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Generalizations of the M&M Game
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YILONG WU, WANG XIAOCHEN, APRIL YANG, CHRIS YAO*

Abstract - The M&M Game involves two players, each starting with a pile of M&M’s.
During each round, each player tosses a fair coin: if the coin lands heads, that player eats
one M&M, and if it lands tails, the player does not eat. If, at the end of a round, one player
still has M&M’s while the other has none, then the player with M&M’s remaining is declared
the winner. If both players eat their last M&M in the same round, the game is said to end
in a tie. Previous work on the M&M Game studied the probability of a tie and derived a
simple closed-form expression in the special case where both players start with the same
number of M&M’s. We generalize the M&M Game in several directions, including allowing
players to toss two coins per round and modifying the probability distributions of the coin
flips. We use generating functions, Monte Carlo methods, and nonlinear curve fitting to
study the generalized M&M Game.

Keywords : M&M Game; Generating Functions; Gompertz Curve

Mathematics Subject Classification (2020) : 60C05

1 Introduction

1.1 Background of the M&M Game

The M&M Game arose from attempts to model life expectancy, inspired by a question
asked by Cameron and Kayla Miller (aged 4 and 2): If two people are born on the same
day, do they die on the same day? To explore this question, their father, Steven Miller,
who happened to have bags of M&M'’s with him, reformulated it as a two-player game.
Suppose two players start with the same number of MEM’s. On each turn, each player
tosses a coin and eats one MEDM if the coin lands heads and eats none if it lands tails.
What is the probability that they eat their last MEM’s at the same time? Later, they
and Badinski, Huffaker, McCue, and Stone [I] explored several different approaches to
analyze the game, which turned out to be a great springboard for exploring many powerful
mathematical techniques: hypergeometric functions, memoryless processes, and walks on
graphs, to name a few. These connections inspired the first paper and this sequel, which
introduces generating functions to analyze generalizations.

*This work began during the 2024 Polymath Junior REU program and was supported in part by NSF
Grant DMS2341670. We thank the participants at Polymath Junior, our colleagues, and the anonymous
referee for helpful comments on this paper.
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From [I], the rules of the M&M Game are as follows. Player A and Player B begin
with [; and I, M&M'’s, respectively, both positive integers. During each round, each
player flips a fair coin independently and simultaneously.ﬂ If a player’s coin lands heads,
that player eats one M&M; if it lands tails, that player does not eat an M&M. The game
continues until at least one player has no M&M’s remaining. If, at the end of a round, one
player still has M&M'’s while the other has none, then the player with M&M’s remaining
is declared the winner. If both players run out of M&M'’s in the same round, the game
ends in a tie. In [I], the authors study the probability of a tie when both players start
with I M&M’s, and we briefly summarize their work below.

Let P(1;, I5) denote the probability of a tie when Player A starts with /; M&M’s and
Player B starts with I M&M’s. In [I], the authors first studied the probability of a tie
when both players start with the same number of M&M’s and obtained

P(I,1) = ki; <’;:1)2 (%)%. (1)

Their argument is as follows. First, they decompose the tie probability according to the
round on which the game ends:

P(I,I) = i Py(I,1), 2)

where P (I, I') denotes the probability that the game ends in a tie after exactly k rounds,
given that both players start with I M&M’s. The sum starts at k = I because at least |
rounds are required for the game to end in a tie. It remains to compute Py (7, I). For the
game to end in a tie on the k' round, each player must eat exactly I — 1 M&M’s during
the first £ — 1 rounds and then eat her last M&M on the £*® round. As each player tosses
only one coin in each round, this means that each player must obtain I — 1 heads in the
first & — 1 tosses, followed by a head on the k*® toss. Thus, there are (l;j) (}) ways to
accomplish this. Since the coin is fair and the two players flip independently, Py (7, ) is
the product of the probabilities that each player obtains the I** head at the k* toss, and

this is given by I IV 1y 1y
nn = (373) (2) (5 (G) @

Substituting Equation into Equation gives Equation , as desired.

Although Equation gives the probability of a tie for the game, the formula is
somewhat unsatisfactory: it is expressed as an infinite sum, which is difficult to evaluate,
and it is hard to see how the probability of a tie depends on the starting number of
M&M’s. By adopting a different perspective, they derived a sum of finitely many terms
to compute the probability of a tie. The key insight in [I] is that the M&M Game is a

'We retain the assumption that both players flip fair coins simultaneously only to remain faithful to
the original description of the M&M Game in [I]. In fact, the order of the flips is irrelevant; all that
matters is that the players toss their coins independently.
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memoryless process: the probability of a tie starting at a given state only depends on how
many M&M’s each player currently possesses, not on how many rounds it takes for them
to get there. By exploiting this memoryless property, they obtained the following result.

Theorem 1.1 (Page 201 of [1]) The probability that the ME&M Game ends in a tie
when two players each start with I MEM’s is

— (2 —k—2\ (2] =2k —2\ [1\* !

-SG50
To gain further insight into the game, it is helpful to view the M&M Game as a
random walk on the two-dimensional integer lattice. Formally, we represent the state of
the game at each round by the lattice point (m,n), where m is the number of M&M’s
currently held by Player A and n is the number held by Player B. We use the notation
m and n to denote the numbers of M&M’s currently possessed by the two players in
a given round. This notation allows us to distinguish these quantities from I; and I5,
which denote the numbers of M&M’s with which the two players begin. As we shall see
later, this distinction proves useful in our study of the generalized M&M Game. From
the perspective of random walks, each possible outcome of a round in the M&M Game

corresponds to one of the following moves on the lattice.

e Both Players Eat: send (m,n) to (m —1,n —1).
e Only Player A Eats: send (m,n) to (m — 1,n).
e Only Player B Fats: send (m,n) to (m,n —1).
e No Player Eats: leave (m,n) unchanged.

Since each player independently eats one M&M with probability 1/2 and does not eat
with probability 1/2, each of these four lattice moves occurs with probability 1/4.

Thus, the tie probability in the M&M Game can be reformulated as follows: starting
from (I3, I3), what is the probability of reaching the origin (0,0) using the four moves
described above? By the memoryless property of the M&M Game, the sequence of moves
that led to the current state (m,n) is irrelevant when calculating the tie probability.
Moreover, since the tie probability depends only on the number of M&M'’s currently
possessed by the two players, the number of null moves, corresponding to the outcome
No Player Fats, does not affect the tie probability. Thus, we may remove this move
and rescale the probabilities of the remaining moves, which simplifies the problem. After
removing the null move, the remaining three moves are equally likely with probability
1/3. If we let F'(m,n) denote the probability that the walk eventually reaches (0,0) when
the current position is (m,n), then F(m,n) satisfies the recurrence relationf]

F(m,n) = %F(m—l,n)—l—%F(m,n—1)+%F(m—1,n—1). (4)

2Even without removing the move No Player Eats via the memoryless argument, we can still arrive
at the recurrence relation . Given that we are currently at (m,n) and have four equally likely moves,
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In this recurrence, we observe F'(0,0) = 1, since the probability of reaching (0,0) when we
are already at (0,0) is 1. We also observe F'(m,0) = F(0,n) = 0 for all positive integers
m and n, since once one player has no M&M’s remaining while the other still has some
left, the game can no longer end in a tie.

1.2 Generalizing the M&M Game

The goal of this paper is to generalize the M&M Game. In the original paper [I], each
player flips a single fair coin at each turn. To generalize the game, we consider the
following two methods for each player.

e Method 1. The player tosses 1 fair coin in each round. If it lands heads, then the
player eats d M&M’s; if it lands tails, then the player eats none.

e Method 2. The player tosses 2 fair coins in each round. If the first coin lands
heads, then the player eats d; M&M’s; if the first coin lands tails, then the player
eats none. If the second coin lands heads, then the player eats do M&M'’s; if it lands
tails, then the player eats none.

In both methods, if the player is ever supposed to eat more than she has left, then the
player eats all the remaining M&M’s. We focus on the M&M Game for two players with
arbitrary starting values I; and I,. Using these two methods, we create three possible
games for two players.

e Game 1. Both players play Method 1; that is, a player eats d M&M’s if her coin
lands heads and eats none if her coin lands tails.

e Game 2. Player A plays Method 1 and Player B plays Method 2. Thus, Player
A eats d M&M’s if her coin lands heads, while Player B eats d; M&M’s if her first
coin lands heads and eats dy M&M’s if her second coin lands heads.

e Game 3. Both players play Method 2; that is, a player eats d; M&M’s if her first
coin lands heads and eats dy M&M’s if her second coin lands heads.

Following the rules of the M&M Game in [1], we say that the game ends in a tie if both
players exhaust all of their M&M’s in the same round. We formalize this using the lattice
representation. Let (m,n) denote the numbers of M&M’s currently possessed by Player
A and Player B, respectively. Suppose that in a given round Player A is supposed to eat
a M&M’s and Player B is supposed to eat b M&M’s. If m < a and n < b, then we say the
game ends in a tie. If, on the other hand, one player exhausts all of her M&M'’s while the

we have the recurrence

1 1 1 1
F(m,n) = ZF(m —1,n)+ ZF(m,n -1+ ZF(m —1n-1)+ ZF(m,n),

and performing simple algebra gives the recurrence relation . Thus, we can arrive at the desired
recurrence relation even without using the memoryless nature of the M&M Game.
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other still has some M&M'’s remaining, then we declare the player with M&M’s remaining
to be the winner.

We can now ask several natural questions. What is the tie probability of each game?
How does the tie probability depend on d, di, and ds? The game becomes far more
interesting and complicated now. To illustrate, we consider Game 2, in which Player A
eats d = 5 M&M'’s whenever a head is flipped, while Player B eats d; = 2 M&M'’s if the
first coin lands heads and eats dy = 3 M&M’s if the second coin lands heads. Suppose
both players start with 4 M&M’s. Then even though the average number of M&M'’s
removed on each turn is the same (namely, 2.5) for both methods, we see that Player A
goes out in one turn with probability 1/2, while Player B does so only with probability
1/4. However, if both players start with 2 M&M’s, then while Player A still goes out in
one turn with probability 1/2, now Player B does so with probability 3/4. We see that
the two methods for playing the game influence the outcome of the game in a nontrivial
way, a complication that did not appear in [I].

The rest of this paper is organized as follows. In Section [2, we analyze the three
proposed games and address the questions raised above. In Section [2.1] we introduce the
technique of generating functions and provide an overview of our method for analyzing the
tie probabilities in the three proposed games. In Section [2.2], we present explicit formulas
for the tie probability of each game. We then give a derivation of the explicit formula
for the tie probability in Game 1 in Section since the arguments for Games 2 and 3
are similar, we refer the reader to Appendix [C|for the detailed proofs. Finally, in Section
[2.4] we present numerical results illustrating how the number of coins a player may toss
affects the tie probabilities.

In Section 3] we study how the tie probability changes when the coin-flip distribution
is altered. We begin by giving a straightforward generalization of Theorem to the
case of a biased coin that lands heads with probability p, and we examine how the tie
probability depends on p. This extension assumes that coin flips are independent across
rounds, with a fixed probability of landing heads. It is also natural to ask how the game
changes when this probability depends on the history of previous rounds. For this reason,
we introduce a state-dependent version of the M&M Game in which the probability that
a coin lands heads depends on the number of M&M’s remaining. We then study this
game through extensive Monte Carlo simulations and find that the tie probabilities are
well approximated by a Gompertz curve.

Finally, in Section[d] we propose several directions for future work, including extensions
to games with more complicated rules, the study of the expected number of turns, and
more complex interactions between coin outcomes and the starting number of M&M’s.
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2 Comparison of Three Games

2.1 Problem Approach

2.1.1 Recurrence Formulation for the M&M Game

We study the tie probabilities for the three games introduced in Section [I.2] Since both
players begin with finitely many M&M’s, and since each player can consume only a non-
negative number of M&M’s on each turn, the game terminates after finitely many turns
with probability oneE] This observation allows us to avoid the infinite-sum approach used
in Equation and instead formulate the problem using recurrence relations. As in [1],
we formulate the tie probability in terms of a recurrence relation, though the analysis
here is technically more involved because the number of M&M'’s removed in a turn may
vary.

We first introduce some notation. Let F'(m,n) denote the probability of a tie when
Player A and Player B currently have m and n M&M'’s, respectively. In addition, let
d; denote the number of M&M'’s a player eats when her i*® coin lands heads. When a
player flips only one coin, we use d to denote the number of M&M’s eaten when the
coin lands heads. We represent the possible moves available to a player in a single round
using multisets, which are like sets except that repeated elements are allowed. We denote
multisets using square brackets | ]E] As described earlier, each player follows either Method
1 or Method 2. Let A denote the multiset of all possible moves available to Player A under
her chosen method. If Player A uses Method 1, then on a given round Player A either
eats d M&M’s or none, depending on the outcome of Player A’s coin flip; thus .4 = [0, d].
If Player A plays Method 2, then Player A could eat d; M&M’s, do M&M'’s, dy + ds
M&M’s, or no M&M’s, depending on the outcomes of Player A’s two coin flips; thus,
A =10,dy,dy, dy + ds]. We define the multiset B analogously for Player B.

Let S denote the multiset of all possible moves in a round after removing the null move
(0,0). Formally, S = (A x B) \ [(0,0)], where the null move (0,0) is omitted because, as
discussed in Section it leaves the state unchanged and therefore does not affect the
tie probability. From the perspective of random walks on the integer lattice, S may be
interpreted as the multiset of admissible steps from one lattice point to another.

Finally, let P(a,b) denote the probability that Player A eats a M&M’s and Player B
eats b M&M’s in a single round. In the three games considered in this section, we may
take P(a,b) = 1/|S|, though this notation is also useful for possible future extensions in

3This relies on the assumption that each player has a positive probability of consuming at least one
M&M in each round; if this probability were 0 for both players, the game could remain in the same
state forever. Under the game rules considered in this section, both players have a positive probability
of consuming some M&M’s.

4One might wonder why we use multisets rather than sets to describe the moves available to a player.
The reason is that sets may fail to distinguish between different ways of obtaining the same move. For
example, suppose a player uses Method 2 with d; = ds = 1. Then the possible amounts she can eat are
0,d; =1,dy =1, and dy + d2 = 2. If we used a set, these moves would be recorded as 0, 1, 2, losing one
occurrence of the move 1. In contrast, using a multiset records them as [0, 1,1, 2], preserving the fact
that the move 1 can occur in two distinct ways.
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which different moves are assigned different probabilities.
By conditioning on the next move from the current state (m,n), we can express the
tie probability of each game as a recurrence relation of the form

> apyes Pla,b) F(m —a,n—b) ifm>1andn>1
F(m,n) = <0 if exactly one of m,n is <0 (5)
1 ifm<0andn <0,

where the latter two cases are the initial conditions. We now explain each initial condition.
If exactly one of m and n is less than or equal to 0, then one player has already exhausted
her M&M'’s while the other has not, so a tie is impossible. Thus, F'(m,n) = 0 if exactly
one of m,n < 0. If m = n = 0, then both players have exhausted their M&M’s in the
same round, and the game ends in a tie. In our version of the game, it is possible for both
players to consume more M&M'’s than they have remaining, and we still treat such a case
as a tie. Thus, F\(m,n) =1 whenever m < 0 and n < 0.

2.1.2 Sketch of the Argument

We now sketch our argument and present the detailed derivation of the tie probabilities
for Game 1 in Section The arguments for Games 2 and 3 follow a similar approach
and are given in Appendix [C]

For each game, we first define a multiset of moves & based on the methods used by
the two players. Substituting S into Equation (b)) yields the corresponding recurrence
for the game under consideration. We then associate this recurrence with the generating
function A(z,y) = >, 150 F'(m,n)z™y".

Our goal is to use the technique of generating functions to derive an explicit sum of
finitely many terms for F'(m,n); see [7] for background on generating functions. Accord-
ingly, we write [z"y"|A(z,y) for the coefficient of 2™y" in A(z,y). We then apply the
following results to simplify A(z,y).

Lemma 2.1 Under the recurrence relation , we have

Alz,y) = 1+ Zanx

m,n>1

Lemma 2.2 Let a,b > 1. Under the recurrence relation (5)), we have

ZF( —a,n—b)x ZZ&: yN + 2%y (Az,y) — 1).

m,n>1 M=1N=1

Also, we have

ZZF m—a,n)z"y" = x*(A(z,y) — 1)

m>1n>1

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 0 (2017), 000-000 7



© 00 1 O U = W N

QU B R R R R R R R R W W W WWWWwWwWwWwWwhhhhhNhDhhDNDDNDDNDDNDNDDN — = e =
O © 00 J O UL i W NN HFH O OO0 JO0 Ui WD~ O OO0 O Ui WD K~ O OO0 O Ut i W +— O

and

S Flmn—bamy" = 4 (Alwy) ~ 1)

m>1 n>1

The proofs for Lemmas and are algebraic manipulations using the recurrence
relation and initial conditions. The detailed proofs can be found in Appendix [B]

The technique of generating functions and the two lemmas introduced above allow us to
obtain another quick proof of Theorem As a warm-up to the complicated derivations
for Games 1, 2, and 3, we shall apply our argument to the original M&M Game introduced

in Section I} We observe that the step multiset is S = [(1,0), (0,1), (1, 1)], and inserting

S into Equation yields

(1

g[F(m—l,n)—l—F(m,n—l) ifm>1landn>1
+F(m—1,n-1)

0 if exactly one of m,n is <0,

1 ifm<0andn<O0.

\

Associating this recurrence relation with A(z,y) =" <, F(m,n)z™y", we obtain

Alz,y) =

1—|—Zanmy

m,n>1
{Z S F(m — 1 m)a™y"
m>1n>1
+ZZF(m,n— 1)xmy"+ZZF(m— L,n—1)zmy"
m>1n>1 m>1n>1

14 % [ (A, y) = 1) +y (Alz,y) — 1) + 2y + a2y (A(z,y) — 1],

where we applied Lemma [2.1] in the first step and Lemma [2.2]in the last step. Solving for

A(z,y), we find

5y
1—3(z+y+ay)

Alr,y) = 1+

(6)

We now extract the coefficients of A(x,y). After a simple application of the geometric
series formula and multinomial expansion, we find

o) 1 k+1
A(r,y) = 1+xyz<§) (x+y+ay)"
k=0

00 1 k+1 k! el e
_ + PR ET AR B A
B 1+kz: (3) Z Z‘[j!g!x y ’
=0

1,720
i+j+l=k
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Welet Iy =i+ ¢+ 1and I, =7+ ¢+ 1, so we have

min(l1—1,Io—1)

L+ —0-2 AN
1 e I I 1 —_
(xvy) + Z xr y Z (6,]1—6_17]2_6_1> <3> ’

I1,1>>1 =0

where we note that
L+, —¢-2 B L+L—¢-2\(1+1,—20—-2
eI, —0—1,I,—(—1) 4 I —0—1 '

Thus, we see that the coefficient of z/1y2 is given by

min(/;—1,I2—1)

PV L+ L — 0=\ (L + L — 20— 2\ 1\
L B 1 2 1 2 -
@y Ay = Y ( ‘ >( L1 ><3> -

=0

and specializing to Iy = I, = I gives the result stated in Theorem [1.1}]

The overall procedure for deriving the tie probabilities of Games 1, 2, and 3 is the same
as the procedure illustrated above, but the computation is more involved. We describe
the procedure here. We first insert the recurrence relation prescribed by the step multiset
S into the generating function A(z,y) = -, -, F(m,n)z™y". Using Lemmas and
2.2 we can rewrite the generating function as

Alz,y) = 1+tB(a,B,1) Y sz (8)

(D1D2 GDM 1 N=1

We now explain Equation (8). The variable ¢ is a constant and denotes the probability
of each move in a single round; in our game setup, ¢ is 1/|S|. The terms « and /3
are polynomials in x and y, respectively, that encode the positive numbers of M&M'’s
a player can eat in a single round. For example, if Player A uses Method 2, then the
positive numbers of M&M’s she can eat are dy, dy, and d; + ds, so a = x% + 92 4 gphtdz,

The multiset D is a sub-multiset of S, and it consists of moves (a,b) in S with a > 0
and b > 0. For example, if we consider Game 1, then D = [(d, d)]. If we consider Game 3,
then D = [dy, ds,dy + ds] X [dy,da,dy + ds]. In addition, the term B(a, f,t) in Equation

is defined by
1

Bla.ft) = 1—t(a+B+aB) (9)

This is precisely the generating function for the Delannoy numbers (for further discussion
of the Delannoy numbers, see [2] and https://oeis.org/A008288). In our previous
derivation, we see that the generating function for the Delannoy numbers is already present
as a factor in the second term on the right hand side of Equation @ More generally, for
constant weight ¢, the Delannoy numbers are defined by

min(m,n) I /
m-r-n— _
D (m,n,t) = E tmtn=t, (10)
— m—4L4,n—4L/
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Thus, the right hand side of Equation (7)) can be written as %D(Il -1, —1, %) As we
shall see later, Delannoy numbers play an important role in our study of the generalized
M&M Game.

The next step is to make a change of variables so that every term in () is expressed in
terms of z and y. As B(a, 3,t) contains o and 3, we have to make a change of variables
to rewrite B(«, 3,t) in terms of z and y. The last step is simply to extract the coefficients
corresponding to z'y’2, which give us the desired result.

2.2 Results

We first introduce some notation. Let P(®) denote the tie probability for Game i. Let
]P)Ezli;Ul’ 1) denote the tie probability in Game 1, where the players start with I; and I,

M&M’s, respectively, and a player eats d M&M'’s upon flipping a head. Let IP’EZ)dl i) (11, I5)
denote the tie probability in Game 2, where Player A starts with [, M&M’s and eats d
M&M’s upon flipping a head, while Player B starts with [y, M&M'’s and eats d; M&M'’s
if her first coin lands heads and dy M&M’s if her second coin lands heads. Finally, let
IPEZ)L dQ)(Il’ I5) denote the tie probability in Game 3, where both players start with I; and
I, M&M’’s, respectively, and a player eats d; M&M'’s if her first coin lands heads and ds

M&M’s if her second coin lands heads. We have the following results.

Theorem 2.3 (Tie Probability for Game 1) In Game 1, Player A and Player B start
with Iy and Iy MEM’s, respectively. In each round, each player tosses one fair coin, and
a player eats d MEM’s if that player’s coin lands heads and eats none if it lands tails.
The probability of a tie in Game 1 is

1) 1 L -1 L—1| 1
]P)(d)(‘ll’]2) - gD (\‘ d J ) \‘ d 75 .
Intuitively, we expect the tie probability in Game 1 to agree with that in the original
M&M Game after scaling the initial number of M&M’s by a factor of d. For example,
consider Game 1 with d = 3. If both players start with 6 M&M'’s in Game 1, then this

game has the same tie probability as the original M&M Game in which both players start
with 2 M&M’s. In Theorem [2.4] we make this connection precise.

Theorem 2.4 In the original MM Game, Player A and Player B both start with I
MEM’s. In each round, each player tosses one fair coin, and a player eats one MEM if
that player’s coin lands heads and eats none if it lands tails. Let PoU8mal ([ T) denote the
tie probability in the original MEM Game when both players start with I MEM’s. We
then have

Poriginal (I, I) = ]P’g;; (d[, dI)

Theorem 2.5 (Tie Probability for Game 2) In Game 2, Player A and Player B start
with Iy and Iy MEM’s, respectively. In each round, Player A tosses one fair coin and eats

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 0 (2017), 000-000 10
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d MEM’s if her coin lands heads. Player B tosses two fair coins, eating di MEM’s if her
first coin lands heads and dy MEM’s if her second coin lands heads. The probability of a
tie in Game 2 is

2 1 itk
Plaaan i 12) = ?( > > ( i g,k
(D1,D2)€D i,5,k>0 v J>
1<Iz—di (i+k)—dz(j+k)<D2

-1 1
D |Z2X—= -
(| i 7))

Theorem 2.6 (Tie Probability for Game 3) In Game 3, Player A and Player B start
with Iy and Iy MEM’s, respectively. In each round, each player tosses two fair coins. If
the player’s first coin lands heads, that player eats dy MEM’s, and if the player’s second
coin lands heads, that player eats do MEM’s. The probability of a tie in Game 3 is

(3) . 1 r+s+t
CPUREE I VD > (1
( ) Y

Di1,D2)€D 7,420 i.5,k>0
1< 1 —di (r-+t)—da (s+) <Dy 1< Iy —dy (i+k)—da (j+k) <Da

i+j+k o 1
. D t k, —
( ik ) (r—|—3+,z—|—j+ ,15)>,

where D = [dl,dg,dl + dg] X [dl,dg,dl + dg]

where D = [d] X [dl, dg, d1 + dg]

As an illustration, we computed tie probabilities in the case when each player starts
with I M&M'’s and eats exactly one M&M whenever a head is flipped; that is, d = d; =
ds = 1. For each game, we report both the exact value and its decimal approximation.
These results are displayed in Table [1| and Figure

PEB(Il,IQ) in Game 1 P® (I1,15) in Game 2 ]P’g?l)([l,IQ) in Game 3

(1,1,1)
(I1,1,) Exact Decimal Exact Decimal Exact Decimal
(1,1)  1/3 0.3333 3/7 0.4285 3/5 0.6000
(2,2)  5/27 0.1851 61/343 0.1778 113/375  0.3013

(3,3) 11/81 0.1358 1759/16807 0.1046 22361/84375  0.2650

Table 1: Comparison of Tie Probabilities for the Three Games.

2.3 Derivation of Tie Probabilities in Game 1

We now use Game 1 to illustrate our technique. Suppose a player eats d > 0 M&M’s
if her coin lands heads. Inserting the step multiset S = [0,d] x [0,d] \ [(0,0)] into the

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 0 (2017), 000-000 11
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Tie Probabilities for the Three Games

0.6

0.4 | Games
E‘ .
— (1) .
"_g‘ P, I) in Game 1
@ [P’Ei)lvl)(l, I) in Game 2
A 0.2 P, ) in Game 3

0.0

0 10 20 30 40 50

I: Initial Number of M&M's

Figure 1: Tie Probabilities for the Three Games.

recurrence relation , we have

(1

g[F(m—l,n)—i—F(m,n—l) ifm>1andn>1
Flm.n) = 4 F(m—1n— 1)]

0 if exactly one of m,nis <0

1 ifm<0andn <0.

\

Define the generating function A(z,y) = > -, F(m,n)z™y". By Lemmas and
2.2] we have

Alz,y) = 1+ Z Z F(m,n)x™y"

m>1n>1
1
= 14+ 3 [ZZF(m —d,n)z"y"
m>1 n>1
+ ZZF(m,n —d)z"y" + Z ZF(m— d,n—d)z"y"
m>1n>1 m>1n>1
1
= 1+ 3 (a:d(A(q:, y) — 1) - yd(A(:c,y) — 1)
d d
+ Z Z My + Yy (A, y) — 1))
M=1N=1
THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 0 (2017), 000-000 12
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For notational convenience, let o = 2¢ and 3 = y?. After simple algebra, we find

Z?M:I Z?V:l aMyN
1—3(a+B+ab)

AR ]
= 1+§ZZ$ Y B(a,ﬁ,g), (11)

M=1 N=1

1
Alz,y) = 142

where we recall that

1 1
Bla,g, -] = .
( 53) 1—%(04—%/3-1—@5)
We first study the expansion of B (a, B, %) After a simple application of the geometric
series formula and multinomial expansion, we see that

B 1\ /1 ’ KU v pire
o) =23) 2 gme
k=0 ‘27]‘74%0k

i+j+l=

Let m =i+ ¢ and n = 5 + ¢. We then have

min(m,n) m+n—~{
1 m+n—4{ 1
B - _ mQn -
(O"ﬁ’:a) IDR DY (m—e,n—u) (3)

m,n>0 =0
man 1
= Z a™p D(m,n,§>.
m,n>0

Now, we reparameterize B (a, 3, 1) by substituting a = z? and # = y?, and we sec that

B <a,6, %) = Z z¥mydn D (m,n, é) ) (12)

m,n>0

In Equation (12)), we have already computed the coefficients of B (a, B, %) in terms of
a =z and B = y?. To obtain the coefficients of A(x,y), we insert Equation into
Equation , and we have

Alz,y) = 1+%ZZ$MyN<

M=1N=1

d d
_ 4 % S5 Y ghrrimyNaan (m,n, %) _

M=1 N=1m,n>0

1
Z xdmyan (m’ n, g))

m,n>0

Let T = M +dmand Iy = N+dnforl < M <dand 1 < N < d. We then have
L —1=dn+(M-1)and I — 1 = dn+ (N — 1), and m,n exist by the division
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algorithm. In particular, we find that m = |(I; — 1)/d]| and n = |(I; — 1)/d]|. Thus, we
arrive at the following generating function

1 L-1| [L-1] 1
Alw,y) =1+ 3 ththqld J,de J§>

I, I>>1

Indeed, we then find the coefficients of A(x,y) as

i - (5] [574)

2.4 Numerical Observations

We first performed extensive computations to corroborate the correctness of our formulas.
For each game, we computed the exact tie probability using both the recurrence relation
and the explicit formulas stated in Section . For Game 1, we computed P%(I 1, 15)
for all (I3, Is,d) € [100] x [100] x [20], where [N] = {1,..., N} for some positive integer V.
For Game 2, we computed PEZ?de2)(]1,]2) for all (11, Iz, d, dy,ds) € [100] x [100] x [20] x

[20] % [20]. For Game 3, we computed P} | (I, Iy) for all (I, Iy, d1, da) € [100] x [100]
[20] x [20]. In every case, the values obtained from the two approaches were identical.
Since the full output is too large to include in the paper, we provide a link to the code
so that the reader can generate whatever comparisons they wish; see Appendix [A]for the
code.

We now discuss two numerical observations. First, when both players begin with [
initial M&M'’s, the number of coins each player tosses per round affects the behavior of
the tie probability. In the original M&M Game studied in [I], as well as in our result for
Game 1, the tie probability decreases with I. This decreasing behavior, however, does
not hold uniformly when _players are allowed to toss multiple coins.

In panel (a) of Figure we compare Pg;([, I), PE?ZS)(I’ I), and IPS?S)(I, I) for I € [30].
We make the following observation. While the tie probabilities in Games 1 and 2 are
monotonically decreasing in I, the tie probability in Game 3 is no longer monotonically
decreasing and exhibits small upward (jumps at certain values of I. We circle one such
region for illustration. For example, P(g?3)(5, 5) = 0.262, whereas ng?g)(& 6) = 0.285. In
our simulations, we observed the same behavior for other choices of (di,ds). We also
carried out Monte Carlo simulations for a three-coin version of the game and again found
similar jumps. Panel (b) of Figure [2| illustrates this, where we simulated the game in
which a player eats d;y = 3, ds = 5, and d3 = 10 M&M’s when the corresponding coins
land heads. These jumps suggest that multi-coin versions of the M&M Game possess
additional features that deserve further study.

Second, we found that when two players use Method 1 and Method 2, respectively,
the probability distributions of the game outcomes change. In Figure[3]| we present Monte
Carlo simulations for the three games when the starting number of M&M’s is I = 2 and
I = 20, and we plot the corresponding outcome distributions. On the horizontal axis,
A denotes the probability that Player A wins, B denotes the probability that Player B

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 0 (2017), 000-000 14
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(a) (b)
0.8 0.8
= Legend for Panel (a)
00 ‘\ g 06 P, ) in Game 1
3] 2 .
g \ £ P25, I) in Game 2
'S 0.4 A 0.4 — P34, I) in Game 3
S o :
o Q
= R
: © : )
02 “'v\_\ = 02 Legend for Panel (b)
N S 0.
~
~———— X M&M Game with 3 Coins
0.0 0.0
0 10 20 30 0 10 20 30

I:Initial Number of M&M's

Figure 2: Effect of the Number of Coins on Tie Probabilities.

wins, and Tie denotes the probability of a tie. In these simulations, Game 1 uses d = 5
for both players, Game 2 uses d = 5 for Player A and (d;,ds) = (2, 3) for Player B, and
Game 3 uses (dy,d2) = (2,3) for both players. We find that the winning probabilities
for Player A and Player B are symmetric in Games 1 and 3, but become asymmetric
in Game 2. This asymmetry reinforces the phenomenon discussed earlier in Section [I.2}
even when two methods have the same expected number of M&M’s removed per turn,
they can still produce different probabilities of winning or losing, depending on which
method each player uses.

Distribution of Game Outcomes I = 2 Distribution of Game Outcomes for I = 20
Game 1 Game 2 Game 3 Game 1 Game 2 Game 3

2 60% 2 60%
] K
S 40% S 40%
- -
Ay Ay
5] 3
= 20% T 20%
E E
; ; [] ] []
Hoo% Mg

A B Tie A B Tie A B Tie A B Tie A B Tie A B Tie

Figure 3: Probability distributions of game outcomes for the three games when I = 2 and
I = 20, based on Monte Carlo simulations. In both figures, A denotes the probability
that Player A wins the game, B denotes the probability that Player B wins the game,
and Tie denotes the probability of a tie.
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3 The M&M Game Under Different Probabilities

3.1 Extensions to Biased Coins

The work in [I] and the extensions above focused only on the game using fair coins. Tt
is natural to ask what happens when the two players use biased coins. We focus on the
M&M Game proposed by [I] with the modification that now each player uses a biased
coin.

By generalizing Theorem [1.1] we easily have the following result.

Theorem 3.1 Consider two players who each start with I MEM’s and flip one coin per
round. On each round, a player eats one MEM if her coin lands heads and eats none if
it lands tails. Suppose each coin is biased, landing heads with probability p and tails with
probability 1 — p, where O < p < 1. Then the probability of a tie is given by

P(I,1) = i 21 =k =2\ (2] — 2k -2 P k41 1—p 21—2k—2
; _k:O k I—k—-1 2—p 2 .

Ifp=0, then P(I,1) =0. Ifp=1, then P(I,I) = 1.

Proof. The cases for p =0 and p = 1 are trivial. For 0 < p < 1, the argument is similar
to the proof given in [I], except that we must recalculate the probability of each move
after removing the null move (0,0). Let A denote the event that Player A flips heads
and eats an M&M, and define B similarly for Player B. Then A¢ denotes the event that
Player A does not eat an M&M. Since removing the null move amounts to conditioning
on the event AU B, we compute the probability that only one player eats an M&M. The
probability that only Player B eats an M&M is given by

]P’(ACHB|AUB):%
_ p(1-p)
p(1 —p) +p(1 —p) + p?
_1-p
=50

Because the two players’ coins have the same probability p of landing heads, we see
P(A°NB| AUB)=P(AN B°| AU B). The probability that both players eat an M&M
can be computed by a similar argument and is given by

p? p

2p(1 —p)+p> 2—p

P(ANB|AUB) =

The rest of the combinatorial argument is the same as in [IJ. U
Using Theorem [3.1, we computed the tie probabilities for the game when each player
starts with I M&M’s and flips a biased coin landing heads with probability p from the
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set {0,0.1,...,1}. The results are displayed in Figure . As the figure shows, the tie
probability is an increasing function of p, with the increase becoming particularly steep
when p > 0.9. This behavior is intuitive: as p increases, both players are more likely to
eat an M&M in each round, which raises the chance that they finish their last M&M in
the same round.

Tie Probability vs. Probability of Landing Heads
for Different Initial M&M's

—
o

0.9
0.8 Initial M&M's
_g“ 0.7 I=5
B 0.6 - =
§ ‘ I1=10
g 0.5 ‘ — I1=15
A 0.4 1 1=20
(] |
& 03 // —_ =25
0.2 4 =30
0.1 _/

0.0

00 01 02 03 04 05 06 07 08 09 1.0
p : Probability of Landing Heads

Figure 4: Tie Probability as a Function of p for Different Initial Numbers of M&M'’s.

3.2 The M&M Game with Evolving Coin Probabilities

We propose a state-dependent version of the M&M Game in which the probability that a
coin lands heads evolves according to an exponential model. In this version of the game,
the probability that a player’s coin lands heads depends on the number of M&M’s that
player has remaining: in particular, the fewer M&M’s a player has left, the greater the
probability that the player’s coin lands heads. This reflects the idea that the closer a
player is to depletion (that is, death), the more likely the player is to consume another
M&M. Because the probability of landing heads changes over the course of the game, we
call this version of the M&M Game the Evolving Coin Probabilities Game.

Modifying the setup of the M&M Game in [1I], we define the Evolving Coin Probabil-
ities Game as follows. Two players each begin with [ M&M'’s, and in each round each
player independently flips a coin. A player consumes one M&M if the coin lands heads
and consumes none if it lands tails. The probability that a player’s coin lands heads in a

given round is
P(head) = 1 — e M-t (13)

where A > 0 is the rate parameter controlling the rate of increase, and ¢ is the number
of M&M’s currently remaining for that player. The rules determining when a player wins
and when the game ends in a tie are the same as the rules given in Section [1.1]

Given the initial number of M&M'’s I and the rate parameter A\, we see from Equation
that the probability of landing heads depends on the difference I — ¢, which is the
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number of M&M'’s the player has already consumed. As a player consumes more M&M'’s,
the probability in Equation increases toward 1. We study the tie probability for the
Evolving Coin Probabilities Game. Let P(tie; A, I) denote the probability of a tie in this
game with rate parameter A and initial number of M&M’s I. In what follows, we conduct
extensive simulations to study P(tie; A, I).

3.2.1 Simulation Results

We performed extensive Monte Carlo simulations to examine the influence of parameters
A and I on P(tie; A, I). Specifically, we simulated the game for all parameter pairs (A, I)
with A € {0.1,0.2,...,5} and I € {1,2,...,400}, using step size 0.1 in \. For each choice
of (\, I), we performed 100,000 simulation trials. The results are displayed in Figure[6] In
the figure, the yellow curve corresponds to the case [ = 1, the black curve corresponds to
I =2, and the collection of blue curves corresponds to I € {3,...,400}. To facilitate the
discussion, we use P(Tmc) (tie; A, I) to denote the Monte Carlo estimate of the tie probability
for a fixed rate parameter A\ and an initial number of M&M’s I, and the subscript T is
used to denote that the Monte Carlo estimate is based on T simulation trials.

To evaluate the quality of our Monte Carlo simulations, we computed the 99% confi-
dence intervals of ]P’(Tmc) (tie; A, I) for different numbers of trials T over the range 10 < T' <
100,000. The 99% confidence interval is computed according to the binomial proportion
confidence interval

2.58
VT
where T denotes the number of simulation trials and 2.58 is the z-score corresponding
to a 99% confidence level for the standard normal distribution. For a detailed overview
on the construction of confidence intervals for Monte Carlo simulations, see [5]. Selected
examples are shown in Figure 5], where the blue curve represents the Monte Carlo estimates
of the tie probabilities and the shaded region represents the corresponding confidence
intervals. As the number of simulation trials 7" increases, the confidence intervals steadily
narrow and become negligible once the number of simulation trials reaches 100,000. This
indicates that the estimate IP’EFmC) (tie; A, I) converges sufficiently to the true tie probability
P(tie; A, I).

Based on the simulation results, we make two key observations about the Evolving
Coin Probabilities Game. First, the tie probability appears to be increasing in A: as A
grows, the probability of a tie also increases. This is because larger values of \ cause the
probability of flipping heads to rise more rapidly over the course of the game, thereby
increasing the likelihood that both players consume their M&M'’s in the same round and
hence eat their last M&M’s in the same round. By contrast, smaller values of A\ lead
to a lower probability of flipping heads, which reduces the likelihood that both players
consume their M&M’s in the same round and thereby lowers the tie probability.

Second, the tie probabilities for different values of I appear to align remarkably well.
As illustrated in Figure [6] the curves for different initial numbers of M&M’s I begin to

PO (tie; A, T) + P (tie; A, 1) (1= P (ties A, 1) )
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Monte Carlo Convergence Analysis Estimated Tie Probability vs. A for Different Initial M&M's
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Figure 5: Monte Carlo Convergence Analy- Figure 6: Estimated Tie Probabilities as a
sis for Selected Values of (A, I). Function of the Rate Parameter .

cluster together once I > 3. This indicates that, for moderate to large values of I, the
tie probability is nearly independent of I. This behavior stands in sharp contrast to the
M&M Game with biased coins (see Figure [)), where for a fixed probability of landing
heads p, the tie probability decreases as I increases. In that setting, the initial number of
M&M’s I plays a more visible role in determining the game outcome. In the Evolving Coin
Probabilities Game, however, the number of initial M&M’s [ exerts comparatively little
influence on the tie probability once I is moderately large. Instead, the rate parameter A
emerges as the primary factor governing the tie probabilities.

We performed a Pearson correlation analysis [6] to support our observations. The
results show a strong positive correlation between the rate parameter A and the tie prob-
ability, with a correlation coefficient of 0.9251. In contrast, the correlation between the
initial number of M&M'’s I and the tie probability is negligible, with a correlation coef-
ficient of —0.0006. Since the correlation between the tie probability and \ is close to 1,
while the correlation between the tie probability and I is close to 0, these findings provide
further empirical support for our observation that A is the dominant factor governing
the tie probability, whereas the initial number of M&M’s has minimal influence on the
outcome of the game.

3.2.2 Modeling Tie Probabilities with a Gompertz Curve

In Figure @ we observed that the simulated tie probabilities ]ngmc) (tie; A, I') nearly collapse
onto a single curve for all I > 3, which suggests that the influence of I on the tie probability
becomes negligible for moderately large I. The correlation analysis similarly supports the
conclusion that the tie probability is nearly independent of /. Based on these observations,
it is natural to ask whether a probability model depending only on A, denoted G(\), could
approximate the tie probability P(tie; A, I) well for moderately large values of I. Since
the simulated probability curves exhibit slow initial growth, followed by a phase of more
rapid increase, and then level off toward an asymptote, a Gompertz curve appears to be
an appropriate choice for modeling this behavior.

We now present a brief overview of the Gompertz curve. The Gompertz curve is
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commonly used to model growth processes characterized by an initial slow phase, followed
by a phase of rapid increase, and eventual saturation; see [3] for a detailed discussion of
Gompertz curves. Let G()) denote the tie probability for the Evolving Coin Probabilities
Game as predicted by the Gompertz model. The Gompertz model is given by

G(\) = Lexp(—hexp(—Ao)). (14)

In Equation , the parameter L is the upper asymptote, representing the limiting value
of the growth process. Clearly, we see that G(A\) — L as A — oco. The parameter h deter-
mines the horizontal placement of the curve. Finally, )\q is the growth rate, determining
how quickly the curve rises toward its asymptote.

We now seek to fit a Gompertz model to the simulated tie probabilities. Because the
parameters (L, h, \g) are unknown, we estimate them by minimizing the sum of squared
errors between the simulated probabilities and the Gompertz model given in Equation
. Since the resulting optimization problem is nonlinear, a closed-form solution for the
optimal parameters is generally unavailable. Accordingly, we employ a numerical least-
squares procedure, specifically the Levenberg—Marquardt algorithm, to obtain estimates
of (L, h,\o) [4]. The fitting procedure is summarized in Algorithm [1]

Algorithm 1 Parameter Estimation Procedure for Gompertz Model

1: Input: A = {)\;}22, for \; = /10, number of Monte Carlo trials 7' = 100,000, and
initial numbers of M&M’s I € {3,...,400}.
Output: Estimated parameters for the Gompertz model defined in Equation .
Create an empty list x.
for each \; in A do

Simulate IP’(TmC) (tie; A;, I) for all values of I € {3,...,400}.

Average the values of ]P’(Tmc) (tie; A;, I) over I to obtain

400
1

P () = @ZIP(T“)(@; A I).
I1=3

7. Append the value <)\,~, IP’(TmC)()\Z-)> to x.
8: end for
9: Use the Levenberg—Marquardt algorithm to solve the least-squares problem

min Z (IP’%TC)()W) — Lexp (—hexp (—/\0>\i>)>2 |

L7h7)\0
(w;m%i)) ex

and obtain the estimated parameters (Z,ﬁ, )/\\0) that minimize the quantity above.
10: Return: (L, h, \).

By applying Algorithm |1} we obtain the estimated parameters L~ 0.986,}; ~ 3.525,

THE PUMP JOURNAL OF UNDERGRADUATE RESEARCH 0 (2017), 000-000 20



© 00 1 O U = W N

QU B R R R R R R R R W W W WWWWwWwWwWwWwhhhhhNhDhhDNDDNDDNDDNDNDDN — = e =
O © 00 J O UL i W NN HFH O OO0 JO0 Ui WD~ O OO0 O Ui WD K~ O OO0 O Ut i W +— O

and //\\0 ~ 1.241. Our final model is then given by
CAJ()\) ~ 0.986 exp(—3.525exp(—1.241))). (15)

Our model aligns with our expectations. In particular, the estimated parameter L ~ 0.986
is very close to 1, which suggests that the fitted Gompertz curve G(\) has a horizontal
asymptote near 1. This agrees with our numerical observation that the tie probabilities
approach 1 as A becomes sufficiently large. In Figure [7, we plot the fitted Gompertz model
G() together with the simulated curves shown earlier in Figure [6 The tie probabilities
predicted by Equation , represented by red circles in Figure , capture the overall trend
of the tie probabilities and agree well with ngmc) (tie; A, I) for all T > 3. As expected, the
Gompertz model does not fully predict the cases I = 1 and [ = 2, since for such small
initial values the tie probability still depends on I.

Gompertz Model vs. Estimated Tie Probabilities Root Mean Squared Error vs. A

1.00 L)

B
E 0.015
":3 073 Initial Number of M&M's
o I=1
S —1=2 Booo ® o RMSE([1:400], \)
£ 050 3=<I<400 = A RMSE([3:400], \)
3 a 0, &
= o AL
g 025 © Gompertz Curve 0.005 ‘cpadf‘ ‘23 Aa‘ o‘g
E 4 S % g‘
Aaa % &
"3
0.00 0.000
0 1 2 3 4 5 0 1 2 3 4
A A
Figure 7: Modeling Tie Probabilities Figure 8: RMSE of the Fitted Gompertz
via Gompertz Model. Model.

For each value of A\, we also assessed the goodness of fit of the Gompertz model to
the simulated probability curves ]P’(Tmc) (tie; A, I). We used the root mean squared error
(RMSE) as our measure of fit. One advantage of RMSE is that it is reported on the same
scale as the original quantity being modeled. In our setting, for example, an RMSE of
0.001 indicates that the fitted model typically differs from the simulated tie probability
by about 0.001. Specifically, we computed two RMSE values: RMSE(][1 : 400], A), based
on all simulated tie probabilities from Section [3.2.1] and RMSE([3 : 400], \), based only
on the probabilities for 3 < I < 400, where the simulated curves effectively collapse onto
a single curve. These quantities are computed as follows:

RMSE([L: 400, %) = /2= >~ (IP’ ) (tie; A, T) — G\ ))
Ie[l 400]
and
1 mc . -~ 2
RMSE([3: 400, ) = [oc > (IP’(T (tie; \, T) — G(A)) .
I€(3:400]
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We plot these quantities in Figure [§ We observe that RMSE([1 : 400], \) is larger than
RMSE([3 : 400], A) for A € [0.5,2]. This is consistent with our earlier observation in Figure
that the probability curves for I = 1 and I = 2 do not align closely with the Gompertz
model in this interval. Outside this interval, however, the two RMSE curves agree closely.
We also observe that the RMSE is largest for A < 0.5, suggesting a greater discrepancy
between our fitted model and the tie probability in this region. One possible explanation
is that, for small values of A, the growth rate predicted by the Gompertz model does
not match the true rate at which the tie probability changes with A. Nevertheless, the
Gompertz model still approximates the tie probability accurately to two decimal places,
indicating that it remains a useful model for approximating tie probabilities.

While the Gompertz model captures the overall trend in the tie probabilities reason-
ably well, it still has several limitations. First, our fitted model only accounts for tie
probabilities when I > 3. Second, the Gompertz curve imposes a particular asymmetric
form: slow initial growth, followed by more rapid increase, and finally gradual saturation.
Although our simulated tie probabilities are broadly consistent with this pattern, the rate
of growth is not equally well captured across all values of X\. This likely contributes to the
wave-shaped behavior of the RMSE curve. For these reasons, it may be worthwhile to
explore alternative models that better capture these features, and we leave this for future
exploration.

4 Conclusion and Future Work

We investigated several extensions of the M&M Game, focusing on how modified game
rules and probability distributions of coin flips affect the tie probability. We now discuss
future work for the M&M Game.

In Section 2 we significantly generalized the M&M Game, though many further gen-
eralizations remain possible. First, it would be worthwhile to study the M&M Game in
the more general setting of P players rather than only two players. Second, we studied a
generalized version of the M&M Game in which a player tosses two coins in each round,
consuming d; M&M'’s if the first coin lands heads and dy M&M’s if the second coin lands
heads. It is interesting to study the tie probability when a player can flip r coins in a
given round. In particular, what is the tie probability when, on each turn, a player may
consume dy,ds, . ..,d, M&M'’s, where the probability of the i*® coin landing heads is p;?
We leave these more general cases for future investigation.

Besides studying the tie probability for generalized versions of the M&M Game, an-
other unexplored question in both [I] and this paper concerns the length of the game:
what is the expected number of turns for the game to terminate? During the course of
writing this paper, we examined this problem, and we believe it could similarly be solved
using a recurrence relation. We briefly sketch the idea. Let E(m,n) denote the expected
number of turns for the game to terminate when Player A has m M&M’s and Player
B has n M&M’s. Previously, we defined S = (A x B) \ [(0,0)], omitting (0,0) because
we were concerned only with game turns in which the numbers of M&M’s possessed by
the two players change. When computing the expected number of turns, however, we
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must also account for the possibility that neither player eats an M&M in a given round.
Therefore, we need to consider S U [(0,0)], the multiset of all possible moves in a round.
Using S U [(0,0)], we can obtain the following recurrence relation:

1
E(m,n) = 1+|S|+1 Z E(m —a,n—0)
(a,b)eSU[(0,0)]
I > E( b) + E(m,n)
= m—a,n— m,n
|S[ +
(a,b)eS
S|+1 1
151+ + = Z E(m —a,n—0).
ISI 181 S

We observe E(0,0) = 0, since the expected number of turns for the game to terminate is
0 when the game is already at (0,0). We also note E(m,0) = E(0,n) = 0 for m,n > 0,
since the game terminates immediately once one player has exhausted all of her M&M’s.
The technique used in this paper, namely computing the generating function and then
extracting coefficients, can similarly be applied to derive an exact formula for the expected
number of turns in the M&M Game. We leave this problem, along with its possible
extensions, as a direction for future work.

In Section [3] we studied the M&M Game under modified coin-flip probability distri-
butions. In our study, we have provided only empirical evidence that A is the dominant
parameter governing the tie probability and that, to a large extent, the tie probability
is nearly independent of I. It would be valuable to develop a rigorous theoretical ex-
planation for this phenomenon, as well as to obtain a closed-form expression for the tie
probability in the Evolving Coin Probabilities Game. In addition, it would be interesting
to study the M&M Game under alternative coin-flip distributions.
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A Code

All simulations in the paper were conducted in Python. For readers interested in replicat-
ing our studies, the code is available at https://github.com/MatthewYilong/MMGame.
B Proof of Lemmas

B.1 Proof of Lemma

A simple computation and an application of the recurrence relation yield

Alz,y) = ZZF(m,nﬁ

m>0n>0
= F(0,0)+ Y F(0,n)y"+ > F(m,02™+> > F(m,n)x
n>0 m>0 m>0 n>0
= 1+O+0+ZZF(m,n)x
m>0 n>0
= 1+ Z Z F(m,n)z™y",
m>1 n>1

where > o F(0,n)y" and > _, F(m,0)z™ vanish as a result of the initial conditions of
recurrence relation (5)). O

B.2 Proof of Lemma

We prove the first formula. Consider )
1t =m —a and j =n — b, then we have

Z F(m—a,n—b)xmy" _ Z Z pitae ]er

m,n>1 i+a>1j+b>1

= 2% Y Y Fijay

F(m —a,n —b)z™y" for a,b > 1. If we let

m,n>1

I
(1=
(1=

T
=
.

L

@
K)
+
(=
_I_
8
@
[l
|

@

%

K)

i=—(a—1) j=—(b—1) i,5>1
0 0

_ E :L,z-l—ayj—i-b —I—Zanb E Fi j

i=—(a—1) j=—(b—1) i,5>1

a b
M, N a,b

= > My + 2y (Alw,y) - 1).

M=1N=1
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In the penultimate step, we see that F'(i,j) = 1 if both ¢ < 0 and j < 0, so we have

0 0 .. i+a. .7 0 0 ita,,J
that > (1) 2_je_ @ F(E,5)z"" Y/t equals D e (a1) 2ujme (1) T yﬁb. 'In the last
step, we let M =i+ a and N = j + b for the'te'rm Z?:_(a_l) Z?:_(b_l) ey tt and we
apply Lemma [2.1) to the term »_, .o, F'(i,7)z'y’.
We next prove the formula for ) F(m—a,n)z™y". Let i = m—a. We then have

m,n>1

Z F(m —a,n)z™y" = Z ZF(i,n)ﬁiMyn

m,n>1 i+a>1 n>1

= a (A(z,y) - 1),

where the first sum vanishes due to our initial conditions in recurrence relation (5)) and we
apply Lemmato the second term. The proof of the formula for - -, F'(m,n—=b)a™y"
is exactly the same, so we omit it here. 0

C Proofs of Results in Section

C.1 Proof of Theorem 2.4
Observe that

wfanan = 5o (%] 5] 5)
=53 3] )
- %D<I+{_§J’I+{_$J%)
_ %D(I—l,[— ,1>

— ]Poriginal(I’ I)

In the penultimate step, we see that %D(I — 1,1 —1, %) is exactly the tie probability in
the original M&M Game. This proves the desired result. U
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C.2 Proof of Theorem 2.5

We analyze Game 2. Let d,d;,ds > 1, so we have the following recurrence relation

(
1
> Fm—d,n—dy)+ F(m—d,n—dy)
+ F(m—d,n—dy —ds) + F(m —d,n) it m,n>1,
F(m,n) = + F(m,n —dy) + F(m,n —dy) + F(m,n — dy — dy)
0 ifm<0,n>1
orn<0,m>1
1 if m,n <0.

\

Define the generating function A(z,y) =>_, ¢ F(m,n)z™y". We have the following

Ax,y) = 1+;ZZF(m—d,n—d1)xmy”+%ZZF(m—d,n—dg)xmy"

m>1n>1 m>1n>1
1 1
—i—?Z:ZF(m—d,n—dl —dg)xmy”—l—?ZZF(m—d,n)x y
m>1n>1 m>1n>1
1 1
+ ?EZF(m,n—dl)xmy”—l— - ZZF(m,n— dy)x
m>1n>1 m>1n>1
1
+ ?ZZF(m,n—dl — dg)x™y"
m>1n>1

By Lemma we can rewrite A(x,y) as

Ary) = 14 5|y (Ae.y) — 1) + 5% (A(e,y) — 1) + "% (Az,y) — 1)

7

+2l (A, y) -+ Y (Zixy +aP DQ(A(x,y)—1)>

(Dl,Dg)ED M=1N=1

where D = [d] X [dy,da, d; + do]. We rearrange all terms containing A(z,y) to the LHS
and the rest of the terms to the RHS. We see the LHS equals

1
A(z,y) (1 7( gy 4 gdyde 4 gdyditde 4 ydi g ydy 4 g ditdy +xd)) ’

and RHS equals

Lo a d, d d, di+d d d dy+d d 1 o
(1—?(xy1+xy2~l—xy1 2y oy oy hte 4 ) ~|—? Z ZZ[L’

(D1 D2 €D M=1 N=1
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Let o = 2% and 3 = y& + y¥2 + yn1 792 We see that

Dy D»

A(z,y) (1_§(O‘+5+O‘5)) = (1—5(04—1-5—1-0&))%—? Z ZZx
(D1,D2)eD M=1 N=1
After solving for A(z,y), we have
1 Dy Do
(D1,D2)eD M=1 N=1

where we recall that

1 1
Bla,p, -] = .
( 57) 1—%(04—1—,6’-1—@5)
We first compute the coefficients of B (a, B, %) After a simple application of the
geometric series formula and multinomial expansion, we see that

min(m,n) m+n—~,
1 m+n—{ 1
B - _ mQn -
<O"5’7) IDEEADY (m—e,n—e,£> <7)

m,n>0 {=0
m an 1
= Z Q 5 D (m7 n, ?> )
m,n>0

where we recall that

min(m,n) —
1 m+n—/{ 1
D =3 - .
(m’”’ 7> L (m—e,n—z,e) (7)

We now rewrite B(«, 3,1/7) in terms of x and y, where a = ¢ and 8 = y + y% +
y®m 92 After an application of multinomial expansion and a change of variables, we find

B (Oé, B? %) - Z xdm (ydl + de + yd1+d2)n D (ma 1, %)

m,n>0
A < 1
_ Z Z <z +7+ )ydl(z+k)+dz(1+k)D (m,n, —) . (16)
i, J,k ’
m,n>0 i,5,k>0
t+j+k=n

Now, we insert the expression for B (oz, B, %) from Equation into A(x,y) and find
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that

1 1 o &
Alz,y) = 1+?B(a,5,?) Z ZZxM N

(D1,D2)eD M=1 N=1

1 k . 4 1
— 1 ? Z Z (Z + ,] + )yd1(1+k)+d2(j+k)D <m’ n, ?)

i, 7,k
m,n>0 ,7,k>0
i+j+k=n

(D1,D2)€D M=1 N=1

dm+M S i+jtk
> 2 220 2 ik
m,n>0 (D1,D2)eD M=1 N= 11J1r]jf:k>0n

) ) 1
. ydl(l+k)+d2(]+k)+ND (m, n, ?)> )

= 14+

| =

Let Il :dm+Mand ]2:d1(1+k)+d2(]+k)+NfOr 1 S MSDl and 1 SNS DQ.
We finally obtain the following generating function

Az,y) = 1+%< Z Z zliyf2
(

D1,D2)€eD 11,1221

74+ k I, -1 1
Y IR D (1 i k).
K 1,7,k d 7
,5,k>0

1<Iz—dy (i+k)—da(j+k)<Ds

Thus, we find the coefficients [z/1y2]A(z, y) as

! i+j+k LH—-1] . | 1
7 D ko= ).
S > (I (|t e nd
(D1,D2)€D i,3,k>0

1<Is—d; (i+k)—d2 (j+k)< D2
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C.3 Proof of Theorem [2.6

We analyze Game 3. Let di,ds > 1, so we have the following recurrence relation

— F(m dl dg,n—dl dg)

+Fm d1 dg,’n—dl)
m — dl—d27n—d2)+F(m—d1—d2,n>

(
F(
+F(m di,n—dy —dy) + F(m —dy,n — dy)
+F(m di,n —dy) + F(m —dy,n) if m,n > 1,
F(m —dy,n—dy —dy) + F(m — dy,n — dy)
F(m,n) = <
+F(m do,n —dg) + F(m — dg,n)
F(m,n —dy —ds) + F(m,n — dy)
+ F(m,n — dy)
0 iftm<0,n>1
orn<0,m>1,
1 it m,n <0.

Define the generating function A(z,y) =", o F(m,n)z™y". We have the following

5 yhrE (Adz,y) — 1) +y" (Alz,y) — 1) + 9™ (A(z,y) — 1)

+ a2 (A(z,y) — 1) + 2™ (A(z,y) — 1) + 2% (A(z,y) — 1)

s (jjw aP <A<x,y>—1>)],

(Dl,Dg)ED M=1N=1

where D = [dy, dy, dy + da] X [dq,da, dy + ds]. We rearrange all terms containing A(z,y) to
the LHS and the rest of the terms to the RHS. We see the LHS equals

A(z,y) (1 - 115 (y2 + g 4 yhtde 4 gph 4 g 4 gitds

dy,d dy, d dy, d1+d da, d da, d ds, d1+d
+x1yl—i—w1y2+x1y1+2—|—$2y1+x2y2+x2y1+2

di+da, d di+da, d di+ds, d1+d
4 ogh 2y1_|_$1 2y2+x1 2y1 2))’
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and RHS equals

1
1 — E(ydl + yd2 4 yd1+d2 4 xdl + de + xd1+d2

+ Id1yd1 + ZL’dl de + xdlydﬁ-dz + Idzydl + deyd2 + Id2ydl+d2

+ ZL’d1+d2yd1 + $d1+d2yd2 + $d1+d2yd1+d2)

D1 Do

b D S St

(Dl,Dg)E'D M=1N=1

Let a = 2% + g% + 8179 and B = y + y® + yhtd2 . After solving for A(z,y), we
find

1 D D
n 15 Z(Dl,Dz)ED > ovi1 one My
1—+(a+B+ap)

1 1 CENCE

Di,D2)eD M=1N=1

Alz,y) =1

where

1 1
B —) = .
(O"ﬁ’w) 1— L (a+pB+ap)

We now expand B(«, 3, %) and write its coefficients in terms of x and y. After a

simple application of the geometric series formula and multinomial expansion, we first see

that . .
B (04,5, 1—5) = Z a™B"D (m,n, 1—5) , (18)

m,n>0
5 1 B min(zm,n) m4n— 0 1 m+n—~{
E) T & \m-tn-00) \15 ‘

Substituting o = 2™ + 2% + 2M17% and § = y* + y® + y™ ™% into Equation (L8], we
arrive at

B (OZ7571_15) = Z (:L,dl —|-£Ud2 +£L’d1+d2)m (ydl _|_yd2 +yd1+d2)n

m,n>0

1
. D il
(m, , 15)

_ Z Z TSN ) rda(st)
r, 8t

where

m,n>0 r,5,t>0
r+s+t=m
i+j+k ; ; S 1
§ . j yd1(1+k)+d2(J+k)D r4 s+ t,l + i+ k?7 i ) (19)
4 i, 7,k 15
i,5,k=0
i+j+k=n
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We have now re-parametrized B(a, 3, 1z
Yy 4+ d® + yhtdz We insert B(a, % from Equation (19)) into Equation and find
that

D1 Do

M) = 1+ 358 (a8 5 Ny

D1,D2)eD M=1 N=1
1
= 14—
+15(

(T+3+¢)deH@@m
r,5,t>0

r, s, t
r4+s+t=m
i+Jj+k , , o 1
> yHRERGIND (s ti+j+ K, —
P i, j,k ’ 15
4,7,k>0
i+j+k=n

(D1,D2)eD M=1 N=1

— 1+_ Z i i Z Z TS TN ity rda(stt)+M
T, S, .

(D1,D2)eD M=1 N=1m,n>0 1r,5t>0

r+s+t m

S i+j+k YR HdG RN ) r+s+ti+j+k—£
- i.J,k ’ 15
1,5,k>0

i+j+k=n

1 r+s+t

- 14 — I, Iz
(z )DCLIND SN G

(D1,D2)€D I1,I12>1 r,5,t>0

1<l —d; (T‘+t)7d2 (S+t)§D1

i+ k 1
D t k,
2 ( i,k ) <T+S+ e 15))

1,7,k>0
1<I2—d; (i+k)—d2(j+k)<D2

Let [ = di(r+1t)+da(s+t)+Mand I, =di(i + k) +da(j+ k)+ N for 1 <M < Dy
and 1 < N < D,. Thus, the coefficients [z/1y2]A(z,y) are

1 r+s+t
E( 2. 2 2 ( ot )
(D1,D2)€D 7,8,62>0 1,3,k>0
1<I1—di(r+t)—da2(s+t)<D; 1<I>—d1 (i+k)—d2(j+k)<D2

i+J+k 1
: D t k,
( ik ) (r+s+ i+ g+ 15))
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