by Proposition 2.4, the generating function of u’ is

J—1 i—1
f(z) = L Z (ck - Zp'é(k)Rk — Z /fT,vka_”rk> Z ap?™ 4+ p(z ZCkZ
v=1

p(2) k=0 ReS >j—k
(2.23)

Note that f has a single dominant pole ! with multiplicity m, —i+1 since the asymp-
totically dominant term of u’ is ,.;n™ ~'r". So by [9, Note IV.26], k,;, = C/(m, —i)!,
where C' = lim,_,,—1(1 — r2)™ "1 f(2). Since the numerator of f is divisible by
(1 —rz)"1, it follows that C' = C1/Cs, where Cy = lim,_,,—1 p(2)/(1 — 72)™" and C}
equals

j—1 i1
zlgnl (1 —rz)t Z <Ck N ZPR R - ; H’"v”kmrvrk> Z aZ ™ + p(z chz

=0 ReS £>5—k
(2.24)
Asi—1<m,,
p(z) -
lim ————— k=0 2.25
zalgll (1 —rz)i-1 ;Ckz ’ ( )
hence, (2.24) reduces to
1 Jj—1 ( i—1
lim Cr — DR —Z,«;Mkm” v k> Z agz
_ 1 :
aor (1 TZ) k=0 ReS v=1 0>5—k
(2.26)
Thus
(-1t — k — k k+¢ k—0+i—1
u mq,-—0 1
C, = TH(Z_I),Z cr— > PRIORE =k k™ r Z( —1)! <Z_1>ag
k=0 ReS v=1 0>5—k
Jj—1 i—1 k40
= (_1)271 <Ck - Zp%(k‘)Rk_ZﬁrUkmr Urk> Z (Z— 1)0/[7" k—t
k=0 ReS v=1 0>5—k
Jj—1 i—1
= (_1)271 (Ck - Zp%(k)Rk - Z’ir k™ ka) Srki—1
k=0 ReS v=1
Jj—1 i—1
Nl (—1)171 (Ck — I‘ir’vkmrvrk) Spr.ki—1s (2,27)
k=0 v=1



where the starred equality follows from Lemma 2.5. Computing Cs, we obtain

_ ] l —L+m
Cy — Zmer mr.(mr)aﬂ“ _ m,fl Z < > rt = N;l, (2.28)

_ r r |
(=1)mrrmrm,.! Pl

Therefore, we have the recurrence
i—1

-1 i—lNT J-1 —
Kri = L (ck ZK k’”r“rk> Srkei—1- (2.29)

Y
(mr ) k=0 v=1

It now only remains to show that recurrence (2.29) admits the explicit formula

( 1)i—1 p—1 j—1 kmr —du ko

_ T Sr ko duga
K:T‘,’i = T E Np E Ck1 ST‘ k1 d1 H E
(my —1)!

7)!
@#{d1,...,dp }C{0,1,...,i—1} k1=0 u=1 ko= 0
di <--<dp=i—1

(2.30)

Let {A].;}1<i<m, be the finite sequence defined by the explicit formula given in (2.30).
For abbreviation, let

p—1 j—1 ka—1 du

H({dl, e Z Cky Sr.k1,dy H Z du— 7; iTllfziiu;lr’:)' . (231)

ulkgO

Towards proving that k,; = &.;, it suffices to show that {x];}1<i<m, satisfies the
recurrence since {K;; }1<i<m, is completely determined by (2. 29) Note

j—1 i

1 ] 1

1)du=1(m, — 1 —d,)!

kmr v,.k

i—1
/ my—v, .k
g Ky g k TSy ki1

v=1 k=0

HM

1 @£{dy,....dp}C{0,1,...0—1} k:O
d1 <-<dp=v—1

_i 3 NP TI({dy,. .., dpi1}).

v=1 @A{d1 e dp1}C{0,1,..i—1}
d1<'--<dp=’l)71, dp+1=’i71

(2.32)
Now with the aid of (2.32), we have

J

(_1) _1NT - S ek ) g
(m — .)' ; ( ; v rk,i—1
(_1)i—1 J—1
= (m — Z)' (ercksrkz 1— N, ZHTUkaT Yr Sr,k,il)
" k=0 v=1
_ (_1)1_1 p+1
— m I({i — 1}) + Z > NP TI({dy, . .. dpi1})

v=1 g#{di,...,dp+1}C{0,1,....i—1}
Cl1<---<dp='U*].7 dp+1:'i71
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3 NP TI({dy, ... .,d Tswzl

(m, —v)!



= > NP I({dy, . dpit}) = g (2.33)

" @A {dy,....dp+1}C{0,1,...,i—1}
d1<--<dpy1=i—1

— /
Thus, kr; = A, O]

3. Directions for Future Work

A natural continuation of our work is to generalize Theorem 1.1 to a broader class of
recurrences. A particularly natural generalization is to consider linear recurrences of
the form ¢, = a1¢p—1 + -+ + ajan—j + d(n), where d(n) is some polynomial. These
recurrences are classified as non-homogeneous linear recurrences: a linear recurrence
Cp — Q1Cp—1 — -+ — Gjan—; = f(n) is homogeneous if f(n) = 0, and non-homogeneous
otherwise. This proposed generalization only encapsulates the case when f is a polyno-
mial; however, this induces the generating function of {¢,} to remain rational, thereby
permitting the techniques presented in this work to be readily generalized.

We note that this direction has already been explored for specific cases. For example,
in 1987, Asveld [2] provided a formula analogous to Theorem 1.1 for the case where
j=2and ¢g = ¢; =1 (see [8] for exposition on this case and related work). This
potential direction goes much further, seeking to provide a general formula echoing
Theorem 1.1 for arbitrary j and arbitrary initial conditions {cx fo<k<j—1-
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