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ABSTRACT. Zeckendorf proved that every natural number has a unique partition as a sum of
non-consecutive Fibonacci numbers. Similarly, every natural number can be partitioned into
a sum of non-consecutive terms of the Lucas sequence, although such partitions need not be
unique. In this paper, we
(1) prove that a natural number can have at most two distinct non-consecutive partitions
in the Lucas sequence,
(2) find all positive integers with a fixed term in their partition, and
(3) calculate the limiting value of the proportion of natural numbers that are not uniquely
partitioned into the sum of non-consecutive terms in the Lucas sequence.

1. INTRODUCTION

The Fibonacci numbers have fascinated mathematicians for centuries with many interesting
properties. By convention, the Fibonacci sequence {F),},7 , is defined as follows: let [y = 0,
Fy =1, and F,, = F,,_1 + F,—9, for n > 2. A beautiful theorem of Zeckendorf [31] states
that every natural number n can be uniquely written as a sum of non-consecutive Fibonacci
numbers. This gives the so-called Zeckendorf partition of n. A formal statement of Zeckendort’s
theorem is as follows:

Theorem 1.1 (Zeckendorf). For any n € N, there exists a unique increasing sequence of
positive integers {c1,ca,...,ck} such that ¢y > 2, ¢; > ¢i—1+ 2 for i = 2,3,...,k, and n =
i Fer

Much work has been done to understand the structure of Zeckendorf partitions and their
applications (see |1, 2, 16, 8, 16} 18, 19} 20 25, 29, [30]) and to generalize them (see [10, 12,
13], [14), [15], 17, 22), 23], 26), 27, 28]). In this paper, we study the partition of natural numbers
into Lucas numbers. The Lucas sequence {Ly}, is defined as follows: let Ly = 2, L; = 1,
and L, = Lp_1 + L,_o, for n > 2. As the Lucas sequence is closely related to the Fibonacci
sequence, it is not surprising that we can also partition natural numbers using Lucas numbers.

Theorem 1.2 (Zeckendorf). Every natural number can be partitioned into the sum of non-
consecutive terms of the Lucas sequence.

Note that the distinction between Theorems [I.1I] and lies in the uniqueness property
of such partitions of natural numbers in the Fibonacci and Lucas sequences. Although 5 is
uniquely partitioned into F5 = 5 in {Fb, F3,...}, its partition is not unique in the Lucas
sequence as 5 = Lo+ La =2+3 and 5 = L1 + L3 = 1+ 4. In [7], Brown shows various ways to
have a unique partition using Lucas sequence. E] In this paper, we prove the following results.
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Theorem 1.3. If we allow Ly and Lo to appear simultaneously in a partition, each natural
number can have at most two distinct non-consecutive partitions in the Lucas sequence.

Theorem 1.4. Suppose that we do not allow Lo and Lo to appear simultaneously in a partition.
The set of all positive integers having the summand Ly in their partition is given by

{2+ 3n+ 2] - n >0}, if k=0,

n+®2 . : _
Z(k) = 3n+L+TJ .nZO}, if k=1,
Lk{%??JjLnLkHH:nZOandogngk_1—1}, if k> 2.

Theorem is an analogue of [I8, Theorem 3.4|. For k£ > 0, we find all positive integers
having the summand Ly in their partition. We have a different formula when k = 0 instead of
one formula for all values of k as in [I8, Theorem 3.4].

Our next result is predicted by [9, Theorem 1], which deals with general recurrence relations;
however, in the case of Lucas numbers, we can relate Lucas partitions to the golden string.

Theorem 1.5. If we allow Ly and Lo to appear simultaneously in a partition, the proportion
of natural numbers that are not uniquely partitioned into the sum of non-consecutive terms of
the Lucas sequence converges to 3Tl+17 where ® is the golden ratio.

2. PRELIMINARIES

2.1. Definitions.

Definition 2.1. Let A = {ag,a1,...,am} be the sel consisting of the first m + 1 terms of
the sequence {ay}ro . We say a proper subset B of A is a non-consecutive subset of A if the
elements of B are pairwise non-consecutive in {ay}re . Furthermore, we say a sum S is a non-
consecutive sum of A if S is the sum of distinct elements of A that are pairwise non-consecutive

in {aktpo-
Definition 2.2. Let A,, = {Lo, L1,..., Ly} denote the set consisting of the first m + 1 terms
of the Lucas sequence.

2.2. The golden string. The golden string S = BABBABABBABBA... is defined to
be the infinite string of A’s and B’s constructed recursively as follows. Let S; = A and
So = B, and then, for k£ > 3, Si is the concatenation of Sx_; and Si_o, which we denote by
Sip_1 0 Sk_o. For example, S3 = S, 0851 =ayo0a; = BA, Sy = S3055 = asa; oay = BAB,
S5 = S4083 = BABBA, and so on. Interestingly, the golden string is highly connected to the
Zeckendorf partition [19]. As we will see later, the string is also closely related to the partitions
of natural numbers into Lucas numbers.

Remark 2.3. We mention two properties of the golden string that we will use in due course.

1) For j > 1, the (Fy;)th character of S is B and the (F5;41)th character of S is A. This
4 i+
can be easily proved using induction.
2) The number of B’s amongst the first n characters of S is given by |2l |, where & =
g & >
1+—2‘/5 is the golden ratio. For a proof of this result, see [19, Lemma 3.3].

3. AT MosT TwO PARTITIONS

In this section, we present our results that determine the maximum number of non-consecutive
partitions that a natural number can have in the Lucas sequence, the proofs of which are
adapted from [21]. Before we prove Theorem [L.3] we introduce the following preliminary lem-
mas. For the proofs of Lemmas and see Appendix B.
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ON ZECKENDORF RELATED PARTITIONS USING THE LUCAS SEQUENCE

Lemma 3.1. Let S be any non-consecutive sum of Ap,. Then

(1) if m is odd, S assumes all values from 0 to Ly, 11 — 1 inclusive, and
(2) if m is even, then S assumes all values from 0 to L1+ 1 inclusive, excluding Ly,41.

Lemma 3.2. If m > 0, then Lopi1+1 has ezactly two non-consecutive partitions in the Lucas
sequence.

Proof of Theorem[1.3, Tt suffices to show that for every non-negative integer m, there is no
natural number that is equal to three or more distinct non-consecutive sums of A,,,. We proceed
by strong induction. No natural is equal to three or more distinct non-consecutive sums of Ag
and Aj. This shows the base case. Assume Theorem holds for all non-negative integers less
than or equal to m = k. In our first case, suppose that k is odd. From Lemma [3.1] the non-
consecutive sums that we can form from Ay, are the values from 0 to Ly — 1 inclusive. Hence,
when we add the term Lyiq to Ag, all new non-consecutive sums that can be formed must
be at least Liy1. This implies there is no possible way in which we can form a third distinct
non-consecutive sum of Ay,q for any natural number because there is no intersection between
the non-consecutive sums in which we can form before and after the addition of the term
Liyi. When k£ > 2 is even, we have from Lemma that all non-consecutive sums we can
form from Ay are the values from 0 to Liiq + 1 inclusive, excluding Lii1. When we add the
term Lpy1 to Ag, all new non-consecutive sums that can be formed are at least Ly4q with
Li1q + 1 being the only non-consecutive sum formed again, namely Ly + Li. By Lemma
3.2 we know that Lyi; + 1 has exactly two distinct non-consecutive partitions in the Lucas
sequence. Therefore, there is no possible way in which we can form a third distinct non-
consecutive sum of Agy; for any natural number. This completes the inductive step. O

4. PARTITIONS WITH A FIXED TERM

Let X} denote the set of all positive integers having Lj as the smallest summand in their
partition. Let Qi = (qx(Jj));j>1 be the strictly increasing sequence obtained by rearranging
the elements of A into ascending numerical order. We consider the cases k = 0 and £ > 1
separately.

4.1. When k = 0. Table 1 replaces each term ¢ (j) in Qp with an ordered list of the summands
in its partition.

Row
1 Lo
2 Ly Ls
3 Lo Ly
4 Lo Ls
5 Ly L3 Ls
6 Lo Lg
7 Lo L3 Lg
8 Lo Ly Lg

Table 1. The partitions of the positive integers having Ly as their smallest summand.

Lemma 4.1. For j > 3, the rows of Table 1 for which L; is the largest summand are those
numbered from F;_1 + 1 to Fj inclusive.

Proof. We prove by induction. Base cases: it is easy to check that the statement of the lemma
is true for j = 3 and j = 4. Inductive hypothesis: assume that it is true for all j such that
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3 < 7 < m for some m > 4. By the inductive hypothesis, the number of rows such that their
largest summands are no greater than L,,_1 is

m—1

1+ Z(Fj —Fj1) = Fn-1,

j=3
which is also the number of rows whose largest summand is L,,+1. Due to the inductive
hypothesis, the rows whose largest summand is L, are numbered from F,,_1+1 to Fy, inclusive.
Therefore, the rows whose largest summand is Ly, 1 are numbered from F,, + 1 to Fp,11, as
desired. This completes our proof. U

Lemma 4.2. For j > 1, we have

Lo, if A is the jth character of S,

1) —an(f) —
a(J +1) — ax(4) {Lg, if B is the jth character of S.

Proof. We prove by induction. Base cases: it is easy to check that the statement of the lemma
is true for 1 < 5 < Fy — 1. Inductive hypothesis: suppose that it is true for 1 < j < F,, — 1
for some m > 4. By Lemma the number of rows in Table 1 whose largest summand is no

greater than L,,_1 is
m—1

1+ Z(FJ —Fi1) = Fpy,
j=3
which is also the number of rows whose largest summand is L, 1. Furthermore, the rows for
which L,41 is the largest summand are numbered from F),, + 1 to F,4+1 inclusive. Therefore,
the ordering of the rows in Table 1 implies that (i + Fi,) = qx(?) + Lm+1, for 1 <i < Fy—q.
Hence, for 1 <i < F,,,_1 — 1, we have

(i +1+Fy) —aqr(i+ Fpn) = (@ +1) 4+ Lypy1) — (qk(2) + Limy1) = qe(i + 1) — g (7).

By the construction of S, the substring comprising of its first F,,_; characters is identical to
the substring of its characters numbered from F, + 1 to Fj,,+1 inclusive. Thus the lemma is
true for F,,, +1 < j < F+1 — 1. It remains to show that it is true for j = F,,. We have

L1 — (L + Lyp—2+ -+ Ly) = L3, if miseven,

F,+1)— F, =
Qk( m ) Qk( m) {Lm+1—(Lm+Lm2+"'+L3) = Lo, if m is odd.

By Remark 2.3]item (1), we know that the lemma is true for j = F,,, completing the proof. [

4.2. When k > 1. Table 2 replaces each term ¢ (j) in Qy with an ordered list of the summands
in its partition.
Row

Ly
Ly Lgyo
Ly, L3
Ly, Lita
Ly Lito Lita
Ly, Li+s
Ly Lito Li+s
8 Ly, Ly Li+s
Table 2. The partitions of the positive integers having Lj as their smallest summand.
Table 2 is similar to Table 1 in [I8]. The next lemma follows from [I8, Lemma 3.1].
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ON ZECKENDORF RELATED PARTITIONS USING THE LUCAS SEQUENCE

Lemma 4.3. For j > 2, the rows of Table 2 for which Ly ; is the largest summand are those
numbered from Fj + 1 to Fj11 inclusive.

Lemma 4.4. For j > 1, we have

) . Ly11, if A is the jth character of S,
(i +1) —a(j) = {L PR :
k+2, if B is the jth character of S.
Proof. We prove by induction. Base cases: it is easy to check that the statement of the lemma
is true for j such that 1 < j < Fy — 1. Inductive hypothesis: assume that it is true for
1 <j5 < F, —1 for some m > 4. From Lemma the first F,,—1 rows of Table 2 are those
for which the largest summand is no greater than Ly, o. Also, the rows for which Ly,
is the largest summand are those numbered from F, + 1 to Fy,41 inclusive. Therefore, the
ordering of the rows implies that qi(i + F1) = qi(i) + Lgm, for i = 1,2,..., F,,,_1. Hence,
fori=1,2,...,F,_1— 1, we have
(i + 14+ Fp) —qp(i+ Fn) = (@0 +1) + Liym) = (qe(@) + Liym) = qr(i+1) — qr(9).

By the construction of S, the substring comprising its first F},,_1 characters is identical to the
substring of its characters numbered from F,,, + 1 to Fj, 41 inclusive. Thus, the lemma is true
for Fiy +1 < j < Fipyq1 — 1. It remains to show that the lemma is true for j = F,,,. We have

e (Fon +1) — u(F) = { Liym — (Liym—1 + Ligym—3 + -+ Ligys) = Liyo, ?f m %S even,
Livm — (Lk+m—-1 + Lktm—3+ -+ Lgso) = Lgyrq, if mis odd.
By Remark [2.3]item (1), we know that the lemma is true for j = F,,, completing the proof. [
We are ready to prove Theorem [1.4]
Proof of Theorem[1.J We consider three cases.
Case 1: k = 0. By Lemma 4.2| we have Xy = {2+ a(n)La + b(n)Ls : n > 0}, where a(n)

and b(n) denote the number of A’s and B’s, respectively, amongst the first n characters in the
golden string. Using Remark item (2), we have

e oo 5 o2 o) - oo 552 ).

It is clear that Z(0) = Xp; hence, the statement of the lemma is true when k = 0.

Case 2: k = 1. Using a similar reasoning as above, we have

- oo [ n 5 o)
{2 o5 o) - o [ )

It is clear that Z(1) = Xj; hence, the statement of the lemma is true when k = 1.

Case 3: k > 2. Using a similar reasoning as above, we have

1 1
Xy = Lk + Ly | n— nt + Liyo nt :n >0
P d
1 P2
= {Lk<1+\‘n$ J)—FnLkH:nZO} = {Lk{n—; J—f—nLkH:nzO}.
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If & > 3, the numbers in {Lg, L1, ..., Lx_o} are used to obtain the partitions of all integers for
which the largest summand is no greater than Ly_o. In particular, such partitions generate all
integers from 1 to Ly — 1 inclusive. Furthermore, such partitions can be appended to any
partition having Lj as its smallest summand to produce another partition. Therefore,

CI)2
Z(k) = {Lk {n—; J+nLk+1+j : nZOandOﬁngk_l—l},
as desired. It is easy to check that this formula is also true for k£ = 2. O

5. PROPORTION OF NONUNIQUE PARTITIONS

Let ¢(N) count the number of numbers that are not uniquely represented in the Lucas
. ¢(N) 1

sequence and are at most N. We want to show that A}gnoo N T 1130 where & =
(14 +/5)/2 is the golden ratio. Note that |7, Lemma 3] says we can make the Lucas partition
unique by requiring that not both Ly and Ly appear in the partition. Therefore, if a number
has two partitions, then one of the partition starts with Ly 4+ Lo. If we can characterize all of
these numbers and find a formula for ¢(N) in terms of N, we are done. Call the set of these
numbers K. We form the following table listing all of such numbers in increasing order. Let

qr(j) be the jth smallest number in K.

Row

Lo+ L2

Lo+ Ly Ly

Lo+ Lo Ls

Lo+ Lo Lg

Lo+ Ly Ly Lg

Lo+ Lo L7

Lo+ Ly Ly L7

Lo+ La Ls L7

Table 3. The partitions of the positive integers having Lg and Lo as their smallest summands.

Observe that Table 3 has the same structure as Table 1. Therefore, Lemma applies with
a change of index. In particular, we have the following.

00 O UL W N =

Lemma 5.1. For j > 1, we have

Ls, if A is the jth character of S,

1) — N
ar(J ) = a() {L4, if B is the jth character of S.
Therefore, we can write

K = {Lo+ La+a(n)Ls+b(n)Ly : n > 0},

where a(n) and b(n) denote the number of A’s and B’s, respectively, amongst the first n
characters in the golden string. Hence,

K = {5+4n—|(n+1)/®|)+ 7 (n+1)/®] : n>0} = {5+4n+3|(n+1)/®] : n>0}.
Now, we are ready to compute the limit.

Proof of Theorem[1.5. The number of integers with two partitions up to a number N is exactly

#{n>0|54+4n+3|(n+1)/®] < N}. The number is found to be 4]13_/1(3 within an error of
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ON ZECKENDORF RELATED PARTITIONS USING THE LUCAS SEQUENCE

at most 1. Therefore, as claimed, the limit is
1 N-1 1 1

lim — - _ ,
NS N4+3/3 413/ 1+30

O

Among the first N natural numbers, we see how a = ﬁ ~ 0.17082 estimates the propor-
tion of natural numbers within this range that do not have unique non-consecutive partitions
in the Lucas sequence. The data we collect is shown in Table 4.

N [ e [ B0V

10 1 10.000 %

100 17 17.000%
1,000 171 17.100%
10,000 | 1,708 | 17.080%

10° | 17,082 | 17.082%

10° 170,820 | 17.082%

Table 4. Proportion 8 (N) of the first N natural numbers that do not have unique
non-consecutive partitions in the Lucas sequence.

APPENDIX A. Java CODE

The following is our Java code for calculating non-consecutive partitions of natural num-
bers in any infinite integer sequence given by a second-order linear recurrence. It is avail-
able on github at https://github.com/dluo6745/Zeckendorf-Partitions/blob/master/
ZP.javal For each natural number n from 1 to N, the code returns the non-consecutive parti-
tion(s) of n as a list of integers that correspond to the indices of the terms in the second-order
linear recurrence sequence we are enumerating. Furthermore, the code also returns the number
of natural numbers from 1 to N that do not have unique non-consecutive partitions.

APPENDIX B. PROOFS OF LEMMAS

Proof of Lemma[3.1. We proceed by strong induction. The non-consecutive sums that we can
form from Ag are 0 and L + 1 because the empty set results in a sum of 0 and the non-
consecutive sums that we can form from Ay are 0, L;, and Lo — 1. This shows the base
case. Assume Lemma [3.1] holds for all non-negative integers less than or equal to m = k. With-
out loss of generality, suppose that k is odd. To find the range of non-consecutive sums that we
can form from A1, we consider the subset A1 — {Lx}. From our inductive hypothesis, the
non-consecutive sums that we can form from Aj_; are the values from 0 to Ly + 1 inclusive,
excluding Lg. By adding Ly.q to these values, we have the following non-consecutive sums
that we can form from Ay,q range from 0 to Lgys + 1 inclusive.

To show that Liys cannot be formed as a non-consecutive sum of Ay,q, we first prove a
general result. Let B be a non-consecutive subset of As;, where j is a non-negative integer
such that 27 < k. For sake of contradiction, suppose that the sum of the elements of B is equal
to Loji1. In our first case, suppose that Lo; is not in B. This implies B is a non-consecutive
subset of Az;_1 and that the sum of the elements of B is less than or equal to Lgjy1 — 1 from
our inductive hypothesis. Hence, we have a contradiction which implies B contains the term
Laj. Consider the set B =B - {ng}, which is a non-consecutive subset of A;_o. Because
the sum of the elements of B’ is equal to the difference between the sum of the elements of B
and Loj, this implies that the sum of the elements of B’ is equal to Lgj_1, which cannot be
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formed as a non-consecutive sum of As;_s by our inductive hypothesis. Therefore, we have a
contradiction and Lgj41 cannot be formed as a non-consecutive sum of Ag;.

Applying this result to our inductive step, we have that Lj cannot be formed as a non-
consecutive sum of Ay 1. This implies there is no possible way to form Li,o = Ly + Li11 as
a non-consecutive sum of Axy1 — {Lx}. From our inductive hypothesis, the maximum possible
sum we can form from Ay is Lyiq — 1, which is less than Lgio. Therefore, Liio cannot be
formed as a non-consecutive sum of Ay, 1, completing the inductive step. (|

Proof of Lemma[3.2. Tt suffices to show that every natural number of the form Lo, 41 + 1 is
equal to only one non-consecutive sum of As,,. We proceed by strong induction. Note that
Ls + 1 is equal to only one non-consecutive sum of As, and Ly + 1 is equal to only one non-
consecutive sum of A4. This shows the base case. Assume Lemma [3.2]holds for all non-negative
integers less than or equal to m = k. Let B be a non-consecutive subset of Aggyo. For sake
of contradiction, suppose that the sum of the elements of B is equal to Logy3 + 1 and that B
does not contain the term Logio. From Lemma the non-consecutive sums that we can form
from Aggio are the values from 0 to Logi3 + 1 inclusive, excluding Logio. This implies B is
a non-consecutive subset of Aggy1. From Lemma we have that the sum of the elements of
B must be less than or equal to Loxio — 1. Hence we have a contradiction, which implies B
contains the term Logyo. From our inductive hypothesis, we know that Lok + 1 is equal to
only one non-consecutive sum of Agx. Because Logys + 1 = Logio+ (Loky1 + 1) and B cannot
contain both Logyo and Lok, 1, this implies Log43+ 1 is equal to only one non-consecutive sum
of Aggyo. This completes the inductive step. O
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