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ABSTRACT. Motivated by the rich properties and various applications of recurrence
relations, we consider the extension of traditional recurrence relations to matrices,
where we use matrix multiplication and the Kronecker product to construct matrix
sequences. We provide a sharp condition, which when satisfied, guarantees that any
fixed-depth matrix recurrence relation defined over a product (with respect to matrix
multiplication) will converge to the zero matrix. We also show that the same statement
applies to matrix recurrence relations defined over a Kronecker product. Lastly, we
show that the dual of this condition, which remains sharp, guarantees the divergence of
matrix recurrence relations defined over a consecutive Kronecker product. These results
completely determine the stability of nontrivial fixed-depth complex-valued recurrence
relations defined over a consecutive product.

1. INTRODUCTION

Presented with the recurrence relation a,, = a,,_1a,_» with ag,a; € C, the standard
approach to solving for a,, involves defining an auxiliary sequence
gn = 1Og Qp, (1)
which yields g, = gn_1 + gn_2, With gy = logag and ¢g; = loga;. After some calculation,
we obtain
" log ap + (log a; — log ag)x
Z gnw = 2 ) (2)
l—az—=x

and consequently that g, = logag - F,,_1 + loga; - F,, where {F,} is the Fibonacci
sequence with Fy = 0 and F} = 1. Thus,

@ = ay"ay” (3)

for any n > 1. With this formula, determining the stability of a, is simple. This
calculation is, in principle, straightforward; however, for more complicated recurrence
relations of arbitrarily large depth, it can become quite arduous.
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Matrix recurrences, the natural generalization of nonlinear complex-valued recur-
rences, are considered due to their added complexity. Indeed, in fields of applied math-
ematics such as population modeling, taking the initial conditions as matrices allows for
nuance in population dynamics unencodable by complex numbers.

Throughout this paper, we use submultiplicative matrix norms; a submultiplicative
matrix norm || - || is a norm on a vector space V of matrices such that ||X;X5|| <
|| X1|| || X2|| for any X;, Xy € V. Examples include the Frobenius norm || - || and the
operator norm || - ||, defined by

IX[p = T(XX7)
|1 X|lop = +/max(Eigenvalues(X XT)) (4)

for any X € V, where V may be any vector space of matrices. Note X7 and X* denote
the transpose and conjugate transpose of X respectively.

In this article, we determine the stability of matrix recurrence relations under matrix
multiplication and the Kronecker product through the lens of “multiplicity” rather than
the conventional auxiliary logarithmic sequence approach. In particular, we have the
following result.

Proposition 1.1. Let S C Z* be finite such that |S| > 2. Let m be the largest integer
such that S C mZ and let j := max(S). Define the sequence of matrices {A,} by the
recurrence relation

An = BHAn—k7 (5)
kes
with Ay, A1, ..., A1 as fized square matrices of the same size, B as a scalar or square

matrix, and the product taken in any desired order. Let

. {o IBl| = 1 6

m—1 ||B| <1

Suppose
—(+A)/m+1 j—1
S/m —k—¢)/m
= log| Bl + Y log [l Y. @l ™ <0, (7)
Ps/m k=0 j—k<tesS
where || - || is some submultiplicative matriz norm and @g/, € RT uniquely satisfies
Y. P = L (8)
e{l/m:leS}

Then {A,} converges to the zero matriz.

The relevance of m in Proposition 1.1 is not easily understood at first glance. To
elucidate such, consider the class of recurrences

Mn - anMn74 (9)
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where My, ..., M3 fixed. Note that m = 2 for M,,. We have
My = MMy
My = MsM,;
Ms = M>MyM,
M; = M3MM;
Mg = MyMyM3 M,
Mg = MsM,; MM,
My = MyMyM3MyMyMyMs. (10)

Now consider the class of recurrences

An = AnflAnf% (11>
with Ay, A; fixed. We have
Ay = A1 A
As = A1AgA;

Ay = AjA A% A
Ay = AjAgA?AgA; AyA,
AG == AleA%AoAleA%AoA%AQ. (12)

We observe that M,, = A, with Ay = M, and Ay = My, and My,.; = A, with
Ay = M3 and Ag = M;. From this observation, can say that M, contains m = 2
different sequences which alternate depending on the parity of n. When considering
asymptotics, each sequence contained in M,, grows m = 2 times as slow as A,,. Condition
(7) is ultimately about bounding the growth of ||A,||; hence the ubiquitousness of m in
Proposition 1.1.

In addition to matrix multiplication, we consider the stability of matrix recurrences
defined over a Kronecker product. The Kronecker product between an n; x m; matrix
X and an ny X ms matrix Y, denoted X ® Y, is the niny X myms block matrix

1'171Y s .1’17m1Y
X®Y = P : , (13)

xnl,ly xm,m1y

where z; ; is the (i,7)™ entry of X.

Since the Kronecker product behaves nicely under submultiplicative matrix norms,
we essentially have an identical result to Proposition 1.1 for matrix recurrences of the
form

A, = B Q) Ans. (14)
kesS
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Lastly, we determine when recurrences defined over a consecutive Kronecker product
diverge to infinity in norm; that is, all recurrences of the form

A, = B® (K A (15)

1<k<j

Proposition 1.2. Let j > 1 be an integer. Define the sequence of matrices {A,} by the
recurrence relation

1<k<j

with B, Ao, A1, ..., Aj_1 fized and the Kronecker product taken in any desired order.
Suppose that

7—1
—k—1
IBITT A > 1, (17)
k=0
where || - || is any submultiplicative matriz norm and ¢; € RT uniquely satisfies
J
Dot =1 (18)
k=1

Then {A,} diverges to infinity in norm.

Note that ¢; is also the positive real root of
j—1
- Z z*,
k=0

the characteristic polynomial of the j-nacci sequence. This is a natural generalization
of the golden ratio, which is equal to .

By considering 1 x 1 matrices, we can apply these results to completely determine
the stability of nonlinear complex-valued nontrivial recurrence relations defined over a
finite consecutive product. By nontrivial, we mean that the recurrence is not of the form

a, = ban_l, (19)
which easily lends the formula
a, = apb". (20)

2. MULTIPLICITY

To yield our theorems on stability, we first find the “multiplicity” of each initial
value matrix in the matrix sequences. Once again, consider the recurrence

An = An—lAn—Z <21)

with Ag, A; fixed. By (12), the multiplicity of A;, or colloquially, the number of times
Ay is multiplied in A, is 0,1,1,2,3,5,8 for n = 0,1,...,6 respectively. For the sake of
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the curious reader, this sequence is indeed the Fibonacci sequence, arising as a special
case of Theorem 2.1.

To this end, we introduce a generalization of the Fibonacci sequence and determine
its generating function.

Definition 2.1 (S-nacci sequence and S-nacci constant). Let @ # S C ZT be a finite set

and let j := max(S). Define the sequence of integers {Ffbs)}, which we call the S-nacci
sequence, by the recurrence relation

n n—~)

tes
with FO(S), Fl(s), . 7Fj(f)2 =0 and Fj(f)l = 1. The S-nacci constant, denoted pg, is defined
as the positive real number satisfying

>t =1L (23)

tes

These definitions coincide with the definitions of the k-nacci sequence and k-nacci con-
stant when S = {1,2,3,...,k — 1,k}. Note if S is not a singleton, then pg > 1.

Lemma 2.1. Let @ # S C Z* be a finite set and j := max(S). Then
—1

J
F®k = 2 24
Z E? 1— ZEGS Ze ( )

k>0

Proof. To determine the ordinary generating function of {Fés)}, we use the standard
ansatz (see [3] for example) that this function is rational with denominator 1 — ", ¢ 2°.

Indeed, we have

(1 . Z ZE) Z F]ES)Zk _ ZFIC(S)Zk . Z Z F]gS)Zk+z

Les k>0 k>0 Les k>0
LSRR
k>0 €S k>0
S-S5 o G o KNG
k>j tes
— o, (25)

where (x) follows from F,gs) =0ifk<j—2. So

j—1

PO — 2
Z ko F 1_256326’ (26)

k>0
as desired. n
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Definition 2.2 (Indicator Function). For S C ZT, let 1 : ZT — {0,1} be defined for
alln € Z7 by

15(n) = {é e 27)

Theorem 2.1 (Multiplicity Theorem). Let S C Z* be a finite set and j := max(S).
Define the sequence of matrices {A,} by the recurrence relation

A, = [[ A=+ (28)
kesS

with Ao, Av, ..., A;_1 as fized square matrices of the same size, and the product taken in
any desired order. Then for alln > j, A, is a product of Ay, A1, ..., Aj_1’s where each
A with 0 < k < j —1 has multiplicity

S
F s (29)
j—k<teSs

Proof. Let S C Z* be a finite set and j := max(S). We have that

15(1) 15(2) - 15(j—1) 1s(j)
1 0 e 0 0
09 — | 0 1 0 0 (30)
o 0 - 1 0

is the 7 X j companion matrix of the S-nacci sequence. This matrix encodes the recur-
rence relation for the S-nacci sequence such that

S S
Fn FTL—
=W (31)
(%) (%)
Fn—j+2 anj+1

For 0 <k <j—1, let #A;, denote the multiplicity of Ay in A,,. From the recurrence
relation

A, = HAnfky (32)

kesS

we can deduce the recurrence relation

HAm = Y H#Akn-t. (33)

les
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This relation is identical to that of the S-nacci sequence; thus,

#Ak,n-H #Ak,n
#ék,n _ Q(S) #Al‘c,n—l
#Ak,nfj+2 #Ak,nfjJrl

Given initial conditions, we can think about applying the @) matrix n times to recover

the n'® iteration of the vector sequence. Specifically,

# Akt #Akj—1
#Ak,:n+j*2 (Q(S))n #A]f;,jf2
#Akn ## Ak

We now focus on the left-hand side vector’s last entry, # A ,,.
Observe that when looking at the multiplicity of a specific initial matrix Ay, the
initial conditions vector on the right-hand side which we multiply by (Q(S))n consists of

all zeros except for a 1 in the k'™ entry (with entries numbered bottom-up starting from
0). For example, when considering the multiplicity of A;_;, we have that

#Ajfl,nJrjfl 1
#Aj—l,n 0

Note that this recovers precisely the S-nacci sequence, which is defined with initial

conditions F,ES) =0for0<k<j—2and Fj(f)l =1.

We claim that (Q(S))n equals

(5)
ZZES n+] 1-¢ ZZSZES Fn+j—£

(S)
ZZES n+] 2—¢ ZQ<£€S FnJr] 1-¢

(8) (S)
tcS Fn+1—z Z2gees ooy

(S)
ZEGS Fn—é

(%)
ZQSKGS Fn—i—l—é

for any integer n > j. Indeed, let qff})) denote the (a,b)™ entry of (Q))

3.9],

D

n>0

©) (S) 7
ijlgzes Fn+2j—3—e ngees Fn+2j—2—£

(S) (S)
Zj—lgées Fn+2] 4-¢ ngzes Fn+2j73f£

(S) (S)
Zj—1§ees Fn+j—1—z ngfes Fn+j—£

(5) (5)
ijlgfeS Fn+j—2—£ ZjSEES Fn+j—1—€ _

z0-b (1 — 226; z£>

1= g2

". By [1, Theorem
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if a > b, and

Za—b—l—f
Sl - e (38)

) _ l
n>0 1 Z@GS z

if a < b. Lemma 2.1 gives that

j—1

J
SOEER = = 39

n>0

From these formulas, we see that

(n) _
Qop = nﬂ ltb—a E Fovj14b—a—t = E Foyj14b—a—t (40)
¢S b<tes

for any a, b, verifying the formula for (Q))".

We can see that for an initial matrix Ay, the last entry, #Ax ,,, of the left-hand side
vector in (35) is obtained by picking out the k™ entry (with entries numbered from right
to left starting from 0) of the last row of (Q(S))n. This gives that

(S
#Akn = Z Fn+)] 1—k—£> (41)
j—k<teS

as desired. O

3. STABILITY

Now that we have Theorem 2.1, we need only give a few lemmas on asymptotics
before finally proving the stability theorems.

Definition 3.1. Let F' be a complez function analytic at zero and let {a,} be the sequence
such that

F(z) = Z an2" (42)
n>0
for some neighborhood of zero. We define
[2"]F(2) := an (43)
for all n € N.

Lemma 3.1 (Asymptotics of a supercritical sequence, [2, page 294]). Let G be a gener-
ating function with non-negative coefficients that is analytic at zero with G(0) = 0. Let
r be the radius of convergence of G. Suppose

(i) 1 <G(r) < oo, and
(ii) there does not exist an integer d > 2 and h analytic at zero such that G(z) = h(z%).
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Let F(z) = 1/(1 — G(z)). Then there is some |q| < 1 such that

IF(E) = g o (140, (14)

for o € (0,r) with G(o) = 1.

Definition 3.2. As in [2, page 294], conditions (i) and (ii) in the above lemma are
hereafter referred to as supercriticality and strong aperiodicity respectively.

We now apply Lemma 3.1 to the generating function of {Fﬁs)} to yield the asymp-
totics of {Fﬁs)}. This is not quite as straightforward as it may first seem, as these
generating functions can fail the strong aperiodicity condition for certain S C Z*. Nev-
ertheless, we work around this inconvenience without great difficulty by relating S-nacci
sequences by their greatest common divisors.

Definition 3.3. Guen two functions f : N — C and g : N — C, we write that

f(n) ~ g(n) (45)
of
- f(n) _
nhﬁrrolO o) 1. (46)
Definition 3.4. Let S C Z" be a finite set. We define
S/m = {{/m: (€S}, (47)

where m € Z+.

Definition 3.5 (S-nacci coefficient). Let S C Z* be a finite set such that S € mZ for
any integer m > 2. Then the S-nacci coefficient, denoted cg, is defined as the unique
positive real number satisfying

ES) ~ ol (48)
This asymptotic relation is proven via a special case of the following lemma.

Lemma 3.2. Let S C Z* be finite, j := max(S), and m be the largest integer such that
S CmZ. Then for any k € N such that m1{k + 1,

F9 = . (49)
We also have the relation
S S/m n—
Fém)q = F7(zf/1 )~ CS/mSOS/wlz (50)

for alln € Z+.

Proof. By Lemma 2.1,

(8) _k z
F, = ——. 51
Z E ® 1— ZZeS ZZ ( )
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Consequently,

1
L= s
We now split the proof into two cases: first, suppose that S € mZ for any integer m > 2.
Let G(2) := > ycq 2"

As G is a polynomial, its radius of convergence is infinite. As the leading coefficient
of G is positive, the supercriticality condition is satisfied. To see that G satisfies the
strong aperiodicity condition, note that for any d > 2, hy(z) := G(2'/?) necessarily has a
fractional power term since S & dZ; thus no such h, can be analytic at zero. Therefore,
applying Lemma 3.1 gives that

S n
Eo = [

(52)

(5) n 1 1 —n n

F2 = —_— = — 1+0 53
n+j—1 [Z ]1 . Zzes ZZ UG’(O’) o ( =+ (q ))7 ( )
where 0 € RT satisfies G(o) = 1 and |g| < 1. By the definition of ¢g, we have that
o= 1/ps, and so

FO PS4 0(gY), 54
n+j—1 G/(]./QOS) SDS( (q )) ( )
and
( 5
F¥) ~ IS5 o = ool 55
n G/(l/SOS) Ps SPs ( )

Note that since G'(z) > 1 when z > 0, we have that cs = ¢ 7 /G'(1/ps) > 0.

Now suppose S C bZ for some integer b > 2. Let m be the largest integer such that
S C mZ. We have

max(S/m)—1 Zj/m—l

z
k>0 1- ZéeS/m 2t 1 - ZZES/m 2t
Thus,
Zj—m Zl—m . Zj—l S S
E Fés/m)zmk —_ — — E F( )Zkferl — E F( ) Zk
_ me _ l k k+m—1 )
k>0 1 ZZES/m o 1=D res? k>0 k>0

(57)
where the last equality in (57) follows from m — 1 < j — 1. Expanding gives
Fés/m) + Fl(s/m)zm 4 FQ(S/m)Z2m L= 751521 N FZ(Ti)flzm S Fg(s;),122m e
which shows that

F(S) _ F(S/m) (58)

nm—1 — n—1

for all n € Z*, and ES =0ifm {n+ 1. Lastly, note that there is no integer N > 2
such that S/m C NZ; if such an N existed, then Nm would divide each element of S,
contradicting the definition of m. So

F(f/lm)

n
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as desired. O

Lastly, we introduce the following lemma to allow a constant matrix (or scalar) to
be appended to the recurrence relation.

Lemma 3.3. Let S C Z" be a finite set. Let m be the largest integer such that S C mZ
and let j := max(S). Define the sequence of matrices {A,} by the recurrence relation

A, = B[] Aus, (60)
keS
with Ao, A1, ..., A1 as fized square matrices of the same size, B as a scalar or square

matrix, and the product taken in any desired order. Let #B, denote the multiplicity of
B in A,,. Then

n

S CS/m n/m n/m
—1 PS/m —
for some R € R, where ¢ is the maximal characteristic root' in modulus of ES™ such
that ¢ # @s/m. Moreover, |¢| < |pg/m.
Proof. Note that for n > j, #B,, is represented by the recurrence relation
#B, = 1+ #Bu (62)

Les

with # By, #B1,...,#B;_1 = 0. Using this relation, we determine the ordinary gener-
ating function of #B,,. By similar computations as those given in the proof of Lemma
2.1,

(1—Zzﬁ>z#3kzk = Z(#Bk—2#3k4> Ko=) k= 1Z_jz. (63)

Les k>0 k>3 les k>j
Thus,
2 2z 201
#By.2" = = ' : (64)
; (1—2) (1_Z€€SZ£) L=z 1=3 7

So

n n—1 n—1

S S/m n—k)/m—1 n/m

#B,, = Féf)k = Bz k 1= Z F((n/k )/m—1 — Z CS/mSD(S/m "4 Ry + O(¢"'™)

k=1 k=0 | k k\:ok

for some Ry € R, where ¢ # g/, is the maximal characteristic root in modulus of
FS/™  This last equivalence follows since EF™ g a linear combination of powers of

its characteristic roots. Moreover, we have |¢| < |pg/m|; otherwise,
F™ ol opm@dms (65)

YA characteristic oot of a sequence defined by a recurrence relation is a root of the characteristic
polynomial of the recurrence relation.
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contradicting Lemma 3.2. Now simplifying the sum, we find that

-1
(n—k)/m—1 __ n/m—1 —k/m
Z CS/mSDS/m - CS/mSDS/m Z SDS/m

m|77 k m\n k

(n—1—(n mod m))/m

o n/m—1 —(mk+(n mod m))/m
- CS/m(Pg/m Z g05’/m
k=0
- 4 )t (n—1—(n mod m))/m
n—(n mod m))/m— —k
- CS/m(ps/m Z QOS/m
k=0
(n—( d m))/m—1 e
n—(n mod m))/m—
= CS/mSDS/m Z SOS/m
k=0
n/m—[n/m] ( _|n/m]
g05’/m (@S/m 1)
= Cs/m n mod m)/m
SO(S/m ™ (ps)m — 1)
[n/m]
gOS/m 1
= CS/m 66
L — (66)
Thus, for some R € R,
= c m n/m n/m
#By = D FZ = gt Ry 0@, (67)
=1 (pS/m -1
U

Theorem 3.1 (Stability Theorem). Let S C Z* be finite such that |S| > 2. Let m
be the largest integer such that S C mZ and let j := max(S). Define the sequence of
matrices {An} by the recurrence relation

Ay = B[] Ans, (68)
kes
with Ao, Ay, ..., A1 as fized square matrices of the same size, B as a scalar or square
matriz, and the product taken in any desired order. Let
0 Bl|>1
m—1 ||B|| <1.
Suppose
© —(F4+A)/m+1
S/m
= log || B +Zlog||Ak|| dooegn <o, (70)
Ps/m j—k<teS
where || - || is some submultiplicative matriz norm. Then {A,} converges to the zero

matrix.
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Proof. Let j := max(S). Let ¢ > 0 and for each 0 < k < j — 1, define

e Al =1
= 71
o {—e | A4]] < 1. (71)
Let
e Bl =1
= 72
°p {—g 1B]| < 1. (72)
Lastly, define
Bl|>1
T (73)
m—1 |B|| < 1.

Via Lemma 3.3, we deduce
|B||#P = O (H B,|(cS/mw;f,Qm/(soS/m—1)+EB>¢;§Z)

(n+j)/m—1

—(+ ) /m+1 cs/m —j/m+1y €\ Ps/m
=0 [ (1" Y (L ) ) (74)
since
—A/m n/m
#Bn — (CS/m(Ps/TZL [(@s/m —1) + ‘C’:B)Sosém (75)

tends to +oo if ||B|| < 1 and —oo if ||B|| > 1. This relation is used to justify the last
statement of (76).

By the submultiplicity of the given matrix norm, Theorem 2.1, and Lemma 3.2, we
have that for any n > 7,

B H A

keS

j—1

(S)
1411 = < ||BI#P [T 11Au] Forstes Possone
k=0

7j—1
S/m
= [IBIFF [ exp oA | Y2 E™,

k=0 j—k<tes
mln+j—k—~
j—1
n+i1—k—0)/m—1
= o[ IBIF* [T exp | log(l4xl) | D" (esjm + )i/
k=0 j—k<tes
mln+j—k—~

j—1
=0 HBH#BnHexp log(HAkH)< Z (Cs/m_|_€k)(pg;;]kf)/m1>>>
k=0

j—k<tesS
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j—1
n+j)/m—1 —k—£)/m
= o[ IBI#7 [Texw <<c3/m+ek>soé~/ﬁ’/ log<HAkH>( > e )))
k=0 j—k<tesS
(cs/mte)pgri)/m

j—1

(—k—£)/m
= O IBIFF | I [Alrsres o

k=0
[14x[1>1
n+j)/m—1
. (cs/m—e)egmd
) (—k—0)/m
<[ TT Il Ziestes S

k=0
14xlI<1

— (4N /mt1 B izl , (—k—£)/m o/m
- 0 HBHwS/m /(ps/m—1) H HAkHZquges@s/m

k=0

(n4j)/m—1
O/mN\ €\ Psjm

j/m | | -~ A Z'—k<£€5‘9"(57:;
1ypgd/mtt i:_o, A >1H kH JTRS /
X maX(HBH,HBH 1)505/m [|Ag]|>

- . (—k—2€)/m
Hi:o, || Akll<1 ||Ak||Z]—k§ZeS‘Ps/m

(76)
Note that
gpf(j+)\)/m+1 j—1
S/m (=k—0)/m
ﬁlogl\BH%—ZlogHAkH Z Ps/m <0 (77)
/m k=0 j—k<tes
if and only if
@*(j+/\)/m+1/(@ _1) i1 Z . (—k—20)/m
|| B||#s/m s/m H || Ay ||2=i—k<tes Ps/m < 1. (78)
k=0
Let € > 0 be sufficiently small such that
*(]'Jr)\)/mel/( —1) ! S (=k=0)/m s
[1Blfrerm s ] [l Ag||o-ksees 2
k=0
. s (h=0)/m\ €
> max(HBH ||BH—1)90§%;"+1 H?c:(], [ Agl|>1 ||Ak|| j—k<tes s <1 (79)
| TEizs, yay < [[Ax|[Zi-kstes Pam "

We know that such an ¢ exists since the first factor in (79) is less than 1. Thus for some
lal < 1,

14, = 0 (a%). (80)
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Since g/m > 1, it follows that lim, . ||A,|| = 0. Thus, A, converges to the zero
matrix. O

Consider one of the simplest nontrivial matrix recurrence relations under matrix
multiplication:

An == BAnflAn,Q (81)
with B, Ap, and A; as fixed square matrices of the same size. Theorem 3.1 states that
A, is guaranteed to converge if for some submultiplicative matrix norm || - ||, we have

o 2-1 o
—logl|BIl+ ) logllAl| D>, ¢
¥ k=0 2-k<re{1,2}
= log || B]| + ¢~ *log || Ao|| + (¢7* + ¢ %) log || A ]| <0, (82)

where ¢ is the golden ratio. Equivalently,
1Bl Aol 1A < 1. (83)

Using Theorem 2.1 and Lemma 3.3, we can verify this form of the condition without
much difficulty. Indeed, with the aid of the identity

n n—1
#B, = ) Fow = ) Fi = Fui—1 (84)
k=1 k=1

as seen in [5, pg.4], observe that
1ALl < [|BI[F+ Y Al [P || AL [P~ || BI|[7EF VB A" VR | Ay ||/ VE

¢"/V5

= 1BII7* (1Bl Aol /]| Aull) (85)

Even this result for such a simple recurrence is surprising, as it implies that the
asymptotic contributions of B, A;, and Ay are quite different; the reader would be
forgiven for expecting their asymptotic contribution to be equivalent.

Taking S = {1,2} and Ay, Ay, B € C (viewed as 1 x 1 matrices), the recurrence
A, = B[ Au-r (86)
kes

shows that Theorem 3.1 is sharp; this follows since

_ ©"/V5
[1A4all ~ IBI (11BI1711 Aol 21| Avl) , (87)
which converges to zero if and only if
log [| B[ + ¢~ log [| Ao|[ + (¢7* + %) log | Ai]| < 0. (88)

Since Kronecker products behave quite well under submultiplicative matrix norms,
we can give an identical stability theorem for matrix recurrence relations defined over a
Kronecker product.
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Theorem 3.2 (Stability Theorem for the Kronecker Product). Let S C Z* be finite
such that |S| > 2. Let m be the largest integer such that S C mZ and let j := max(S5).
Define the sequence of matrices {A,} by the recurrence relation

kes
with B, Ay, A1, ..., Aj_1 fized and the product taken in any desired order. Let
0 Bl| >1
m—1 ||B]| <1.
Suppose
(10*(]'+/\)/m+1 j—1
S/m —k—£)/m
g ||BI| + Y log |l Y @l < 0, (1)
vs/m k=0 j—k<tes
where || - || is any submultiplicative matriz norm. Then A, converges to zero in norm.”

Proof. By [4, Theorem 8], we have that ||X; ® Xs|| = || X1]| - || X2||. With Lemma 2.1
and Lemma 3.1, we have that for any n > 7,

Jjs—1

(8)
14ul] = | B Aums| = [IBIFF [T [1Ag]Ps-rsres s (92)
kes k=0
which converges to zero as established in the proof of Theorem 3.1. 0

Definition 3.6. For j € Z*, let [j] :={1,2,...,5 — 1,7}

If the Kronecker product is consecutive (that is, the product is indexed over some
[7]), then we can guarantee when the recurrence diverges to infinity in norm.

Theorem 3.3. Let j > 1 be an integer. Define the sequence of matrices A, by the
recurrence relation

A, = Bo Q) A (93)

1<k<j

with B, Ay, A1,--- , Aj_1 fized and the Kronecker product taken in any desired order.
Suppose that

7j—1
k1
IBIITTHA " > 1, (94)
k=0

where ; 1is the [j]-nacci constant and || - || is any submultiplicative matriz norm. Then
A, diverges to infinity in norm.

2Stauting that A,, converges to the zero matrix is not quite precise as the size of the matrix A,, may
be increasing with n.
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Proof. Note that [j] € mZ for any integer m > 2. Let ¢; and ¢, be the [j]-nacci
coefficient and [j]-nacci constant respectively. By [4, Theorem 8], we have that ||X; ®
Xol[ = [[Xa[ - [[Xzl]. So for any n > j,

7j—1
Al = [B& @ Aue| = IBIF [T I1AdEe i
1<ksy k=0
= iy Jj—1 ‘
_ ||BH#B"HHA’§||ZZ OF,(LJ]l 1 (HBHapjl HHA]{;HZl OCJQOJ 11)
k=0 0

ST
Cj P

= <¢k“1> i1 T
[ k1
=0 |B||“°J’1H||Ak|| sl =6 <||B||1_[||Ak:||1 i )
k=0

(95)

The second line of (95) follows since for some ¢ € C: [¢] < 1, set {gx € C: |qx| < 1,0 <
k<j—1},and R € R,

A Zz 0 n i—1 n/m J_l n
t LB Thico [ = lim [[BO¢ R [T A0 = ||B|I"
—00 i n—o0
B1I55° TR 14 [Shacsey ™
(96)
By [6, pgs.747-748], the characteristic roots of Fj 1D are all less than one in modulus
except ;; thus, we know that each Zf:o Ffl[ﬂ) — ¢y s O(q}) for some |qx| < 1

since F,(L[J D'is a linear combination of powers of its characteristic roots. Furthermore, we

deduce that

4B, — w‘cilgo? = 0(¢"™) + R (97)
J

for some ¢ € C: |¢| <1 and R € R as a consequence of Lemma 3.3.

Thus, since ¢; > 1, ¢; > 0, and ||B|| T2 || Ax ST 1, it follows that
Pj J k=0
lim,, o ||An|| = 00. Hence, A,, diverges to infinity. O

Note that the condition

-1
IBITTIA " > (98)
k=0
is the dual of
SOS/(in+)\)/m+1
S0/TlogHBH+z:10g||f4k|| Z <P5/ <0 (99)

j—k<tesS
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since (99) is equivalent to
7j—1
k-1
IBIITT A" < 1 (100)
k=0

when S = [j] (when S = [j], note m = 1; consequently, A = 0).

Taking 7 = 2, Ay € C, A; € C, and B € C (viewed as 1 x 1 matrices), the
complex-valued recurrence

A, = Bo Q) A (101)
keS
shows that Theorem 3.3 is sharp since

_ " /5 _ 1 o\ ¥MTVE
AL~ 1B (B Ao 1214 = 1BIE (1B Aol 1+ 4wt #) "

(102)

An immediate corollary of Theorem 3.1 and Theorem 3.3 gives that the stability of
all recurrence relations of the form

J
an = b]]anr (103)
k=1

is completely determined. We of course may apply Theorems 3.1 and 3.3 by simply
considering {a,} as a sequence of complex 1 x 1 matrices.
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