RELIEVING AND READJUSTING PYTHAGORAS
VICTOR LUO AND STEVEN J. MILLER

ABSTRACT. Bill James invented the Pythagorean expectation in tlee78is to predict a baseball
team’s winning percentage knowing just their runs scoredlalowed. His original formula esti-
mates a winning percentage®$”/(RS*+RA?), whereRS stands for runs scored aRd\ for runs
allowed; later versions found better agreement with dateepiacing the exponent 2 with numbers
near 1.83. Miller and his colleagues provided a theorejirstification by modeling runs scored and
allowed by independent Weibull distributions. They showlreat a single Weibull distribution did a
very good job of describing runs scored and allowed, anddedgredicted won-loss percentage of
(RSobs—1/2)7/((RSobs —1/2)7+ (RAobs — 1/2)7), whereRS,,s andR A5 are the observed runs
scored and allowed andis the shape parameter of the Weibull (typically close tg.1\8e show

a linear combination of Weibulls more accurately determiag¢eam’s run production and increases
the prediction accuracy of a team’s winning percentage bwpwenage of about 25% (thus while
the currently used variants of the original predictor areuaate to about four games a season, the
new combination is accurate to about three). The new forisutaore involved computationally;
however, it can be easily computed on a laptop in a matter ofitas from publicly available season
data. It performs as well (or slightly better) than the retePythagorean formulas in use, and has
the additional advantage of having a theoretical justificefor its parameter values (and not just an
optimization of parameters to minimize prediction error).
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1. INTRODUCTION

The Pythagorean Win/Loss Formula, also known as the Pytbagdormula or Pythagorean
expectation, was invented by Bill James in the late 1970s¢cauteam’s observed runs scored and
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allowed to predict their winning percentage. Originallyeg by

RS?
RS® + RA?’
with RS the runs scored and A the runs allowed, it earned its name from the similarity af th
denominator to the sums of squares in the Pythagorean farfrarh geometrﬂ. Later versions
found better agreement by replacing the exponent 2 with musntear 1.83, leading to an average
error of about three to four games per season.

The formula is remarkably simple, requiring only the runersd and allowed by a team in a
season, and the calculation (even with the improved exppreeeasily done on any calculator or
phone. It is one of the most commonly listed expanded sizgish websites. One reason for its
prominence is its accuracy in predicting a team’s futurégoerance through a simple calculation
and not through computationally intense simulations. Addally, it allows sabermetricians and
fans to assess a manager’s impact on a team, and estimatdub@®f/new signings by seeing how
their presence would change the predictions.

Because of its widespread use and utility, it is very detéredbhave improvements. In his senior
thesis, the first named author, supervised by the seconddantieor, explored various attempted
improvements to the Pythagorean formula. These includddaimg the observed runs scored and
allowed each game with adjusted numbers, with the adjussweming from a variety of sources
(such as ballpark effects, game dfawHIP, ERA+, and WAR of the pitcher, ...).

As these led to only minor improvemeﬁn{see [Luo] for a detailed analysis of these and other
adjustments), we turned our attention to the successfordtieal model used by Miller and his
colleagues [DaMill, DaMil2, Mil, MCGLP], where it was assadhruns scored and allowed were
independently drawn from Weibull distributions with thereashape parameter. Recall the three
parameter Weibull density is given by

1 ((z— B)/a)! e @B if p >
0 otherwise.

Won — Loss Percentage = (1.1)

fl;a,B,7) = { (1.2)
The effect ofx is to control the spread of the output, whildranslates the distribution. The most
important parameter g, which controls the shape. See Figure 1 for some plots.

Their success is due to the fact that the three parameteruiVeska very flexible family of
distributions, capable of fitting many one hump distribnipincluding to a statistically significant
degree the observed runs scored and allowed data. Millexectoouse Weibulls for two reasons.
First, they lead to double integrals for the probabilitiesttcan be evaluated in closed form. This
is extremely important if we desire a simple expression [aglthe one posited by James (see
[HIM] for alternative simple formulas). Second, in additim being flexible, special values of

Though of course the more natural shape in baseball is timectid, save for some interesting stadium features,
such as the triangle in Fenway Park.

2For example, if a team is up by a large amount late in a gamg fteguently use weaker relief pitchers and rest
some starters, while the trailing team makes similar maves the offensive productions from this point onward may
not be indicative of the team’s true abilities and a case eaméde to ignore such data.

3The only adjusted formula that was at least on par or very tteaaccuracy of the original Pythagorean W/L
Formula was that of ballpark factor.
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Weibull density as y varies,@ = 1 and =0
Probabality
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FIGURE 1. The varying distributions of the Weibull family with = 1 andj = 0.

the Weibulls correspond to well-known distributions-€ 1 is an exponential, while = 2 is the
Rayleigh distribution).

The goal of this paper is to show that one can significantlyrowe the predictive power if in-
stead of modeling runs scored and allowed as being drawnifrdependent Weibulls, we instead
model them as being drawn from linear combinations of inddpat Weibulls. The advantage
of this approach is that we are still able to obtain tractaldeble integrals which can be done in
closed form. There is a cost, however, as now more analysisaded to find the parameters and
the correct linear combinations. While this results in aemmymplicated formula than the standard
variant of James’ formula, it is well worth the cost as on agerit is better by one game per season
(thus a typical error is 3 games per team per year, as opposkavhich is the typical result in
the current formula). Comparing ittmasebal | - r ef er ence. conis calculated Expected WL
from 1979 to 2013, we find that the linear combination of WHgas approximately .06 of a game
better, a difference is not statistically significant. Hoee there are noticeable trends that appear
in certain eras.

2. THEORETICAL CALCULATIONS

2.1. Preliminaries. It is important to note that we assume that runs scored aodedl are taken
from continuous, not discrete, distributions. This allayggo deal with continuous integrals rather
than discrete sums, which most of the time leads to easieuledions. While a discrete distribution
would probably more effectively map runs in baseball, theuagption of drawing runs from a
continuous distribution allows for more manageable caltoihs, and is a very sensible estimate
of those runs observed. It also will lead to closed form esgi@ns, which are much easier to work
with and allow us to avoid having to resort to simulations.
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The Weibulls lead to significantly easier calculations lbseaif we have a random variable
X chosen from a Weibull distribution with parameters3, and~, then X'/7 is exponentially
distributed with parameter”; thus, a change of variables yields a simpler integral oberptials,
which can be done in closed form (see Appendix 9.1 in [MCGIldPldetails).

In all arguments below we always take= —1/2, though we often writes to keep the discus-
sion more general for applications to other sports. Theoreas do this is that we use procedures
such as the Method of Least Squares to find the best fit paresnated this requires binning the
observed runs scored and allowed data. As baseball scereisarete, there are issues if these
values occur at the boundary of bins; itis much better if tueyat the center. By taking= —1/2
we break the data into bins

{_17 1)7 [1, 5), P ?)7 2.1)
> 32) |22) |22

Our final assumption is that runs scored and runs allowedratependent. This obviously
cannot be true, as a baseball game never ends in a tie. Fopkxaithe Orioles and the Red Sox
are playing and the O’s score 5 runs, then the Sox cannot Sc@atistical analyses support this
hypothesis; see the independence tests with structuias ae{Mil] or Appendix 9.2 in [MCGLP]
for details.

We end this subsection with the mean and the variance of thietMWeThe calculation follows
from standard integration (see the expanded version of] piAppendix 9.1 in [MCGLP] for a
proof of the formula for the mean; the derivation of the vacafollows in a similar fashion).

Lemma 2.1. Consider a Weibull with parametets 3, v. The meany, s, equals

flapy = al(14+771) +f (2.2)
while the varianceg? ; , is

0hp, = T(1+297) —a’D(1+~7")2 (2.3)
wherel'(z) is the Gamma function, defined byz) = [ e “u""du.

2.2. Linear Combination of Weibulls. We now state and prove our main result for a linear com-
bination of two Weibulls, and leave the straightforward gitization to combinations of more
Weibulls to the reader. The reason such an expansion is &dy@us and natural is that, follow-
ing [Mil], we can integrate pairs of Weibulls in the regionsanled and obtain simple closed form
expressions. The theorem below also holds ¢ 0; however, in that situation the more your runs
scored exceeds your runs allowed, the worse your predietaata due to the different shape of
the Weibull (in all applications of Weibulls in survival dgais, the shape parametermust be
positive).

Theorem 2.2. Let the runs scored and allowed per game be two independedbra variables
drawn from linear combinations of independent Weibullriisttions with the samg’s and ~’s.
Specifically, ifiV (t; «, 8, ) represents a Weibull distribution with parametérs, 5,~), and we
choose non-negative weidhts< ¢;, ¢; <1(s0cy + ¢y = 1andc; + ¢, = 1), then the density of
runs scored X is

f(.T7 QRS ; ARS,; Bu v, C1, 02) = CIW('I; aRSl?Ba /7) + CQW(QRSW 57 rY) (24)

4f we had more terms in the linear combination, we would symgiloose non-negative weights summing to 1.
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and runs allowedY’, is

f(y;aRA17aRA27/8777C/17C/2) = C/IW(y;aRAmB)’}/) +C/2W(O‘RA27577)' (25)

In addition, we choosegrg, andagg, SO that the mean oX is RS,,s and chooserga, andaga,
such that the mean of is RA,,s. For~ > 0, we have

/ /
Won — Loss Percentage(ars, , RS, ORA;s ORAys B Vs €1,y €2, €1y Cg)

Ogs RS
/ RS / RS
1 o o + C1Cy 5 5
RS; T ORA QRrg, T QRa,
¥ v
a
/ RS / RS
ks, + O Qpa +
RS2 RA; RS2 RA9
2 2
«Q
o / RSZ-
i=1 j=1 RS; RA;

Proof. As the means oKX (runs scored) andt” (runs allowed) ar&kS,;,; andRA,,s, respectively,
and the random variables are drawn from linear combinabbmslependent Weibulls, by Lemma
2.1

I%sobs = Cl(aRS1F(1 + 7_1) + 6) + (1 - Cl)(aR52F(1 + 7_1) + 5)
RAobs = c’l(aRAlf(l + ’}/_1) + 6) + (1 — Cll)(OéRAQF(l + ’}/_1) -+ 6) (27)

We now calculate the probability that exceeds”. We constantly use the fact that the integral
of a probability density is 1. We need the twoand the twoy’s to be equal in order to obtain
closed form expressions\e find

PrOb(X > Y) = / f(xa aRsl7aRSQu5777017c2)f<y;OéRAuOéRAQ?BufyuC?[uC,Z)dydx
z=p Jy=p

Lt S -1 (
= Z Z / / CZC] JR— (i) e ((sti ) ’Y ( xT ) (XRA dydl‘
y=0 aRrs; \ ORsS; QRA; \ ORA,;

=1 j=1

2 2 -1 (T \y z 7—1 _(
= ZZCZC-;/ —fy (—x ) e (“RSZ-) / Y ( Yy ) aRA dy d.’lj
i=1 j=1 =0 aRSi aRSi y=0 aRAj aRAj
2 2 0o y—1 a4 B = -
- ZZCZC;/ i<i) ¢ (s *ll—e (“RAJ)}d:):
, , =0 @RS; \ORS;
i=1 jzl x=0 7 3
2 2 oo 7_1 x x
(=)
-3 e i [T () . 28)
i=1 j=1 z=0 i i

SIf the Bs are differen then in the integration below we might haweiés with the bounds of integration, while if
the~’'s are unequal we get incomplete Gamma functions, thougteidain rational ratios of the's these can be done
in closed form.
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We set
24 24
1 1 N 1 QRs, T ORa,
T Y - Yo
@ij ORs;  ORA; ORs, ORA;

for1 <i,j < 2, sothat[(2.B) becomes

2 2 00 v—1 .
Y e, [1_ / L(L) 6_(‘””')%:[;]

—0 ORrSs, \ ORS;
=1 j=1 =0 “RS; RS;

2

2 i vy [e'e) y—1
[0 _(_ =z
= E E ¢icy |1 — =2 / . <x> e =) da
| %Rs; Je Qij

i=1 j=1 =0 (i

2 2 [ ol
= ZZCZ-C;- 1— ”}

g
Q
i=1 j=1 s RS

2 2 r v v
, 1 RS, ORA,
- 2 :2 :Cicj L= ——x— 5
QRs, T ORa,

i=1 j=1

«
+ CZCQLQV, (2.9)
completing the proof of Theorem 2.2. O

3. CURVE FITTING

3.1. Theory. We now turn to finding the values of the parameters leadindgh¢obiest fit. We
requires = —1/2 (for binning purposes), but otherwise the parametefs,( ars,, @rA,» “RA,»

v, €1, C2, ¢y, ¢) are fredd Our first approach was to use the Method of Moments, where we
compute the number of moments equal to the number of paresnéiafortunately the resulting
equations were too involved to permit simple solutions ffamh in terms of the observed data; for
completeness they are given in Apperidix A (or $ee [Luo]). Méssturned to the Method of Least
Squares (though one could also do an analysis through theddetf Maximum Likelihood).

We looked at the 30 teams of the entire league from the 200812 8ason. We display results
from the 2011, but the results from any other season areasingadily available (seé [Luo]). We
implemented the Method of Least Squares using the biris 1), (@hich involved minimizing the
sum of squares of the error of the runs scored data plus thetaquares of the error of the runs
allowed data. There were seven free parametess;, ars,, Ora,, OrA,, 7, 1, andc). Letting
Bin(k) be thek™ bin of (2.1), RS.ps(k) andRA,.s(k) represent the observed number of games

®Subject to, of coursd) < ¢;, ¢} < landey + ¢ = ¢} +¢ch = 1.
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with number of runs scored and allowed in Bif, andA (a1, as, 5,7, ¢1, k) denote the area under
the linear combination of two Weibulls with parametéss, as, 5,7, ¢1) in Bin(k), then for each
team we found the values Ofigrs, , ars,, @rA,, ORA, 7Y, €1, € ) that minimized

Num. Bins
Z (RSobs(k) - #Gamesk A(aRS1 y /RS, _'57 7, €1, k))2
k=1
Num. Bins
+ ) (RAg(k) — #Games: A(aga,, ara,, —5,7, ¢, k)™ (3.1)
k=1

3.2. Results. For each team, we found the best fit linear combination of WksbIn Figure 2, we
compared the predicted wins, losses, and won-loss pegeeniith the observed ones.

Team Obs Wins PredWins ObsPerc PredPerc GamesDiff Y

Boston Red Sox 90 89.6 0.556 0.553 0.38 1.65
New York Yankees 97 100.3 0.599 0.619 i.26 2.07
Baltimore Orioles 69 69.1 0.426 0.426 0. 2.02
Tampa Bay Devil Rays 91 87.8 0.562 0.542 3.20 1.65
Toronto Blue Jays Bl 78.7 0.500 0.492 1.31 1.99
Minnescta Twins 63 63.5 0.389 0.392 0.48 1.82
Chicage White Sox 79 T1.6 0.4B8 0.479 1.42 1.72
Cleveland Indians 80 77.4 0.494 0.478 2.57 1.76
Detrocit Tigers 95 89.2 0.5B6 0.551 5.80 1.79
Kansas City Royals 71 75.3 0.438 0.4865 4.33 2.05
Los Angeles BAngels :13 84.9 0.531 0.524 1.14 1.66
Oakland Athletics T4 7d.4 0.457 0.4EB4 4.41 1.63
Texas Rangers 98 95.6 0.593 0.550 0.42 1.64
Seattle Mariners 67 69.8 0.414 0.431 2.78 1.66
Atlanta Braves 89 85.3 0.54% 0.526 3.73 1.74
Philadelphia Phillies 102 98.2 0.630 0.606 3.77 1.66
Florida Marlins 72 74.5 0.444 0.480 2.52 2.02
New York Mets 17 78.B 0.475 0.4B6 1.81 1.82
Washington Nationals 80 78.5 0.487 0.494 0.45 1.75
St. Louis Cardinals 90 88.5 0.556 0.547 1.45 1.84
Houston Astros 56 65.0 0.346 0.401 8.96 1.82
Chicago Cubs 71 70.7 0.438 0.436 0.34 2.00
Cincinnati Reds 79 82.9 0.4B8 0.512 3.93 2.25
Pittsburgh Pirates 72 72.3 0.444 0.446 0.29 1.8B0
Milwaukee Brewers 96 90.8 0.593 0.560 5.23 1.80
Los Angeles Dodgers B2 Bl.6 0.509 0.507 0.41 1.62
San Francisco Giants 86 80.0 0.531 0.494 6.03 1.71
San Diego Padres 71 77.1 0.438 0.476 6.06 1.73
Colorado Rockies 73 75.8 0.451 0.468 2.83 1.85
Arizona Diamondbacks 94 86.8 0.5B0 0.536 747 2.23

FIGURE 2. Results for the 2011 season using Method of Least Squares.

The code used is available in [Luo]. Using the Method of L&xgiares, the meanover all 30
teams is 1.83 with a standard deviation of 0.18 (the mediarvi8). We can see that the exponent
1.83, considered as the best exponent, is clearly withimgg®n of one standard deviation from
the meany. Considering the absolute value of the difference betwésemwed and predicted wins,
we have a mean of 2.89 with a standard deviation of 2.34 (medid.68). Without considering
the absolute value, the mean is 0.104 with a standard dewiati3.75 (and a median of 0.39). We
only concern ourselves with the absolute value of the difiee, as this really tells how accurate
our predicted values are.

These values are significant improvements on those obtaihed using a single Weibull distri-
bution to predict runs (which essentially reproduces Jaarggnal formula, though with a slightly
different exponent), which produces a mean number of garffie$ 4.43 with standard deviation
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3.23 (and median 3.54) in the absolute value case. We diipdanesults over seasons from 2004
to 2012 in Figuré 3. It is apparent that the linear combimatibWeibulls better estimates teams’
win/loss percentage; in fact, it is over one game bettertahating than the single Weibull! The
mean number of games off for a single Weibull from 2004 to 2048 4.22 (with a standard devi-
ation of 3.03), while that of the linear combination of Wdibwvas 3.11 (with a standard deviation
of 2.33). In addition, there is less standard deviation @ dbktimates. Thus, it appears that the

linear combination of Weibulls provides a much tighter,tbeestimate than the single Weibull
does.

Single Weibull Linear Comb. of Weibulls

#GamesOff
#Games Off

2008 2008
Year Year

FIGURE 3. Mean number of games off (with standard deviation) fogkaiweibull
and linear combination of Weibulls from 2004-2012.

To further demonstrate how accurate the quality of the fivesscompare the best fit linear com-
bination of Weibulls of runs scored and allowed with thoseerked of the 2011 Seattle Mariners
in Figurel4; we can see that the fit is visually very good. Ofreeuthe fittannotbe worse, as we
can always set; = 0 = ¢|; however, we can see the linear combination of Weibulls doestter
job tracking the shape of the runs scored.

We then performed an independent two-sample t-test witlywedevariances inR using the
t.test command to see if the difference between the gametetdfmined by the single Weibull
and those by linear combinations of Weibulls is statistycsignificant in Figuré b. With a-value
less than 0.01 and a 95% confidence interval that does natiodhtwe can see that the difference
is in fact statistically significant.

In addition, we compared the mean number of games dilastebal | - r ef er ence. conis
Pythagorean Win-Loss statistic (pythWL) and those of thedr combination of Weibulls from
1979 to 2013. Originally, we used ESPN’s EXWL statibtitich used an exponent of 2; however,
ESPN only went down to the year 2002, and it has been showngireg the exponent 1.83 is more
accurate than using ESPN’s exponent of 2. Utiagebal | - r ef er ence. conis Pythagorean

’See the bottom of the papget p://espn.go.comm b/ stats/rpi/ _/year/2011.
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Team = l4: Plots of RS (predicted vs observed) Team = 14: Flots of RS (predicted vs observed)
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FIGURE 4. Comparison of best fit linear combination of Weibulls wesrsingle
Weibull for runs scored (top) and allowed (bottom) for thel 2Geattle Mariners
against the observed distribution of scores.

> t.test{twowelight,oneweibull)
Welch Two Somple t-test

daota: twoweight and oneweibull
t = -4.8800, df = 15.483, p-value = 8.0009301
alternative hypothesis: true difference in means is not equal to @
85 percent confidence interwval:
-1.691800 -8.534674
sample estimotes:
mean of x mean of v
3.187333  4.220616

FIGURE 5. t-test to determine whether the difference between theegeoff de-
termined by the single Weibull and those by linear comboratiof Weibulls is
statistically significant.
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Win-Loss statistic (pythWL) to obtain more dalaasebal | - r ef er ence. comallowed us to

go all the way down to 1979, rather than just 2002, which ESRES), the pythWL statistftis
calculated as

(runs scoret®®) /(runs scoret® 4 runs allowed®?).

We display the results of our comparisons in Figure 6. Themmeanber of games off for the
pythWL statistic was 3.09 with a standard deviation of 2.26mbers only slightly worse than
those of the linear combination of Weibulls (mean of 3.03wgtandard deviation of 2.21). So,
we can see that the linear combination of Weibulls is doimgawerage, about .06 of a game better
than the pythWL statistic. We performed an independentsamyple t-test with unequal variances
in R using the t.test command to see if the difference betweegdhees off determined by the
pythWL statistic and the linear combinations of Weibullsstatistically significant in Figurgl 7.
With a very largep-value, we fail to reject the null hypothesis, suggestirat the difference in
mean number of games off is not in fact statistically sigaific We also display a plot (Figure
[8) that models the difference in the number of games betweepytthWL statistic and the linear
combination of Weibulls; it seems to be a constant positataerfor the most part, suggesting that
the linear combination of Weibulls is doing slightly bettean the pythWL statistic.

baseball-reference.com Linear Comb. of Weibulls

# Games Off

# Games Off
o,
N
el —

*\f\\z\/&

'H\J\“\/\_/\\/\,f\\

15- 1.5-

|
1990 2000 2010

Year Year

FIGURE 6. Mean number of games off (with standard deviation) for
basebal | - ref erence. conls pythWL statistic and linear combination of
Weibulls from 1979-2013.

Looking at Figuré B more closely, we can see that there ats/peas of the graph in which the
pythWL statistic does better, and parts where the linearbtoation of Weibulls does better. In

8At |http: /7 wwv. sports-reference. conf bl og/ basebal | - r ef er ence- f ags/| see the section
“What is Pythagorean Winning Percentage?".
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the era from 1979-1989, the pythWL statistic is more aceytad¢ating the linear combination of
Weibulls in 7 out of the 11 years. However, from 1990 to 20h8,linear combination of Weibulls
wins in 15 out of the 24 years, and does so by around 0.3 gantlessa years. Furthermore, when
the pythWL statistic does beat the linear combination ofd#s$ in the years from 1990 to 2013, it
does so by around 0.25 games, including the point at 200&hng@ems very out of the ordinary;
without this point, the pythWL statistic wins by about .2 ggsrin the years between 1990 and
2013 that it does beat the linear combination of Weibullsustin more recent years, it may make
more sense to use the linear combination of Weibulls. Intamdiwith respect to the standard
deviation of number of games off of the pythWL statistic @.2nd the linear combination of
Weibulls (2.21), we can see that the linear combination oibWs provides on average a tighter
fit, i.e., there is less fluctuation in the mean number of gamffdfer each team in each year (from
1990 to 2013, the pythWL statistic standard deviation in gaff is 2.34 while that of the linear
combination of Weibulls is 2.22, so we again see that thalicembination does noticeably better
in recent years).

It is important to note that the pythWL statistic just takles tunctional form of the Pythagorean
Win/Loss Formula with an exponent)(of 1.83, while we give theoretical justification for our
formula.

= t.test(baseballref,twoweight)
Welch Two Somple t-test

dato: baseballref and twoweight
t = B.4386, df = 67.92, p-value = 9.6623
alternative hypothesis: true difference in means is not equal to @
85 percent confidence interval:
-@.1734837 0.2712292
sample estimates:
mean of x mean of y
3.0868094 3.837221

FIGURE 7. t-testto determine whether the difference between theegaff deter-
mined by ESPN ExXWL and those by linear combinations of Wéshalstatistically
significant.

We also performeq? tests to determine the goodness of fit to see how well therlic@abi-
nation of Weibulls maps the observed data, and whether rored and allowed are independent.
We used the bins as in(2.1) and test statistic

# Bins

Z (Rsobs<k) - #Gamesk A(aRS1 y /RSy, _'57 7 C1,y k))2
#Gamesk 14(0411317 QRS, —.5,7,c1, /{3)

k=1
# Bins

N Z (RAops(k) — #Gamest A(ara,, ara,, —-5,7, ), k))?
— #Gamest A(agra,, Ors,, —-5,7, ¢, k)

(3.2)

for the goodness of fit tests, with« (#Bins— 1) — 1 — 7 = 16 degrees of freedom, the factor
of 7 coming from estimating 7 parameters, namefy, , agrs,, @ra;s» ORA,s 7, C1, @ndcd;. We
did not estimates, as we took it to be -.5. Having 16 degrees of freedom givegalithreshold
values of 26.3 (at the 95% level) and 32.0 (at the 99% levebweVer, since there are multiple
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Difference in baseball-reference.com and Linear Comb. of Weibulls

# Games Off

Year

FIGURE 8. Difference in  mean number of games off for
basebal | -reterence. conis pythWL statistic and linear combination
of Weibulls from 1979-2013.

comparisons being done (namely 30 for the different teams)ise a Bonferroni adjustment and
obtain critical thresholds of 37.7 (95%) and 42.5 (99%). nrihie first column of Figurg]9, all
the teams fall within the unadjusted 99% threshold, withekeeption of the Texas Rangers (just
barely!), who easily fall into the Bonferroni adjusted 9598tetshold. Therefore, the observed data
closely follows a linear combination of Weibulls with theoper estimated parameters.

Since the test for independence of runs scored and allovwpdres that the row and column
of the contingency table have at least one non-zero entbiths used to bin the runs score and
allowed were

0,1) U [1,2) U --- U [9,10) U [11, 00). (3.3)

We use integer endpoints because we are using the obsengfism games. We have a 12 by
12 contingency table with zeroes along the diagonal, sinne scored and allowed can never be
equal. This leads to an incomplete 12 by 12 contingency tattke(12 — 1)? — 12 = 109 degrees
of freedom; constructing a test requires the use of strath@roes. The theory behind tests using
structural zeroes can be seeniin [Mil] or Appendix 9.2 of [ME: We observe that 109 degrees
of freedom give critical threshold values of 134.37 (at tB&devel) and 146.26 (at the 99% level).
Again, since we are doing multiple comparisons, we use ad&amii adjustment, obtaining critical
thresholds of 157.68 (95%) and 166.45 (99%). From the secoluinn of Figuré B, all the teams
fall within the 99% threshold, with the exception of the Loagkles Angels (just barely!), who
easily fall into the Bonferroni adjusted 95% threshold. $huns scored and allowed are acting
as though they are statistically independent.

A more in depth discussion of the justification behind théstean be found iri [Mil].
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Team RS+RA y2: 16 df. Indep y2: 109 d.f
Boston Red Sox 32.19 110.43
New York Yankees 22.40 94.77
Baltimore Orioles 20.64 113.00
Tampa Bay Devil Rays 26.12 130.73
Toronto Blue Jays 21.36 144.77
Minnesota Twins 19.50 115.55
Chicago White Sox 24.53 123.83
Cleveland Indians 19.72 127.71
Detroit Tigers 20.8B5 117.01
Kansas City Royals 13.15 130.11
Los Angeles Angels 13.43 147.98
Oakland Athletics 21.87 96.17
Texas Rangers 34.85 128.06
Seattle Mariners 11.08 114.28
Atlanta Braves 18.69 116.30
Philadelphia Phillies 26.05 112.60
Florida Marlins 30.56 126.76
New York Mets 17.43 127.31
Washington Nationals 25.93 113.19
St. Louis Cardinals 10.71 10B.63
Houston Astros 12.03 131.24
Chicago Cubs 22.38 121.58
Cincinnati Reds 12.59 125.93
Pittsburgh Pirates 15.30 93.10
Milwaukee Brewers 26.30 101,20
Los Angeles Dodgers 14.B8 112.87
San Francisco Giants 21.50 119.33
San Diego Padres 22.50 115.07
Colorado Rockies 22.38 10%.59
Arizona Diamondbacks 13.56 114.54

FIGURE 9. y? test results of the 2011 season from least squares of gaodhéis
and independence of runs score and allowed.

4. FUTURE WORK AND CONCLUSIONS

While a one game improvement in prediction is very promisagyour formula requires us to
fit the runs scored and allowed distributions we exploredpfifioations. We tried to simplify the
formula, even giving up some accuracy, in order to devisamiita that could be easily imple-
mented using just a team’s runs scored and allowed (and tienga of each of these) in order to
determine the team’s winning percentage. Unfortunategyteight parameters andc] plays too
much of a factor; in 2011, the mean of the parametas 0.21 with a standard deviation of 0.39
(and a median of 0.21). With such large fluctuations in thegiMgparameters from team to team,
the task of finding a simpler formula was almost impossib¢ect@ating a uniform formula that
every team could use was not feasible when two of the key peteaswere so volatile. Taking
this into account, we tried fixing the ¢;, andc, parameters, allowing for us to just solve a quartic
involving the first and second moments to find the other par@r®vgs, , ars,, ara,, aNdaga, ).
However, while we were able to solve for the other parametdugging these values of the pa-
rameters gave us a significantly worse prediction of teamsless percentage compared to linear
combination of Weibulls anttasebal | - r ef er ence. conis Pythagorean Win-Loss statistic.
One of the great attractions of James’ Pythagorean fornsults ease of use; we hope to return
to other simplifications and approximations in a later pa@erm hope is to find a linearization or
approximation of our main result, similar to how Dayaratnd Miller [DaMil1] showed the linear
predictor of Jones and Tappin [JT] follows from a lineari@atof the Pythagorean formula.
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To summarize our results, using a linear combination of Wslrather than a single Weibull
increases the prediction accuracy of a team’s W/L percentddore specifically, we saw that
the single Weibull's predictions for a team’s wins were oerage 4.22 games off (with a stan-
dard deviation of 3.03), while the linear combination of Wél's predictions for a team’s wins
were from 2004-2012 were on average 3.11 games off (withredatd deviation of 2.33), pro-
ducing about 25% increase in prediction accuracy. We also perforiyédjoodness of fit tests
for the linear combination of Weibulls and tested the stiasasindependence of runs scored and
allowed (a necessary assumption), and see that in factritbarlicombination of Weibulls with
properly estimated parameters obtained from least squaralysis closely maps the observed
runs and that runs scored and allowed are in fact statisticedependent. In addition, when
compared againdtasebal | - r ef er ence. conis Pythagorean Win-Loss statistic, the linear
combination of Weibulls does .06 of a game better in the yéars 1979 to 2013, but this
improvement cannot be considered statistically significadowever, in more recent years, it
is worth noting that it does appear that the linear combomatif Weibulls is doing better than
basebal | - r et er ence. conis Pythagorean Win-Loss statistic.

APPENDIXA. MOMENTS OFWEIBULLS

For the runs scored data, we haye= 1 — ¢; and the density equals

_ B\ _(z=s — B\t _(z=s

. (x ﬁ) oG (1—¢)—2 (x ﬁ) i (A1)
QRS; RS, QRS, RS,

From [Mur], and using the fact that the two Weibulls in theelim combination are independent,

we obtained the following moments:

First Moment= c;(ars, (1 +77") + B) + (1 — c1)(ars, T (1 +771) + )

Second Moment= ¢} [a§81 (P(% +1) — (F(% + 1))2)}

2 1
w2 ok, (1C 10— 0C + 1)
Y Y
93 — 39192 + 29}
(92 — g7)*/?
94 — 49193 + 69297 — 391
(92 — g7)?
+ 6% (1 —cp)? * [oz%isloz%{% (g2 — g%)z] : (A.2)
whereg; = I'(1 + ), and['(x) is the Gamma function defined BY(z) = [;~ e “u""'du. We

next usedr to find the observed moments for teams’ runs scored from ZDIO& code is available
in [Luo].

Third Moment = (¢} + (1 — ¢1)?) *

Fourth Moment= (¢} + (1 —¢;)") *
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