LOW LYING ZEROS OF L-FUNCTIONS WITH ORTHOGONAL
SYMMETRY
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ABSTRACT. We investigate the moments of a smooth counting function of the zeros near the

central point of L-functions of weight k£ cuspidal newforms of prime level N. We split by the

sign of the functional equations and show that for test functions whose Fourier transform is

supported in (—%, %), as N — oo the first n centered moments are Gaussian. By extending
1

the support to (——, L), we see non-Gaussian behavior; in particular the odd centered
n—1"n-—1

moments are non-zero for such test functions. If we do not split by sign, we obtain Gaussian

behavior for support in (—%, % if 2k > n. The nt? centered moments agree with Random

Matrix Theory in this extended range, providing additional support for the Katz-Sarnak con-
jectures. The proof requires calculating multidimensional integrals of the non-diagonal terms
in the Bessel-Kloosterman expansion of the Petersson formula. We convert these multidimen-
sional integrals to one-dimensional integrals already considered in the work of Iwaniec-Luo-
Sarnak, and derive a new and more tractable expression for the n'? centered moments for such

test functions. This new formula facilitates comparisons between number theory and random

matrix theory for test functions supported in (7ﬁ, ﬁ) by simplifying the combinatorial

arguments. As an application we obtain bounds for the percentage of such cusp forms with a
given order of vanishing at the central point.

1. INTRODUCTION

Let H}(N) be the set of all holomorphic cusp forms of weight k£ which are newforms of level
N. Every f € H;(N) has a Fourier expansion

F6) = 3 agme(ns), (1)
n=1
Set A\f(n) = ag(n)n~(*=1/2 The L-function associated to f is

L(s.f) = S A, (1.2)
n=1
The completed L-function is

A(s, f) = 2£7JTV r <s+ k;1> L(s, f), (1.3)

and it satisfies the functional equation A(s, f) = e;A(1 — s, f) with ey = £1. Therefore H}(N)
splits into two disjoint subsets, H;" (N) = {f € H}(N) : ¢ = +1} and H, (N) = {f € H{(N) :
e = —1}. Each L-function has a set of non-trivial zeros py = %—f—iyf. The Generalized Riemann
Hypothesis is the statement that all v, € R for all f.

Assuming GRH, the zeros of any such L-function lie on the critical line, and therefore it
is possible to investigate statistics of the normalized zeros (that is, the zeros which have been
stretched out to be one apart on average). The general philosophy, born out in many examples
(see for example [CFKRS, KeSn)), is that statistical behavior of families of L-functions can be
modeled by ensembles of random matrices. The spacing statistics of high zeros of automorphic
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cuspidal L-functions (see [Mon, Hej, RS]), for certain test functions, agree with the corresponding
statistics of eigenvalues of unitary matrices chosen with Haar measure (or equivalently, complex
Hermitian matrices whose independent entries are chosen according to Gaussian distributions).
Initially this led to the belief that this was the only matrix ensemble relevant to number theory;
however Katz and Sarnak ([KS1, KS2]) prove that these statistics are the same for all classical
compact groups. These statistics, the n-level correlations, are insensitive to finitely many zeros;
thus, differences in behavior at the central point s = % are missed by such investigations, and
a new statistic, sensitive to behavior near the central point, is needed to distinguish families of
L-functions. In many cases ([ILS, Ru, Ro, HR2, FI, Mil2, Yo, DM, Gii, Gao]) the behavior of
the low lying zeros (zeros near the central point) of families of L-functions are shown to behave
similarly to eigenvalues near 1 of classical compact groups (unitary, symplectic and orthogonal).
The different groups exhibit different behavior near 1.

Let ¢ be an even Schwartz function such that its Fourier transform has compact support. We
are interested in moments of the smooth counting function (also called the one-level density or

linear statistic)

D(rio) = Yo (“ER,) (1.4

when averaged over either H; (N) (the unsplit case), or H;f (N) or H, (N) (the split cases) as
N — oo through the primes, with %k held fixed. Here vy runs through the non-trivial zeros of
L(s, f), and R is its analytic conductor (R = k?N for these families). We rescale the zeros by
log R as this is the order of the number of zeros with imaginary part less than a large absolute
constant. Because of the rapid decay of ¢, most of the contribution in (1.4) is from zeros near
the central point. We use the uniform average over f € H(N) (for o one of %, + or —), in the
sense that if @ is a function defined on f € HJ(N), then the average of Q over H7(N) is

1
QUf), = ng%:(m@(f)- (1.5)

We discuss in detail in Remarks 2.11 and 6.1 why we chose to uniformly weigh each f € HJ(N)
and not use harmonic averaging as in [Ro|, though both approaches yield the same support.
Our first theorem evaluates the centered moments of D(f, ¢) over f € Hj(N).

; . I 12k—1 12k—1
Theorem 1.1. Assume GRH for L(s, f). Forn > 1 an integer, if supp(¢) C (—; =5—, = =)
then the n' centered moment of D(f; ¢), when averaged over the elements of Hy (N), converges
as N — oo through prime values to the n'® centered moment of the Gaussian distribution with

mean

1
60+ 5 [ 3w dy (16)
and variance
/2
05 = 2/_1/2 lyl6(y)* dy. (1.7)

Remark 1.2. We assume GRH for L(s, f) to simplify the arguments below; however, we may
remove this assumption by arguing as on page 88 of [ILS] (specifically, either use the Petersson
formula to handle the p? terms in the explicit formula, or crude estimates for L(s,sym?f ®

sym?f)).

Thus, with a little more work, Theorem 1.1 can be made unconditional. By assuming GRH
for Dirichlet L-functions, in Theorem E.1 we increase the support to (—%, %), provided 2k > n.
The relation between n and k arises from some technicalities in controlling error terms; these
obstructions are usually not apparent in studying just the n = 1 case.

If we split by sign, then the same argument still gives Gaussian moments, but with a greater
restriction on the support of the test function gg Later we increase the support by invoking

GRH for Dirichlet L-functions.
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Theorem 1.3. Under GRH for L(s, f), if supp(¢) C (—%, %) then the n'™ centered moment of

D(f;¢), when averaged over the elements of either H;"(N) or H, (N), converges as N — oo
through prime values to the n'" centered moment of the Gaussian distribution with mean

1
60+ 5 [ o)y (1)
and variance
/2
o5 = 2/1/2 lylo(y)? dy. (1.9)

Hughes and Rudnick [HR1] prove a similar result within random matrix theory. For a Schwartz
function ¢ on the real line, define

Fy(0) = > ¢><2M7r(0+27rj)>, (1.10)

j=—o0

which is 2m-periodic and localized on a scale of ﬁ For U an M x M unitary matrix with

eigenvalues €', set

M
Zy(U) = > Far(0n). (1.11)

Note that going from e to 6,, is well defined, since Fy;(6) is 2n-periodic. We often consider U
to be a special orthogonal matrix when the eigenvalues occur in complex-conjugate pairs, and
thus will be doubly counted. Z,(U) is the random matrix equivalent of D(f; ¢). In [HR1] it was
proved that

Theorem 1.4. If supp(quS) C [=21,1] then the first n moments of Zy(U) averaged with Haar
measure over SO(M) (with M either even or odd) converge to the moments of the Gaussian
distribution with mean

~ 1 /.
50)+35 [ ) ay (112
and variance
/2
2 =2 2 dy. 1.13
oy /1/2 lylé(y)” dy (1.13)

In particular, the odd moments vanish, and for 2m < n the 2m™ moment is (2m — 1)!! O’ém.

If supp$ - [—%,%], then the n'" moment of Z,(U) when averaged over the mean' of
SO(even) and SO(odd) converges to the n'™® moment of a Gaussian random variable with mean

and variance given by (1.12) and (1.13) respectively.

Thus Theorems 1.1 (and E.1), 1.3 and 1.4 provide evidence for the connection between number
theory and random matrix theory, specifically that the behavior of zeros near the central point
is well modeled by that of eigenvalues near 1 of a classical compact group. It was remarked
in [HR1] that the n*® moment of Z, when averaged over either SO(even) or SO(odd) ceases

to be Gaussian once the support of $ is greater than [—%, %] (we make this remark precise in
Theorem 1.7). Similarly we prove Theorem 1.3 is essentially sharp by showing the odd centered

moments of D(f;¢) are non-zero if the support of b is strictly greater than [—%, %], and thus

the distribution of D(f; ¢) is non-Gaussian in that case. Furthermore, the n'" centered moments
when averaged over H, (N) or H, (N) are different as soon as the support of ¢ exceeds [-L1,1].
This was anticipated in the work of Iwaniec, Luo and Sarnak [ILS], who proved the following

theorem (Theorem 1.1 of [ILS]):

1By the mean of SO(even) and SO(odd) we mean the ensemble where half the matrices are SO(even) and the
other half SO(odd).
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Theorem 1.5. If supp(¢ ) (—2,2), then the first moment agrees with random matriz theory;
explicitly, under GRH for L(s, f) and for Dirichlet L-functions,

Jim (D(fio), = 60)+ 5 [ 3 dy (1.19)
. RPN ~
Jm (Do) = d0)+ 5 [ S avs [ Gy (115)

(Here N tends to infinity through the square-free integers).

While the assumption of GRH for Dirichlet L-functions is essential above (it is needed to
analyze the Kloosterman sums), on page 88 of [ILS] they give two arguments which remove the
assumption of GRH for L(s, f).

Note that if supp(q/b\) C (=1,1) then lim (D(f; ¢)), = lim (D(f;))_, but they are different if

the support of 3 is outside this interval. Thus in order to test the expected belief that averages
over H;'(N) correspond to averages over SO(even) and averages over H, (N) correspond to
averages over SO(odd), it is essential that the calculations in [ILS] have support greater than
1, as for smaller support the 1-level densities of the orthogonal groups are indistinguishable. In
this paper we further test this correspondence. Our main result is

Theorem 1.6. Let n > 2, supp(ngS) C (=1, -15), D(f; ) be as in (1.4), and define
Ji-tgn- SN 271'33 1 "
Ra(o) = (2| [ ot v - 20(0) (1.16)
ot =2 [ wdw? a (117)
—1
Assume GRH for L(s, f) and for all Dirichlet L-functions. As N — oo through the primes,
(2m — 1) 02”‘ + Rom(¢p) if n=2m is even

Jim ((D(f38) = (D(f;0)).)") . = {iR e 2m 1 is odd

Nprime 2m+1(¢) if n = 2m + 1 is odd.
(1.18)
Note if supp(gZA)) C (=+,%) then R,(¢) = 0 and we recover the Gaussian behavior of Theo-
rem 1.3. Also R,(¢) is not identically zero for test functions ¢ such that Supp(qAS) ¢ [-1,1].

The assumption of GRH for L(s, f) is for ease of exposition, and can be removed; see Remark
1.2.

Finally we show that the random matrix moments of Z4 correctly model the moments of
D(f;¢) (at least for the support of ¢ restricted as in Theorem 1.6), in the sense that the
n'h centered moment of D(f;¢) averaged over H; (N) equals the n'" centered moment of Z,
averaged over SO(even), and H, () similarly corresponds to SO(odd).

Theorem 1.7. The means of Zy(U) when averaged with respect to Haar measure over SO(even)
or SO(odd) are

i = Jim Esoq (Ze(w] = 60)+ 5 [ 30) dy (1.19)
Meven e
- 1 [ - -
= lim E Z =60 += [ oy dy+ o(y) dy. 1.20
o= Jim Bsoun o] = 60 +5 [ Swav+ [ dwan a0

-~

Let R, (¢) and 035 be as in (1.16) and (1.17). For n > 2 if supp(¢) C
centered moment of Z,(U) converges to

[— 5, —25] then the n'®

Mligloo Eson [(Z4(U) —

Meven

)] = {(Qm - nn O'im + Rop(¢p) if n=2m is even (1.21)

Rom+1(0) if n=2m+11is odd



LOW LYING ZEROS OF L-FUNCTIONS WITH ORTHOGONAL SYMMETRY 5

and

N}iinoo Esomn [(Z4(U) —
Modd

)] = {(2m — D o2™ — Rop(¢) if n = 2m is even (122)

—Rom+1(0) if n =2m + 1 is odd.

It is conjectured that the n'" centered moments from number theory agree with random
matrix theory for any Schwartz test function; our results above may be interpreted as providing
additional evidence.

Our goal is to reduce as many calculations as possible to ones already done in the seminal
work of [ILS], where their delicate analysis of the Kloosterman and Bessel terms in the Petersson
formula allowed them to go well beyond the diagonal. We quickly review notation and state some
needed estimates. We then calculate the relevant number theory quantities, concentrating on
the new terms that did not arise in [ILS]. Using properties of the Fourier and Mellin transforms
and convolutions, we reduce our multidimensional integrals of Kloosterman-Bessel terms to one-
dimensional integrals considered in [ILS].

Remark 1.8. Random matrix theory provides exact formulas for the moments for test functions
of any support, derivable from the n-level densities (in particular, the determinant expansions
of these); see [KS1, KS2] for details. However, a priori it is not obvious that these results
agree with those obtained in number theory for test functions as restricted in our theorems.
For example, much of the analysis in Rubinstein [Ru] and Gao [Gao| of the n-level densities of
quadratic Dirichlet L-functions is devoted to analyzing the resulting combinatorial expressions
to show agreement with random matrix theory; the centered moments are combinatorially much
easier to analyze.

To simplify showing agreement between number theory and random matrix theory we further
develop the combinatorics used in the work of Hughes-Rudnick [HR1] and Soshnikov [Sosh], and,
by desymmetrizing certain integrals which arise, derive some needed Fourier transform identities.
Doing so allows us to handle support in [—ﬁ, nil] on the random matrix side. While this makes
our results more restrictive than the exact determinant expansions of Katz-Sarnak, these new
formulas are significantly more convenient for comparisons with number theory, involving simple
one-dimensional integrals of convolutions of our test function rather than sums of determinants.
This allows us to avoid the combinatorial analysis of the number theory terms in [Ru, Gaol.
In the course of proving the agreement between number theory and random matrix theory, we
derive (1.18), a new and, for test functions with supp(gg) C (—+15, -L5), significantly more

n—1'n—1

tractable expansion for the n'® centered moments than the determinant expansions.

In §5 we see that the first natural boundary in analyzing the n*? centered moment for SO(even)

and SO(odd) in random matrix theory is for test functions supported in [—1,1]; the next

natural boundary (where new terms arise) occurs for test functions supported in [——1, ﬁ]
It is essential that we are able to perform the number theory analysis for test functions whose
support exceeds [—f E] While it is desirable to obtain as large support as possible, by breaking
[—%, ;] in Theorem 1.6 we see the new terms arise in the number theory expansions as well, and
agree perfectly with random matrix theory.

Instead of investigating centered moments we could study the n-level densities. Assuming

GRH, the imaginary parts of the zeros of an L-function associated to a modular form f € H ,j (N)
can be written as W(J) where 0 < %(61) < 7}2) <...,and 'y( D= 'yj(c]). If f € H_ (N) there is
an additional zero 'y](c ) =0 (note there is no forced zero at the central point for f € H,f (N)).
The symmetrized n-level density is

1 log R (;, logR ;.
| > ¢1< et )%( St )), (1.23)

]"EH:t ).71; “Jn
Ji#£Tk

where the ¢; are even Schwartz functions whose Fourier transforms have compact support. Since
our families are of constant sign, we understand the number of zeros at the central point (unlike,
say, for generic one-parameter families of L-functions of elliptic curves). While our arguments
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immediately generalize to the case when the ¢; are not all equal, we chose to study the n'®
centered moments to facilitate comparison with random matrix theory in the range where the
Bessel-Kloosterman terms contribute.

Another application of centered moments is in estimating the order of vanishing of L-functions
at the central point. Miller [Mill] noticed that as n increases, the n-level densities provide better
and better estimates for bounding the order of vanishing at the central point; unfortunately, as
n increases the bounds are better only for high (growing with n) vanishing at the central point.
We obtain similar bounds from the n*® centered moments. Explicitly, from Theorem 1.6 we
immediately obtain

Corollary 1.9. Consider the families of weight k cuspidal newforms split by sign, H,;t(N)
Assume GRH for all Dirichlet L-functions and all L(s, f). For each n there are constants ry
and ¢, such that as N — oo through the primes, for r > r, the probability of at least r zeros
at the central point is at most c,r~"; equivalently, the probability of fewer than r zeros at the
central point is at least 1 — ¢, 7"

The paper is organized as follows. In §2 we review the needed number theory results, write
down the expansions for the centered moment sums, and collect many of the estimates that we
need later. We then prove our number theory results, Theorems 1.1 (the unsplit case) and 1.3
(the split case with restricted support) in §3, and Theorem 1.6 (the unsplit case where we go
beyond the diagonal by analyzing the Bessel-Kloosterman terms in the Petersson expansion)
in §4; we show these agree with random matrix theory (Theorem 1.7) in §5. In §6 we prove
Corollary 1.9, and show that it provides better bounds than [ILS] for the percentage of odd
cuspidal newforms with at least 5 zeros at the central point.

2. NUMBER THEORY PRELIMINARIES

2.1. Notation.

Definition 2.1 (Gauss Sums). For x a character modulo q and e(z) = €277,

Gy(n) = Y xla)e(an/q), (2.1)

a mod ¢q
and |Gy (n)] < /3.

Definition 2.2 (Ramanujan Sums). If x = xo (the principal character modulo q) in (2.1), then
Gy, (n) becomes the Ramanujan sum

R(n,q) = > elan/q) = > plq/d)d, (2:2)
a mod g d|(n,q)
where x restricts the summation to be over all a relatively prime to q.
Definition 2.3 (Kloosterman Sums). For integers m and n,
* md  nd
Somma) = 3042, (2.3

d mod ¢q q q

where dd = 1 mod ¢q. We have

Stmyms@)| < (myn,q) ¢mn{m"qwqq)} (), (2.4)

where 7(q) is the number of divisors of q; see Equation 2.13 of [ILS].

Definition 2.4 (Fourier Transform). We use the following normalization:

i - [ T @ dr, pla) = / ) ay. (2.5)
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Definition 2.5 (Characteristic Function). For A C R, let

1 ifzeA
Ty, = 2.6
(e} {0 otherwise. (26)

The Bessel function of the first kind occurs frequently in this paper, and so we collect here
some standard bounds for it (see, for example, [GR, Wat]).

Lemma 2.6. Let k > 2 be an integer. The Bessel function satisfies
(1) Jk-1(z) < 1.
(2) Ji— 1(£E) <L x.

(3) Jk 1(1’) < {Ek 1

(4) Ji_ 1($) <<:,C 2

(5) 2Jy(z) = Ju-1(z) = Jusa(2).

2.2. Fourier coefficients. Let £ and N be positive integers with k even and N prime. We
denote by Si(N) the space of all cusp forms of weight k for the Hecke congruence subgroup
To(N) of level N. That is, f belongs to S(N) if and only if f is holomorphic in the upper
half-plane, satisfies

I (13) — (x4 ) f(2) (2.7

for all (24) € To(N) := {(: g) : v =0mod N}, and vanishes at each cusp of I'o(N). See
[I2] for more details about cusp forms.

Let f € Sk(N) be a cuspidal newform of weight k and level N; in our case this means f is a
cusp form of level N but not of level 1. It has a Fourier expansion

= Z ar(n)e(nz), (2.8)

with f normalized so that a;(1) = 1. We normalize the coefficients by defining
Ap(n) = ap(n)yn=*-D/2, (2.9)

H}(N) is the set of all f € Si(IN) which are newforms. We split this set into two subsets,
H ,;" (N) and H, (N), depending on whether the sign of the functional equation of the associated
L-function (see §1 for details) is plus or minus. From Equation 2.73 of [ILS] we have for N > 1
that

|HE(N)| = %NJrO((kN)%). (2.10)

For simplicity we shall deal only with the case N prime, a fact which we will occasionally remind
the reader of (though, as in [ILS], similar arguments work for N square-free). For a newform of
level N, A¢(N) is related to the sign of the form ([ILS], Equation 3.5):

Lemma 2.7. If f € H}(N) and N is prime, then
€ = —ikAf(N)\/N. (2.11)

As ey = %1, (2.11) implies [Af(N)| = —=. Essential in our investigations will be the multi-
plicative properties of the Fourier coefﬁc1ents

Lemma 2.8. Let f € H(N). Then
mn
MmPdsm) = Y0 A (5. (2.12)

Ap(m)As(n) = Ap(mn), (2.13)
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and if p is a prime not dividing the level N, then

v = S ()= () e

r=0
Ap(p)*mtt = i:o <<27ZL—+7"1> - (W?T:_l 1)) Af(p* ). (2.14)

We discovered the coefficients for the expansion of A¢(p)” from [Guy]. Note for a prime p{ N,
M) = M) + 1, (2.15)

and As(p?™) is a sum of A¢(p®") (i.e., only even powers) while Af(p*™T1) is a sum of Af(p? 1)
(i.e., only odd powers). Consider
AZ,N(n) = Z )\f(’l’b), o c {+a T *} (216)
feH7(N)

Note we are not dividing by the cardinality of the family, which is of order V. Splitting by sign
and using Lemma 2.7 we have that if N is prime and (N,n) =1,

1
Afyn) = > F(LEep)As(n)
fEH}(N)
* lk\/ﬁ *
=35 k,N(n) + 5 k,N(nN)' (2.17)

Thus, to execute sums over f € Hif(N), it suffices to understand sums over all f € Hj (N).
Propositions 2.1, 2.11 and 2.15 of [ILS] yield a useful form of the Petersson formula:

Lemma 2.9 ([ILS]). Let X,Y be parameters to be determined later subject to X < N. If N is
prime and (n, N?)|N then

ma(n) = A y(n)+ AN (n), (2.18)
where

, B (k—1)N
k,N(n) = 712\/71 On.0y

4 BN 3 2t ¥ Smtnic) ;- (zmm), (2.19)

12 m c c
(m,N)=1 ¢=0 mod N
m<Y c>N

where 6, 0, =1 only ifn = m? with m <Y and 0 otherwise. The remaining piece, AE?N(n), 18
called the complementary sum.
If (aq) is a sequence satisfying

Z Ar(g)ag < (nkN), logQ < logkN (2.20)
(g,nN)=1
9<Q

for every® f € H} (1)U H{(N), the implied constant depending on € only, if (n, N?)|N, then by
Lemma 2.12 of [ILS]

. T%:)_l A?N(nq)ﬂlq < \/(ljf,\fm <)1( + \/1?> (nkny)E’ (221)

q<Q

In the applications we will take X to be either N—1 or N¢ and Y = N¢, where €, ¢ are chosen
so that the right hand side of (2.21) is O(N'=¢") for some ¢’ > 0 if nt N, and is O(N~¢) if
n|N. In Lemma A.1 we show that the complementary sum does not contribute for all cases that

arise in this paper. We write ¢ = bN for ¢ = 0 mod N.

2We need fe H;(1) (as well as f € H(N), as these f arise in the combinatorics in expanding the A} .
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Using the estimate on Kloosterman sums, (2.4), the bounds on the Bessel function Ji_1(z) <
x and Jj_1(2) < 2¥7! from Lemma 2.6, and (2.10), we can trivially estimate ﬁA; N (n).
i .
We obtain the following lemma:

Lemma 2.10. Assume (n,N)=1. Then

1 1 _ _ .
) M = = 60y + O (V2N R /2 (2.22)
k
and )
E
T (V)] r(Nn) < N7zt (2.23)
k

Remark 2.11. We chose to uniformly average over f € H}(N) in (2.16). We obtain similar
results if instead we use harmonic averaging as in [Ro] or Theorems 1.9 and 1.10 of [ILS],
specifically

Tk —1)
<Q(f)>:t,harmonic = Z A NE—1/f A Q(f), (224)
i T

where (f, f)n is the Petersson inner product on cusp forms of weight & and level N. The
advantage of harmonic averaging is that it facilitates the analysis of the p? terms in the explicit
formula; specifically, we would not need to assume GRH for L(s, f). We have chosen to use
uniform averages for several reasons. The first is that, as in Theorem 1.1 of [ILS], the assumption
of GRH for L(s, f) can be removed relatively easily by appealing to either the Petersson formula
or properties of L(s,sym?f ® sym?f). The second is that much effort was spent in [ILS] in
removing these arithmetic weights (see their comment on page 66), and removing the weights
is essential to bound the order of vanishing at the central point (see Corollary 1.9 and Remark
6.1). Finally, when we uniformly average, our transformation of the multidimensional integrals

lead to one-dimensional integrals that are directly comparable to the uniformly averaged cases
in [ILS].
The one-dimensional integral referred to above is:

~

Lemma 2.12. Let U be an even Schwartz function with supp(¥) C (—2,2). Then

5 % 5 R(m?2,b)R(1,b) /oo () <z1og(by\/ﬁ/4wm)> dy
(b,N)=1 Y

m<Ne o(b) =0 log R log R
1 > sin 27 1 kloglog kN
- | Sar e gro|vo (FEET). e

where R(n,c) is given by (2.2), R =k?N and ¢ is Euler’s totient function.

This follows from Equations 7.5 and 7.6 of [ILS]. The explicit formula converts sums over
zeros to sums over primes. Later we convert these prime sums to integrals, and then the above
lemma allows us to evaluate the final expressions.

2.3. Density and Moment Sums. Let f € Hj(N), and let A(s, f) be its associated completed
L-function, (1.3). The Generalized Riemann Hypothesis states that all the zeros of A(s, f) (i.e.,
the non-trivial zeros of L(s, f)) are of the form py = %—f—i'yf with ¢ € R. The analytic conductor
of A(s, f) is R = k%N, and its smooth counting function (also called the 1-level density) is

o) = Yo(Ey). (220

where ¢ an even Schwartz function whose Fourier transform has compact support and the sum
is over all the zeros of A(s, f). Because ¢ decays rapidly, the main contribution to (2.26) is from
zeros near the central point. The explicit formula applied to D(f; ¢) gives (see Equation 4.25 of
[ILS])

(2.27)

D(fi) = 30) + 30(0) - P(7s9) + 0 (EER),

log R
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where

' _ ~(logp 2logp
P(f;¢) = MZNAJ»W <10g R) N (2:28)

While the derivation of (2.27) in [ILS] uses GRH for L(s,sym?f), as they remark this formula
can be established on average over f by an analysis of the Petersson formula or from properties
of L(s,sym?f @ sym?f) (see page 88 of [ILS]). For ease of exposition we shall assume GRH for

L(s, f) below. We trivially absorbed the p = N term into the error. If supp(¢) C (-1, 1), [ILS]

show the P(f,¢) term does not contribute, and hence limy_. (D(f;¢)), = q/;(O) + 14(0) for
any o € {+, —, *}. Thus, to study the centered moments, we must evaluate

((roos o (555)) ),

loglog R

=)™ (P(f;0)" ol —=——=1.
(1 (P(rior), + 0 (CEER)
The last line follows from Holder’s inequality and the fact that (P(f;¢)"), < 1 (which follows
from (2.27) and that (|D(f; ¢)|), < 1). By using Holder’s inequality, we can prove (2.29) without
having to construct a positive majorizing test function with suitable support, as is often done
(see, for example, [RS, Ru]). See Appendix B for details. We split by sign and use Lemma 2.7
to obtain

(D(f;0) = (D(f;0))5)")

(2.29)

> P = Y LR
FEHE(N) FEH(N)
=5 X PR F 5 Y EVENMP(EON (230)
FEHL(N) FEH[(N)
Since [Hy (N)| ~ |Hy, (N)| ~ L|H; (N)| as N — oo by (2.10), we have
(P(f;0)") s ~ (P(f;0)"), F VN QH(N)P(f;0)"), (2:31)
In conclusion, if supp(¢) C (—1,1), we have
lim (D(f30) = (D(f:9)),)"), = (-1)" lim S} (2.32)
and
Jim (D(f50) = (D(f:9)1)"), = (D" lim §" = (-1)"" lim s (2.33)

(assuming all limits exist), where

s =Y H(a?(ll?;)jpilggg <j1f[1Af<pi>>* (2.34)

P1tN,...,pnfN j=1

and

S = VN Y H(cﬁ(lli];)jl)ilgg]%) <Af<N>jr_[1Af<pi>>. (2.35)

PN, ...,pntN j=1

3. MoOCK-GAUSSIAN BEHAVIOR: PROOF OF THEOREMS 1.1 AND 1.3

In this section we prove Theorems 1.1 and 1.3, which states that for test functions with
suitable support, the centered moments of D(f;¢) are Gaussian. By (2.33) we must therefore

study the limits of Sin) and Sé") as N — oo through the primes, with supp(gg) C (=1 1y

n’n
Because there is no Sé") term when we do not split by sign, Theorem 1.1 is equivalent to the
following lemma, which we now prove.
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Lemma 3.1. Let Sin) be defined as in (2.34), and assume GRH for L(s, f). Then if supp(ngS) C
(—l2h-1 12k-1y

n k 'n k

n 2m — 1)l 2™ if n=2m i
th S; ) _ (() m— 1 oF ?f n - 7;1(115 even (3.1)
e if n is odd,
where
o = 2/ lyl(y)? dy. (3:2)

Proof. We split the sum over primes into sums over powers of distinct primes. Let p;---p, =
gt -+ gt with the ¢; distinct, so

n ¢

[T = TTArta)™. (3:3)

j=1 j=1

By the multiplicativity of Ay (Lemma 2.8), A¢(g;)™ can be written as a sum of )\f(q;nj) where
the m; are non-negative integers less than or equals to n; with m; = n; mod 2.

The only way for [, Af(p;) to have a constant term (i.e., Af(1)) is for p; ---p, to equal
a perfect square; this will be the main term. This can only happen when n = 2m is an even
integer. In this case each prime occurs an even number of times, and the primes can be paired.
Assume first that each n; = 2 so that each prime occurs exactly twice. The number of ways to

pair 2m elements in pairs is % (2;”) (2m2_2) e @) = 52”;1', = (2m — 1)!; note these are the even

moments of the standard Gaussian. Using the Prime Number Theorem to evaluate the prime
sums, and the fact that ¢ is even, we see that the contribution from these terms is

m

. ~(logp\* [ 2logp \* o, m
lim (2m — 1! Z(b ( ) = (2m - 1! 2/ o) lyldy )
NNp—Eﬁfie e log R \/Dlog R oo
(3.4)
note the integral is the variance 03) because of the support condition on ¢. The other possibility

is that some n; > 4. In this case we obtain a formula similar to (3.4), the only changes being a
different combinatorial factor than (2m — 1)!! outside, and we have sums such as

~(logp\"™ [ 2logp \"™
>0 ( ) ( . (3.5)
el log R VplogR

If nj = 2 then (3.5) is O(1) by the Prime Number Theorem; however, (3.5) is O (log_4 R) if
n; > 4. Thus the contribution from the terms where at least one n; > 4 is negligible.
The other contributions from expanding []}_; As(p;) are of the form

S ﬁA logg; \" [ 2logq; \™
¢( ) ( ) Arla™ ™)), (3.6)
DNtV =1 log Vajlog R
gjdistinct

with £ > 1 (i.e., there is at least one prime) and m; > 1 for at least one j (i.e., this is not a
constant term). We show in the limit as N — oo that these terms do not contribute. By (1.5)
and (2.18),

ma m 1 mi m oo mi m
<)‘f(q1 gy Ne = 7|H*(N)| (A;C,N(ql gy e)‘*‘Ak,N(Ch gy [)) (3.7)
k

Let X = N —1and Y = N¢. By Lemma A.1, which assumes GRH for L(s, f) (and in fact is
why we assume GRH), for e sufficiently small the complementary sum piece contributes

1 (o) ma m 76”
|H*(N)| Ak,N((h gy ‘) < O(NT). (3.8)
k
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For A} v, by (2.22)
1 1

! m1 mey
k,N(q e q ) — T e 74 (S my My D
|HI:(N)| ! ¢ q;nl/Q,“qzne/Q 41 q, °, Uy

+ 0 ((q;nl ___q;ne)(k—l)/QN—k+l/2+e) . (3.9)

where the first term is present only if all m; are even (implying all n; are even as m; = n; mod 2).
First we show the sum over squares is < log™2 R. The squares contribute to Si")

£ n; ] ;
> (logg;\™ 2™ 1log™ g;
Y o(i2%) (3.10)
j=1 4 4a; 0g
4579k

Note each m; is even. The contribution from terms with either n; > 2 and m; = 0 or m; > 2
is O(1), exactly as above. However, we have assumed that at least one m; > 1 (and since m;
must be even here, m; > 2). The prime sum of such a term converges, and so its contribution

will be O (log_"f R). The product of all these contributions is at most O (log_2 R), as required.
Now we bound the contribution to S;n) from the O-term in (3.9). Recall that Z§=1 n; =mn.

-~

If supp(¢) C (—a, ), the contribution is largest when m; = n;, which is bounded by

¢ n;
ke lae loggj \"' mjk-1)/2
<« N F+3 Z H K\/{leogR> qj ]

G KLRY <R j=1
14

< N—k+§+eH Z q—"JT"“—nj

J=1 \g<R>
<« N-ktatepmgs—ntl, (3.11)
The worst case is when £ = n. Since R = k2N, if o < % this vanishes as N — co. Hence if
12k—1

a < n k

lim S™ — (2m — 1! (2 s o(y)2|y| dy) if n = 2m is even (3.12)
N priee 0 if n is odd.

This completes the proof of Lemma 3.1 and Theorem 1.1. (]

In Theorem E.1, by assuming GRH for Dirichlet L-functions, we extend the support in The-
orem 1.1 to (—2, 2) for 2k > n.

n )
Theorem 1.3 is equivalent to showing that Sén) is negligible for supp(¢) C (=1, 1), which we
now prove.

Lemma 3.2. Assume GRH for L(s, f), and let Sén) be defined as in (2.35). If supp((g) C
(=1, 1), then
Jim s =o. (3.13)
N };;)I‘?le

Proof. The same argument for S{n) works for Sén), but now there can be no squares because we
have A¢(N) and none of the primes equal N. Sg") is made up of terms like

¢ nj n;

3 HA logg; \" [ 2logq; \"™

\/N ¢( J) < J ) (Af(Nq?“--.qznf» . (314)
BN gy jo1 MO8 R /T log R

gjdistinct

We again use Lemma 2.9 to evaluate the average over Ay. By Lemma A.1 (which requires GRH
for L(s, f)) the complementary sum is O(N_l_ew), which is negligible when multiplied by N1/2.
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By (2.23) the remaining piece is bounded by

Y4 n;
_ 2log q; T2 _ logg
N 14e€ J T N 1+e€
< > I|(Grk) )< > e

1 <RY,...,qe <R j=1 <K< R>
<« N™itepne (3.1

Ut
-

as the worst term occurs when n; = m; = 1. This contribution is vanishingly small if a <

(recall R = k2N).

Osi=

~

Therefore, by (2.32) and Lemma 3.1, if supp(¢) C (—12k=1 12E=1) thep
am — 1)1 (2 [ d(y)? " ifn=2mi
i (D(7:6) — (DU, = { B~ D 2S T B0ld) i = 2m s ven
N oo 0 if n is odd,
(3.16)

-~

and by (2.33) and Lemmas 3.1 and 3.2, if supp(¢) C (—=, 1) then

m — 1) > h(y)? " if n = 2m is even
i ((DUs6) — (DU 9)2)"). — {(()2 ! (2 Jo o)1yl dy) én Ny idd

N—o00
N prime

(3.17)
Because of the support condition on QAﬁ, the integral in (3.17) is the same as the variance in
Theorem 1.3, which completes the proof of that theorem.
Remark 3.3. By choosing k sufficiently large, we can take the support of $ as close to (—%, %)
as desired in Theorem 1.1; by using GRH for Dirichlet L-functions in Theorem E.1 we show that
if k is sufficiently large relative to n (2k > n) then we may take any ¢ with supp(g/zﬁ\) c(-2,2)
This is a natural boundary to expect, as [ILS] obtained (—2,2) when n = 1. For mock-Gaussian
behavior (Theorem 1.3), we do not need to be able to handle support as large as that; however,
support exceeding (—%, %) will be essential in calculating the centered moments in the extended
regime of Theorem 1.6.

4. GOING BEYOND THE DIAGONAL: PROOF OF THEOREM 1.6

We calculate the n'? centered moment of D(f; ¢) when n > 2 and supp(@) C (— L L) and
we will not worry about terms which do not contribute in this region. We outline the arguments
below. We assume GRH for L(s, f) for ease of exposition, though as stated in Remark 1.2,
following [ILS] we may remove this assumption with additional effort. In §4.1 we reduce the
proof of Theorem 1.6 to the limit of Sén), which we analyze in the following subsections. In
§4.2 we apply the Petersson formula, and in §4.3 we analyze the Kloosterman terms by using
Dirichlet characters. In §4.4 we see that the contributions from the non-principal characters
are negligible. By using the Mellin transform and shifting contours, we convert the prime sums
to integrals in Lemma 4.9 in §4.5. The proof of Theorem 1.6 is completed by evaluating these
integrals in §4.6, where by changing variables Lemma 2.12 is applicable.

4.1. Preliminaries. As [ILS] has already handled the case when n = 1, we assume n > 2 below.

-~

Let supp(¢) C (—o,0) with o < 1. By (2.33),
lim ((D(f:9) = (D(f:4))1)"), = (=D lim S £ (=)™ lim 7. (4.1)

To prove Theorem 1.6 we need to handle support up to ﬁ If n > 3 and k£ > 2, then

ﬁ < %Lk_l, and thus Lemma 3.1 evaluates SYL) for o < ﬁ If n = 2, however, then
ﬁ > %%771, and thus there is a decrease in support. This is easily surmounted by using

Theorem E.1 instead of Lemma 3.1. Theorem E.1 assumes GRH for Dirichlet L-functions;
however, we shall be assuming GRH for Dirichlet L-functions when we study Sén).
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Thus all that remains to prove Theorem 1.6 is to show that if o < ﬁ then

2rx 1
lim S = on- 1/ n S — Z6(0)" 4.2
m, o [ oo ao - go0r] (1.2

and this we shall proceed to do in a series of lemmas, culminating in Lemma 4.11. This will
complete the proof of the n'" centered moment in Theorem 1.6.

Remark 4.1. When we do not split by sign (as in Theorems 1.1 and E.1), we can prove results
up to %; because of the more complicated terms in the Bessel-Kloosterman expansion, we can
only handle the split cases up to ﬁ As the two supports are equal when n = 2, investigating
small n can be quite misleading as to what support one should expect for general n.

4.2. Applying the Petersson Formula.

Lemma 4 2. Let Sén) be defined as in (2.35), and assume GRH for L(s,f). If supp(a) C
(-1 ), then

nl’nl

Szn) _ Z Z Z m?,p1 - pnN Nb)Jk,l <m>

bWN

f[( G‘;ii%) \/gglf;R)+O(Nf). (4.3)

Proof. The multiplicativity of Ay (Lemma 2.8) shows that Sén) is made up of terms of the form

¢ - N
~(logq;\ "’ 21oe g j
k\/N Z/ H¢( gq]) < gdq; ) </\ (N . mg)> (4 4)
1 » Gt t)) s .
ql’ﬂ\éwu,qﬁN j=1 log R Vjlog R
gjdistinct

P1;---5Pn m<N€

where m; <n;, m; =n; mod2 and ) n; = n; here and below > ' means the sum is taken over

distinct primes only. We will show that the contribution from terms with at least one n; > 2 is
11
AT 1)
We expand (A\f(Ngy™ ---¢,")), via the Petersson formula (Lemma 2.9). By Lemma A.1,
which relies on GRH for L(s, f), the complementary sums are of size O(N~1=¢") for X =Y =
N¢, which is negligible when multiplied by N/2. We are left with the Af N(Ng™ -+ - q,") terms.

That is, (4.4) can be replaced by

¢ n; "
. / ~ (log q; J 2log q; J 1
EZ:lk\/N Z H¢( ]) < J . ;CN(qunlqzn() (45)
BN, N [i=1 log R Vijlog R [ Hj:(N)
qjdistinct

vanishingly small as N — oo when supp(¢) C (—

Assume that supp(qAS) C [—o,0]. Note that Ngi"* ---¢,"* can never equal a square, since none
of the g; divide N. Applying (2.23) we obtain

1

N m1 .Y N—3/2+e my/2  mg/2 4.6

and so

4 n;
logq ! 1 mi/2 me/2
E J Vgt 4.
< Z H ( on 1ogR> N1- < 4 ( 7)

@ <R7,..,qe <R | j=1
The sum in (4.7) is maximized if m; = n; and as many as possible of the n; = 1, because this
maximizes ¢ and hence the number of sums. For the cases where at least one n; > 2, the worst
case is when £ = n — 1, whence the sum in (4.7) contributes

1 — € n— o
(log R)"N1—¢ > (logq1) -+ (log g —2) (log g —1)* < N~ RV (4.8)
& 1< R7,...,qn 1<K R
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Ifo< ﬁ this has a negligible contribution in the large N limit. Therefore if o < ﬁ the only
way for (4.5) not to vanish as N — oo is if all the n; = 1. In other words we have shown that

i*/N / " [~ (logp; 2log p;
s = VY 2 H (¢< J) J )A N(Np1L---p) +O(NT9). (4.9)
LNt 551 log 12/ /pjlog R

p; distinct

We remove the distinctness condition by trivially summing the contribution when two or more
primes coincide. If p,_1 = p,, say, then by (4.6) this contributes

n—2 2
log p; log pn—1 1 1/2 1/2
—— 5 n—1, 4.10
< > 11 <\/p—j10gR JpnilogR) Nive PV Pn2 Puo (4.10)

P1se-sPn—1 KR | j=1

which is of size N~ R(=17 and is vanishingly small if ¢ < 1/(n —1). Since R = kN and
N is a prime, the compact support condition on qg means the condition p; { N is automatically
satisfied for sufficiently large N. Finally, since (2.10) shows that |H(N)| ~ N(k — 1)/12,
applying (2.19) with X =Y = N¢€ yields the lemma. d

Remark 4.3. If 0 > —L; the contribution to the n'" centered moment arising from powers
of primes needs to be considered; however, other calculations below (Lemma 4.9) can only be
analyzed for o < ﬁ In §5 we see this is a natural boundary, and that new terms are expected

to arise once the support exceeds [fﬁ, ﬁ]

Lemma 4.4. For supp((g) C (=%, 5), the contribution in (4.3) from the terms when (b, N) # 1
is O(N~°).

Proof. Since N is prime, if (b, ) ;é 1 then (b,N) = jN for j =1,2,.... If suppgg C (—o,0)
then these terms contribute to S an amount bounded by

1 S(m AN jN?) AT
SN, 2 3 s jz\zf?;/zp)‘m'
Piye-ryPn SN m<NE j=1
(4.11)
By the bound for Kloosterman sums (2.4), |S(m2,py - puN; iN?)| < j2HeN2+e, This is be-
cause (m2,p1 -+ pp N, jN?) < m? < N¢ and 7(c) < . Lemma 2.6(2) gives Jj._1(z) < z, and
thus the contribution is bounded by

—5/24¢€’ no 5/24no+e’
K N7/ N > Z 3/26 < N7%/ : (4.12)
m<Ne Jj= 1
which is vanishingly small if o < 5/2n. O
Combining Lemmas 4.2 and 4.4, we have under GRH for L(s, f), if supp((g) - (fﬁ, ﬁ)
then
N; Nb) dmm./p1- Pn
S(n) apl pn T (
Ty oy lys s (e

Proopn m<Ne Y (b N)=1

ﬁ( (22 ) oo,

We now show that the terms with logb > log N are negligible. We need to restrict b because
later (equation (4.22)) we have sums of 1/b, and this ensures that sum is not too large.

Lemma 4.5. For supp(cg) C (—2090 1000 “the contribution in (4.13) from the b > N29¢ terms
is O(N—3).



16 C.P. HUGHES AND STEVEN J. MILLER

Proof. By the bound for Kloosterman sums (2.4), S(m?2,p;---p,N,bN) < bzteN€c. This is
because (m?,py ---p,N,bN) < m? < N€ and 7(c) < ¢°. Lemma 2.6(3) gives J;_1(z) < xF71,
which bounds the summand in (4.3) by

1 1 bateNe 1k 1
- o M (pyopp) T NTE D
VNm b P D
mF2p ks (py o, )2 T INTENE, (4.14)

If supp(¢) C [—0, 0] then the ¢ <1°gp]) term in (4.3) restricts the pj-sum to be over p; < N°.

N2006

Executing the summations over the primes and summing over b > yields

n
N 5te Z mk—2 Z pkts H Z pj%—l < N~ 5+e p(=k+3)2006 prEno
m<Ne bZNzoo& j=1 Pj KN°
< N5 (no—1004+¢") (4.15)
Therefore the contribution as N — oo in (4.13) from the terms when b > N?2906 is negligibly

small when o < 1000 O

4.3. Expanding the Kloosterman Sums. The next lemma converts the Kloosterman sums
into Gauss sums, and in §4.5 in Lemma 4.9 we convert the resulting prime sums into an integral,
which we evaluate in §4.6, completing the proof of Theorem 1.6.

Lemma 4.6. Under GRH for L(s, f), if supp(¢) C (——— ) then

nl’nl

s = f Z Z > @() D> X(N)G (M) Gy ()X (p1 -+ pn)

-Pn m<N‘ (b,N)=1 x (mod b)
b< N2006

drm./p1- Pn pl L log p; logp; _
Jp 1| ——— O(N~9). (4.16
< 1( >H< (logR Jrlogk) TOWNT) (416)

Proof. By Lemma C.1 we have for (p1---p,,b) =1 and (b, N) = 1 that

St ViV = o Y NGOG R ). (417)
x (mod b)

If (p1 - pn,b) > 1 then the left hand side of (4.17) is non-zero but the right hand side vanishes;
however, the contribution to (4.13) when (p; - - - pn, b) > 1 is negligible if supp(¢) C (——=, —1=).

n—1’n—1
To see this, note that the worst case is when just one prime divides b and the other n — 1 primes
range freely. We may assume p1|b, and write b = rp; (since p; is a prime). As Ji_1(z) < z,

such terms contribute to (4.13) an amount bounded by

n—1
1 1 o= m? T Pn 1 ,
DD M TR Dol
VN L Srene e ™S TP YN VPP p<Ne
<« N~ Hn=Dote (4.18)

which is vanishingly small if o < ﬁ
Thus we may use (4.17) in (4.13) for all (p1, ..., pn, b, m), which yields the lemma. Note that
the minus sign comes from the —1 in (4.17) from Lemma C.1. d

4.4. Handling the Non-Principal Characters.

Lemma 4.7. Under GRH for Dirichlet L-functions, z'fsupp(a) - (—% 2) then the contribution

from the non-principal characters to Sén) in (4.16) is negligible.
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Proof. We use Ji_1(x) < x to bound the contribution from the non-principal characters in
(4.16) by

< =X LY i X G

'rn<NE (bN x (mod b)
b<N2006 XF#X0
1 ~/logp;
. 4.19

le#N

As x # xo (the principal character with modulus b), by GRH for Dirichlet L-functions we have
for logzNb < R that 3, _ x(p)logp = O(z2 log?(bNz)) = O(z2R°). We now use partial

summation and the compact support of ¢. The boundary term vanishes, and we are left with
_ 1 ~/(logp; BT log u
1 P J ke d
2, Xlpj)log; 10gR¢(logR> < /2 ¢ gk )|

p;#N
Re
1 ~ [(logu
R° - ! d
< /2 b logR¢ <logR>‘ “
< RGt99, (4.20)

As R = k2N, the contribution from the n prime sums in (4.16) is < N 3" +¢,
By Lemma C.2,

p<:11

[N

1 2
0} X;,;b) |G (MG (1)] < b (4.21)
XF#X0

Substituting the character and prime sum bounds into (4.19) and executing the sum on m yields

1 " b on n "
N72NT Y —— N% « N'FEor (4.22)
2./
(b,N)=1 b*VN
b<N2006
As we have > b~! above, it is essential that b is at most a fixed power of N; this is accomplished
by Lemma 4.5. Therefore the non-principal characters do not contribute to (4.16) for supp(¢) C
2 2
(=% %)
The next lemma shows if supp(gg) C (=77 1) then we may add in the contribution of
powers of primes with negligible error. This aids the passage to L-functions in the next section.

1

Lemma 4.8. Under GRH for L(s, f) and all Dirichlet L-functions, if supp(g) C (—ﬁ, ﬁ),
then

Si = Z Z b R(1,b)

WL<NF (b,N)=
b<N2006

. no logn;\ xo(n;)A(n;) drmy/ny g B
Z H¢<logR> \/7Tj10gR Jr—1 < b\/ﬁ > +O(N ) (423)

Proof. The support condition follows from taking the minimum of the supports of Lemmas 4.2,
4.4, 4.5, 4.6 and 4.7, and (4.24) below.

Let xo be the principal character modulo b. Since it is real, Xg = Xo. From (2.2), the
definition of R(«,b), we have R(a,b) = Gy, (a). Thus G,,(m?)Gy, (1) = R(m?,b)R(1,b). Since
(b,N) =1, xo(N) = 1. Lemmas 4.6 and 4.7 imply (4.23), with the restriction that the sums are
taken over primes.

We must show that the squares and higher powers of the primes add a neghglble contribution

0 (4.23). Fix a tuple (¢1,...,£,) of positive integers and consider H"_l n . We may assume

NlyeeesNp \J=1
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£y < -+ <4, and at least one ¢; > 2, as otherwise all an are prime; note there are 2" — 1 such
tuples. Using J,(z) < 1 (Lemma 2.6(1)), the contribution from this tuple is at most

1 / ]_ ’ r
N—3te > — <« N tINEO (4.24)

nf - L]"<N" Ny - Nn

2

617"')['71 f;+1, A >2

which is negligible for o < ﬁ as r < n — 1. This completes the proof of the lemma. (I

4.5. Converting from Sums to Integrals. In this subsection we prove the following lemma,
which will be used to finish the evaluation of S5™ in §4.6.

N

Lemma 4.9. Under the Riemann Hypothesis for ((s), if Supp(a)

> (I () i) o (0™

MN1yeeesNin i=1

(-2 ), then

nl’nl

I.(6)+ 0 (N(" ””“)

(4.25)
uniformly for m < N€ and b > 1, where
-~ bW N 2log(bzv/N /4mm dz
L@ = DN, (2ot Amm) (4.26)
™ Jo log R log R

and ®,,(z) = ¢(x)". Note for 0 < L that the main term is larger than the error term.
Proof. Let G—1(s) be the Mellin transform of the Bessel function. By (6.561.14) of [GR] it is

Gk_l(s):/ Jk_l(x)ass_ldac
0

k—1 k+1-— 3
— 9s—1Ip <+s> /F <+S> . Re(s+k—1)>0, Re(s) <=, (4.27)
2 2 2
Since we have k > 2, we may take Re(s) € [0,1]. The inverse transform is
1
Jr—1(x) = — Gr—1(s)x™"ds, (4.28)
2mi Re(s)=1
and so our task is to evaluate
Z [ﬁﬁb <10gnz> Xo(ni)A(n;) J <47rm«/n1 . nn>
k1| ———F———
ni,...,p Li=1 lOgR \/’I’TlegR b\/ﬁ
2~ (logn; n;)A(n; 1 drmy/ng - ng \
= 2 [H(b(lgR) o i (R) 2 / G’“(S)( ; 2) ds
Niyemn Lim=1 0og \/TTZ 0og mi Re(s)=1 b\/ﬁ
logn;\ xo(n:)A(n;) drm \ 7
= (b( ) Gr_1(s)ds . 4.29
271 Jyre(s)—1 Ll_[l; logR ) p{1t9)/2 165 g | \bVN e-1(9) (4.29)

Using the Mellin transform allows us to move the summations inside the product. In (4.33) we
derive a useful integral version of the n;-sums.
Note that for Re(z) > 1,

L(z,x0) = [] (1 — ’“;fﬁ) - =[] (1 - ;) , (4.30)

P plb

and so L(z, xo) has a simple pole at z = 1, and zeros at z = 0 and all the zeros of the Riemann
zeta function. Consider the integral

1 (2z—s—1)logR\ L'
I = —— — d 4.31
2 Pre()=2 ¢ < Ari > L (Z, XO) 2, ( )
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where we have extended ¢ by setting
o(x + iy) / p(u)e2mi@ e gy (4.32)

Since QAS is a Schwartz function of compact support, ¢(x + iy) decays rapidly as z — +oo for
any fixed y. Thus the integral in (4.31) is absolutely convergent, and all contour shifts are well
defined. On the line of integration the L-function can be written as a Dirichlet series, and we

have
7= L ¢<(22_s_-1)10gR>ZA(T)XO(T) &
271 Jore(z)=2 4mi r*

r=1

_ ZA xo(r / ¢((2z—s—.1)logR) o ds
271'1 Re(z)=2 4mi
2z—s—1)1

- Y Ay | o (B Drslt), v,

= 271 Jome(2)=(149e(s)) /2 Ami

o~ A(r)xo(r) - (logr
= . 4-

;r(1+s)/2logR d)(logR) (433)

Interchanging of the order of summation and integration in (4.33) is justified by the absolute

convergence. The $(log r/log R) factor arises from expanding the integral in (4.33); because
Re(z) = %e(s), the argument of ¢ is real and the resulting integral is just the Fourier transform.
An alternative evaluation of the integral in (4.31) is to shift the contour to the line Re(z) = ¢
with 1/2 < ¢ < 1. This contour shift picks up the pole at z = 1 and nothing else (under the
Riemann Hypothesis).
We may therefore conclude that

=~ [ logr xo(r)A(r) 1—3s
;¢<logR) r(+s)/2log R ¢ 4ri log R
1 d)((?z—l—s)logR
Re(z)=c

2mi 4mi

) 7 —(z,x0) dz. (4.34)

Denoting the integral in (4.34) by £(s), we see that (4.29) equals

1 1 " drm\ E
211 Jone(s)=1 <¢<4W 10gR>+5<8>) (W) Gia(s) ds

J=0

The main term is when j = 0. Letting ®,(x) := ¢(x)™ and using (4.27) to write Gx_1(s) in
terms of the Bessel function, we see that it equals

1 [ —tlog R\" [ 4mm\ " .

— (1

%/_DO¢< - > (b N) Grr(1 +it) dt
bWN [*  (—tlogR\" [4xm\ " [* y

- 1 (2)2 da dt
8m2m _oo¢< in ) (bVN) /0 Jealw)e” do

_ N Ooo Je1(2) / T, (‘“‘)gR) exp (it log(bary/N /4zm) ) dt da

8m2m . 47

B . 2log(bxv/N /4mm) )
= 27TmlogR/ Jr—1( / @, (u) exp( 2rmiu log R du dz; (4.36)
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interchanging the order of integration is justified by Fubini’s Theorem. As the inner integral is
simply the Fourier transform of ®,,, the main term equals

bv N e —~ [ 2log(bxvV/ N /4

VN o), [ 28 eV N/dwm) ) (4.37)
2rmlog R J, log R

which we have denoted I, ((})\)

The remaining terms in (4.35) are error terms, arising from j € {1,...,n}. We shift the
integrals over s to the line PRe(s) = —e and estimate ¢, £ and Gj_1 in order to bound these
terms. N

If supp ¢ C [—0,0] and |x| > z¢ > 0, then integrating by parts A times yields

T +iy ® A u(x+iy) log R/2
¢ ~logR| = o(u)e y)log du
4mi oo
S 9 A

_ (A) — u(z+iy) log R/2 d

/_Do¢ () <(x+iy)10gR) N “
1 A

Loy ‘ (4) ’R”“‘/Q d

o g [Pl a
N|a:|o’/2

Lgo 4.38

e (4:3%)
since supp(¢Y) C [~0,0], and RI*l7/2 « Nlzlo/2,
For Re(z) = ¢ with ¢ € (3, 1], we have
/
—(2,x0) <c log((2+ [Im(2)])b) (4.39)

L

which follows from (4.30) and the well-known bound Cf,(z) < log(2+|Im(z)]) (see, for example,
Theorem 14.5 of [T]). Therefore, if s = —e 4 it and ¢ = 1/2 + €, we have

. 1 (2z—1+e—it)logR\ L'
El—etit) = —— - d
(Fetit) 271 Jore(z)=1/2+¢ ( 4i ) g (X0l dz
e 2¢' +2iy + e —it)log R
< [ Jo (BT g2+ o) ay

o N(2€/+E)ﬂ/2 | ) B d
< —_— -
| drmie s b ay

< N log((2 + [t))b); (4.40)

above we used 2¢’ + € > 0 so as to be able to apply the bounds from (4.38).
We also need an estimate for Gy_1. From (4.27) and

T(o+it) = V2r (it)7"2 e 2l [t/ef (140 (jt]71)), (4.41)

we have

T((k—1—e€+it)/2)

_ . _ —e—1
|Gr_1(—e+it)] = 2 T((k—1—ec—it)/2+1+e) < (1+ [¢))t+e

(4.42)
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Using (4.38), (4.40) and (4.42) in (4.35), we have

® log R) i E(s)? (:\7’%) h Gr_1(s) ds

n—j

. 0
27Ti %e(s):—e 471'

(5 Lt

|E(—€ +it)[? |G (—e +it)| dt

< N("_j)a'/2+€/,l. (443)

Note the t-integral converges (it is only when j = n that we need to use € > 0 to ensure
convergence). The worst term is clearly when j = 1, and this yields the desired error term.

This completes the proof of Lemma 4.9. O

Remark 4.10. In §4.6 we finish the evaluation of Sén). We multiply our terms by N~1/2 and
execute the summations over b and m. Thus in order for the error term in Lemma 4.9 to be
negligible we need

N-INUTE e « N (4.44)
which forces o < ﬁ We thus see that, in the number theory calculations, ﬁ is a real
boundary for this method when we split by sign. This is very different than related problems in
[Ru, Gao] and the non-split case of Theorem 1.1; the reason is due to support problems when
n > 2 from handling the Bessel-Kloosterman terms from A(N). Thus when we split by sign,

we expect our results for support up to ﬁ and not %

4.6. Evaluating Sén). We finish the proof of Theorem 1.6 by completing the evaluation of Sén)

Lemma 4 11. Under GRH for L(s, f) and for all Dirichlet L-functions, if n > 2 and supp(a) C
(-2 ), then

n— 1’77, 1

(n) 1 o Sin 27wz 1 " kloglog kN
= 2 - = — . 4.4
{/ ol 2w dr 2¢(0) ] O < log kN (4.45)
Proof. Combining Lemmas 4.8 and 4.9, we have shown that under GRH for L(s, f) and for all
Dirichlet L-functions, if n > 2 and supp(¢) C (— 15, -27), then

s = 2?; Z 3 —lb)(In(gg)—kO( o= “”“)) (4.46)

7n<N€ (b,N)
b<N2006

where

~

o bW N Jk 1() <210g(b1:\r/47rm)> dz (4.47)
=0

In 2mm log R log R

and ®,(z) = ¢(x)". Since by (2.2) we have R(m?,b)R(1,b) < m*, the contribution from the
O-term in (4.46) is bounded by

4
NTE Y m- 3 L(Nwﬂ> <« N5H(o—3t+d") (4.48)
m<N¢€ m b,N b2 ’ '
B b<(]\,[2006

which is O(N—<") for o < o

We are left with evaluating the main term. The rapid decay of I, (5) with respect to b allows
us to extend the b-sum of the main term of (4.46) to all b relatively prime to N. From (4.47)

we have
LG < bW N & 2log(uv'N /47m) \ | du ” @. (4.49)
log R b m

2mm 0
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From (2.2) we have R(m?2,b)R(1,b) < m*. The m-sum is O(N*¢), the factor of N~z cancels
the factor of N2, and we have a b-sum of b=2 (which is negligible for the terms with b > N2006),
As ®;(z) = ¢(x)7, @, is the convolution of ¢ with itself n times. In particular we have

o0
— /\

D, (u) = “1(w)(u — w) duw. (4.50)

— 00

Note that the support of ff); is at most n times that of 5, which means for n > 2 it is less than
—5 < 2. Therefore we may apply Lemma 2.12. We find that the main term of Sén) is

2"+1 (1,
Z Z —) L(9)
7n<NE
2n+1 Z Z YR(1,b) bV N J ()<I> <Qlog(by\r/4ﬂ'm)> dy
= k—1
e (bN b 2mm J, log R log R
_2ntlg R(1,b) bV N 2log(byVv/N /4rm) | d
= VN Z Z b 27rm/ i1 ( A ?ogR/ : logyR
m<IN¢€ (b N)=1
1 o sin 27z 1 kloglog kN
— —on.[__]. D, dz — =®,(0 O —————
( ) [/Oo @) e 3 ()}+ ( log kN )
nSin 27 1 kloglog kN
= 2! —=¢(0)"| +0 [ —=—=— ). 4.51
[/ @) g dr =590 ]+ ( log kN ) (451)
This completes the proof of the lemma, and Theorem 1.6. ]
Remark 4.12. Note that if supp(¢) C (=1,1) then supp(<I> ) C (—1,1). In this region the

Kloosterman-Bessel terms are negligible, and the contribution to the centered moment in (2.33)

from Sén) vanishes. As ﬁ > % for n > 2, we have entered the non-trivial region where these
contributions do not vanish. Thus the mock Gaussian result of Theorem 1.3 is sharp.

5. RANDOM MATRIX THEORY: PROOF OF THEOREM 1.7

In this section we prove Theorem 1.7 by calculating the centered moments of Z,(U) when
averaged over SO(even) and SO(odd). For small support the moments agree with those of the
Gaussian; for larger support, however, the moments differ.

5.1. Introduction. Let U be an M x M unitary matrix with eigenvalues €', ..., ¥ For a
real, even integrable function ¢ which decays sufficiently rapidly, define

Z ¢( 9+2m)>

Jj=—00
o k )

% > ¢<M> vl (5.1)
k=—o0

which is a 27-periodic function emphasizing points near 0 mod 27. Define

M
= ) Fu(0n). (5.2)

This is the random matrix equivalent of D(f;$). More precisely, moments of D(f,¢) averaged
over f € H;"(N) as N — oo should correspond to moments of Z,(U) when averaged with
respect to Haar measure over SO(M) matrices as M tends to infinity through even integers,
while moments of D(f,¢) averaged over f € H, (IN) as N — oo should correspond to moments
of Z4(U) when averaged with respect to Haar measure over SO(M) matrices as M tends to
infinity through odd integers.

Fp(0)



LOW LYING ZEROS OF L-FUNCTIONS WITH ORTHOGONAL SYMMETRY 23

Remark 5.1. If we restrict the eigenangles such that —m < 6,, < 7, then
M
M
U) ~ —0, | . 5.3
)~ 26 (5r) 5.9

However, using F)/(6) in the definition of Z4(U) is more natural because the eigenangles of
orthogonal matrices are 2m-periodic.

Much of the work required to calculate the moments of Zy4(U) was done in the paper of
Hughes and Rudnick [HR1] (building on work of Soshnikov [Sosh]), and we simply quote the
results we need to show Theorem 1.7. The novelty here is desymmetrizing the integrals to handle
the combinatorics in the non-trivial range. This is necessary in order to write the formulas in
such a way as to facilitate comparisons with number theory.

Theorem 5 of [HR1], when applied to the case Z4(U), shows that the means over SO(even)
and SO(odd) are

even . > 1 o
JVIeveOI? -1
o . "o 1 ' oy
CiO il Esoun (26O = 60+ 5 [ By dut [ Gudu, (59
Niods 2 izt

respectively, where Ego(ar) denotes expectation with respect to Haar measure over the classical
compact group of M x M special orthogonal matrices. Furthermore, that theorem states that
the variance of Z,(U) over SO(even) is

SO(even) . _ SO(even) 2
s = m Eson [(240) - 620
Meven
S’ =N 1/2 =R =N
2 [Cwinul 02 a2 [ [ G-y deay,
—o0 y=—1/2J|z|>1/2
(5.6)
and over SO(odd) is
2
CyoLd = Jim Esor) {(Zas(U)—ClSO(Odd))}
Modd
oo - 1/2 =N =N
2 [ wmin(yl Dow2 -2 [ [ Gt ydla -y dody.
e y=—1/2 J|z|>1/2
(5.7)

Changing variables to u = z 4+ y and v = z — y we see that

/1/_21/2 /lxlzl/z d(a+y)d(e —y) dedy = // P(u)p(v) du do, (5.8)

A= {lut+v|>1}n{lu—v| <1} (5.9)
Note that if |u| < 1 and |v| < 1, then whenever |u 4+ v| > 1 we have {|u — v| < 1}. Therefore if

supp(¢) C [~1,1], we have
/ / ¢ ﬂ{\u+u|>1} du dv

: / /A S(u)d(v) du dv
ey

where
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the last line following from the Fourier transform identity (see Lemma D.1 for a proof)

> in 2 1
| olar Tt do = 5o(0F

_ //¢ )L gy du dv—f//qﬁ ) du do
- _7//¢ )1 o> 1y du do. (5.11)

Furthermore, note that if either |u| > 1 or |v| > 1 then |u 4+ v| > 1 does not necessarily imply
lu —v| < 1, and so (5.10) does not hold if the support of ¢ exceeds [—1,1].

This proves Theorem 1.7 in the case n = 1 and n = 2. While the higher moments of Z,(U) can
be calculated using Weyl’s explicit representation of Haar measure for even and odd orthogonal
groups, as in [HR1] we deal with its cumulants. Denote

S ven) ¢ .
Cpo T = lim logEsoqn) [exp (AZe(U)) (5.12)
=1 Meven
and
- 80(odd) Y .
>.G 1 = plim logEso() [exp (AZy(U))] - (5.13)
=1 Modd

Knowing the first n cumulants is equivalent to knowing the first n moments, which is evident
from the identity

moon (20 = ¥ ($) (%) (%) sty 619

where the sum runs over all non-negative values of k; (j = 1,...,n) such that 2?21 Jjk; =
n. Theorem 1.4 implies that if j > 3 and supp(¢) C [—l l] then both C-So(even) = 0 and
C]SO(Odd) = 0. Therefore, by (5.14), if supp(gb?) [—ﬁ, ﬁ] for n > 3, the only terms which
contribute to the n*" moment are C;, Cy and C,,, and we have
k (2k)!
n SO(even) ( SO(even)) ( _
lim KZ¢(U) - Cfo(even)) ] = CZE (2 o T (5.15)
Mo Oyt n=2k+1,
and similarly for SO(odd). If supp(ngS) C [-1,3], (5.6) and (5.7) yield
/2
e300 = 0 — 2 [ o) ay = o (5.16)
1/2

where 03) is given by (1.17). Therefore, by (5.15), Theorem 1.7 will follow from showing

SO(even) _ n lon—1 P SIN 27T _1 n
c, (=" 2 [/ P(x 5 4o —50(0) (5.17)
and
SO(odd) _ (_qynon—1 | [T nSIM2mz o 1,
for n > 3 and supp(¢) C L5, ).
Let
}) =2 12 Z ( 731 T '/ / BE)M - P(agm)
m=1X1+-4Ap=n 1 m:* J—oo —00

A>1

X S(x1 —x2)S(xa —x3) - S(Xm—1 — Tm) S (Tm + 21) d2y - - dXpy, (5.19)
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where

sin(mx o .
S(x) = ( ) = / ]1{‘”|S1/2}€2mmu du. (520)

T

To prove (5.17, 5.18), we again use results from [HR1] (Section 2.1, Lemma 6 and Theorem 7),

where it was shown that if supp(g#?) C [-2,2], then C’So(even) = Qn(¢) and S0(edd) _ —Qn(9).

Therefore we must show that whenever supp(¢) C [— L 1], Qn(¢), defined in (5.19), can
also be written as

Qn(¢) = 2n 2/ / d) ul un)n{|u1+ Fun|>1} dul dun

the two expressions for Q,(¢) in (5.21) are equal by Lemma D.2.
To prove (5.21), we use Plancherel’s identity in (5.19), and write the test function ¢ in terms
of its Fourier transform ¢, and S(z) in terms of its Fourier transform, obtaining

1y (COmHt e e
Qn(p) = 21 B(y1) -~ Dyn)
;Aﬁ‘.%m:n m )\1!~--)\m!/_oo /_OO 1

€2Wix1(ul+um+yl+'“+y)\1)627"112(u2*U1+y/\1+1+~'+yx1+x2) L. 627Ti51?m(um*umfler)\l+---+/\m,1+1+~~-+yn)

X Il{\u1|§1/2} tee l{lum|§1/2} du1 tee dum dy1 tee dyn d.%'l s dxm. (5.22)
For simplicity write

Yioi= i+t
Y Ya+1 T T Y,

Yo = Yautedrmatt T Y (5.23)

Integrating over x1 to x,, converts the exponentials to delta functionals, and we get

n _1\ym+1 n! 00 oo N
@ - 2y ¥ E e [ G d)

m=1 X1+ +Am=n -0

Aj>1

X 0 (up + U + Y1) (ug —uy +Y2) 0 (U — Um—1 + Vi)

X Ljurj</zy o Lju|<1/2y dus - i dyy -+ dyn. (5.24)
Changing variables to
V1 = Uyt Uy uy = §(U1—02—"'—Um)
Vg = Uy — Uy Uy = §(U1+UQ—U3—-~-—Um)
1
Um 1= Uy — Um—1 U = z(v1+v24+-Fuy) (5.25)

2
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(the Jacobian from this transformation is 1) leads to

1 - —1)ym+1 n! >
o)=2""1% ) ( r)n )\1!...)\m!/ / o)+ Slyn)

m=1A1+---+An=n >
Aj>1
X S Livi-ve-va— vl Lmiave-ve - Vil Lyt ve Vet v <1y Ay dyne
(5.26)
Making use of the fact that QAS is an even function, we desymmetrize this by writing
where
- n (_1)m+1 n! m
K(yi,oum) =Y, D, e W W Y. s wepenl<n
m=1X\1+-+Xp,=n e1==*1,...,en,=+1¢=1
A >1
(5.28)
with
: F1if < A
n(t,j) = 17 2 (5.29)
-1 ifi>>, A
fo<y; < % for all j, then
Hn{|2 _on(C ey <1y T 1 (5.30)
for all choices of €; = £1. There are 2" choices of possible n-tuples (€1, ..., €,), and so if n > 2,

K(yi,...,yn) = En: > (pm 2" =0, (5.31)

m Al !
m=1 A1+ Am=n ! m
Aj>1

which follows from a trick of Soshnikov [Sosh] obtained by evaluating the generating series

()™
z = log(l+ (e — 1)) Zz Z Z e WIS W (5.32)

m=1 A4+,
Aj>1

— n—1

for all j, and y1 +--- +yn > 1 (so at least one y; > %), then

Lz neqeul<y = 0 (5.33)

if and only if either n(¢, j)e; = +1 for all j, or n(¢,j)e; = —1 for all j. Note there are exactly
2m choices for the n-tuple (e1,...,€,) which yield

HH{IE;‘:1n<e,j)ejy]~|§1} =0, (5.34)
=1

and the remaining 2™ — 2m choices yield the product equals 1. This follows from the n(¢,7)
change signs so that no choice of (ey, ..., €,) makes two terms in the product vanish. There are
m factors in the product, and each factor is zero for exactly two choices of (e1,...,€,).

Hence for n > 2,

< (—1)m+t n! n N
m=1 A1+"'.“l‘>)\1m,=n
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which comes from evaluating the coefficient of 2™ in (5.32) and in the generating series

00 (71),1 oo n 1
o=t = 2" o )t ———.  (5.36)
n=0 n! 1 + n=1 m=1X1+---+A\,=n )\1' o Am'

Aj>1
Combining (5.31) and (5.35), we see that if supp(¢) C [~ 17, -17], then
n— 1 A
Qn(¢) = (-1)"2"" 1/ / Sy1) - dUn) Ly iy z1y Y1+ Yo (5.37)

The final step in the proof of Theorem 1.7 is the observation (see Lemma D.1) that

[ o2 ao - Loy

2wx

1 [ oo N

Furthermore, if we assume that supp(g/b\) Cl-—= L o 1] then (Il{‘yﬁ_ Ayn|<1} — 1) equals zero

if the y; are not all of the same sign. Under thls assumption, we therefore may write

1 o) oo .
5/_ / O(y1) - dYn) (Mg 4gyni<1y — 1) dyr--- dyn

n— 1 /\
:/ / S1) - n) (Lgyttynzry — 1) dys--- dys

= / / oY) Ly gty 51y 1 -y (5.39)
We therefore conclude that if supp(¢) C [—-L5, 1], then
21w 1
n — n 12n 1 / bln _ = n 4
Qu(9) = (-1 o) 22 g 2 (0) (5.0
as required.
Remark 5.2. Note that [——1, %1] is a natural boundary. We crucially used each y; < ﬁ in

showing there are exactly 2m choices for the e-tuples which make (5.34) vanish. Indeed, beyond
this point the kernel does not have the shape of (5.40), indicating the presence of additional
terms. On the number theory side, these terms will arise from a more detailed study of the
prime powers in Lemma 4.2. The new terms cannot arise from the integral in (4.51), as this
hold for ¢ supported up to (—f 2,

‘n
6. THE ORDER OF VANISHING OF L-FUNCTIONS AT THE CRITICAL POINT

We show how Corollary 1.9 follows from Theorem 1.6. We need to assume GRH for L(s, f),
which means that all non-trivial zeros are on the critical line; this allows us to obtain bounds
for the number of zeros at the central point by using non-negative test functions. Note this rate
of decay is significantly better than previous estimates.

We compare our results to the bounds obtained in Section 1 of [ILS]. We consider weight
k cuspidal newforms of prime level NV and odd functional equation. We use Theorem 1.6 with

n =2 and ) u
. 1yl
o(z) = (“”‘”) By = { - ifhl<o (6.1)

TOT 0 otherwise.

Arguing as in Section 1 of [ILS], we find that as N — oo the probability that the zero at the
central point is of order exactly one is at least 2 ﬁ — € ~ .8519 — €, which is worse than the lower
bound of 13 — € = .9375 — € of [ILS]. To see this, take o = 1 in (6.1); while we need o < 1, we
can take the limit as o approaches 1 (or better yet, introduce a factor of € in the arguments).
Let p.(N) be the percent of odd cuspidal newforms of weight k& and prime level N that have
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exactly r zeros at the central point. As our forms are odd, only odd values of r are non-zero.
We have

D poa(N) = 1, 0l —Ra(¢) < %4‘6. (6.2)
=0

Consider the terms D(f;¢) — (D(f;¢))_ in Theorem 1.6. As ¢(0) = $(0) = 1 and ¢ is
non-negative, we see that if there are r > 3 zeros at the central point, then

D(f;¢) —(D(f;9))_ r¢(0) — (D(f;9)) _ 0

> >
> 16(0) — (6(0) + 36(0) +¢) = 0
_ 3 > 0.

T—§_€

If there is exactly one zero at the central point then (D(f;®))_ might exceed D(f;¢), and the
difference could be negative; if the difference is negative, when we square we could reverse the
inequality. Thus

\Y

1
e

3 > 0f — Ray(9)

Y

S paja1(N) (D(f56) — (D(f59))_)°
j=0

> g;p2j+l(N) (2]'-1-1—2—6)2 > (Z—G’)EP%H(N)- (6.3)

Therefore 3, p2j+1(N) < o+ € orpi(N)> 2 — ¢

Our results are better as the order of the zeros increase. A similar analysis shows the prob-
ability that the zero at the central point is of order at least 5 is at most %7 + €~ .02721 + €,
which is better than the upper bound of 5 + € = .03125 + € implicit in [ILS].

Remark 6.1. In order to obtain bounds on the order of vanishing at the central point, it is
necessary to weigh each cusp form equally (by ¢, N~!). While the harmonic weights wy (f) =

% are almost constant, by [I1, HL] they can fluctuate within the family as

N717¢ <« wy(f) <k N_H_e; (6.4)

if we allow ineffective constants we can replace N€ with log N for N large. The difficulty with
using harmonic weights is that the larger weights could all be associated to f’s with large (or
small) vanishing at the central point. This is one of the main reasons we chose to use uniform
weights; see also Remark 2.11.

APPENDIX A. HANDLING THE COMPLEMENTARY SUM

Lemma A.1. Assume GRH for L(s, f) for f € H(1)UH;(N). In the notation of Lemma 2.9,
ifW=10rN,X=N-—1orN¢, and Y = N°¢, then

4 n; na

1 ~ 1ogqj) i < 2log ¢ ) J . -
THE(V)| — —= A UL e
HE(N)] > II¢ (logR Vi log R (W™ - q)

k @1fN,...,qetN j=1
gjdistinct
< O(N—“'W (A.1)

for some € > 0.

Proof. From (2.10) we have that Hif (N) ~ W. It suffices to show

> Ml@ag < (kN), (A.2)
(¢,N)=1



LOW LYING ZEROS OF L-FUNCTIONS WITH ORTHOGONAL SYMMETRY 29

where
¢ ~(logg;\ logg; \™ mi m o 1e s .
a, = Hj:l <¢’ (10?}/) \/!TjglggR) g=q\" - ¢/, q; < R* distinct primes, ¢; { N (A.3)
0 otherwise.
This is because if (A.2) holds, Lemma 2.9 implies that
1 " "
—r— > APN(Wg)a, < NTLNUIWIL <« N (A.4)
HEN)] A
log g<Klog N

Without loss of generality, we may relabel so that g; > --- > g;. Up to combinatorial factors,
our sum (A.1) becomes

n R“ n
logqe\ logqe ‘ log q1 log 1 !
§ Af( § E Af( .
s < <logR> Vaelog R 1la logR ) /g1 logR

qe=2 qe—1=qe+1 q1=q2+1
(A.5)
The Generalized Riemann Hypothesis for L(s, f) yields
A 1 /
Z f(p) ogp < (/CN)G /n (AG)
p<P VP
if log P < log kN (see equations 2.65-2.66 of [ILS]). Therefore by partial summation
~ (logp\ As(p)logp /
kN)e/m AT
>0 (ih ) MIEL < ) (A7)

p<P

Thus all the sums with n; = 1 are < (kN)<. ". For factors with n; > 1, the Ramanujan bound
for Af(p) gives |)\f( N < T( 7) <n+1 (as m; < n), and these prime sums are then at most

log™ log™ P ,
3 g p  logn TP gy (A.8)
p<Pplog "R log"" R

Thus >, Af(g)ag < (kN)¢', and by Lemma 2.9 (and the remarks immediately following it), this
completes the proof. O

APPENDIX B. HANDLING THE ERROR TERMS IN THE MOMENT EXPANSION

In order to prove (2.29), we must show that if supp($) € [~1,1] then

((~ptsor+ o (P2EN)) = coripigsor, + o (PEER) ma

where o € {4, —, %} and where n is an integer > 1. Note the O-term on the left hand side of
(B.1) is independent of f. Let P = P(f;¢) and E = O (loglogR). Assume we know that if

log R
supp(¢) € [—1,1] then

(P*™) = 0(1) (B.2)

for all 0 < m < Z. In general, in investigations of the n*™ centered moments one has m < 5

by induction, and handling m = % is possible — in fact, this is the expected main term that we

evaluate in §4. Expanding, we find
(—P+E)"), = (~1)"(P"), + Z( V(-prien,, (B.3)

where £ = O (%) is independent of f. We show for all j = 1,...,n that

(=P)"7E7) = O(E"). (B.4)
If n — j is even then
(—P)"7E7) < (P"77) O(F’) = O(E’) (B.5)
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since we assumed that <P”*j>0 = O(1) and that E is independent of f (so it can be taken out
of the average). If n — j is odd, we use the following form of Holder’s inequality: if f, g, u are
positive functions then for 0 < 6 < 1,

[ 1@t as < ([ 1@ ua) dx)e ECR dx) (B.6)
Hence
(=Py"E"), < (|P|"7E"),
< <|p|(n*j)/9>j <Ej/<1fe>>:9
_ <|P|("—j)/9>jE1. (B.7)

Now choose 8 = (n—j)/(n — j + 1) < 1, which means (n — j)/0 = n — j + 1. This will be even
since n — j is odd, and is clearly less than or equal to n (as j > 1). Hence

<(—P)n7jEj>U < <Pnfj+1>("*j)/("*j+1) Ej _ O(Ej) (BS)

o

since we assumed that <|P|"’j+1>a = O(1). This completes the proof of (2.29).

APPENDIX C. KLOOSTERMAN SUM EXPANSION

As remarked in [ILS], it is advantageous to employ characters to a smaller modulus (to
modulus b rather than Nb) in expanding the Kloosterman terms.
Lemma C.1. If (P,b) =1 and (N,b) =1, then
1

S(m* PN;Nb) = —< > X(N)Gy(m*)G(1)X(P). (C.1)
‘p(b) x (mod b)

Proof. By the orthogonality relation for characters, since (P,b) = 1 and S(m?, PN;Nb) is
periodic in P modulo b, we may write

S(m?, PN; Nb) = Y S x(@S(m?, aN; Nb)x(P)
x(mod b) a mod b

LY Y @ 3 e(mPd/Nb)e(aNd/NBX(P)

@(b) x(mod b) a mod b d mod Nb

—_
~

=YY ety Y aela/R(P)
QO( ) x(mod b) d mod Nb a mod b
- L " X(d)e(m*d/NB)Gy (1)X(P). (C2)

SD(b) x(mod b) d mod Nb

Since (N,b) = 1 we may replace the sum over d relatively prime to Nb with d = u; N + usb, with
u1 mod b relatively prime to b and us mod N relatively prime to N. As x is a character modulo
b, x(u1 N + u2b) = x(u1 N). Thus

37 x(d)e(m®d/Nb) S xwN)e(mPur /o) S e(m?uz/N)

d mod Nb u, mod b us mod N

N-1
= X(N)Gy(m?)- | =14 Y e(m’us/N)

'LL2=O
= —X(N)Gy(m?), (C.3)
because the ui-sum is G, (m?) and N is prime. Substituting back yields the lemma. (]

The reason for using characters with smaller moduli is that we obtain a savings in estimating
the contributions from the non-principal characters.
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Lemma C.2. We have

%b) S GG (1) < 9lb) < b (C.4)
x(mod b)

Proof. From the orthogonality of the characters we have

Y IGxm)” = o), (C.5)
x (mod b)
and (C.4) follows from this bound and the Cauchy-Schwartz inequality. O

Note that if we used characters of modulus Nb then the bound b would be replaced with Nb.
Lemma C.3. Assume (Q,N) = (N,b) = 1, and set r = (Q,b), ¥ = b/r and Q" = Q/r. If
additionally (r,b") = 1 then

2 Q:; = 71 X r)x(r m2,r m?
SO, QiNb) = — s X(mgb/r)x@/ IX(r)R(m?, r) Gy (m*)Gy (1) (C.6)

Proof. From the definition of r we have (Q’,0") = 1 (if not, r is not the greatest common divisor
of @ and b). By the orthogonality relation for characters, since (Q', Nb') = 1 we may write

S(m?,Q; Nb) = S(m? Q'r; Nv'r)

B ]ifb' Z Z* x(a)X(Q")S(m?, ar; NV'r)

SO( ) x(mod Nb’) a mod Nb’
- ﬁ > Z* x(a)x(Q") Z* e(m2d/NV'r)e(ard/Nb'r)

SD( ) x(mod Nb’) a mod Nb/ d mod Nb'r
- X X X@elmNYn) 3 a)ela/NV)

v x(mod Nb’) d mod Nb'r a mod Nb’

1 £, )

= o(NY) > > X(@)x(d)e(m*d/Nb'T)Gy (). (C.7)

x(mod Nb’) d mod Nb'r

As r|@ and (Q,N) = 1, (r,N) = 1. Thus (N¥V,r) = 1, and we may replace the sum over
d relatively prime to Nb'r with d = u; NV + usr, with u; mod r relatively prime to r and
ug mod Nb' relatively prime to Nb'. As y is a character modulo NV, x(uy Nb' + uar) = x(uar).
Thus

Z* x(d)e(m?d/Nb'r)

Z* e(m?u; Nb' /NV'r) Z* X (uar)e(m2ugr /Nb'r)

d mod Nb'r w1 mod r uz mod Nb/
= > emPur/r)-x(r)- Y x(up)e(mPuz/NV)
w1 mod r uo mod Nb/
= x(r)R(m* r)Gy(m?), (C.8)
because by (2.2) the uj-sum is R(m?,r) and by (2.1) the ug-sum is G, (m?). Substituting back
yields the lemma. U

APPENDIX D. FOURIER TRANSFORM IDENTITIES

Let 1|, <1} be the characteristic function of [~1,1]. Let S(z) = #2TZ_ Note that
e} 1 o
5(2.’1,') = / iﬂ{‘u|§1} e~y du, (Dl)
—00
so S(2z) and 1, <1} are a Fourier transform pair. All test functions below will be even

Schwartz functions whose Fourier transforms have finite support. We have made much use of a
certain Fourier transform identity; we give the proof here for completeness.
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Lemma D.1. We have
°° 1
[ otrses as- Joor

- _7/ / $(ur) - S(un) Ljus 4t 51y dur -+ dup. (D.2)

Proof. This lemma follows from Plancherel’s identity, which states that if f and g are Schwartz
functions (in fact it is true for a much larger class of functions) then

/ f(@)g(x) dz = / Fw)g(u) du. (D.3)

In this particular case it is more complicated since we are integrating n+ 1 functions. We obtain

/ / d(ur) -+ pluy) dug - - du, (D.4)

> sin27rm
/ P(z)" / / G(u1) - () L fjuy topun <1} dut -+ dug,  (D.5)

2rx

where we have used (D.1) and (repeatedly)

~

folu) = ( )g(u = v) do. (D.6)

Combining (D.4) and (D.5) yields

| otersn) a - o0

1 o -
= 5// P(ur) - D(tn) (Lfjuyogun <1y — 1) dug--- duy,

- "/ / Sur) - () Uy 513 dug -+ dun, (D7)
which is (D.2). =

APPENDIX E. INCREASING THE SUPPORT IN THEOREM 1.1

As it stands, Theorem 1.1 holds for supp(cg) - (—% (1 — ﬁ) ,% (1 - i)) We show how
a more careful book-keeping and using GRH for Dirichlet L-functions allows us to remove the
factors of 5 for n > 2 and 2k > n. In particular, we prove

Theorem E.1. Assume GRH for Dirichlet L-functions. If 2k > n then Theorem 1.1 holds for

even Schwartz test functions supported in (—% 2y,

In proving Lemma 3.1 (which is equivalent to Theorem 1.1) we showed, without any restriction
on the support of ¢, that for S{n) defined as in (2.34), then under GRH for L(s, f)

2m
(2m)! . _ .
lim S(n) Sl ( f |y|¢( )2 dy) + E(n) if n=2m is even (E.1)
N privae E(n) if n is odd,

where E(n) is made up of a linear combination of terms like

3 S~ (logg;\"™ [ 2loggq; \™

lim | I ¢( ) < )

NNI;iﬁe q15e5qe j=1 log R V4 log R
q; distinct primes

. (o9} 7q . qmg Nb) qml .. qmg
x Z Z 1 £ Jk—l 4ﬂm# ) (EQ)
m<Ne€ b=1
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where n; > 1 with ny+---+n, = n, and m; < n; with m; = n; mod 2. Lemma 3.1 followed from

this by showing E(n) = 0 if supp(¢) C (—2=1 28-1) via the bound (2.4) on the Kloosterman

sum, and the bound from Lemma 2.6(3) on the Bessel function. We prove Theorem E.1 by

showing, in a sequence of lemmas, that whenever 2k > n then E(n) = 0 for supp(a) c (=2 2)

n’n
For simplicity we write Q@ = ¢{"'...¢;" and supp(¢) C [~0,0] C (—2,2). Asn > 2,

(Q,N)=1. Set r = (Q,Nb), Q' = Q/r and v/ = b/r. If additionally (r,b/r) = 1 then Lemma
C.3 yields

2 Qr Nibr — # - (r m2.r m2
5 (w2, 20,20 S 2 NQORE NG G, (e

We sketch the proof of Theorem E.1. In §E.2 we handle the terms in E(n) with (r,b/r) > 1
(and thus the expansion of Lemma C.3 is unavailable), thereby reducing the proof to an analysis
of the terms with (r,b/r) = 1. In §E.2 we show we may truncate the b-sum at N; this is useful
as some later terms are ), b~!. We then show in §E.3 that we may assume 7 = 1, and then use
Lemma C.3 to expand the Kloosterman sums. The proof is completed in §E.4 where we bound
the contributions from the character sums arising from the Kloosterman expansions; it is here
that we must assume GRH for Dirichlet L-functions.

E.1. Bounding the terms with (r,b/r) > 1.

Lemma E.2. Notation as above, the contribution to E(n) from terms with (r,b/r) > 1 is
negligible for supp(¢) C (77 7) provided that 8k — 2 > n.

Proof. As Q = ¢{"* ---¢/" is a product over distinct primes, if (r,b/r) > 1 then the square of
some ¢; divides b. Without loss of generality we may assume b = ¢?v. For supp(a) and k as in
the lemma, we show the contribution to E(n) (equation (E.2)) from each tuple (nq,...,myg) is
negligible. This proves the lemma as the number of such tuples depends only on n and not N.

We use Ji_1(x) < x*~1. This is the best available Bessel bound for our purposes, as our
argument is at most N¢. We use (2.4) to bound the Kloosterman sum. Thus the contribution
from such a tuple is

N 1 < (Ngdv/q1)? i iy @\ !
E(n,m) < Z EZ Ngv Z (q1---qe)” 2 T Ngv
m<N v=1 q1,-.-,qe=2 1
L fte k—2 L (k—1)—2k+3 S5 (-1)
< N@ Z Z k3 2 H Z qj 2 .
m<Ne q1=2 j=2q;=2

(E.4)
The worst case is when m; = n;. As the v-sum is O(1), the m-sum is O(N*~1¢) and Y n; = n,
E(R,7) <« N NCEone-2kiho (E-5)

The worst case is when ¢ = n, and we find

B(W,m) < Ni(h=tdktho=@h-D)+e", (E.6)
TQFhlb is negligible provided that o < m If 8k — 2 > n, simple algebra shows % >
=, ([

n
E.2. Restricting the b-sum.

Lemma E.3. If a > 515, then the contribution to E(n) (equation (E.2)) from the b > N®
terms is negligible for any admissible (m,n)-tuple.
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Proof. Using Jp_1(z) < z*1 and S(m?2,Q,bN) < (bN)zN°¢, the contribution to (E.2) from
terms with b > N¢ is

¢ N° m] (k—1)—"4 0 b%N%nLe 1
—1 k—2 -z
< NIl Dl e ’ b bh—1 Nk-1
m<N¢€ j=1 \g¢g;=2 b=Na
< N- A NnkoN( k-t,-%)a’ (E.7)

because the worst case is when £ =n and m; =n;. If 0 < 2 2 then for € sufficiently small there
is no contribution provided

1 3

— _ — < .

2+< k+2>a0, (E.8)
which means @ > 57—=. Ask>2,a <1 O

E.3. Restricting the r-sum and Expanding the Kloosterman Sum. The proof of The-
orem E.1 is therefore reduced to showing that there is no contribution from admissible (m,n)-
tuples as N — oo in

E(R,7) =
N1/ (2k=3)

logg; \"™ [ 2logg; \™ 2mrik S(m?2,Q, Nb) Vo
Z H¢(10gé) <\/q7j]OgJR) mz m Z Tjk 1 <4 mb]\f)’

—4qe =1 < b=1
q]dmtlnct (Q,b)=r,(r,b/r)=1

by an admissible (m,n)-tuple we mean »_ n; =n, m; < n; and m; = nj; mod 2. As r = (Q,b)
and Q = ¢ --- ¢, we may write

r=q"-q", ¢ €{0,...,m;}. (E.10)

For a given m-tuple (myq,...,mg), the number of c-tuples is H?Zl(mj +1) < (2n)". We show

Lemma E.4. Notation as above, a c-tuple with Y, c; = ¢ has a negligible contribution to
E(w,mi) for supp(¢) C (—2,2), provided that 4ck > n. In particular, if 4k > n then to
bound E(n,m) it suffices to consider only the contributions from the c-tuple (0,...,0) (i.e.,
r=1).

Proof. We use (2.4) to bound the Kloosterman sum, and J,_1(z) < z*~!. For a fixed c-tuple
with Y ¢; = ¢ we have b = b'r. We insert absolute values and ignore the condition (r,b/7) = 1,
as this only increases the sums below. We have

N

) k—1
N (T

— = — 1 4
E(w,m,¢) < E E g Nb/q 01“. c qu' : VoS d“N :
m<ne g 2b'=1 =1 n %
1y--3qe=

(E.11)

The m-sum is O(N*#=1¢) the &’-sum is O(1), and the worst case is when each m; = n;. Thus

B@ T « NEO]Y ek
J= 1‘1)*2
< Nz kte Ny —ntl—ck)o (E.12)
As usual, the worst case is when ¢ = n, and we find
E(R,m,T) < Nz((nk=2ckjo—(2k=1)+e", (E.13)
this is negligible provided that o < nikaik If 4ck > n then ikélk > 3 Thus all c-tuples with

>~ ¢; > 1 yield negligible contributions for supp(&ﬁ\) c(-2,2), prov1ded that 4k > n. O

(E.9)
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Remark E.5. While assuming 4k > n is more restrictive than 8k > n + 2 (the relation from
Lemma E.2), this allows us to take » = 1 below, and greatly simplifies the arguments. At the
cost of a more involved argument one could analyze the c-tuples where ) ¢; € {1,2}.

Thus the proof of Theorem E.1 is reduced to bounding E(7,n, 6)) In this case r = 1, so
Q' = Q and b’ = b. From (2.2) we have R(m?,1) = 1. By Lemma C.3, we are left with bounding

logg;\" ([ 2logq; \™ 27ik
E—>—>_’ _ J J
(.7, 7) > 115 (%) () » =

q1,--,9¢ j=1 m<Ne
q]dlstlnct -
N1/(2k=3)
X(Q)Gx(m?)Gy (1) V@
Z > Nb(p ) i (4mmos ) (B14)

X mod Nb
(Q b) T xMi#xg

E.4. Using GRH for Dirichlet L-Functions. We use GRH for Dirichlet L-functions to show

(E.14) is negligible in the desired range. Note

X(@Q) = X™(q1) - X" (qe)- (E.15)

There is a slight complication due to the fact that x may not be the principal character, but a
X" is the principal character. We say x is a bad character if x™7 is the principal character
for at least one non-zero m;; otherwise x is a good character. Fortunately, as (N,b) =1 and
N is prime, for each admissible (m,n)-tuple the number of bad characters is O, (b); this follows
from the structure theorem for finite abelian groups and the fact that our prime N is relatively
prime to b.

The proof of Theorem E.1 is completed in the following two lemmas (Lemmas E.6 and E.7),
which combined show that for an admissible (m, n)-tuple, the contribution to E(7, i, 6)) from
both the bad and the good characters is negligible.

Lemma E.6. For an admissible (m,n)-tuple, the contribution to E(W,m,ﬁ)) from the bad
characters is negligible for supp(¢) C (—2, 2).

n’n
Proof. There are at most O, (b) bad characters. We insert absolute values in all sums below.
Thus the worst case is when each x™ is the principal character xo. As Gy (a) is a Gauss sum for
a character of modulus bN, we have G, (a) < VN if y is not the principal character; otherwise
by (2.2) and m < N€¢ we find G,,(m?)Gy, (1) < m?-1 < N*. We use Jy_1(7) < zF71
and insert absolute values. Thus we only increase the sum when we remove the condition that
(Q,b) = 1. The contribution to E(7,n, 6)) from the bad characters is bounded by

T 1 GG (1)
— m
R ATERND DR SRS
mINe€ b=1 Xbmd
L N7 m; S(k—1) _nj 1
)1o 2 2.
H ZXO 4j)1084j - 4; pk—1 NE—1
Jj=1 \g;j=

(E.16)

As usual, the worst case is when each m; = n; and £ = n. The product of the g;-sums is at most
n 2

N'2°9. The sum over the bad characters is < O(b) as each summand W is O(1). The

m-sum is O(N*~Y¢) and as k > 2, the b-sum is Y, b~' < log N. Thus

nk

Epaa(70, 711, 0) < N-HHNHo (B.17)
which is negligible provided that o < % (]

Lemma E.7. Assume GRH for all Dirichlet L-functions. For an admissible (m,n)-tuple and

2k > n, the good characters’ contribution to E(n ,m, 6)) is megligible for supp(/\) (—2,2).

n
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Proof. A modification of the argument in Lemma C.2 gives

1
o 2 |GdmI)G )] < ebN) < bN. (E.18)
x(mod bN)
x good

We have

— logg;\"™ [ 2logq; \" 27ik
BT = ¥ T15(1)" (2hs)”
qé, t,qet j=1 log R \/qj-logR m<Ne m
g;distinc

N1/ (2k—3)

X(Q)Gy (m?)G (1) V@
2 2, W (173 )

(Q,b)=1

(E.19)

As each x is a character modulo b, if (Q,b) > 1 then X (Q) = 0. Thus we may drop the condition
that (@Q,b) = 1.

We first show that we may assume each m; # 0 if 2k > n; note if an m; = 0 then x" is
the principal character for a trivial reason. Without loss of generality, assume m; = 0. Since
mj =nj; mod 2, n; > 2and £ <n—1. We use Jy_1(z) < z¥~1: as my = 0 there are no factors
of ¢ arising from the argument of the Bessel function. Thus the g;-sum in Fgooa(7, 7, ﬁ) is
O(log N). The worst case is when each remaining m; = n; and £ = n — 1 (thus n; = 2). By

(E18), 32\ mod nb %W < 1. The b-sum is O(1), the m-sum is O(N*=1¢) and we
have a contribution bounded by

< N17k+6'NwU — N3((n-2ko—(2k-2))+¢" (E.20)

This is negligible for o < ( ) , and if 2k > n then (n72)k > %

Thus we may now assume each m; # 0 and each x™ # xo. We fix a b and consider the
gj-sums. We use partial summation and GRH for Dirichlet L-functions to convert the g;-sums to
integrals. Since g; < N and x™/ is not the principal character, under GRH we have for u; < N

that

S X)) = H(uy) < ulN, (E.21)

qj Suj

where ) is a non-differentiable function. This and the compact support of gf) imply that

H(u
N7 ni ni my ma mye
Z log g1 2log q1 J 4 a4y
) k—1 m
— log R Vq1log R bN
N7 ni W g T
d ~ (loguy 2log uq uy gy gt
= H Jr—1 | 4 dusg.
/1 () Gy duy (¢ ( log R) Juilog R O bN “
(E.22)
Proceeding in this manner we find

¢ N° " "
., m; n long ’ Zlong ! \/Q

AN — O _ 4 ~ v

H : X(qj ) (b(logR) (,/qjlogR Te-1 TN

Il
—
—

o
g
=
S

d* ¢ ~(logu;\ 2logu; \™ upt -y
_ Jooq [ 4mmX1 "7 ) duy ---d
duy - - - duy H [(d’ <logR> ﬁujlogR> k—1 | 4mm N Uy Uy
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Therefore
1/(2k—3)
T [2ri*| Gy (1) -
Egooa(m,m, 0) = Z o Z Z W[(m,b,]\hn,m).
m<N€ (be>1 L x mod Nb

As 0 < 2, the derivative in (E.23) is bounded by

4 L n; my g
Z H w0, (47rmuleW> . (E.25)

"
) " with respect to u; decreases

This follows because each derivative of a ((b <1°g uJ) 2log u;

logR ) \/ujlogR
the exponent of u; by 1. If the differentiation hits the Bessel piece, we get the derivative of the
my1/2 me/2
N i Because 0 < % and m < N€, the first

factor is at most O(N€) and thus this factor is bounded by N Gugl. If additional differentiations

2 myp/2
dmmeuy m/ Uy, e/

. 4mm-u
Bessel function, as well as a factor of !

with respect to wy hit powers of , the effect is still just to reduce the exponent
of up, by 1. Further, by Lemma 2.6(5), 2J),(z) = Jl,,l(x) — Ju41(2). Using this relation £ times,
as well as the bound Jy_1(x) < z, we find that J,S?l(x) < x and thus the derivative term in
(E.23) is

¢ my me
_ Moo Arm - uqg? oo u,? m
< (urerug) T ] 11)N L« ST (E.26)
j=1

as the worst case is when m; = n;. Thus, inserting absolute values and approximating the Bessel
function as above, the integral in (E.23) satisfies

e
/ d -d -
I(m,b,N; 7@, m) < N€ // b“;[ St N‘"’ +e (E.27)

As usual, the worst case is when ¢ = n, and I(m,b, N; 1, m) < N"Ta_l"“lm/b. Substituting
this bound into (E.24) yields

N1/(2k=3)

— 1 G, (m?)G, (1 no .
Bpood(W, 7, 0) < > Y ; > G (m) G ()] >§\(,b EN;;)( I | pag-ree
m<N¢€ (Qb;)lzl x mod Nb ®

(E.28)

By (E.18) the bracketed character sum is O(1). Thus the b-sum is O(log N) and the m-sum
is O(N°€). Thus

o no

Egood(T,7,0) < NET-1H (E.29)

which is negligible for o < % ]
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