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ABSTRACT. The Katz-Sarnak density conjecture states that, as the analytic conductor R — oo,
the distribution of the normalized low-lying zeros (those near the central point s = 1/2) converges
to the scaling limits of eigenvalues clustered near 1 of subgroups of U(N). There is extensive
evidence supporting this conjecture for many families, including the family of holomorphic cusp
newforms. Interestingly, there are very few choices for the main term of the limiting behavior. In
2009, S. J. Miller computed lower-order terms for the 1-level density of families of elliptic curve L-
functions and compared to cuspidal newforms of prime level; while the main terms agreed, the lower
order terms depended on the arithmetic of the family. We extend his work by identifying family-
dependent lower-order correction terms in the weighted 1-level and 2-level densities of holomorphic
cusp newforms up to O (1/ log? R) error, sharpening Miller’s O (l/log3 R) error. We consider
cases where the level is prime or when the level is a product of two, not necessarily distinct, primes.
We show that the rates at which the prime factors of the level tend to infinity lead to different
lower-order terms, breaking the universality of the main behavior.

CONTENTS
1. Introduction . ... e 2
2. Preliminaries. . ... e 6
3. Computing Ap N(0) ..o ire 8
4. Computing Sq(F, ) up to O (710g41(R)> 3 ) 11
5. Computing Sy (F, ¢1,¢2) up to O (@) 3 ) P 14
5.1. First line of (5.2): p1| Ny, po| Ny oo 16
5.2.  Sum of Second and Third Lines of (5.2): p1|Ng, p2t Ny and pa| Ny, prf Ny...... 16
5.3. Fourth line of (5.2): p1{ N, paf Ny oo 18
6. Formulas for Family Specific Terms........ ... 20
6.1. Sum of the Weights . ... ..o 20
6.2.  Computing Terms. .. ......oiuu it e e 24
7. Lower Order Terms .. ... ..o e e e 27
Appendix A. Proof of Lemma 4.2 . ... .. 37
Appendix B. Proof of Lemma 5.3 ... ... o e 39
Appendix C. Proof of Lemmas 6.5, 6.6, and 6.7 ...........c i, 40
Appendix D. Lemmas Used for Main Terms in Theorems 7.3, 7.4, 7.5, and 7.6. ........ 44
REfErences . . ... 54

Date: September 9, 2025.

Note: We are submitting the paper with an appendix. However, if the paper needs to be shortened, we can omit
the appendix here and ask readers to refer to the arXiv version.

Acknowledgments: This research was supported by the National Science Foundation under Grant No. DMS-
2241623, as well as Columbia University, Princeton University, the University of Michigan, the University of Wash-
ington, Williams College, and Yale University.

1



1. INTRODUCTION

The Katz-Sarnak conjecture states that as we take the limit as the analytic conductor goes to
infinity for families of L-functions, the zeros lying near the central point agree with the scaling
limits of eigenvalues near 1 of a classical compact group ([KS99a], [KS99b], [Hej94], [MonT73],
[0dI87], [OdI01], [RS96]). Supporting evidence for the conjecture has been gathered for various
families, by studying moments of L-functions ([CF00], [Con+05], [KS00a], [KKS00b], [KS03]) as well
as by investigating the n-level density for suitable test functions ([DMO06], [FI03a], [Gil05], [HRO3],
[HMO7], [Mil04], [0S99], [RRO7], [Roy01], [Rub01], [You06)).

Specifically, given an L-function L(s, f) associated with a holomorphic cusp newform f € H}(N)
of level N and weight k, we assume the Generalized Riemann Hypothesis (GRH).! Thus, all non-
trivial zeros of L(s, f) are of the form p; = 1/2+14vy. We then enumerate zeros by their imaginary

part 0 < 7(1) < 7(2) < ... with fy( - (J ) by symmetry. We define the n-level density by
log R i) log(R
D.fi®) = Y & ( R g (), (11)
.717 7]n
JiFEEjk
where? ®(x1,...,2,) = ¢1(x1) - Pp2(w2) - - - pn(xy) is a Schwartz test function and R is the analytic

conductor of f. We rescale the zeros near the central point by log(R)/27 (in all our families of
interest, log(R) ~ log(IN)). The Katz-Sarnak conjecture states that for a family F = |JFn of
L-functions ordered by their conductors, we have

lim 2yern D / / (@1, s 2)Wo qr) (21, -+ Tp)dTy - - - day, (1.2)

where Wg(r) represents the limiting distribution of a similar statistic for the eigenvalues of random
matrices in some classical compact group as their rank goes to infinity. While the main terms in the
expansions of the n-level density have been shown to agree with random matrix theory, the lower
order terms break this universality and provide insight in the arithmetic properties of the family
and can serve to differntiate families. For example, [You05] analyzed lower order terms arising from
families of elliptic curves, revealing that the number of low lying zeros is highly family-dependent
(see also [GZ23], [FM15], [FI03b] for investigations of the lower order terms for other families of
L-functions).

Of particular importance to us, [Mil09] demonstrated how the lower-order terms in the 1-level
density can provide insight into the arithmetic properties of the family being studied by looking
specificaly at one-parameter families of elliptic curves. Moreover, in his thesis [Mil04] and some
subsequent papers ([Mil05], [Mil09]), S. J. Miller noticed that different one parameter families
of elliptic curve L-functions have different lower order terms for the moments of their Satake
parameters, and this has implications for the distribution of zeros near the central point, explaining
some of the observed excess rank. The calculations are complicated by the fact that the lower-
order terms for the n-level densities can be greatly impacted by the small primes. This led him
to develop averaging formulas to numerically approximate all the contributions. He proved that
while the main terms agree, different families had different lower-order terms. He then compared
that to the lower order terms for the family of all cuspidal newforms, for simplicity of prime level
N tending to infinity.

1We do not need the GRH to define any of the statistics described below. However, assuming the GRH allows us
to relate the n-level density with the spacing between the zeros.
2In general, we do not need the test function ® to be a product of coordinate-wise test functions.
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We investigate how the lower-order terms of the weighted first-level and second-level density over
the space of holomorphic cusp newforms, which are respectively defined by

Dy(Hg(N)) = ]\}lgloo WZ(N)) feI%:(N) wr(f)D1(f; ¢), (1.3)
Dy(Hp(N)) = J\;E)HOOM/R(HIW]EGJ;N) wr(f)Da(f; ¢1,P2), (1.4)

where
Z ¢ (10? / ) ’ (1:3)

Da(f; ¢1,¢2) = Z P ( ) b2 (log(R)’yf(rj)> ; (1.6)

z;é:i:]
vary depending on how the prime factors of the level N of the family approach infinity. By doing
this, we break the universality of the main term behavior suggested by the Katz-Sarnak Conjecture.
We consider four different scenarios in which the level approaches infinity.

e The first case is N going to infinity through primes.
e The second case is when N = q1¢o for q; # g2 two primes with ¢; fixed and ¢o — oo.
e The third case is when N = ¢1¢s for q1 # ¢ two primes with ¢; ~ N® and ¢ ~ N'~% where
0 €(0,1/2].
e Lastly, we consider the case when N = p?.
Here, we weight each f € H}/(N) by non-negative weights wg(f) and define
Wr(Hi(N)):== > wr(f). (L.7)
fEH(N)

Moreover, both of our test functions ¢1(x) and ¢2(y) are even Schwartz functions whose Fourier
transform has compact support.
We write Da(f, ¢1,¢2) in terms of D1(f, ¢;) using inclusion-exclusion.

Do(f;61,92) = Di(f, ¢1)D1(f, #2) — 2D1(f, p162) + i $1(0)2(0), (1.8)

where €; = £1 depending on whether the functional equation associated with the completed L-
function A(f, s) is even or odd. Then, we get

Dy (HE(N)) = A}EPOO WR(;Z(W feI;N) wr(f) <D1(f7 ¢1)D1(f, ¢2) — 2D1(f, p162) +

—€

5 ¢1<0)¢g(0)) :
(1.9)

Whenever there is no ambiguity, we write the family H;(N) as F. We assume that the reader is

familiar with standard properties of L-functions (see for example [IK04]), and in particular with

Satake parameters. We denote the Satake parameters of f at n by af(n) and S¢(n). The Satake

parameters at n are related to to the corresponding Hecke eigenvalue, A(n). We have,
A(n) = az(n) + B;(n), (1.10)
ap(n)Bs(n) = 1. (1.11)
Our main tool is the explicit formula (see [ILSOOa] (4.11), for example),

A « ™ ]o ~ lo
Di(f.6) = ki)cgN zp: mzl (P ;r/ 25f(p) 1ogg((£))¢ (mlogg(%) (1.12)
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where

Apn(9) = 26(0) log (@) + /Z P (Z + ljg(zé)) ¢(x)dx + /O;w (]Z + % + 13;(?;)) o(x)dx.

We define

_ — ay(p)™ + By(p)™ log(p) ~( log(p)
S0 _221»:7; : pm/Qf log(R)¢<mlog(R)>

so that using (1.12), we can write:

D1(f, 1) D1(f, ¢2) = (

Expanding (1.13), we have

A N(01) Ak, N(02) A N(d2) A n(é1)
o2®) @ ( log(R) )50 ( log(R)

A n (1)

log(R)

A n(92)

+ S(dn)) <10g(R) + S(¢z)> : (1.13)

Dl(f7 (z)l)Dl(fa ¢2) =

)+5605(0).

(1.14)
In addition, define

Si(F,6) = —23 Y S () L S0 80) 5 (miBB) - 11p

2 WalF) 2 7T Toa(R) \"Toa(R)
and
1 ay(p1)" + Br(p)1" ar(p2)s" + Br(p2)3 log(p1) log(p2)
So(F, b1, d2) = 4 LI
2(F, ¢1, ¢2) p% "L;N W) fEZFwR(f) p;nQ/Q p;m,/g log?(R)
mo €N

~ log(p1) \ ~ log(p2)
X (]51 <m1 log(R) ) (;52 <m2 log(R) ) . (1.16)

Then we can rewrite D (F, ¢) and Ds (F, ¢1, ¢2) respectively by

o Apn(9)
Dy(Fon.i) = fim SXEZN(0)  (ZnC ) 5, (7 ) (115)
AN (1) AN (9162)
( oa(R) ) S1(F, d2) + S2(F, d1,¢2) — 2 ( g S1(F, ¢1¢2>>

Y rer wr(f)(1 —€f)
2Wg(F) .

+ ¢1(0)$2(0) (1.19)

Therefore, by computing Ay n(¢), S1(F,¢), and Sa(F, ¢1, ¢2) up to O (Fg‘il(ﬁ) error for arbitrary
¢, ¢1, and ¢9 even Schwartz functions with compactly supported fourier transforms, we can calculate

Dy (F,¢) and Ds (F, ¢1,¢p2) up to O (@) error.

By doing so, we greatly extend Miller’s work [Mil09], allowing the level N to be a product of
two, not necessarily distinct, primes. The assumption of prime level greatly simplifies the inclusion-
exclusion analysis and resulting formulas, as well as provides explicit formulas for the sign of the
functional equation, which allows us to split by sign. When N is not prime, we perform more
delicate analysis with main ingredients coming from ILS [ILS00a] when N is square-free, while we
use tools from [Bar+16] for general N.

While all the families we study share the same main term, they have different lower-order terms,
depending on the factorization of the level. We can compute up to errors of size O((1/log(N))*).
In all the cases we study, so long as the largest factor of IV is at least a fixed power smaller than NV,
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the lower-order terms agree to this degree of precision with those from the case when the level is
prime. On the other hand, the lower-order terms differ when the smallest prime is at most a given
size. Therefore, whether or not there is a space of oldforms of comparable size to the newforms
turns out to be the reason for the breaking of the universality of behavior.

Through computing the lower order terms for each of the four scenarios of how N goes to infinity,
we prove that for N = g1¢o, the case in which ¢; is fixed has different lower order terms compared
to other cases where both factors go to infinity at N¢ rate for some ¢ € (0, 1), which agree with the
N prime case. In other words, as long as both factors of the level N go to infinity fast enough, the
factorization of the level does not affect the lower order terms of first nor second level density up

to O (1 / log* (R)) error. We conjecture that the same phenomenon holds in general.

Conjecture 1.1. Given N, as long as the prime factors of N go to infinity fast enough relative to
the error we are computing up to, the lower order terms of the n level density are the same as the
N prime case. Interesting new factors emerge when one of the factors goes to infinity slower than
the reciprocal of the error term, say at the rate of log(N), log?(N), or log®(N).

In Section 3, we compute Ay n(¢) up to O <#) error. In Section 4, we compute explicitly

log*(R)
SA/ (.7:) and SA (J_") where

1
S1(F,¢) = Sa(F) + Sa(F)+ 0O <log4(R)> ;

extending [Mil09]’s result to improve the error term. See Theorem 4.1 for definitions of S/(F) and
Sa(F). In Section 5, we compute Sp»(F), Sp/(F), Sp,(F), and Sp_ (F) to write

So(F, 1, 02) = Spi(F) + Sp(F) + Sp, (F) + S (F) + O <10g41(R)> '

See Theorem 5.1 for definitions of Spn(F), Sp/(F),Sp,(F), and Sp(F). Then, we have an
explicit formula for Dy (F) in terms of A n(¢) and Si(F,¢) up to O (1/log2(R)) error and an

explicit formula for Ds(F) in terms of Ay n(9), Si(F, @), and S(F, 61,62) up to O (1/log*(R))

error. Once we have a formula for both D;(F) and Dy(F), we start investigating how the level
approaches infinity affects the lower-order terms of Dq(F) and Dy(F). In Section 6, we compute
explicitly the terms A; =(p), Ar7(p), B, ., 7(p1,p2), B, ., #(p1,p2), and B, ,, 7(p1,p2) which
are defined repectively in (4.1),(4.2), (5.3), (5.4), (5.5). If the family we are averaging over is clear,
we omit specifying it in a subscript. These quantities determine the value of Si(F, ¢1), S1(F, ¢2),
and So(F, ¢1, ¢2) for each of the four families we are considering. To this end, we use the Peterson
trace formula and [Bar+16]’s generalized formula. Lastly, in Section 7, we substitute the results
from Section 6 into the formula of S1(F,¢) and Sa(F, ¢1,¢2) we obtained in Sections 4 and 5 in
order to evaluate the lower order terms.

Computing the 2-level density, as opposed to calculating just the 1-level density, comes with
various new obstructions. From doing inclusion-exclusion, the error term of Do(F) is dictated by
the sharpness of the error term in the 1-level density; if we continue to use inclusion-exclusion
for a general n-level density, the error term will continue to be dictated by the 1-level density.
This is because terms S1(F, ¢) occurs with just one factor of 1/log(R) while Sy(F, ¢1, ¢2) occurs
with 1/log?(R). Therefore, we need to obtain more refined lower-order terms for 1-level density.
Furthermore, as the level increases, the number of terms that need to be considered greatly in-
creases; computing So(F, ¢1, ¢2) requires far more terms than Si(F,¢). In addition, looking at
our work with the harmonic weights, new behaviors appear in the moments; there, careful case
work is required depending on the factorization of the level. Notably, the case where N = p? is
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nearly identical to N = g1q2 with both factors going to infinity, while new challenges and behaviors
emerge when one of the factors is fixed.

Remark 1.2. One helpful analogy to our results due to Miller [Mil09] is demonstrated by the
proof of the Central Limit Theorem (CLT). Suppose X1, ..., Xy are ‘nice’ independent, identically
distributed random variables with mean p and variance 2. Then, the running average (X7 +
-4+ Xn — Np)/ov/N converges to the standard normal N(0,1) as N — oo. The universality
suggested by the CLT is that, modulo normalization, the main terms are independent of the initial
distribution. However, the higher moments of the distribution determine the rate of convergence
to N'(0,1) (See the Berry-Esseen Theorem [Ber4l], [Ess42]). We observe a similar phenomenon
with the 2-level density. Universally, as suggested by Katz and Sarnak, we know what the main
terms should be in the limit as R — oo. However, the higher moments of the Fourier coefficients
determine the lower-order terms of the 2-level density.

Remark 1.3. Erik Samuelsson [Sam| of the University of Gothenburg is working on a similar
problem, but for a fixed level (N = 1) with the weight & going to infinity.

2. PRELIMINARIES

We define the N*® congruence subgroup of SLy(Z) by

To(N) = {(‘CL Z) € SLa(2)

c=0 (mod N)} (2.1)

We are interested in how N*"' congruence subgroup group acts on certain holomorphic functions
f : H — C, where H denotes the upper half complex plane. Specifically, we are interested in
functions f that admit a symmetry when acted on by I'g(/V) by the following relation:

f (Ziz) — ez + A f(2). (2.2)

If these functions satisfy the extra stipulation that they vanish at their cusps, we call these functions
f a holomorphic cusp form of weight k and level N. Such functions admit a Fourier expansion

o0

fz) = Y ap(n)e’™, (2:3)

n=1

where the coefficients ay(n) are normalized so that af(1) = 1.> We denote the space of all holo-
morphic cusp forms of weight k£ and level N by Si(NN). This space is a finite-dimensional Hilbert
space whose inner product is given by

1 Ryroe: p dx dy
19 = 5 oo I T (24)

where v(N) := [SLa(Z) : To(N)]. This inner product is called the Petersson inner product.

In 1970, Atkin and Lehner [AL70] built a theory on newforms of Si(N). For every form in
Sk(N), we can induce a form in Si(M) where N|M and M # N. The induced forms are referred
to as “oldforms,” while the rest, which form an orthogonal space to the space spanned by oldforms,
are called “newforms.” While Si(N) contains several oldforms, we filter them out and focus on the
remaining set H; (N) of exclusively newforms. These newforms satisfy many desirable properties

3Since we are looking at cusp forms, ay(0) = 0; for general forms, this is not necessarily true.
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like being eigenfunctions of the Hecke operators T,, (Hecke eigenforms for short) for all n € N.. The
Hecke operators T, are given by

d—1
L) =t Y Yt (). (25)

ad=n b=0
(a,N)=1

Moreover, we can find an orthogonal basis By (/N) of the newforms. See [ILS00a] for construction
of this basis. Since Sk(N) is finite-dimensional, we know |By(NN)| is finite; in fact, from [ILS0Ob,
(2.73)),

BN~ Lo () + O (V)9), (26)
where ¢(N) is Euler’s totient function. Given Hecke eigenform f € By (INV), we refer to its eigenvalue
under T, as the n'' Hecke eigenvalue of f, Af(n). Thanks to Deligne [Del74], we know that
Af(p) € [-2,2]. Moreover, Hecke eigenvalues of f are closely related to its Fourier coefficients,
satisfying the following relation

af(n) = Ap(n)n*=1/2, (2.7)
Furthermore, the Hecke eigenvalues of f possess useful multiplicative properties,

M) = Y (M) 29)

d|(m,n)
(d,N)=1
which means that if (m,n) = 1, then
Ap(mn) = Xp(m)As(n). (2.9)
Using this multiplicative property, we define the L-function associated to f as:
o~ Ar(n)
L = — 1. 2.1
(5. 5) = 3 2 R(s) > (2.10)

n=1

For a cusp form f, we define the normalized Fourier coefficients by

D(k—1)\"?
win) = (et) I
with ||f||> = (f, f). We wish to consider the sum

Apn(m,m) = W(m)Ws(n)
fEBR(N)

where By(N) is an orthonormal basis of Si(/N). This sum is computed using the Petersson trace
formula [Pet32][IKO04].

Proposition 2.1. We have

Apn(m,n) = §(m,n) + 2mi* 4 Z crS(m,m;¢) Ty (
c=0 mod N

4”\/7%) (2.11)

Cc

where d(m,n) = 1ifm = n and is 0 otherwise, Jy_1 (x) denotes the Bessel function, and S(m,n;c)
is the classical Kloosterman sum.

Effective bounding yields the following estimation from [ILS00a].
Proposition 2.2. For m,n > 1,
T(N) (m,n,N)r3((m,n)) ( mn
k6N ((m, N) + (n, N))Y/2 \ (mn)Y/2 + kN

where the implied constant is absolute and 13(¢) = {#(a,b,c) | abc = £}
7

1/2
Apn(m,n) = é(m,n)+ O ( ) log 2mn> , (2.12)



Moreover, we define

o n? s)L(s
n=1
2
Zn(s, f) = % Afé") (2.14)
n|No°

We wish to evaluate the arithmetically weighted sum
. (1 f)
feH; (M)
Iwaniec, Luo, and Sarank derived the following expression in the case of N squarefree.

Proposition 2.3. Let N be squarefree, (m N) =1, and (n, N*)|N. Then
k-1 u (L)M 1
AL y(m,n) = Z Z A (mE2 n). (2.16)
In addition, Corollary 2.10 in [ILS00a] provides the following estimate:

Proposition 2.4. Let N be squarefree, (m,N) = 1, and (n, N?)|N. Then,
k—1

o ¢(V)d(m,n) + O (kl/G(mn)1/4(n, N)~Y222(N)73((m, n)) log anN) .

(2.17)

A;::,N (m7 n) =

As Proposition 2.4 requires N to be squarefree, for general N, we use proposition 4.1 in [Bar+16]
which removes the squarefree restriction on V.

Proposition 2.5. Let (m,N) =1 and (n,N) =1. Then

-1
k-1
Af y(m,n) = > H( ) > T A (me?n). (2.18)
ML=N p2|M 2L
(¢,M)=1

3. COMPUTING Ay N(¢)

We start the computation of the 1st and 2nd level density by computing Ay y(¢) up to O (
erTor.

i)

Theorem 3.1. Let ¢ be an even Schwartz function whose Fourier transform has compact support
and let ¥ be the digamma function. We have the following estimate.

Aen(6) = 5(0) log(V) + 8(0) (v () +v (5 + 5 ) - 21og(m)

o ([ swrras) (v (5) v (B 1)) w0 () @)

Proof of Theorem 3.1. We start by proving a lemma.

Lemma 3.2. Let ¢ be an even Schwartz function whose Fourier transform has compact support
and let ¢ be the digamma function. We have the following estimate.

[ (& 2 = ()0 S [ a0k om

8



Proof. Using (8.363.3) of [GR65] gives us that the leading term is ¢(%)$(0) Therefore, we subtract
the leading term and compute the error term more accurately. Using the fact that ¢ is even

[oon(tsg)ee(t)im
Sl () o) (e o

Suppose f : @ — C, where ) is an open subset of C. Suppose further that zg € Q. Taylor
expanding about the zg € 2 yields

flzo+2) + f(z0 — 2) = 2f(20) = ["(20)2" +O(z") (3.4)

for all z such that |z| < R where R is the radius of convergence. Moreover, we know from Cauchy’s
Inequality that R > dist(zg, 02). We apply the formula in (3.4) with Q = {z € C : Re(z) > 0},
f(z) = (2), 20 = %, and 2 = 2miz/log(R). We remark that dist(4,0({z € C: Re(z) > 0})) = &
and hence R > 7 k Then, we get

sEe)eals-) wll) v (o o

for all « such that |z| < klog(R)/(8).
Now we integrate (3.5) against the test function ¢ for |z| < klog(R)/(87) and (3.3). Then

klog(R)/(8) ~ ~
L yon # (i * ) 224 (3) 60
klog(R)/(87) r 2
Lot =4 (5) (i) (i )|
klog(R)/(8) r 2 klog(R)/(87)
/klogg(R>/<8w> o) __M (D <102g722)> ] o (10g41(R)> </klogg<R>/<8w> ¢(x)x4dx>
klog(R)/(87) r 2
o [ () (o) 20 (s ) 39)

We now show the tail part of the integral is negligible. Consider the series expansion of 1(z)
from [AS72], which holds for all z ¢ Z=0:

N = N

W) = e D e (3.7

where v is the Euler-Mascheroni constant. For z = % + 2miz/log(R), we then have that for all
n>1;

(% + 2miz/ log(R)) -1 B ’ Simx + (—4 + k) log(R)
(n+1)(n+ (% + 27rix/log(R))) (1 +n) (8imz + (k + 4n) log(R))
8mx + |k — 4| log(R)
~ (1+n)((k+4n)log(R))
o Smr+ |k:—4|10g(R).

(3.8)



We also know that because ¢(x) is Schwartz, fkofog(R)/(Sﬂ) ¢(z)P(x)dx = O (10 B R) for any poly-
nomial P(x). Therefore, using this fact along with (3.8), we find

e z—1
SITED N A
/klogm)/(sw) ( Z (n+1)(n+ Z>>
e © 0 8z + |k — 4| log(R
)/ sonts + > | [ ooy (P ALe) dw‘
klog(R)/(87) ne1 |/ klog(R)/(87) n
> yk—4ylog(3)>> /°° > 1 o0
—v+1+ ( —_ ¢(z)dz| + 87 — / z¢(z)dx
( n; n? Klog(R)/ (87) n; n? ) | Jklog(R)/(8)
1
—0|——. 3.9

Similarly, we know that

o0 z—1 1
/klog(R)/(Sﬂ) #a) ( i Z < (n+ 1)("+Z)> dx‘ =9 <10g4(R)> '

In addition, we know that
0 k e\ 2 —klog(R)/(8m) k o\ 2
0| (3) (o) [ |- (3) (meim) |
/klog<R>/<87r>¢( )l v\ log(R) —o0 o) | =073 log(R)
(3.10)

is O (1/log4(R)) because ¢ is Schwartz. Therefore, combining (3.6), (3.9), and (3.10), and noticing
that

< (=v+1

/_ " o(w)adz = —3"(0) (3.11)

we have that

[ (5 i) 2= (5) 800 - wa’“w(mgﬁ@) 12

as desired. OJ

By the same argument, but for zy = % + %, we get the following lemma.

Lemma 3.3. Let ¢ be an even Schwartz function whose Fourier transform has compact support
and let ¥ be the digamma function. Then

!

omix B E o1\~ o2 (k4 1y 1
[ (G 5+ o) @ = 0 (5+3) 90+ Tl (0)+O<log4<R>>'
(3.13)

Using the two above lemmas, we have Theorem 3.1. ([l
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4. COMPUTING S1(F,¢) up TO O <1og41(R)> ERROR
Similar to Miller [Mil09], we define

A (p) = e D Wl (4.1)
fe}‘
pIN

Ar,]—'(p) = Z wR (4'2)
fe]—‘
PIN

where Wg(F) := 3" rer wr(f). This brings us to the following theorem.

Theorem 4.1. Let

_ - 1 ar(p)™ + Br(p)™ log(p) ~ [ log(p)
SlRor= 2 WW)%W T 1og<R>¢< 1og<R>>’

where log(R) is the average log conductor, then

S1(F,¢) = Sar(F)+ Sa(F) (43)
where
log( lo
Sa(F) = fQZp:le pm/2 1ogg ]§>¢<mlogg(<R))) "

)
_ 2A0,7(p) log(p) 2A0,7(p) log(p) ~ (., log(p)
Sa(F) = —260 ) (p°f1)log(3)+22 log(®) ¢<210g<R>)

A log log(p) ~ A1, 7(p)(3p + 1) log(p)
B Z 1172 log(R d) (log(R)) 20 (O)Zp: p/2(p+1)?log(R)

Ay #(p )log( )~ (, log(p) ~ Az 7(p)(p® + 3p + 1) log(p)
2w (iostiy) + 2 O S

~ Ao 7(p)(32p° + 24p + 8)log®(p)  ~, Ay 7(p)(27p® — 17p? + 5p + 1) log® (p)
OO p(p +1)3 log(R) 902 p/2(p+1)4

p

~ As 7 (p)(64p* — 4p® + 44p? + 20p + 4) log? (p)
SO pp T 1P log®(B) 42
A 7(p)p"?(p — 1) log(p)
S0 Zp: Zs fp +1 '+1 log(R)
~ A r(p—1)(r (p — 1)2 —12rp — 8p)p7'/2 log?’(p) 1
+¢" (0) ; ; 7 I e +0 <10g4(R)> : (4.6)

11



Proof. Identical to Miller’s analysis in [Mil09], we break the explicit formula from [ILS00a] into
the case when p|N and p{ N and use properties of the Satake parameters to obtain

S0 = =223 i 3 e L iy (i)
pIN
25 i S A o )
PIN
i S A )
pr
2% 3w & 0 S (i) 49
pIN

The first three sums are already in the desired form, as they can easily be expressed as weighted
averages of Hecke eigenvalues. We now look to evaluate the last sum. Through Taylor expansion,

we see that
~ m2—1

d(ma) = §lx) = =5—3"(0)2” + O ((m" — 1)a"). (4.8)

Thus we have

~( log(p)\ ~(log(p)\ = mE—1-, - (log(p)\? s [ log(p) 4)

5 (mioery) ~ % logir) = "2 7O (ogry) +© (““ D (o) ) @9
Substituting (4.9) into the last sum in (4.7), we get

as(p)™ + By(p)™ log(p) (~, log(p)\ , m*—1~, - (log(p)\>
ZZWR 7 3 wnl ) S e G o)+ O (o)

P m=3 feF
4
+0 ((m4 1) (fgg%) )) . (4.10)

PIN

Define
We now write equation (4.10) as
log( ) ~ ( log(p)
Y ) 7) & RO iy (i) (412
PIN
”(0 log®(p)
5 ; WR erwa (M3 2(p) — M3o(p)) log® R
PIN
+0 Z#Zw(zw (p) — M. ())1°g5(p) (4.13)
a Wa(F) P R(M3.4(p 3,0(p o (R) | .

ptN
12



Substituting qﬁ(fggg%) = 3(0) + L0 (o) +o( | )gives

log“(R) 10g4(R)
- log( ¢” 10g3 (p)
#(0) Z 7y > walf Z 7y 2 wr(HMs2(p
fef log( p };?F log (R)
N

log®
+0 ZWR J;EUJR (Ms4(p) — Ms,o(P)>1Ogg4<(Z)) (4.14)

PIN
In Miller’s proof of Theorem 1.1, he shows

2 p'Bp+1) ()_(p2+3p+1 +ipm/2 p—1As(p)"

Mso(p) =
®) = o+ p+1P o+ 17 2 Ty ymn
We now compute Msz2(p). See Appendix A for the proof.
Lemma 4.2. For prime p, we have
3202 +24p+8  27p® —1Tp> +5p+ 1 64p* — 4p® + 44p® + 20p + 4
MS,Q(p) = 3 - 1 /\f(p) - 5 )‘f(p)z
p(p+1) Vp(p+1) p(p+1)
X (p—1)(r2(p—1)2 = 12rp — 8p)p" X ¢(p
(p+1)r+3

Substituting equation (4.15) into equation (4.14) yields the main term in (4.1). Now, we look at
the error term

ap(p)™ + By(p)™ log(p) log(p) \*
gng WR fEZJ-' pm/2 log(R) <O ((m4 — 1) (log(R)> )) . (4.16)

pIN
As | ar(p)™+ By(p)™ | < 2for allm € N, we have

_ - 1 ar(p)™ + Br(p)™ log(p) log(p) \*
o zp:mz::s Wr(F) fez; pm/? log(R) <(m4 1 <log(R)) )
PN

QwR
) 23 Y 2enll) L (mt 1)
X mt—1
Z m/2> . (4.17)

m=3 p

Thus we have

log(p >5 > m4—1< 1 log5(p)< 1
< < . 4.18
;@ S S L S o) (418)

(4.19)

As the sum E 3 /2 converges by the comparison test, our error term is sufficient. (|
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5. COMPUTING So(F, ¢1,¢p2) UP TO O (ﬁ) ERROR

We are interested in finding a formula for So(F, ¢1, p2) = W > rer Wr(f)S(91)S(p2) where

P mi=1 P log( ) "og(R)
| 0 ag(p2)™ + B(p2)™ log(pa) ~ . log(p2)
(ng m;l pm2/2 log(R) ¢2 ( 2 log(R) )) (51)

up to O (@) error term.
For fixed f € F, we break this sum given by (5.1) into four cases depending on whether each
p1 and pp divide Ny or not. We freely change the order of summation because convergence is

guaranteed by ¢ and ¢o being Schwartz. Using the fact that if p|N¢, then af(p)™ + Br(p)™ =
Af(p)™, we obtain:

(‘F ¢17¢2) =
HAEE)™ As(p2)™2 log(py) log(p2) 5 ( log(pl)) ~ ( log(pz))
plzm m1ZeN fez}_ m1/2 p;w/? log2(R) o1\ log(R) P2 | m2 log(R)
mao €N pl\Nf
p2|Ny
AL s (p2)™ + By (p2)™ log(p1) log(p2) 5 (m1 log(p1)> 5, (m log(pa )>
Pl ,p2 m1EN feF m1/2 ngZ/z logQ(R) lOg(R) 1Og(R)
m2€N py|Ny
p2tNy
™4 B (p1)™ Ay (p2)™ log(pi) log(p2) ~ ( log(p1)> ~ ( log(pz))>
p;z mle:N ; wr(f p;m/2 p;m/? log? (R) o1 m log(R) 2 | m2 log(R)
m2EN p1{Ny
p2|Ny
Z Z Z w "+ Br(p1)™" o (p2)™ + By (p2)™?
R my/2 mo /2
m ,p2 m1EN fEF Py j2
m2€EN p1tNy
p2tNy
log(p1) log(p2) ~ log(p1) \ ~ log(p2)
10g2(R) ()bl <m1 log(R) > ¢2 <m2 lOg(R) > ) (5.2)
where Wr(F) = X jerwr(f). Further, we introduce the notations:
1
B;/1,T2,.7:(p1ap2) = W (]:) Z wR(f))‘f(pl)rl)\f(]b)r2 (5-3)
R fej:v p1|Nf7p2‘Nf
1 T I8
R JEF, p1|Nyg, p2fNy
1
B, , , = A D) 2, 5.5
12, F (D1, D2) W) > wr(f)Af(p1)"™" Ar(p2) (5.5)

f€]:7 pl*NfV pQTNf
Whenever there is no confusion, we drop the indication of the family 7, and write By s (p1,p2),
By, ,(P1,p2), or By (p1,p2). We now compute each of the sums explicitly, using the notations

above.

14



22432+1
Theorem 5.1. Define Py(x) = a:(x+1)’ Pi(z) = —‘ﬁgﬁ;;), Py(z) = _ (z243e41) m(—;l—;}) Pp>3(x) =
zm/2(z—1)

) Let A=1{(1,2),(2,1)}. We have that

So(F, 1, 2) = SB~<f>+SB'<f>+SBf<f>+SB°°(ﬂ+O<1og41<R>>’

where

S (F)

> D Bhma (i) log(p) log(p) 3, (mf{éi%i)% <m21°g((p}§))>, (5.6)

m /2 mo /2
p1,p2 m1,m2=1 Pyt /% log?(R) log
- log(p1) log(p2) ma log(p1) p1 ~ [ log(p2)
> Y Bra(pr,pe) oy E Y
mi, P m /2
p1,p2 m1=1 ' \/>10g log(R log(R)

A)e
3 (o, Lo8(P1) \ o [, 1og(p2)
> ‘f“( 110g(R)>¢” <2log(R)>>

log(p1) log(p
+ g E By, 2(p1,p2) — 2By, 0(p17P2)),,M
(i,5)€A

p1,p2 m1=1 p palog® (

Sp/(F)

. / Pr, (p2) log(p1) log(p2) ~ (milog(p1) | ~
+ Z Z By o (P1,02) p;n1/2 log?(R) ( Z @i (k)g(R)) oy (0)) (5.7)

p1,p2 m1=1,m2=0

log(Pl)log(pg) ~ (log(p1) \ ~ [ log(p2)
S (F plzm Bi1(p1,p2) br\/p2 log”(R) é1 <log(R)> ¢2 <10g(R)>

3 log(p1) log(p2) ~ ( log(p1) 2log(p2)

+p¥p2 (B1,2(p1,p2) — 2B1,0(p1)) /Pipa log?(R 1 (log( )) ¢2( log(R) )
~ (2log(p1) \ ~ ( log(p2)

1 < log(R) ) ¢2 <10g(R))

+ Z (B2,1(p1,p2) — 2Bo,1(p2)) log(p1) log(p2
+ 3 (Baalor.p2) — 2Baoln) = 2Boa(pa) +4) 2L BRI, (21°g(p1>) b2 (210g<p2>) . (53)

/P21
P1,pP2 pl Og (
p1p2 log?(R) log(R) log(R)

P1,P2

log(p1 log A 2log(p2) P, (p1)
B, yD2) — 2Bm ) Ee—
SBo (F 0> Z log?( b2 Toe(R) (Bm,2(p1,p2) 1.0(P1,p2)) P
p1,p2 m1=0
log(
+6100) ) Z @(é )
P1,p1 m1=0
0 Y b (e
log(R

p1,p1 m1=0

03 Y e eelva), (if;@gﬁ)<Bg,m1<p1,p2>—zBo,m(pl,m»’W

log p1
p1,p2 m1=0

0y Yy ) )Bml,m (p1.92) Pon, (p1) Povs (p2). (5.9)

log
p1,p2 m1,m2=0

Py (p1)
VP2

)
)
log(p1) log(p P, (p2)
logQ(R) Bi,m, (p1,p2 )W

By 1(p1,p2)

log(p1) log(pa)
log?(R
2)

with the convention that By ,(q,p) = Bro (p, q) = By,(¢,p) = Ar(p), Bro(p,q) = AL(p), and
Bgo(p,q) = By o(p; @) = Boo(p, q) = Ap(p) = Ao(p) =1 for every p and q prime.

To prove the theorem, we show that the first line of (5.2) is S (F), the sum of the second and
third line of (5.2) equals Sp/(F), and the fourth line of (5.2) equals Sp,(F) + Sp., (F). Below, we
break the proof into three parts, where each part shows one of the equalities mentioned above.
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5.1. First line of (5.2): pi|Ny, po|Ny. This case is simple. Using the notation established above,
the first line of (5.2) is equal to

)‘f (p1)™ Ap(p2)™2 log(p1) log(pa) ~ log(p1)\ ~ log(p2)
Z Z Z m1/2 pm2/2 ¢1< og(R )>¢2( log(R)>

pl p2m16% f‘e]: D1 2 log( )
m2€N py Nf
p2|Ny
log(p1)log(p2) ~ log(p1)\ ~ log(p
= > 2 Brm(enp) ml/gz(nlzz)m . 22) ¢1 (mll g((]%)))@ <m21 g((};))) = Spr(F)-
PupemiEN p1 TPy ' log®(R) og og
ma€

(5.10)

5.2. Sum of Second and Third Lines of (5.2): pi|Ny, p2 { Ny and p2| Ny, p1 { Ny. We begin
by noting that the sums for pi|Ng,p2 { Ny and pa|Ng,p1 { Ny are essential symmetric with the

exception of the test function. Therefore, for A = {(1,2),(2,1)}, the second and third line of (5.2)
sum to

>\f 1) ap(p2)™? + By (p2)"? log(p1) log(pz2) ~ log(p1) \ 7 log(p2)
E E g E @i | M1 @5 | me2
m /2 mo /2 2
(i,j)€A m p2miEN fEF ' Py’ log™(R) log(R) log(R)
mo€EN p1|Ny
p2tNy

(5.11)

For (i,7) € A fixed, we denote by (%) the expression inside of the brackets in (5.11). By symmetry,
it suffices to compute (%) for (i,5) = (1,2).

We start by breaking the (¥ ) into three parts, depending on whether my = 1, my = 2, or mg > 3.

/\f p1)™* Ay(p2) log(p1) log(p2) - log(p1)\ ~ (log(p2)

> Zmz,;c p*? VP log’(R) ¢1( 110g<3>>¢2(1og(3>)
p1|Ny
p2tNy

)\f )™ (As(p2)® — 2) log(p1) log(p2) ~ m log(p1) \ ~ [ 2log(p2
Z Z Z /2 log?(R) P ( "log(R) > v ( log(R)

zn .02 m1EN fEF b2
p1| Ny
p2tNy
Z Z Z )\f p1)™t ap(p2)™ + Br(p2)™? log(p1) log(p2)
2 2 2
m ,p2m1EN fEF 717“/ P?Q/ log™(R)
mo>3 p1|N¢
p2fNy
- log(p1) \ ~ [ m2log(pz2)
. . 5.12
$1 <m1 log(R) ?2 log(R) ( )

We write (%) = (k') + (k") + (k') where, for example, (') is the first line in (5.12). Using
the definition of Bl . (p1,p2) in (5.4) and A,(p) in (4.2), as well as the convention that A.(p) =

71,72
Br,o(p, q) (for any prime g 1 N), we can easily deal with the case when mgo = 1 and mgo = 2. We

have,
/ log(p1) log(p2) ~ (milog(p1)) ~ (log(p2)
- p§2 mgNBml,l(pLPQ o7 s log? (R )¢1( ) >¢2 (log(R)> (5.13)

and

Z Z ( - (p1,p2) — ZBml,O(pl,p2)) lzgl;(gl)log(]?z)) 51 (mllog(pl)) 52 (210g(p2)).

log(R)

p1,p2 m1EN j2) /pg log?(R log(R)
(

5.14)
16
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We now aim to simplify (%), which is the case when ms > 3. The purpose of the following
lemma is to remove the dependency of mo in the argument of ¢o by arguing that we can replace

b2 (mg llzgg m))) with ¢2(0) at the cost of O (1/10g4(R)).

Lemma 5.2. Suppose ¢1 and ¢o are two even Schwartz test functions with Fourier transform
supported in [—0 o]. Then,

"y )‘f p1)™ ap(p2)™ + Br(p2)™? log(pa) log(p2) ~ ( log(p1 )>
*
| p%;{ m%?,' J;T i Py’ o2 M log(m) ) 20
2 mo 1| N
szN;
0 <1> (5.15)
log'(R)/ '

Proof. By assumption, 52 is even and therefore 5’2 (0) = 0. Thus, using the Taylor expansion around
the origin, we notice that

-~ log(p2) ~ 5 log(pa)®
b (marce ) = a(0) = ( "2 og(R)2 ) (5.16)

Moreover, we know that for every m € N and prime p,

lay(p)™ + Bs(p)™] < 2. (5.17)
Thus, because for p|Ny¢, A¢(p)™ = ayr(p)™ + B¢(p)™, we have that if p| Ny,
Ar(@)™ < 2. (5.18)

Therefore, we get the following estimate:

Z Z Z )‘f p1)™" ay(p2)™ + Br(p2)™ log(p1) log(p2)

’ml/2 ma/2 2
mi1€EN feF D log (R)

p2<R m2>3 p1|Ny
~ log(p1) \ (=~ log(p2)
" (m1 log(R) ) <¢2 <m2 log(R) ) B ¢2(0)>

p2fNy
log log 1 m3 5.19)
<ot (T2 S - 6

p1 m1€N m2>3 2
log(p log log p2
(z 5 )5, (s )( 7). -
p1 mi1€N

2\ m2/2
where the last line follows using the fact that m3 < (%) “" and the geometric series formula.

In fact, the proof is complete because (Zm > mieN lo,gnﬂl)qbl (m1 llzgg((’;%)))> and (sz 1°g§§§)3> are
Py

convergent sums.

With Lemma 5.2 and using the notation of M3 o(p) from (4.11), we have

/// /\f p1)"™ log(p1) log(p2) ~ ( log(p1 )) ( 1
* = 7M7 Po) ———F5——=¢1 | M1 )
( Z 2o 2 O M)y M esy ) O O\ o
p1|Ny
p2{Ny
We know from [Mil09] that
2 12(3p +1 243 +1 > pm/3( —1)\

pp+1)  plp+1)>2
17
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Moreover, by observing that M3 o(p2) = >_0,—0 Pn(p2), we have that

/// Z Z B (p1,p2) P, (p2) log(p1)

log(p2) ~ (mlog(p1) ~
mi,m2 pgnl/g logZ(R) le ( ) ¢2 (0) . (521)

log(R)

P1,p2 m1=1,m2=0

Now substituting (5.13), (5.14), and (5.21) for (%’), ("), and (k") respectively, we get that the
second line of (5.2) equals Sp/(F).

5.3. Fourth line of (5.2): p1 { Ny, p2 t Ny. Lastly, we show that up to O(log™* R) error, the
fourth line of (5.2) equals Sg,(F) + Sp,, (F) .
For fixed primes p1, ps2, let

Clmi,ma) = 3 wa(f) o (p)™ + B (P)™ as(p2)™ + By (p2)™ log(py) log(p2) 5 (m log(p1)> % (m log(pz)) .

fer pi/? Py log?(R) "log(R) *log(R)
p1{Ny
p2{N¢
(5.22)
The fourth line of (5.2) is equal to
Z S % £ ()™ + By (p)™ s (p2)™ + By (p2)™ log(pr) log(p2) 5 <m1 log(pl)) % <m2 10g(p2)>
p1 ,p2 mMEN fEF p;nl/Q p;nz/Q 10g2 (R) log(R) log(R)
m2EN p1{Ny
p2tNy
= 3T (0L + L2+ C21) + C(2,2)) (5.23)
- WR(]_—) ) ’ ) ) .
P1,P2
Z > (Clm, 1) + Clma,2) + C(1,ma) + C(2,m2) + C(ma, ms)). (5.24)

P1,p2 M1,M2>3

We show that the finite part, line (5.23), equals Sp,(F) while the infinite part, line (5.24), equals
Sp. (F).

The former immediately follows from the multiplicativity of Hecke eigenvalues. We know that
for all prime p, af(p) + Br(p) = Af(p) and af(p)? + Bf(p)*> = A\f(p)? — 2. For the latter, we need a
lemma. See Appendix B for the proof of it.

Lemma 5.3. Suppose ¢1 and ¢o are even Schwartz functions with (51 and 52 having support in
[—0,0]. We then have the following estimate:

Z Z le,mg

Pl P2 my,mo>3

>i=1 (ap(pi)™ + By(pj)™) log(p:1) log(pa) ~ , . ~
- R ¢1(0)¢2(0)
f P1 1)22<R" m1;2>3 fez]-' P1 1/2p2 2/2 IOgQ(R)
p1tNy
p2fNy
1
o (bm) | (5:25)

Lemma 5.4. Suppose ¢1 and ¢o are even Schwartz functions with qAﬁl and qAﬁg having compact
support in [—o,0]. We can estimate every term of (5.24) up to the desired error by replacing
18



qg,- (mfoz)gg( ) by qb,( ) and summing over primes p; < R?. For example, for the first term, we have

WnlF) 2 2 Clml)

Pl sP2 my >3
T+ DD 1 1 ~ ~ (1
SN > wrls ) (s )™ mlﬂ/g(pll/)z ) A (p2) Og(1p1)2 (ﬁ(m)%m)@ <10g((l;§))>
) prpaeRe mass fer P pa og” (1) og
p1fNy
p2tNy
0 (1 ) (5.26)
log*(R) /) :
The proof of Lemma 5.4 follows from the proof of Lemma 5.3. (]

Now using lemmas 5.3 and 5.4, as well as using formulas for M3 o(p) from [Mil09], we get

ZZClmg

pl P2 mo>3
_ log(p1)log(p2) ~ (log(p1)\ 1
= pIZI;Z J%T M3,0(p2) log2(R) ®1 (log(R) ) #2(0) + O <1og4(R)>
p1{Ny
p2fNy
= ¢1(0) > Z (10% ) log(p1) log(p2) ( )Pml(pl) Lo 1
PLpL =0 log logQ(R) m1,1\P1, P2 \/]TQ 10g4(R) .

Performing a similar substitution, we have

DI

P1,p2 m22>3
log(p1) ~ [ 2log(p2) Prny (1) 1
BWL 9 - QBm ) O )
Z Z 10g ¢ < Tog(R) (B 2(p1,p2) 1.0(p1,p2)) e

P1 172<RCr m1=0

> Y S

P1,p2 m12>3
log(p1) \ log(p1) log(p2) P, (p2) 1
Z Z (log ) log?(R) B 1(p1.p2) VP2 +O <10g4(R)) ’

P1 P1<R“ m1=0

> Y S

p1,p2 m12>3
log(p1) log(p2) ~ [ 2log(p1) Py (p2) 1
B , — 2B , [0) ,
E E log b1 ( og(R) (B ,2(p1,p2) 1,0(p1,p2)) P + g (1)

p1,p2<R? m1=0
>y G
Wr(F)

P1,p2 m1,m22>3
log(p1) log(p2) 1
Z Z log 1,ma (P1,P2) Pmy (P1) Py (P2) + log* () (5.27)

p1,p2<R? m1,m2=0
With this, we can see that Spo(F) is equivalent to (5.24), finishing the proof of Theorem 5.1.
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6. FORMULAS FOR FAMILY SPECIFIC TERMS

We use the harmonic weights* to facilitate computing explicitly the asymptotic. Recall we are
working with the weights

wp(f) = 22
D=z
where Zn(s, f) and Z(s, f) are defined in (2.14) and (2.13) respectively. We consider F = H}(N)
the family of holomorphic cusp newforms with weight k£ and level N. We consider four different

scenarios in which the level approaches infinity.

e N is prime.
e N = qiqo for two primes q1, g2, with ¢1 # ¢ and ¢; fixed.
e N = qiq for two primes with ¢; ~ N% and go ~ N'~% where § € (0,1/2].

e N = p? where p is prime
"

The goal of this section is to compute explicitly the terms A;.(p), Ar(p), By, ., (p1,p2), By, 1, (P1,2),
and By, r,(p1,p2), which determine the value of S1(F, ¢1,¢2) and So(F, ¢1,¢2). We will find we
only see significant differences in the moment when ¢ is fixed and g2 — oo.

Recall that using the definition of the above terms involve the sum of the weights over the family
Wr(F) = > serwr(f). Therefore, we start by computing Wg(F) for each scenario.

6.1. Sum of the Weights. We compute the sum of the weights for each scenario below. In brief,
we do so by first appealing the Peterson trace formula and resulting bounds in [ILS00a] in the
N square-free case and to proposition 4.1 in [Bar+16] for the N = p? case. Below, Lemma 6.1

computes Wgr(F) for the first three square-free cases while Lemma 6.2 computes it for N = p?
case.
Lemma 6.1. Let N = qi1q2 be square-free with q1,qs being distinct primes with

q1 ~ C1N°, gz ~ CoN'7°.

Here, 6 € [0,1/2] while Cy,Cy can be both prime constants if 6 # 0, or C1 = 1 or prime and Co
prime if 6 = 0. Then,
k—1
Wr(F) = > w(f) = TSO(N) + O(E(N,6)), (6.1)
feF

where

el ifo<s<lors = 0,0=1
E(N,§) = { N2

lo]g\fl(/];/) ’Lf5 = 0 and Cl prz'me.

4The harmonic weights are nearly constant across the family: by [Iwa90], [HL94],[Mil09] we have wgr(f) = N€

uniformly for f in the family. If we allow ineffective constants, the factor N° can be replaced by log(V) for sufficiently

large N.There are other ways of normalizations. [Mil09] and our paper averages with wg(f) = <& @) — __<@)

Z(1,f) © L(lsym?f)"

Rouymi [Roull] uses the Petersson-harmonic weight w(f) = (‘;(W’“);ﬂ (f, f)%'. Rankin-Selberg shows (f, f)n =<~

L(1,sym?f), so wr(f) ok, n wk(f). In addition, using this weight, Rouymi derived formulas for level N = p® for
fixed prime p and o« — co. We also note that different weights exhibit different behaviors as seen in [KR19] and
[Dil+25].
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Proof. We begin by noticing that Wgr(F) = Aj y(1,1), which by Proposition 2.3 ([ILS00a
Lemma 2.7) becomes

Wr(F) = Ajn(1,1) = Z p(L)M D7 A (2,1). (6.2)
LM=N £ Lo

Notice that if C; = 1, then N is a prime and we get that

Wr(F) = —5~

NAR N (L) = >0 0 A g (2, )]
£ N>

On the other hand, if Cy # 1, N is product of 2 distinct primes; so, we have:

Wr(F) = —5~

NARNLL) —qr > 0 Dy (P1) — g2 D 0 DNy (1) + > Z_IAM(E?,U] :
e"lg Elql E‘Noo

Using Proposition 2.2 ([ILS00a] Cor 2.2), we have that

B 1 ) _ 9 (log(2¢?)
Apn(1,1) = 140 (]\73/2) and Agp(05,1) = 6(¢5,1) + O (W ’

where the implied constant is absolute in k. We first evaluate the two sums that appear in both
the N prime and N being the product of two distinct primes cases, then move to the sums specific
to the two prime case.

Case 1: NA, v(1,1)
We see that since

1

we have

1

for the first case.

Case 2: )y ye AL (12)1)
We have that

o0
STAL( D) = Y @ e Ak (g g, )
L No° r1,m2=0

oo

log(2q2” 2r2>
o —r1 7“2 2ry 2r2
=Y g 5(g7 g2, 1) + Oy <( i) | (6.3)

r1,r2=0

As g7 gy 6(¢? 3™, 1) = 1 if and only if 7, = r» = 0 and is 0 otherwise

o0
S a0 (q g 1) =1

r1,72=0

Since the implied constant is absolute and k is constant, we can combine the sum of the big O
terms into one error, and obtain

00 log(2q2” 27‘2)
(Zo (¢ ¢5” + K)'/2
21



We now see

log(241'gy) - log(a1) (i r >+10g(qz) (i r2 )<k log(IV)
~ Var ~N

rra=1 /01 q5° + k Va2

T1
ri=11/q1

log(N
14+ O <];g[(1/2))

ro=1 1/ q;Q

Thus we have

log(N)

We have now exhausted the cases for N prime, giving us an error term of Oy ( Ni/2

operate under the assumption that if § = 0, then C is prime.

Case 3: ¢ Zaqgo A, (12)1)
Similarly,

q1 Z é_lAkﬂl (£2, 1) = q1 Z q;mAk,tﬂ (qgm’ 1)

e|q§° m=0

= _ 5 log(2¢3™)
— m 5 Zm’ 1 + o) %) 2
qn mZ:OQQ ( (2 ) k <q1(q’2“ + kq1)1/2
— log(2¢3™)
+ 0 = e L
q1 k (mzzo (qén + kQ1)1/2

for the same reasons as in Case 2. We now turn our attention to the error term

~k ~k
— @&+ kqp)1/? = 0q;n/2 %/2 kN@a=s)/2

Thus we have

_ log(NV)
1 2 1y —
q1 Z A, (5,1) = 1+ 0 <N(1_5)/2> .

£gs°
Case 4: g2 3 gjg0 {7 A, (2, 1)
Latly, we have

@Y T D, (P 1) = @2 Y a7 ™ Drgy (77 1)
£age m=0
> " log(2¢™)
_ ™ (6™ 1) + 0y (-1 .
q2 mzzofh ( (a1 ) k <q2(q71n + kqg)1/2

o0

log(247™) >
= q2+ Ok T L1
(WLZZ:O (g + kga)/?

) . We now

We note that this error term requires additional care as when § = 0, the method used in Case 3

achieves an O(1) error. Thus we write

[oe)
Z log(2¢3™) < log(q1) Z m N Z m
)1/2 ~k T
m=0 ql + qu / QQ/ m< 1;)g((kq2) (kqQ + 1)1/2 m> lfg((qu)) (k;q2 + 1)1/2
— log(gq oglaq1
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For the first sum, since ¢}"/kqa < 1, we have

log?(k
> o ts Y ms W
< log(kag) (kq2 +1) < log(kag) og”(q1)
— log(qy) — log(q

)
The second sum requires more care. Define o = [log(kq2)/log(q1)]. We can rewrite the sum as

Zi me; imw 1 log(kay)

1/2
mza( +1 1/2 m=0 (}CT + )1/2 m=0 qat) / log(q1)

Combining these together yields

log(¢1) ) DL m  log(q1) [log®(kgs) ., log(kgy)
,'? (ﬁ + 1)1 (Lm +1)1/2 ~og” 1082(%) log(q1)
d2 < logkaz) \Tgy m log(kay) \Tgy qs
— log(a1) log(q1)
< log*(CoN'~?) log(CoN1—9)
~ (02N175)1/2 IOgQ(ClN‘;) (CQN1*5)1/2'
(6.5)

Here we note that if 6 = 0, left term dominates, otherwise the right term dominates, thus

> log(2¢%™
> G hat ~ OE)

loalM) jfp<o<
E(N,5) = { N2
gD if 6 = 0.
Combining this with the other error terms and observing that ¢(N) = 324y p(d)N/d yields the
lemma. O

While the Peterson trace formula applies for square-free level, we wish to investigate beyond this
condition. Thus we appeal to proposition 4.1 in [Bar+16] to obtain the following lemma.

Lemma 6.2. Let N = p? for some prime p, then

k—1 1 k—1 1
W(F) = % walf) = "t 0P -p-1) + 0(5i5) = g W) -1 + 0(5)-
FEHL(N)
(6.6)
We have
Wr(F) = Agn(1,1). (6.7)
By applying Proposition 2.5, we have
k-1 p?—1 1 2
Wg(F) = BTH pu(1)p® e Ay 2 (1,1) + p(p)pAg, p(1,1) + p(p®) Y. 1A 1(21)
f(p
(L‘,1>’:1
k—1

= 3 (P = DAL 2(1,1) — pAg ,(11)).

We now use [ILS00a] Proposition 2.2 to compute Ay ,(1,1) and Ay 2(1,1):

A p(1,1) =14 0 (p)( ! )1/21 @] =1+0 (1)
k, p\ 4 - k5/6 1+ kp 08 - k p3/2 ’
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Similarly,

) (1) .
Ak, p2(17 1) =1+0 <p2k5/6 (1 + kp2> 10g(2) =1+ 0 <p3> '

Thus, we have

k—1

Wr(F) = —5( P-p-1) + Ok<]vi/4>-

6.2. Computing Terms. Recall that our extended explicit formula is expressed in terms of
weighted average moments of Hecke eigenvalues, namely

Yo A" Ap2)",

fEH(N)

wherein restrictions are placed on p1, ps relative to the level N. We wish to compute these average
weighted moments for our four cases: N prime, N = giq2 with ¢; fixed and distinct from g2,
N = qiqo with both distinct and neither fixed, and lastly N = p?. We summarize our results in
the following four lemmas.

Remark 6.3. Note that unless otherwise stated, the value of the moments in the following lemmas
is 0.

Lemma 6.4. For F = H;;(N) where N is a prime, the following holds:
Al(p) = O(N""/?)
7‘27'p7‘/4 log(p” N) .

Crpp+ O\ ——x — if r even,

O(w) if v odd.

B;,wz(pl,pz) = O(N*(’"1+’"2>/2)

By, o (p1,02) = O(2T2N—m/2)

ry T
C(r1+r2)/2 + O(2r1+r2 (p11p22)1/4 log(2p; Py~ N) log(N)) if p1 = p2 and (7“1 — 79 mod 2) =0,

kK5/6N
o log(2p]'p,2 N) log(N .
B7»177‘2(p1,p2) = Cr1/20r2/2 +O(2rl+r2(pllp22)l/4W) prl #p2 and T e,
1,72
0(2”“"2 (p;1p22)1/4 W) otherwise.

Proof of Lemma 6.4. First, we show asymptotics for A,(p) and A/.(p). We know that if p| N, then
p = N. Therefore, we first determine how A](N) behaves. We know that As(N)? = 4. Therefore,
we have

A'(N) = O(NT"/?). (6.8)
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Moreover, we compute A,(p) for p # N. To do this, we use (6.13) and (6.12):

Ar(p) = Z wr(f
fef
[r/2]
= Z 'lUR ) Z br,erk)\f(pr72k)
fé]-' k=0

l7/2] r—20
_ r—20 r=2¢log(2p""*'N)
= E br,r— 2£< ( ,1)‘1‘0(19 4 N))

Crio+ O(uj\(}M) if r even,

_ - ) 6.9
{O<r2p“zlvog(pf\f)) if 7 odd. .

where C,. /5 is the (r/2)™ Catalan number (see sequences in A000108, A000984 in [Slo]). For the last
equality, we use the fact that b, 9 < 2".We compute B, HE(N) (p1,p2), B ., HE(N) (p1,p2),

and Brl,rg,H;;(N) (p1,p2) for various 71,72, p1, and py. Because N is prime, notice that if prime p
divides N, then p = N. First, notice that

1

"

Br1,r2,'H*( )(Na N) S N2 (6.10)

because N is prime, thus square-free, and in this case, for all prime p|N, A\¢(p)? = %.
Secondly, for ps t N, we have
By, iz (n) (N p2) = Z wR(S)NF(N) Xp(p2)"
fE]-'
1 ora
S yog J;:’LUR W)™ | S 17 (6.11)
€

Recall for (p1,p2, N) = 1, by equation 2.4 we have

k—1

ST wr(HMmMAR) = ——==@(N)3(m,n)+0 (k% (mn)*(n, N)272(N)73((m, n)) log(2mnN)) .
12

feH;(N)

Therefore using (6.1), we find

1 log(2mnN)
S wr(HAMAR) = 8(m,n) + O ((mn)1/45> L (612)
76
Wr(F) sty }5/6N
In addition, note that

/2]
3" brroorAs (p’“—z’f) . (6.13)
k=0

We can compute b, oy recursively using the fact that A\p(m)Ar(n) = 3 g/mn) Ar (%)
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Thus, we have that for p; { N and pa f N :

By vy 1z () (P1,12) (6.14)
Lr1/2] lr2/2]
- ok, . log(2pTp52 N)
T k T k Ty, T gl<p, P
Z Z bry ry—2k1 brg,rg—2ky [5(]911 K p2 Ty L O <(p11p22)1/4]€5}6]\?
k1=0 ko=0
Lr1/2] Lr2/2]

ri—2ky o r1 ray1/4108(2p1 py* N)
Z Z le,r1—2k1br2,r2—2k25(p11 2k17p22 2k2)+0 <(p11p22)1/4k5}61\?

k1=0 k=0
0(2”*”’ (pqlpgz)l/‘l% if pp = poand (r1 —remod2) = 1
Clrrtry) 2 + 0271772 (10?10;2)1/4%) ifpr = ppand (1 —r2mod2) = 0
B 0(2’“1'”2 (p?pg"’)l/‘l%) if p1 #p2 and (r1 —r2 mod 2) = 1 or p1 # p2 and r1,7r2 odd
Cry2Cry 2 + 0(2””2 (p;lpgz)l/élbg(ié/#) if p1 # p2 and r1, 72 both even.

(6.15)

where C, is the r*® Catalan number. The second-to-last equality follows because the sums here are
finite. g

"

Next, we compute the terms A} =(p), 4, 7(p), By, ,, 7(P1,p2), By, ., #(P1,p2), and By, r, 7(p1,p2)
for the other three cases we consider. The proof of them is similar to that of Lemma 6.4 and can
be found in Appendix C.

Lemma 6.5. Suppose F = H}}(N) where N = q - q2 for fized prime g1 and g2 — oo. Then

qfr/2 ifp = qu and r even,

AL r(p) = SO(ER)  ifp = q1 and r odd,

O(N~"2) ifp = qa.

ror/ "
Crya+ Ok(2 P 41°g<f\’, N) logw)) if r even,

Ar,f b)) =
() On (2%”4 log(Jz\);N) 10€(N)) if r odd.
ql—(n-H"z)/2 ifpr = p2 = q1, 1 = r2 (mod 2),
2
B’:"l77’27]:(p17p2) = O(W) ifpr = p2 = q, 11 # r2 (mod 2),

O(N—\_min(rl,'l‘z)/QJ) prl = (2 OTr' p2 = Q2.

C, 2 pr2/4 gg(ph2 ;
2202 4+ Ok.qy “21\73@21\”) ifp1 = g2, ™1 even, T2 even,
9
272 p£2/4 log(p;2 N) 3
Ok,q - N ifpr = q2, ™1 even, r2 odd,
!
Brl,rz,}_(pl’pz) = 272p72/ % log(pl2)
Oqgy .k Pzngz> Jo T et
o2 pr2/4 log(p,2 N) 3
O(M T =
r14r 1T log(2p 1 pr2 N) 1 N ;
Covinrn + 0(2 o+ 2(p11p22)1/4w) if p1 = p2 and (r1 —r2 mod 2) = 0,
I log(2p" 1 p"2 N) log(N .
Br1,7‘2 (p17p2) = Crl/QCTz/Q +O<2 1t 2(p11p22)1/4W) prl ;épQ and T1,T2 €VEN,
Ty _To .
O (2r1 +ro (p71“1p;2)1/4 W) otherwise.
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Lemma 6.6. Let F = H/{(N) and N = qiq2 with q1,q2 prime and q1 ~ N® gy ~ N'79, where
d € (0,1/2]. Then,

AL(p) = O(5572)
Crj2 + Oy (727'177./4 }Sg(pTN)) if r even,

ArF(p) = - .
ok(w) if r odd.

B:“,hrz (p1,p2) = O(W)

By o (P1,p2) = O(N?ni?/?)

Cry/2Cy /2 + O(2T1+T2p7{1/4pg2/4N71 10g(2p;1/4p;2/4]\])> if 11,72 even and p1 # pa,
_ ri+rg, T1/4 r2/4 ar—1 r1/4_r2/4 . — _
By ry(p1,02) = { Clrytro)/2 + 0(2 pit TPt TN log(Zp1 Do N)) ifri—ra =0 (mod 2) and p1 = pa,
(0] <2T1+T21)71'1/4]772"2 /N1 log(2p7{1 /4pg2/4N)) otherwise.
Lemma 6.7. Let F = Hj(N) and N = p? with p — co. Then,
AL 7(q) = 0
Crja+ O (ZTq£ %) r even
Ar,]—'(q) = T log(24")
Oy (27"qZ %) r odd

B;,L?"z,]-'(plzp?) =0
Bfl”l,r2,]-'(plap2) 0

Cry/2Cryy2 + Ok (%2”“217?/4;7;2/4 log (2p71"1p72"2)> if p1 # p2 and 1, T2 even

O (%2”“21)?/ "p3/ " log (2p’{1p§2)) if p1 # p2 and r1, T2 odd
Bleszf(phPQ) = ))

Critrya + Og (%2”+T2p?/4p22/4 log (2p7' py? ifpr=p2 andry —r2o =0 mod 2
2

Oy, (%2”“2;);1/417;2/4 log (2p§1p£2)) ifpr =p2 andri —rag =1 mod 2.

Remark 6.8. Notice that for the three cases where N prime, N product of two primes with both
factors going to infinity, and N square, the terms A’, B”, and B’ do not admit a main term. On
the other hand, for N = q1¢q2 where q; is fixed, A’, B”, and B’ have main terms. Moreover, in all
four cases depending on NN, even up to the error terms, the A and B terms are equal. This is an
important remark to keep in mind because it will save us a lot of computations later.

7. LOWER ORDER TERMS

Theorem 7.1. Suppose the test function ¢ is an even Schwartz function with (E supported in [—o, o]
for o < 0.22 5 If N is prime or N = q1q2 where both q1 and qa goes to infinity, Sa(F) is negligible,

.e., .
Su(F) = O<log4(R)>'

However, when N = q1q2 for fixed q, we have

_log(q) ¢(0)  log(qr) ¢"(0) 1
su(r) = 22l SO _ o) q%_1+o<10g5(m>.

5The restriction for the support arises in the proof.
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Proof. We compute the term

p) log(p) ~ ( log(p)
_22 Z m/2 log(R )¢( log(R)>

p:p| N m=1

from S1(F, ¢) up to the desired error.
Case 1. When N is prime, by Lemma 6.4

L7 (p) = O(NTT72).

Note that in this case p = N is the only prime factor of N and hence the sum becomes

= 1 log N)A log(N) 1 (log(N) = (log(N))3 log(N) 1
-2 Z N™ log(R) (mlog(R)> SN <log(R) T log(R))? +> S Nlog(R) S

7.2)

Case 2. When N = ¢; - ¢ with ¢; < ¢2 and ¢ is fixed, by Lemma 6.5

ql_r/2 if p= ¢ and r even,

;«,I(P) =40 %) if p=¢1 and r odd
0 Nﬁr/z) if p = qo.

Notice that in this case, the main term only comes from when p = ¢; and r is even. Therefore, the
main term is given by

1 log(qi) ~ (2rlog(q)\ _  log(q)  $(0)  log(q) "(0) 1
“ qi" log(R) < log(R) ) = log(R) 3(1—q%) log(R) Qf(l—ql_2)+0<log5(3))' (73)

The equality follows from the power series expansion of the even function 5 Moreover, the error
term is bounded by

log(N) log(q1) ~ ((2r — 1) log(q1) - 1 log(ga) ~ ((2r —1)log(q2)
2;]\,(; e ® (et )‘2;:1 N/2gi PP o (" oamy )

(Ex) S

qul

Thus, we get that in this case,
o~ A,z () log(p) -/ log(p)
9 ;
2 z} 72 log(R)” <mlog(3)>

B log(q1) $(O) B log(q1) 5”(0) 1

Case 3. When N = q; - ¢2 and ¢1, g2 — 00, by Lemma 6.6 we have

1
;”7]:(p> =0 (N7T5/2) s where 0 < o< 5
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Then, the term becomes an error term because
p) log(p) ~ ( log(p)> 1 —  log(q1) A( log(q 1))
-2 <
Z Z m/2 log(R)¢ mlog(R) ~ log(R) mzz:l Nm5/2qi+m/2¢ mlog( R)

p:p|N m=1
LS los(a) 5( 1og<( 2>)>

= Nm6/2q%+m/2 log(R

Theorem 7.2. Suppose the test function ¢ is an even Schwartz function with gg supported in [—o, 0]
for o < 0.22. For all our cases, we have

SA(F) = q5(2()) lfg((])%) (2vPNT3 — VA2 + 743 +VA6) + li;’((of)z) (4va1 +va4 + 745 +747),
(7.6)
where
YpNT3 =1+ /1oo Et(;) dt =~ —1.33258
YAl = /lao Et(zt) ((10g(t))2 - 210g(t)>dt ~ —10.0881
Yaz = zp: ;(fi(‘?) ~ 1.5382
Yas =Y 2’ Zf’;}ill))glog(p) ~ 0.8852
g = S B2 : +p2(2p++1§g o8’ (1) 43,6045
VA5 = ; (610" + 4p” 7p?§i ;)520p —4) IOgg(p)& ~ —72.6540
Va6 ::; ;Tlog 2 p+1 _ & 0.8321
yaz = 2,,: (- i_o: ;i)l)_ 24rp = 8p) . 5 8746529 (7.7)
and where we let O(t) = 3, <, log(p) and define E(t) := 0(t) —t be the error.
Proof of Theorem 7.2, We note that, regardless of factorization, we have
A B Cr2+ O (ﬂrpr/4 log];\(,p) logQ(N)) if r even
rF(p) = {Ok (7.2'rp’f/4 lo%\(fp) logQ(N)) 1 odd. (7.8)
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Thus we have

Aor(p) =140y (

/ (0] (o) 2
A (o) = Oy (pl loslr)log (N )>

Ao r(p) = 1+0k< Plog(r) log (N )>. (7.9)

log(p) log?(NV) )
N

Since

log®(N)
RN

N

log®(N) 3 log”(p)
Niog(R) 22 »
log?(N) 3 log*(p) _ log*(NV)
N log(R) ps/4 ™~ RO/AN

p<R°

log?(N) 3 log*(p) _ log’(N)

the error terms for all the finite sums in Theorem (4.1) that are multiplied by a Schwartz function
are sufficiently small and we have that the sums equal

- 2log(p) - (P* + 3p + 1) log(p)
B T A TR

~ (32p? + 24p + 8)log®(p)  ~, (64p* — 4p> + 44p® + 20p + 4) log?(p)
0 —¢"(0
0L e 02 pp + 1 0g(R)

We now deal with the terms

2A0,7(p) log(p) log(p)
22 =) (2 )

R
_ ZAI}' log (log )>
pl/2log(R log(R

B ZAQ]—‘ log )¢(2log( )))

-~ plog(R

In the appendix D, we estimate many sums up to our required error, which we now employ to
compute these expressions. In many cases, the error terms are left with convergent but non-
elementary integrals that must be estimated numerically. Since the main terms for As(F)(p) and
Ao(F)(p) agree and A;(F)(p) is an error, using Lemma D.1, we have

2A0,7(p) log(p) ~ [, log(p) Az, 7(p) log(p) ~ ( ., log(p)
22 pflog ¢(210g(3)>—2§p: Dlos(R) ¢(210g<3)>

- P+ 1228% (1+ /lm mlat) + (éﬁ(}(zo))ﬁ /106 = (tom(0® ~ 21081 )ar-+ o
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as the main term for these two sums. We now show the error terms in these cases are sufficiently
small. Using compact support, we have our error terms as

log(R) 3 log’(p) _ log’(R)
~ TN

pSRU p

log(R) 3 log’(p) _ R%/*log(N)
(VZRS N

pSRO' p

log(R) g~ log’(n) R?/?1og(N)
p1/2 ~ N ’

(7.10)
p<R°

which for restricted support are all sufficient. We now evaluate the last two sums. Using (7.7) and
(7.8), we have

o0 7‘

7"]: ( _1)10g p IOg 1
. 7.11
grzg p+1”+1log — (p+1)log(R 1;2 p+127” log4(R) (7.11)

We now aim to evaluate

L Arr(p)(p— 1) (r?(p — 1)? — 12rp — 8p)p"/? log* (p)
2.2 (p+1)731log*(R) '

p r=3

We first show the tail is negligible. We see

—  Ar()((p— D (p—1)* — 12rp — 8p)p"/*log® (p = o (202"
2 2 (p+ 1)r+3log*(R) < log? Zlog no2 <p+1> ’

p r=1+42log(R) r=142log(R)
(7.12)

Further,

0o r 2log(R)+1 oo r
1 2p1/2 1/ 2p1/2
- 1 3 2 < 2

log r=1+2log log p r=1
2log(R)+1

~ log 5 P + 1 = p+1
2p1/2 2log(R)+1

<

~ log g (p + 1)

1
S (7.13)

R—11log*(R)’

Thus the tail is negligible. We now show the error term that arises from A, (F) in the truncated
sum is also negligible. Using the same asymptotic for the rational function in the sum, we have
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that the error is

210g(R) 3/t \"
1
N log Z og Z " (( >

p<R" r=3 )
Z QI%R) 3/4 T Z ) 21%1%) , 2]?3/4 r
N log ( p<2025 2025<p< R° r=3 (p+1)
< = 12025 - ( + Z
N [ 4 pel2027,R7) \P “
Rmax{.11,30/4}
~ #7

which is negligible for our support. Thus, we have

D log?(p) 2% Cupm (14 2r) (p2(2r — 1) — p(10 + 4r) + (2r — 1))

s =y

p r=2 (p + 1)?1og’(R)

(7.14)

as our main term. This sum can be extended to infinity at the cost of R=%!1, which is negligible.
Thus, we have shown

) = S0 01 [ ) 0 B

~ 2log(p) ~ (P> +3p+1)log(p) | ~, (32p% + 24p + 8) log®(p)
—20(00) Z p(p +1)log(R) +2000) 2 p(p +1)3log(R) 02 p(p +1)3log®(R)

P

00 (64p" — dp® + 44p® + 20p + 4)log®(p) 26(0) ) (p — 1)log(p) i ( Crp”

~ p(p +1)%log’(R) (p+1)log(R) = (p+ 1)
1

A,/ (p— 1)log’(p) <~ Cr(4r(p — 1)* — 24rp — 8p)p” ( >
+ 0 - +0 . 7.15
7 )z,; (p+1)log’(R) ;, (p+1)% log*(R) (7.15)
Substituting our constants in yields the theorem. O

Theorem 7.3. Suppose the test functions ¢1, o are even Schwartz functions with qgl, qgg supported
in [—o,0] for 0 < 0.22. If N is prime, N = q1q2 where both q1 and g goes to infinity, or N = p?,

then Sprn(F) is negligible, i.e.,
1
Sgi(F) = O ——— .
p(7) <log4(R)>

However, when N = q1qo2 for fized q1, we find that

Sy (F) = 1(0)$2(0) log?(q1) +O< 1 ) (7.16)

log?(R)qt(1 — g1 %)? log*(R)

Theorem 7.4. Suppose the test functions ¢1, ¢ are even Schwartz function with 51, 52 supported
in [—o,0] for 0 < 0.22. If N is prime, N = q1q2 where both q1 and g goes to infinity, or N = p?,

then Spr(F) is negligible, i.e.
1
Sp(F) =0 —F—|-
o(7) <1og4(R)>
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However, when N = q1q2 for fized q1, we have

210g(q1)gz51( )$2(0) (log(q1)  3log(q1)a
Sp(F) = log®(R) (¢} — 1) ( a (n+1) +VBI71>

log(@) (1(0)62(0) +61(0)62(0))  210g(gy)
410g*(R) (g} — 1) log?(R

~

c)ﬁ 1(0)¢2 () ) vpxrs + O <1og41(3)>’ (7.17)

where

e 6t — 3 * B(t
YB'1 = / (t + E(t)) dt =~ 0.7425, ypNT3 = 1 —l—/ # ~ —1.332. (718)
’ 0 (t+1) 1t

For Sp_ (F), we start by noticing that the expressions for A,(p) and By, »,(p1,p2) are the same
up to error terms for the families with prime level or families with level being two distinct primes.
The error term only differs by an exponent on 1/N, making the computations more or less the
same.

First, we compute the main terms; the computation is exactly the same for all three families.

Theorem 7.5. Suppose the test functions ¢1, 2 are even Schwartz function with qbl, qbg supported

in [—o,0] for o < 0.22. Define ¢p(x) := (P1 * ¢2)(x), with ¢ the second derivative of d. Then for
all of our cases

Sp(F) = /0 N ug(u)du + 51¢61 1( g) 2 1(%(;) + big(&) (I —yPNTL — YPNT2) — IOZIQ((O])%)'YPNTQ
5<$I(O)¢1(f2§<?>( )00 o <1g1(R)> (7.19)
where
YPNT1 = Et(2>(1 —log(t))dt ~ 2.546,  vpnTo == /100 =0kt ;32 8l gt ~ 1.633

> E(t
vpNT3 =1 +/ t(2 )dt ~ —1.332
1

Theorem 7.6. Suppose the test functions ¢1, pa are even Schwartz functions with 51, g/b\g supported
in [—o, 0] for o < 0.22, and with ¢} the second derivative of ¢;. Then for all of our cases,

$(0
Sp(F) = l(o(;((b}%g ) <4 log(2) — v3 + 25 4 3v2 — 4y2log 2 + 292(74 — 75) —472’73)
61(0)2(0 7 1(0)34(0) + ¢4 (0)h2 (0
lég)?;()) (27 > +2’V7—278 BT +79+’Y10+711> + ¢1(0) 2(10)!%2(;;( )62 )71
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where

< E(t)(2 — 5log(t))
"= /1 =72 dt ~ 0.2953
CE(#)(2t+1
" :/ Bh@+1) , ~ 0.1914
1 (12 +1)2
C E()(2t+1
., ::/ ()( +1) ~0.1914
1 (@412
* 20% 4+ 812 + 4t + 1
= E(t dt ~ —0.000501
V4 /1 ( ) tQ(t+ 1)
> 4a® — ba? + 4z + 1
s ::/ E(t) L 7+ f+ dt ~ —0.4854
1 2?2 (z+1)
< et +3+et
= t——————dt ~ 0.210279
wim [ G
> E(t)((—32% — 1222 — 8z — 2)1 3442244 1
o :/ LA b gy e bl ~ 0.07780
. t3(t + 1)
o ot L1082 -1 1 4 3 _9t2 3t —1
., ::/ ()((=9¢" + 10¢2 + 10t + 3) log(t) + 3t* +3¢° — 2> — 3t — 1)) . ~ 0.065%6
. it +1)8
Y9 := Y log (p1)log(pa) | Po (p1) Po (p2) + Y Ce (Po (p1) Pae (p2) + Pac (p1) Py (p2)) ~ 0.5135
P1,P2 =1
0 = Y _ log(p1) log(ps) Z Ct, Cry Pat, (p1) Pary (p2) ~0.4014
pP1p2 l1,05=1
v =y 10g(p) D [(Cerves = Ce,Cry) Paty (p) Paty () + Coyvtz—1 Pt -1 (p) Pty 1 (p)] -~ 1.9648.
p l1,05=1

Proof Sketch of Theorems 7.3, 7.4,7.5, and 7.6.

The above theorems follow from substituting the terms A’, A, B”, B, and B obtained from Lem-
mas 6.4, 6.5, 6.6, and 6.7 for each case into the formulas for Spr(F),Sp/(F),Sp,(F), and Sp,,
given in Theorem 5.1.

There are two parts to the proof of the theorem. The first is evaluating the main terms from
merely plugging in what we’ve already proved. For example, one of the main terms that come up
in Sp_ is, after plugging in our results,

2 e’}
Z Z # (llggg > \flolig( () R) ( pgitl ZC p+1 2€1)>' (7.20)
mi1=
Notice that the substitution still has a sum over p of ¢y evaluated at log(p)/log(R). The general
procedure is as follows: to move the dependence on (EZ outside of the sum, we substitute its power
series expansion and apply the Prime Number Theorem to compute the sum associated to the
constant term. The other sums are generally error terms, since they involve larger powers of
log(R) in the denominator. Often, we use techniques involving generating functions to simplify our
expressions.

In the example (7.20), we find that the expression is equal to, up to O (1/log4(R)) error,

- 465(0) E(t)(2 — 5log(t))
¢1(0) <_910g2(R) - log / 17/2 dt) :

As mentioned above, the remaining lemmas we use to get rid of the dependency on the test function
as well as to simplify evaluating the main terms can be found in Appendix D.
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The second part of the proof is to argue that the error terms of terms A’, A, B”, B, and B obtained
from Lemmas 6.4, 6.5, 6.6, and 6.7 become error terms in computing Sp(F), Sp/(F), Sp, (F), and
Sg_ as well. Below are the two main lemmas we use to bound the errors.

[e3]

Lemma 7.7. Suppose n is a fized positive integer. Then,

2log(R) 3m/4
2"Mmp (p—1) 0.11,30/4
log"(p) < Rmax(0-1L,30/4) (7.21)
D
Proof of Lemma 7.7. Note that
2log(R) ., 3m/4 2log(R) 3/4\ ™
n 2 mp (p B 1) n 2]7
S log"p) S vl < S o > m(25)
p<R® m=0 (p+1)m* p<Ro e p+1
. 2log(R) 2]93/4 m . 2log(R)
S T > m(TH) ¢ X e Y m
p<2025 m=0 p p€E[2027,R] m=0
9. 3/4 2log(R) 9 3/4
§2025~(i > + Y <p1)
PpE[2027,R7) P
< RM12 4 Z p71/4
pE[2027,R7]
< R0412+R30/4.
2log(R
In the second to last line above, we can bound 2025 - (#) . < R%!2 because
log((2 - 3%/%/4)%) = log(3v/3/4) ~ 0.1136 < 0.12. O
Lemma 7.8. Suppose n is any fixed positive integer.
< 2mp2(p—1 1

(p+ 1)m+1 ~ Ro.ll

> log™(p) Y.

m=2log(R)
Proof. Observe that:
= 2" P(p—1)

2B \™ 2
Ep:log"(p) > i S Ep:log"(p) > (29;/}31) < D log™(p) <p+f1

m=2log(R) m=2log(R) p
2log(R)

2V/2 log"(p —0.11

< (2025 ( ) + Z ZIOg(R)/3> < RO

Again, it is crucial that % < 1. The restriction for the support (o < 0.22) comes from the fact
that log((2v/2/3)?) = 1log(8/9) ~ —0.1178 and that —2log((2v/2/3)?) > 0.22. O

Every error term from those of A’, A, B”, B, and B obtained from Lemmas 6.4, 6.5, 6.6, and 6.7
is in big O notation where the implied constant is absolute in k. Therefore, we can bring in all the
sum into the big O notation. Moreover, every error term has some infinite sum over mi or meo over
N. Whenever we have this sum in m;, we break the into two parts, into cases when m; < 2log(R)
and when m; > 2log(R). In the first case, when m; < 2log(R), we bound the error using the terms
given from Lemmas 6.4, 6.5, 6.6, and 6.7 then apply Lemma 7.7. On the other hand, in the case
where m; > 2log(R), we use the bound |B;, ., (p1,p2)| < 2772 for all x = ("), ('), (), r1,72 > 1,
and pi1, ps primes then apply Lemma 7.8.
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For example, when we are dealing with the term

- log(p2)\ log(p1) log(p2) Por. (p1)
¢1(0)p1,pzZ<R"mlzD (log ) log*(R) B, 1(p1,p2) N (7.23)

appearing in the computation of Sp_ (F), the error term is

2log(R
log(p2) \ log(p1)log(p2) Py, (p1)
( Z Z (log ) 2(R) Error(Bym, 1(p1,p2)) N Z Z (Same Terms)) .

p1,p2<R° mi1=0 log ( p1,p2 <R my=2log(R)
(7.24)

For the first sum, we use bounds from Lemmas 6.4, 6.5, 6.6, and 6.7 then apply Lemma 7.7:

2 log(R)

log( lo lo P,
0y Y 8 (1 g pz)) g(lpl)2 g(pz)Error(Bmhl(phm)) L (p1)
p1,p2 m1=0 Og ) 0og (R) \/172
Ro/? Z Lo 21§R) m12™ pt"™* log(p1 N)
= log(R 8(p1) =0 N(pl +1)m
RO/2 log(R) 2log(R 2p3/4 R° 2log(R) 2p3/4 mi
S———— | X log’(m) Z my + Y log*(pr) D> | —
N p1 <2025 mi=0 p1t+1 P1=2027 mi=0 p1+1
/21 9. g3/4\ 2108(F) R 5 3/4
< BT o8 () (o055 ( 5 ) log?(R) + P
N 4 p=a027 P1 T 1
Ro/2 logQ(R) . RO po/2 7 14 Ro/2 logQ(N)RO'H R/2 log(R)
< 1 < N3O/4.

This error is negligable as long as o < 0.8, which we assumed.
For the second sum, we bound | By, 1(p1,p2)| S 2™ then apply Lemma 7.8:

2log(R)
~ ~ (log(p2)\ log(p1) log(p2) Py (p1)
$1(0) o)) < ) Error(By,,1(p1,p2))
;;; Eio log(R) /) log*(R) ' N
Ra/2 0 pm1/2
< log(p) 2m
<10g(R)> (%: m1=;c:»g(R) (p1+1)™
Ro/2 > oo 2p1/2
S > log(p) Y (
<10g(R) (pl mi1=2log(R) Pt
2log(R)
Ro/2 2p1/2
< lo L
~ <1Og(R)> ; s(p) (m +1
< ( r ) 2025 ( 2, )210g(R) + > log(py) ) o Ro/2
~ log(R) pr+1 o 53026 p% log(R)/3 ~ RO.11 logQ(R) )

which is negligible as long as ¢ < 0.22, which we assume.
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APPENDIX A. PROOF OF LEMMA 4.2

Lemma 4.2. For prime p, we have

Mya(p) = 32p° +24p+8  27p° —17p° 4+ 5p + 1)\ (v) - 64p4—4p3+44p2+20p+4>\ ()2
B2 p(p+1)° v+t Y p(p+ 1) r
= (p—1D)(r*(p—1)* — 12rp — 8p)p" /2 X4 (p)"
+ . Al
Z (p + 1)7"+3 ( )

Proof of Lemma. We recall M3o(p) = > o0 _.m? (”;fl(f;))m + 300 s m? (ifl(f;))m. We note that

since

We have

nz:%naxn - 2(1 — )3 * Q-=z2 "~ (1-23 © (A.2)

«@ 2 o 2
S () S ()" - BELERE L G

=\ L R ()
p p
2 2
() + GR)) - (5 58).
(A.3)

We see that by multiplying by p*/? we can write

ar(p) 2 ar(p)
(%) + 5% )%+ ay(olp

o 3 = 172 _ 3
(1 _ pﬁ(/;’)) (p ag(p))
and we obtain a similar result for the corresponding 8¢(p) term. We now aim to combine
oy ()’ + ar(P)p | Br(p)*p'? + Bs(p)p (A1)
(/2 = By (p))? (/2 = By (p))?

The denominator becomes
(p"? = as(@)(P"? = Bs(p)) = p+as(p)Bs(p) — (as(p) + By (p))p"/?
= p+1-As(p)p"/.
We note we are leaving the aforementioned expression inside the cube. Thus we have
Ar@)?(0° —p) + M) P = D) =80 —p) A () —2)  As(p) (A5)

(p+1=As(p)v/pP)? P pi2
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3
Looking at the first term, we express the denominator (p+1—A¢(p),/p)® as (p+1)? (1 i (p)‘/ﬁ)

and use the power series W = 130 yn(n —1)z" 2 to obtain

1 Ar(p)pt?\
72 (r+2)( (p—{—l> .

(- Af<p>p1/2>
P+l

Thus we get

 (p r rr/2
(M2 = p) + X ()P VD — V)~ 8(° =) 3 rt 2)2( ub) ?}f(f:)lﬁ%,

r=0

which is equal to

8(p* —p)  24(p° —p)p'/? o) — 48(p* —p)p (9)? — i (r+2)(r +1) 8(p* = p)As(p)"p"/?

C (pt1)3 (p+1)* (p+1)5 o 2 (p+1)r+s3
5/2 _ 1/2 5/2 _ ,1/2),,1/2 00 5/2 _ 1/2 r+1,7/2
p p (p P/ ?)p 2 (r+2)(r+1)(p PN () p
£ L\ 3 A :
MR A R e U Dl (pr 1)
p *p 2 ) 7,+2 7,+1 (p2 *p))\f(p)rJerr/Q
+(erl ; (p+1)r+3
Combining like terms yields
8 —p)  vP(p—1)(p*—22p+1) Ap(p — 1)(p? — 10p + 1)
- 3 v 1 Ar(p) + 5 Ar(p)?
(p+1) (p+1) (p+1)
N i (p = 1)(r*(p — 1)* — 12rp — Sp)"*Ar ()"
(p + 1)7“+3

Plugging this back into equation (A.5) we get

—8(® —p)  Plp—1)(* —22p+ 1)As(p) L dp(p = 1)(p* — 10p + 1)As(p)?

Moalp) = =0y T 1) PRSI
A0 )*—2) Mp) | (=D (p—1)* — 12rp — 8p)p"* A (p)"
, N + 2 PR (A.6)

3202 +24p+8  27p® — 17p> +5p+ 1 64p* — 4p® + 44p? + 20p + 4

S Toor i M@ RS Ar(p)
o~ (P = 1) (p—1)? = 12rp — 8p)p" X (p)"
+2 TEE (A7)
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APPENDIX B. PROOF OF LEMMA 5.3

[—o,0]. We then have the following estimate

Lemma 5.3 Suppose ¢1 and ¢o are even Schwartz function with qgl and 52 having support in

Z Z C ml,mg

Pl sP2 my,mo>3

L L >

p1,p2<R% mi,m2>3 feF

Y2y (g (py)™ + Br(py)™

1
piPpy log*(R) <1og4<3)
p1tNy
p2tNy
(B.1)
Proof of Lemma. Let us write
(A) = Z Z C mhmg
p1 P2 m1,m2>3
(ay(p;)™ + Br(p)™) log(p1) log(ps) ~ , - ~
(B) := Y Y Y ety = s e 251(0)6(0),
p1 ,p2<R% mi,m2>3 fEF Py /2p2 /2 log (R)
1IN
gz’fN;
(ay(p;)™ + Br(p1)™) log(p1) log(ps2) ~ log(p1) ) =
() = wn(f) 2! YR é1 (m1 ) $2(0)
p1 Z;Rf’ 7n1%:2>3 J%;: Py 1/2p2 2/2 10g2(R) 1Og(R)
1IN
iz’fN;
Notice that the statement of the lemma is equivalent to saying that (A) — (B) = O (1/log4(R)).
We first show that (A) — (C) = (1/log4(R)>, then argue that (C) — (B) = O (1/10g4(R)> .
log(p1)
L (ar ()™ + Br(p)™) log(p1) log(p2) 1 (ml 1og(R>) {A ( log(pz)) -
]-' N ;RU ml%;g f; RTYE e log®(R) " log(R) 2
p1tNy
p2tNy

log(p1 log(p1
< log Z Z g(p1) < g(p)>

m /2 1
p1<RY 'm1>3 ' Og(R)
1

log(p1)
S o () Z VD
1

log(p1)
log*(R) Z p?/?

p1

A

1
log*(R)

N

The first approximation follows from using Taylor expansion, bounding |a¢(p)

+ B(p)™| by 2

p)" p ;
and finally observing that 3, -3 m3/py m2/2 O(ps 32 )and 3°, log(p2)°/py’ ~ < oo. Therefore, we
have that (4) — (C) = O (

W)'
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Now we show that (C) — (B) = O (bg iR )) By a similar approximation,
(af(pi)™ + Br(pj)™) lo lo ~ lo ~ ~
YO Y g 2 =1 o)™ + Byl g(lpl)2 s(pz) <¢1 (mll g%g) _ ¢1(0)> $2(0)
p1 p2<R% my,my>3 fEF Y41 Do og ( ) og
p1{Ny
p2fNy
1 m? log(p1) log(p2)
< 1
1Og4(R) (;n;?" m;3 m1/2 ) (szZR” m;i% m2/2 )
S 41 Z P173/2
log™(R) \ ‘%o
< 1 .
~ log"(R)
With this, the proof of Lemma 5.3 is complete. O

APPENDIX C. PROOF OF LEMMAS 6.5, 6.6, AND 6.7

In this section, we prove the Lemmas 6.5, 6.6, and 6.7.
Proof of Lemma 6.5. The proofs for A,(p) and By, ,,(p1, p2) are identical to the prime case so we
omit it. First we look at A'T’ £(p). There are two cases to consider: whenp = ¢; and when p = ¢o.

If p = ¢ and r is even, then using the fact that A(q1)? = q%’ we have that Al (q1) = q;r/Q. Ifr

is odd, using Corollary 2.10 of [ILS00a] and substituting for Wgr(F) we found in lemma (6.5), we
have:

—lr/2] —r/2]

Alq) = ;;R(I)j;wlg(f)kf(ql) = %T(]—')(O(kl/ﬁ 1/410g(q1N)) O (log]ng)>

Moreover, when p = ¢q, using triangle inequality and using the fact that wg(f) > 0 for all f € F,

Alg)] < — ( $ 3 wnlf )N N2
q

fef

Next, we consider By ,.,(p1,p2). There are four pairs possible for (p1, p2). They are: (q1,q1), (q1, ¢2), (g2, q1),

and (g2, q2)-
In the first case, where (p1,p2) = (q1,¢q1), we have

B;/17T2(q17q1) - Z wp( )‘f @) r1+r2
fef
1 1

P WR(F)

Z wf)\f(ql)((rl—wg) mod 2)

feF
q£T1+T2)/2 if 71 + 79 even,
Orq, (223) i 74 + 73 odd.
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In the last three cases, with at least one of p; or ps being ¢o, we have:

"

By, . (P1,p2) = W ZU)R JAf(p1) ™ Ap(p2)™

fe]—‘
1 1 7"1 mod 2) (r1 mod 2)
= /2 /2] Z wr(f)Af(p1) Ar(p2)
1 Py fef

< 1 log( ) 1
~ q%min(m,rg)/QJ N1/4 ~ NLmin(rl,rz)/Qj '

Next, we look at By ., (p1,p2). By definition, p;|N and p2 f N. If p1 = q1, we see

By, ., (q1,p2) = Z wr(f)Af(q1) ™ Ap(p2)™
fe}‘
1
el WR Z wr(FAp(a)"™ ™0 D Ap (p2)".
If r1 is even, it follows that
. L Oyt Opgy (72220 sz ) log(N>) if 1y even
r1/2 T2 »q1 N
B;’ T Y = A = q11 T T .
1, Q(CH p2) q71~1/2 ( T2 (pQ)) Ok,ql <r22r2p22/410%\(7p22N)10g(N)> if r9 odd
If r1 is odd, Corollary 2.10 of [ILS00a] yields
22py** log (p2) log? (N)
B;"lﬂ"g(ql’pz) = Oq17k < 2 N :
Next, suppose we have that p; = ¢o. Then, trivially bounding by |[Af(p2)| < 2 gives:
By, 1, (q2,p2) = Z wr(f)Af(g2)" Ap(p2)™
fE]-'
1
- A7 WR Z wr(f )t mod 2 (py)2
_ o2 10g(p2 N)
a N lr1/2]+1/2 ’
completing the proof. O

Next, we prove Lemma 6.6.
Proof of Lemma 6.6. The proofs of A,(p) and By, ,,(p1,p2) is identical to the prime case so we
omit it. We can see

1
|AL(p)| ZwR JAs(p)|" < o7
fef
pIN
Since N—(1=0)/2 < N=0/2 this gives

1
AL(p) = O(W)'
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We now look at By ,.,(p1,p2). We see we must have (p1,p2) € {(q1,42), (q1,91) (91, 2), (g2, 1)} =
A, and (ga2, ¢2). Using the fact that [\;(p)| = p~'/2 for p|N, we have

1By, (p1,p2)] = Z wr(f)Af(p1)" Ap(p2)"™
fEJ-—
S WolE Z wr( £ s ()2 A f (p2)[72?
fE]:
1 1 1
< = D Wr(f) 77
Wg(F) fez]-' p§1/2 1022/2
1
< -
S N (C.1)
For By, ,,(p1,p2), we have p1 = q1,q2. We can write
B;1,7~2 (p17p2) ,,,1/2 Z U}R )‘f p2
Wgr(F) jer
Using the triangle inequality and the fact that |[Af(p2)| < 2, we find
272
’B7/”17r2(p17p2)’ = 7‘1/2W Z UJR ’)\f P2 ‘TQ < r2/2. (C2)
R fE]:
(]
Lastly, we look at the proof of Lemma 6.7. Proof of Lemma 6.7. First, we show that A;.(p), By, ., (p1,p2),

and B, ,,(p1,p2) for N = p? are 0. By definition, for pi, p2 { N, we have that the sum is empty, so
B ., (p1,p2) = 0. For p1, pa | N, by [Bar+16] (2.11), we have for p; a prime,

1
Ap(pi)? = {8 p;‘N
9 7 M

Since p1, p2 | N the Hecke eigenvalue terms are zero. Thus, B} o (P1,p2) = 0 for all values of p;
and py. Similarly for By, .. (p1,p2), for p1 f N, the sum is empty, so By, ., (p1,p2) = 0. For p1 [ N,
we again have that the Hecke eigenvalue term Ay (p1) is zero. Thus, By, ., (p1,p2) = 0 for all values
of p1 and py. The same reasoning applies to show that A/ (p) for all primes p.

Next, we compute A,(q). For ¢ | N, which implies ¢ = p, the sum is empty, so A,(q) = 0.
Therefore, assume that q # p. We then have

Ar(p) = ZU}R
fE]-'
lr/2]
Z UJR ) Z br,r—?n)\f(pri%l)
fEJ: n=0
1 1r/2] k

= Zbrr 2n" 14

1 ((pQ o 1)Ak,p2 (qr—Qn, 1) _ pAk,p (qr—Qn7 1))
LT/QJ 1

= Z br,r—2n5(q7’72nv 1) + O <N2rqr/4 log (2qr)>
n=0

Crj2 + Ok (yWM) r even
B Ox (27"q4 w) r odd.
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Lastly, we compute By, ,, (p1,p2). By definition,

1
By vy (P1,02) = o wr(f)Af(p1)™ Ap(p2)™. (C.4)
12 WR(Hk(N)) fGH;;(N),%Nf, sz[Nf ! /

For p1,p2 | N, which implies p; and ps equal p, the sum is empty, so B,, ,, HE(N) (p1,p2) = 0.
Therefore, assume that py, ps # p. We then have

lr1/2] [r2/2]
By, o (p1.p2) = Z S > Wby 2 brayra 2k2)\f( - 2k1> A (pggfgkz,)

f€]: k1=0 ko=0
1 [r1/2] [r2/2]

- Z Z bn,n 2k1 ro,ro—2ko Z U)R ( 1 2’“1) )‘f (pgz—ka)

k1=0 k2=0 fer
1 (r1/2] Lra/2) o
= Z Z brlﬂ”l 2k1 T2,T2— kaAkzN( I 1’p72"2 2)' (05)
k1=0 ko=0

We now apply [Bar+16] Proposition 4.1, which holds as p; and py are not equal p. Using the
fact that p(p?) =0,

r o — k-1 2 - 1 -
AkN( =2k o 2k2) = = ST oM ] (q 5 ) > T A p(mdn)
LM=N ?|M 9 | L
q prime (¢,M)=1

- %(( DA e (P2 052 ) = pAy, (P2 pi ).
By [ILS00a] Proposition 2.2,
Apege (7720, 527 22) = o (pp 200, i 22)
Lol @)™ w (7)) ( pypp R )1/2 log (26}~ g 2)

2)
21.5/6
p?k / ﬂ /p71“1—2k‘1p72“2—2k2 kp2

1/2
1 r1—2k1 _ro—2ko
= ST )+ O | [ 2 log (2p}~*F1p52 ")
b p"l“l 2k‘1p7“2—2k2+kp2

and
Ak,p( ry— 2k1’p72"2 2k2> -5 (p71“1 le,pQQ 2k2)

r1—2k1 _ro—2ko — 9ok _ 9ok 1/2
to| D™ (G )>( LA ) log (2p}! 21 p2~22)

pk5/6 \/i /p§172k‘1p£272]€2+k‘p
1/2
—2k —2k
= 5 () o 117< G ) IC

/p71"1*2k1p72"2*2k2 —|—k‘p
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After multiplying Ay, (p1,p2) by p and Ay 2(p1,p2) by (p? — 1), the error term associated with
Ay, p(p1,p2) absorbs the error terms associated with Ay 2(p1,p2). As such, we may write

l71/2] [r2/2] b1
Broralonpa) = S5 truambarsan (g 08 —p =03 (075
k1=0 ko=0

1/2
r1—2k1 _1ro—2ko
+ Ok ( by b2 ) log (2p7"1 2k1pgz—2kzg)

/p71“1 2k1p72"2—2k2+kp

(C.6)
Dividing by Wgr(F), we have
[r1/2] Lr2/2]
B?“1,7“2(p17p2) = Z Z b?“177“1—2k1br27r2—2k25(p1£1 2k17p£2 2k2)
k1=0 ko=0
1 lr/2) /2] 1/4
+ Ok( 3 Z brs 2k bra ks (P 2F1p5 722 ) log (2p7 2 p 2k2))-
k1=0 ko=
Trivial estimation and the fact that | le:/o% by r—2¢| S 2" gives us
[r1/2] [r2/2]
Briyo,(p1,12) = D> ey —2y by a2k, 6(p7 2 PR T) + Oy, ( N2””2p”/ "y log (2p p?)),
k1=0 ko2=0
yielding the lemma. ([l

APPENDIX D. LEMMAS USED FOR MAIN TERMS IN THEOREMS 7.3, 7.4, 7.5, AND 7.6.

In this section, we state and prove various lemmas used to compute the main Terms in Theorems
7.3, 7.4, 7.5, and 7.6.

Lemma D.1. Let QAS be a compactly supported even Schwartz test function. As in [You05], define

= log(p), E(t):=0(t)—t, SR)=> 21og(p) $<210g(p)>.

p<t 5 plog(R) "\ log(R)
Then )
(0 E(t
S(R) = 2 log / dt (D.1)
44"(0) [ E(t) '
Tog (R /1 5 ((10g(t))2 - 2log(t))dt + 0(10g4(R)).

Proof. By Abel summation
_ \— 2log(p) ~2log(p) 2 log(p) - 2log(p)
SO = 3 ot Vo) " Tog@ > p Clog))

2 . 1 ~/2log(x v d 2lo
= @;gngo[ﬂw)w( () —/1 0t) 2 (5 ¢(logfg))))dt] (D.2)

2 % d1~,2log(t)
= Tlog(R) /1 e(t@(ﬁ(bg?}z)))dt‘

Define u = ?010%()) Then

9 (A5w) = — o) + i), (D3



Write 6 as t + E(t). The first term in (D.2) is
2 (%1 ,~,2log(t) 2, 2log(t)
e )y 17 o) ~ e (o)

B 2 2log(t) 4 1~ /2log(t)
= ). 1 Costm) "~ weme | (loguz))dt

B 2 log(R) OOAU " 4 log )
~ log(R) 2 0 o(w)d log(R))2 / ¢
_ 2 log(R) 4(0) 4 ,log(R)%
~ log(R) 2 2 (log(R))? 2
_ 9(0) | 26(0)

2 log(R)

The second term in (D.2) is
2 © E(t) r~72log(t) 2~ /2log(t)
— dt.
@l Clogn) ~ gm? Gogt)
Because <$ is even, the Taylor expansions are

3 = 30+ 202 o), Fw = FOu+0w).

Thus, the second term in (D.2) becomes
2 [CE{) [~ . ¢"(0) 2log(t)\2 2¢>” 21 1
“ i ), “w §><10;%;;> 7 Coset) o ioai mdt
20(0) [*E(t), =~ 49"(0 E(1)( 85" (0) E(t)]
log(R) t2 " llog(R / Og i (log(R))? / og

Combining the terms in (D.5) and (D.8) yields the lemma.

Lemma D.2. Let <$1, qgg be a compactly supported even Schwartz test function. Then

log®(p) ~ (log(p)\ ~ (log(p)
Ep: plog*(R) ” (10g(R)> »2 (log(R)>

= /OOO udp(u)du — $(0) *EC )(1 —log(t))dt + O < 41 > ,  where ¢ := ¢1 * Po.

log*(R) i 2

Proof. By the Convolution Theorem, we have
> (log(p) \ » (log(p)\ _ - (log(p) ,_
O (o) # (i) = (i) = 002

. log(t) -~/ log(t) .
F0) = o <log(R)> L 0() =t + E(b).

log™(R)

Define

o log’(p) ~(log(p)\ _
$i0) = 3 a0 Goetry ) = 2 o8 @)

By Abel summation, we write

Si(R) = lim 0(x)f(x) — /1 T (tdt = — /1 T ()t

T—r00
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(D.9)

(D.10)



log(t)
log(R)

1 <1 — log(t) 3 log(t) ) 7

PO = oem T " Elm” )

o log(t) — 1 ~ 1 log(t) -,
Si(R) = /0 o(t) (thl(Eg)Q(}E)(b(u)_log(R)t?loiQ ()R)¢(u)> dt.

Write 0 as t + E(t), by change of variable, the first term in (D.12) is

0o 1 0o, -, B oo
/0 up(u)du — lmg(R)/O (gb(u)—l—ugb (u)) du = /0 ud(u)du.

Since ¢ is even. The Taylor expansions are

Differentiate f with respect to u :=

~

o(u) = 6(0) +0(W?), ¢'(u) = ¢"(0)u+O0(u?).
Substituting (D.14) into f’(t) yields
(V)
T = @

The second term is then equal to
¢(0) /OO E(t) 1
— 1 —log(t))dt+O | —5— | -
log?(R) J;1 t? ( og(t)) log*(R)
Combining (D.15) and (D.16) yields the lemma.

o 2
(1 —log(t)) + 0(7911054(2&}2))'

. Then we change the variable and calculate (D.10)

(D.11)

(D.12)

(D.13)

(D.14)

(D.15)

(D.16)

0

Lemma D.3. Let ¢1, ¢o be even Schwartz functions with <$1 and $2 compactly supported. Define

log? ~ (2lo ~ (2lo
)= 2p: p? lfggz(?;%) o ( logf;f(g)) v ( log%g)> ’

then we have

~

_0(0)  $(0)+¢"(0) [ E(t)(1—2log(t))
Sa(R) = 2R) /1 dt+0<

log2(R) o t3

Proof. As before, we appeal to the convolution theorem, writing ¢ := ¢1 * ¢ so that
5 log*(p) o (210g(p)) % <2 log(p)> _y log*(p) 5 <210g(p)>
b log?(R) log(R) log(R) b log?(R) " \ log(R) /
Recall that we define 0(t) := >, log(p) and let

_ log(z) ~ (2log(x)

Now, by the Abel summation formula and the fact that supp(gg) is bounded,

SulF) = g i [0@)5@) = [ 007 0t) =~ [0

To ease notation, substitute u = ?Olg(gl%) and differentiate to get
1 —2log(t) ~ 2log(t) -
")y = ———=>" =y
£ = =g 20 + o )

Ootf’(t)dt = - Oof(t)dt.
1 1
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log"(R) )

(D.17)

(D.18)

(D.19)

(D.20)



Splitting the error in §(t) = t + E(t), we first consider the main term. Substituting in u again gives
1 R —ulog(R) ~
/ ft)dt = L() / ue™ 2 o(u)du. (D.21)

Now, using the evenness of gb, we Taylor expand and find

- o 97(0)

o(u) = 6(0)+—; u® + O(u?). (D.22)
and note that fooo ue™® = 1/a? and fooo ude™®" = 6/a*. Thus, the main term is, after bringing
in the factor of —1/log?(R),

o 129" 1 ) 1
60 1290 (1N 0 o 1) .23
log”(R)  log™(R) log”(R) log™(R) log™ (R)
We now compute the error term
1 o0 1 o 1 —2log(t) ~ 2log(t) ~
—_ Et’tdt:—/ Et( g/ >dt. D.24
oo ] EOr@i = e [ e (S e+ i d ) de (21
Since we also have from evenness that
¢'(u) = ¢"(0)u+ 0. (D.25)

we expand each of $ and ngS’ to see that the above is equal to

1 o0 1 —2log(t) ~ 2log*(t) 1—210g() 3(t)
_1og2(R)/1 E() ( g o0 <t3log ®) B )‘b 0+ ( ))

*(R)
L -l—(/ﬁ” *© E(t 1—2log( ) 1
= log /; dt+0<

(D 26)

Lemma D.4. Let p be prime. For a <1 and p prime, we have

log(p) B ml—a xl—a
2 P 1a+0<log(:ﬁ)>'

p<z

Proof. Define

S) =% 8(p) gy it 4+ B().

pa

By Abel summation
S(z) = 2 “0(x) —2740(2) + oz/z 6(t)t—>Lat.
2
=z %(z+ E(z)) —27%log(2) + « /x (t+ E(t)t—>dt (D.27)
2

= 74 a/ t=%dt — 27 *log(2) + 2 “E(x) + a/ E@t)t~> at.
2 2

After calculating the main terms, we have

xl—a

S(z) = T4 +z “E(x) + a/j Bt 1dt — 27 1og(2) —

a21—o¢

: D.28
T a (D.28)
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By the Prime Number Theorem, E(t) = 6(t) — ¢ = O(t/log(t)), substituting in (D.28) yields

xlfa T . T -« xlfa
2 B(z) = (@) /2 Bt ldt = 0(/2 lotg(t)dt) = 0(10&{@)). (D.29)

The constants are absorbed into the big O term, gives

xl—a xl—a
O
Lemma D.5. Let qg be an even Schwartz function, then
~(log(p) \ log*(p) [ 3p—1 & 0 '(p—1)
Ci——————=
Zp: ¢ (log(R)) log?(R) |p(p+ 1)? + lz; ( +1)% ]
) ¢” ()0~ 2lg(0) 1
ST R wro <1og4(R>> |

(D.31)

Proof. As in [Slo], the generating function for the Catalan numbers can be written in closed-form
for |z] < 1/4:

& : 1—-+v1—-4
S = lovizde (D.32)
— 2z
Letting z = p/(p + 1)?, we note that
2 2 1
2| < —— == < = (D.33)

2+1)2 9 4

so we always have convergence to the above formula. Factoring and subtracting off the first two
terms,

Hp - 1) P—1 (i
C = Cizt —Cy—Cyhz | . D.34
SO = (et a ) D34)
Since )
(p+1)?  4p (p - 1)
1—4z = — = , D.35
T v 2 \p+d (D-35)
we have, using Cp = C] = 1,
> . 1—+v1—-4 1
ZCizl—Co—Clzziz—l—z &—1— = - -2z (D.36)
i=0 2z p D
We multiply through by the extra factors to get
(p—1) p—l(l ) p—1 p-1 p—1 p—1
C — - —Z f— — z = — . D37
;; p+121 p \p p? p P (p+1)? (D-37)
Furthering our effort to simplify the bracket in the sum, note that
-l p-l pol SR ept - DA oot 1 g g
plp+1)*  p*  (p+1)? p*(p +1)? P '
hence, the sum becomes
-~ (log(p) ) log?(p)
_ D.39
3% (o)) ot (D:39)
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which is amenable to our techniques involving the Prime Number Theorem. Let u = log(t)/log(R)
and apply the Abel summation formula with the sequence a, = log(p) to get the main term

™ losln g, (lost) [ uemeren
—~ dt = — u1o8(R) by (u)d D.40
| e (it o U (D40
arising from 0(t) = t + E(t). Writing ¢(u) = ¢(0) + O(u?) and plugging back into the integral, the
main term becomes N
0 1
— ¢§ ) +0 1 (D.41)
log™(R) log*(R)
since fooo ue~**du = 1/a?. We proceed to compute the error term. We have that the error is
1 o0 d [log?t ( log(t) )
— E(t)— . D.42
log?(R) /1 ( )dt [ t? ¢ log(R) ( )
Now,
d |log?t [ log(t) 1 —2log(t) ~ log(t) -,
d _ _toglt) D.43
dt [ ¢ <log(R)> ERA O log(R)” () (D-43)
so the error term is
b o > B(t)(1 — 2log(t 1
0L 810) [ B0 2108ty (LY, D)
log™(R) /1 t log™(R)
]
Lemma D.6. Let qg be an even Schwartz function, then
3 log*(p) ~ <210g(p)>p2 +3p+1
2
o log?(R) "~ \log(R) / p*(p+1)?
) $(0) [~ E(t)B(1) 1
- 2 - 2 3 4 dt+ 0 4 )
4log®(R) log”(R) J; t3(t+1) log*(R)
where quantities I and B(t) are defined explicitly in the proof below.
Proof. Let f(x) =log(x) bo (%ézg x)) iigfiﬁ so that by our standard tricks, we have
log?(p) ~ (210g(p))p +3p+1 / /°° :
= E(t t)dt.
> oy (oa)) 717~ o o O g ), EOSO
(D.45)
Integrating the first term by parts and letting s = 21log(t), it suffices to compute
& 1 [ - S e +3+e°
t)dt = — S ( ) ds. D.46
[ =5 [ (o) e s (D-46)
Expanding gg using evenness, this gives that the main term is
16(0 1
T0) (L) (D.47)
4log”(R) log*(R)
where we let 5
[e.e] eS _|_ + e—S
I = ———d D.48
[ =T (D43

to later be integrated numerically. We now compute the error term in (D.45). Differentiating, we

have 21 2 (21
I - )9 (Toity) +los(®) B(x)o (Tt (D.49)
= 23(z +1)*log(R) |
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where
A(z) = (22° + 82% + 8z + 2) log() (D.50)
B(z) = (—32° —122% — 8z — 2)log(z) + z° + 42 4 42 + 1. (D.51)

Using evenness to expand 5 and gg/ to compute the integral
1 o0
—_— E(t)f'(t)dt, D.52
@ ) EOr (0.52)

we see that the first term is absorbed into the O(log_4 R) error. Considering the second term, only
the constant term in the expansion of ¢ matters for us, yielding an error term of

50) [~ EWB ,

_ D.53
log?(R) J; t3(t+ 1) (D-53)
O
Lemma D.7. Let <$ be even Schwartz function. Then
log(p1) log(p2) ~ (2 10g(P2)> 2
= palog’(R) log(R) / pi(p1 +1)
(=5 +1082) 9(0) HOF | 2(O0)RF, 1 oo
= (1+4F) + + +0 1 .
2log(R) 2log(R) log(R) log*(R)
Proof. Rearranging
log(p1) log(p2) 3 ( 2 log(pz)> 2
7 D2log’(R) log(R) / pi(p1+1) (D.55)
_ Z log(p1) 5 2log(p2) 3 <210g(p2)) .
1(p1 + 1) log(R) < p2log(R) = \ log(R)
We apply Lemma D.1 to the sum over po, getting that the above equals

log(R) 4 pi(p1+1)

where we can compute S(R) up to O(log™* R) numerically, leaving only the consideration of the

sum over pj;. We apply the standard method of Abel summation, setting g(z) = ﬁ so that
log(p1) /OO ’ /OO /
— oY = | d@)dt— [ E(t)g(t)dt. D.57
pzlpl(l?l-Fl) 1 ) 1 0 ) ( )
Integrating by parts, the first term gives a contribution of
o0
1
[—tg(t)]T° +/ g(t)dt = -5t log 2. (D.58)
1
Since
2z +1
/
g(x) = Wi (D.59)
the error term in (D.57)
CE)(2t+1
/ %dt = R (D.60)
1 (t2+1)
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which is a constant that we can compute numerically. Hence, after substituting in our expression
for S(R) from Lemma D.1, we have in total

10g(p1)10g(p2)A<210g(p2)> 2 _ S(m) [
e P2log’(R) log(R) ) pi(p1+1)  log(R)

= ot * ot (1) 5) 0 (i) ] (3w [ 5

1
— 5 +1og(2) + Fl}

(D.61)
Let
E(t)(2t + 1)
/ t2 d . (D.62)
Substituting (D.60) and (D.62) into (D.61) yeilds the lemma O
Lemma D.8. Let qb be even Schwartz function. Then
3 log(p1) log(p) ~ (210g(p2)> (p1 +3p1+1)
7 p2log?(R) log(R) ) pi(p1+1)3 .63
5(0)(log2 + 3 + F3) (1 1 '
L2 1) (1 gy o 1)
log(R) 4 log*(R)
where F1 =1+ [~ E(t)/t*dLt.
Proof. We begin the same as in Lemma D.7, obtaining
log(p1)log(pa) ~ (2log(p2)\ (P +3p1+1)  S(R) pi+3p1+1
Z 5 T = Zlo (P)——F——35 |- (D.64)
o, D2log*(R) log(R) p1(p1 +1) 2log(R) pi(p1+1)
We define h(z) = f&iﬁ;@l so that by the Prime Number Theorem it follows that
S log(p)h(p) = — / R (4 dt — / B ()dt. (D.65)
1 1 1
The first term is - 5
—[t-h(@®)]° + / h(t)dt = log2+ T (D.66)
1
Since . )
22° + 8z +4x +1
h’ = — D.67
(@) e (D.67)
the second term is 5 )
& 2t° 4+ 8t* + 4t + 1
F; = E(t dt. D.68
AU (D.68)

Hence, applying Lemma D.1 to get the value of S(R), we obtain

3 log(p1) log(p2) ~ (210g(p2)) (02 + 3p1 + 1)
pire  P2log’(R) log(R) / pi(p1+1)3

$(0) F1$(0) 1 3
Lﬂog(R) T og(r) ¢ <10g4(R)> ] : [10g2 + o+ Fg} (D.69)

$(0)(log 2 + 3+ F) 1
- log(R) (4 * Fl) o (log‘l(R)> ’

where Fy =1+ [° E(t)/t*dt. O
51




Lemma D.9. Let QAS be even Schwartz function. Then

3 log(p1) log(m)a5 <2log(p2)> ic pilpr—1)

£ 20+1
S= p2log(R) log(R) (p1 +1)2¢F

o . =2 (D.70)
0 + 1
O R) (1) o 1Y),
log(R) 4 log*(R)
Proof. Applying the same argument as in the previous computations and the fact that
=, Pilpi—1)  2pi—pi+1
= , D.71
2 (p1 + 1)20+1 pi(p+1)3 ( )
it follows that the sum equals
S(R) 2p? —p1 +1
lo —_— . D.72
By the Prime Nnumber Theorem, letting f(z) = — xz(x Jf)rgl gives
-p1t+1 /OO / /Oo /
log(p 7:— tf'(dt — | E@)f (t)dt. D.73
Z NPEEE ! (t) ! (t)f(¢) (D.73)
The first term is
o0 oo 1
- / ()t = —[LF(E] + / F(t)dt 1= log(2) + 7. (D.74)
1 1
For the second term, note that
4o — 522 +4x + 1
() = — D.75
J@) 22 (z+1)* (D-78)
so that
4 — 4 1
/ E(t / o ik e ik TR 0 (D.76)
22 (z+1)*
Hence, (D.73) is equal to
1
log(2) + it Fy. (D.77)

Substituting into (D.72), the sum is

log(p1) log(p2) ~ (210g P2 ) o0 pi(pr —1)
C
mZz;g palog(R)** o (R gzg ‘(o1 + 12T

$2(0)  Fids(0) 1 .
Lbam+1%m>*Oﬂwﬂm>}P%2+4+ﬂ} (D.78)

$2(0)(log 2 + 1 + Fy) 1
- log(R) (4 * Fl) o <log4(R)> .
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Lemma D.10. Let qg be even Schwartz function. Then

00 .
3 log?(p) 3 <210g(p)> S (Cot - ) }1; (r—1)

o log?(R) " \log(R) /) (= (p+ 12+
 (0)  $a(0) /°° B (—9t* + 10t2 + 10t + 3) log(t) + 3t* + 3t3 — 2t2 — 3t — L
~ 4log®(R)  log?(R) J; At + 1)
1
Ol —— |-
<10g4(3)>
(D.79)
Proof. We first simplify the sum over ¢. Let
> 1—+1—-4z
— L _
=0
and -
S == > (Cpy1 — Cp)2t (D.81)
(=2
where z = p/(p + 1)2. Since Cy = C; = 1 and Cy = 2, it follows that
1 5952 1— B
g G =t=2=27 gy, Z)GZ =, (D.82)
z
Plug in z = p/(p + 1)?, noting that /1 —4z = (p —1)/(p + 1) to get that
1
Gz = 21 (D.83)
p
and thus )
3p°+3p+1
_ _ D.84
Pip+1)° (D54
Multiplying through by what we factored out, we get
e 4 2
pip—1) _(—1)Bp"+3p+1)
Coy1 — C = . D.85
22( +1 Z)p(p+1)2g+1 pg(p+1)3 ( )
The rest of the argument is analogous to (D.6). We define
~ 2log($)>
= G(x)l D.86
ofa) = 3 (o) Gla) toa(o) (D.56)
where ( ) (322 )
r—1)3z°+3z+1
= D.
G(a) e (D.87)
Hence, we can rewrite the sum we want as
1 1 &0 1 o
—— > 1 = ——s— t/tdt—/ E(t)g (t)dt. D.88
o S8 = e [ @i g [ E0I0 (D.55)
Letting u = 2log(p)/log(R),
1 o0 1 o0 1 o ~ (2log(t)
——a t/tdt:/ tdt:/l t < . (D.89
oo | 0 = s [T a0 = s [Trosn da (1280 (D.89)
This is equal to
b * log(t)(t — 1)(3t* + 3t + 1 1 62(0
B0 [ log - DD (L) 60 (] D.90)
log“(R) J1 t3(t+1) log*(R) 4log“(R) log®(R)
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We now consider the error term. We have that

71 2log(x) 7 ([ 2log(x)
oy — A)os@, (Srose)) + (B(x) log(x) + C(x)) log(R)s (32252 Do)
log(R)z*(x + 1)%
where A(z), B(xz), and C(z) are polynomials. Expanding ¢ and ¢/, the main term doesn’t con-
tribute, so the error is

52(0) [ B(t)log(t) + C(t
log”(R) J1 t4(t+1)
which is explicitly
ba(0) [ —9t* + 1062 + 10t + 3) log(t) 4 3t* + 363 — 212 — 3t — 1
log“(R) tA(t+1)
Combining (D.90) and (D.93) yields the lemma. O
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