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Abstract

A beautiful theorem of Zeckendorf states that every integer can be written uniquely as a sum
of non-consecutive Fibonacci numbers {F,,}>° ;. Lekkerkerker proved that the average number of
summands for integers in [F},, Fy,11) is n/(¢?+1), with ¢ the golden mean. This has been generalized
to the following: given nonnegative integers ci,co,...,cr with c1,cr > 0 and recursive sequence
{Hn}%ozl with Hy = 1, Hyyn = aHy +cHp1 4+ -+ cpH + 1 (1 <n< L) and Hp41 =
canHp+coHy 1+ -+ cpHpr1—1 (n > L), every positive integer can be written uniquely as > a;H;
under natural constraints on the a;’s, the mean and the variance of the numbers of summands for
integers in [H,,, Hy4+1) are of size n, and the distribution of the numbers of summands converges to
a Gaussian as n goes to the infinity. Previous approaches used number theory or ergodic theory. We
convert the problem to a combinatorial one. In addition to re-deriving these results, our method
generalizes to a multitude of other problems (in the sequel paper [BM] we show how this perspective
allows us to determine the distribution of gaps between summands in decompositions). For example,
it is known that every integer can be written uniquely as a sum of the £F},’s, such that every two
terms of the same (opposite) sign differ in index by at least 4 (3). The presence of negative summands
introduces complications and features not seen in previous problems. We prove that the distribution
of the numbers of positive and negative summands converges to a bivariate normal with computable,
negative correlation, namely —(21 — 2¢)/(29 4 2¢) ~ —0.551058.
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1. INTRODUCTION

1.1. History. The Fibonacci numbers have intrigued mathematicians for hundreds of years.
One of their most interesting properties is the Zeckendorf decomposition. Zeckendorf [Ze]
proved that every positive integer can be written uniquely as a sum of non-consecutive Fi-
bonacci numbers (called the Zeckendorf decomposition), where the Fibonacci numbers® are
=1 F,=2 F;=3, F;, =5, .... Lekkerkerker extended this result and proved that the
average number of summands needed to represent an integer in [F),, F,11) is +0(1) =

0.276n, where ¢ = @ is the golden mean. There is a related question: how are the number

of summands distributed about the mean for integers in [F,, F,,+1)? This is a very natural

question to ask. Both the question and the answer are reminiscent of the Erdés-Kac Theorem

[EK], which states that as n — oo the number of distinct prime divisors of integers on the

order of size n tends to a Gaussian with mean loglogn and standard deviation /loglogn.
We first set some notation before describing the previous results.

_n__
P2+1

Definition 1.1. We say a sequence {H,}5°, of positive integers is a Positive Linear Re-
currence Sequence (PLRS) if the following properties hold:

(1) Recurrence relation: There are non-negative integers L, cy, ..., cp such that
HnJrl = clHn +- CLHnJrlfLa

with L,cq and cp, positive.
(2) Initial conditions: Hy = 1, and for 1 < n < L we have

Hyw = eHy+coHy i+ +c,Hy + 1

We call a decomposition y ;" | a;Hymi1—; of a positive integer N (and the sequence {a;}}" ;)
legal if a; > 0, the other a; > 0, and one of the following two conditions holds:

Condition 1. We have m < L and a; = ¢; for 1 <1 < m.
Condition 2. There exists s € {1,..., L} such that

ay = €1, Gy = Co, *++, Us_1 = Ce_1 and a, < g, (1.1)
Usit1y .- 0500 = 0 for some £ >0, and {bi}?;_ls_g (with b; = asieyi) 15 legal.

If 3" aiHy1—; is a legal decomposition of N, we define the number of summands (of
this decomposition of N ) to be aj + -+ + ay,.

Informally, a legal decomposition is one where we cannot use the recurrence relation to
replace a linear combination of summands with another summand, and the coefficient of
each summand is appropriately bounded; other authors [DG, Stel] use the phrase G-ary
decomposition for a legal decomposition, and sum-of-digits or summatory function for the

11f we used the standard counting, then 1 would appear twice and numerous numbers would not have a
unique decomposition.
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number of summands. For example, it H,,y; = 2H,+3H,, 1+ H, o, then H;+2H,+3Hs+ H;
is legal, while Hs + 2H, + 3H3 + Hs is not (we can replace 2H, + 3H3 + H, with Hs), nor is
THs5 + 2H, (as the coefficient of Hj is too large). Note the Fibonacci numbers are just the
special case of L =2 and ¢; = ¢y = 1.

The following probabilistic language will be convenient for stating some of the results.

Definition 1.2 (Associated Probability Space to a Positive Linear Recurrence Sequence). Let
{H,} be a Positive Linear Recurrence Sequence. For each n, consider the discrete outcome
space

Q, = {H,, H,+1, H,+2, ..., Hyy1 — 1} (1.2)

with probability measure

P(d) = Y ! AcC O (1.3)

weA ntl ™ Hn’
[A1<197%
in other words, each of the H,.1 — H,, numbers is weighted equally. We define the random
variable K, by setting K, (w) equal to the number of summands of w € €, in its legal decom-
position. Implicit in this definition is that each integer has a unique legal decomposition; we
prove this in Theorem 1.1, and thus K, is well-defined.
We denote the cardinality of €1, by

An - n+l — Hna (14)

and we set ppy equal to the number of elements in [H,, H,11) whose generalized Zeckendorf
decomposition has exactly k summands; thus

Pk = A, -Prob(K, =k). (1.5)

We first review previous results and methods, and then describe our new perspective and
extensions. See [Bu, Ha, Ho, Ke, Len] for more on generalized Zeckendorf decompositions,
[GT] for a proof of Theorems 1.1 and 1.2, and [DG, FGNPT, GTNP, LT, Stel] for a proof
and some generalizations of Theorem 1.3.

Theorem 1.1 (Generalized Zeckendorf’s Theorem for PLRS). Let {H,}>°, be a Positive
Linear Recurrence Sequence. Then

(a) There is a unique legal decomposition for each positive integer N > 0.

(b) There is a bijection between the set S, of integers in [H,, H,y1) and the set D,, of legal
decompositions y . a;Hypi1-;.

Theorem 1.2 (Generalized Lekkerkerker’s Theorem for PLRS). Let {H,}>°, be a Positive
Linear Recurrence Sequence, let K,, be the random variable of Definition 1.2 and denote its
mean by p,. Then there exist constants C > 0, d and v, € (0,1) depending only on L and the
¢i’s in the recurrence relation of the H,’s such that

pn = Cn+d+o(17). (1.6)

Theorem 1.3 (Gaussian Behavior for PLRS). Let {H,}32, be a Positive Linear Recurrence
Sequence and let K,, be the random variable of Definition 1.2. The mean u, and variance o>

of K, grow linearly in n, and (K, — p,)/o, converges weakly to the standard normal N(0,1)
as n — 0o.
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While the proof of Theorem 1.3 becomes very technical in general, the special case L = 1
is straightforward, and suggests why the result should hold. When L = 1, H, = ¢}~'. Thus
our PLRS is just the geometric series 1,¢1,¢2, ..., and a legal decomposition of N is just its
base c; expansion. Hence every positive integer has a unique legal decomposition. Further,
the distribution of the number of summands converges to a Gaussian by the Central Limit
Theorem, as we essentially have the sum of n — 1 independent, identically distributed discrete
uniform random variables.?

Previous approaches to this problem used number theory or ergodic theory, often requiring
the analysis of certain exponential sums. We recast this as a combinatorial problem, deriv-
ing formulas for the cardinality of numbers in our interval with exactly a given number of
summands. We are able to re-derive the above results from this perspective. As Our method
generalizes to a multitude of other problems (in a sequel paper we use the combinatorial van-
tage to determine the distribution of gaps between summands). For the main part of this
paper, we concentrate on one particularly interesting situation where features not present in
previous works arise.

Definition 1.4. We call a sum of the £F,,’s a far-difference representation if every two
terms of the same sign differ in index by at least 4, and every two terms of opposite sign differ
in index by at least 3.

Recently Alpert [Al] proved the analogue of Zeckendorf’s Theorem for the far-difference
representation. It is convenient to set

- {20<n—4i<nFn—4i = F,+F 4+ F, s+ ifn>0

. (1.7)
0 otherwise.

Theorem 1.5 (Generalized Zeckendorf’s Theorem for Far-Difference Representations). Every
integer has a unique far-difference representation. For each N € (S,_1 = F,,—S,_3—1,S,], the
first term in its far-difference representation is F,,, and the unique far-difference representation
of 0 1is the empty representation.

Most results in the literature concern only one quantity, the number of summands. An
exception is [Ste2], where the standard Zeckendorf expansion (called the greedy expansion) and
the lazy expansion (which uses as many summands as possible) are simultaneously considered.
Steiner proves that their joint distribution converges to a bivariate Gaussian with a correlation
of 9 — 5y ~ .90983. Unlike the Zeckendorf expansions, the far-difference representations have
both positive and negative summands, which opens up the fascinating question of how the
number of each are related. In the result below we find a non-zero correlation between the
two types of summands.

Theorem 1.6 (Generalized Lekkerkerker’s Theorem and Gaussian Behavior for Far-Differ-
ence Representations). Let KC,, and L, be the corresponding random variables denoting the

2\7\/'1ritir1g N =aic? + -+ apt+11l, we are interested in the large n behavior of ay + --- + an41 as we vary
over N in [¢},c™). Note for large n the contribution of a; is immaterial, and the remaining a;’s can be
understood by considering the sum of n independent, identically distributed discrete uniform random variables
on {0,...,B — 1} (which have mean 22! and standard deviation \/(c? — 1)/12). Denoting these by A;, by

2
the Central Limit Theorem Ay + -+ + A, 41 converges to being normally distributed with mean “>1n and

standard deviation ny/(c? —1)/12.
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number of positive summands and the number of negative summands in the far-difference rep-
resentation for integers in (Sn_1,S,). As n tends to infinity, E[K,] = 5n + 1= 113f +o(1),

and 1is ‘[H = %5 greater than E[L,]; the variance of both is of size 151})2010‘[71 the standardzzed

Jjoint denszty of K, and L,, converges weakly to a bivariate Gaussian with negative correlation

10v/5-121 _  21-2p . . .
e = —29+2:§ ~ —0.551; and KC,, + L,, and K,, — L,, are independent.

1.2. Sketch of Proofs. By recasting the problem as a combinatorial one and using generating
functions, we are able to re-derive and extend the previous results in the literature. The key
techniques in our proof are generating functions, partial fractional expansions, differentiating
identities and the method of moments. Unfortunately, in order to be able to handle a general
Positive Linear Recurrence Sequence, the arguments become quite technical due to the fact
that we cannot exploit any special properties of the coefficients of the recurrence relations, but
rather must prove certain technical lemmas for any choice of the ¢;’s. We therefore quickly
look at the special case of the Fibonacci numbers, as this highlights the main ideas of the
method without many of the technicalities.?

Our method begins with a derivation of a recurrence relation for the p,, ;’s, which in this case
is the number of integers in [F},, F},11) with precisely & summands in their legal decomposition
(see Definition 1.2). We find pp41 k41 = Png+1 + Png. Multiplying both sides of this equation
by zFy™, summing over n,k > 0, and calculating the initial values of the p, ;’s, namely p; 1,
D21 and py o, we obtain a formula for the generating function Zn,k>0 Pk y™:

k, n xry
=Y m - 4 1.8
) nk>0p vy 1_y_xy2 ( )

By partial fraction expansion, we write the right-hand side as

Y 1 1
y1(x) = 2(2) <y—y1( )y -y ))’
where y; (z) and y,(x) are the roots of 1 —y —zy* = 0. Rewriting —— l( ; as —(1— ﬁ)*l and
using a power series expansion, we are able to compare the coefﬁments of y" of both sides of

(1.8). This gives an explicit formula for g(z) = Y, Pn iz

Note that
= ok (1.9)
k>0
which is F,, ;1 — F}, by definition. Further, we have
= kan,k = E[K,|(Fu1 — F.) = E[K,]g(1). (1.10)

k>0

Therefore, once we determine ¢g(1) and ¢'(1), we know E[K,].

Letting p, = E[K,|, we define the random variable K/ = K, — p,. We immediately
obtain an explicit, closed form expression for h,(x) = g(x) — u,. Arguing as above we find
hn(1) = Fopq — F, and h,(1) = E[K]]h,(1). Furthermore, we get

(ehy (@) = B ha(1),  (x (@b, (@)) = EK (1), ..., (1.11)
3 Actually, the proof can be simplified further for the Fibonacci numbers, as the key quantity Dn.k equals

(Z:’f) /F,_1, which by Stirling’s formula tends to a random variable being normally distributed; see [KKMW]
for details. Unfortunately this approach does not generalize, as the formulas for p,,  become far more involved.
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which allows us to compute the moments of K.

Let o, denote the variance of K, (which is of course also the variance of K), and recall that
the 2m'™ moment of the standard normal is (2m — 1)!! = (2m —1)(2m —3) - - - 1. To show that
K,, converges to being normally distributed with mean pu, and variance o, it suffices to show
that the 2m™ moment of K/ /o, converges to (2m — 1)!! and the odd moments converge to
0. We are able to prove this through (1.11), which are repeated applications of differentiating
identities to our partial fraction expansion of the generating function.

We first generalize Zeckendorf’s Theorem in Section 2. In Section 3 we derive the formula
for the generating function of the probability density, and then prove the generalized Lekerk-
erker’s Theorem in Section 4. We prove the Gaussian behavior for Positive Linear Recurrence
Sequences in Section 5, and for the far-difference representation in Section 6. We conclude
with some natural problems to consider.

For the convenience of the reader, we list the main notation and terminology of the paper
in Appendiz F, along with the page number of the first occurrence or the definition.

2. PROOF OF THEOREM 1.1 (GENERALIZED ZECKENDORF)
We need the following lemma about the legal decompositions in our proof.
Lemma 2.1. Form > 1, if N =>"" ap1-;H; is legal, then N < H,1q.

Proof. We proceed by induction on m. The case of m = 1 is trivial, as this implies N =
a1Hy = a1 < ¢; < Hy. A similar argument proves the claim when m < L (and we are in the
Condition 1 case).

Suppose the lemma holds for any m’ < m (m > 2). From Definition 1.1, we see that there
exists 1 < j < L such that a; < ¢;. Let j be the smallest number such that a; < ¢;. Since

ZZZJ —i amy1—iH; is legal for some ¢ > 0, by the induction hypothesis

m—j m—j—~0+1
Z Umy1—iH; = Z Umy1—iH; < Hppp—j.
i=1 i=1
Therefore
m m—j m
Z mi1—iH; = Z ppy1—iH; + Z App1—iH;
i=1 i=1 i=m—j+1
m—j Jj—1
= Z Upy1—iH + ajHp 5 + Z CiHmi1-i
i=1 i=1
j—1
< Hpp—j+ (¢ —1)Hpp—j + ZCiHm+1—i
i=1
J L
= Z cilpmy—; < Z cillpyi—i = Hpp,
i=1 i=1
where the last equality comes from Definition 1.1. O

The following result immediately follows from Lemma 2.1.



FROM FIBONACCI NUMBERS TO CENTRAL LIMIT TYPE THEOREMS 7

Corollary 2.2. If N € [H,, H,.1), then any legal decomposition of N must be of the form
Z aiHn—i-l—i with a; > 0.

We now prove Theorem 1.1. The proof is a mostly straightforward (and somewhat tedious)
induction on n.

Proof of Theorem 1.1. The case of L =1 is clearly true, since the legal decomposition is just
the base ¢; decomposition. Assume now that L > 2. By defining H; = 0 for i < 1, for
1 <n < L we have

Hyopw = aHy+cHy q+ - +c Hy 1 + 1
By Definition 1.1, for any n > 1 we have
clHy+coHy o+ +epHy i S Hpon <ciHy+coHpy oy + -+ e Hyopn + 1. (2.1)

We call a legal decomposition Type 1 if it satisfies Condition 1 in Definition 1.1 and Type
2 if it satisfies Condition 2. Note that Conditions 1 and 2 cannot hold at the same time.
Further, if N = 0 then it has a unique decomposition by the definition, so we may assume
N > 0. To prove Theorem 1.1(a), it suffices to show that there is a unique legal decomposition
for every integer N € [H,,, H,,1) for all n. We proceed by induction on n.

For n =1, recall that H; =1 and Hy = 1+ ¢;. For any N € [Hy, Hy) = [1,1 4+ ¢1),

N =N-1= N-H. (2.2)

Since 0 < N < ¢, (2.2) is a legal decomposition of N. On the other hand, since N < Hj,
(2.2) is the only legal decomposition of N. Therefore, there is a unique legal decomposition
for every integer N € [Hy, Hs).

Assume that the statement holds for any n’ < n (n > 2). We first prove the existence of
a decomposition for N € [H,, H,y1). If n > L, then N < H,,1 = c1H,, + coH, 1 + -+ +
cpH,_1+1. Thus there exists a unique s € {0,..., L — 1} such that

ClHn + CQanl + -+ Canfs+1 S N < ClHn + CZanl + -+ Cerlans (23)
(if s = 0 then the left-hand side is zero). Let asy 1 be the unique integer such that

S
CLs—H[{n—s S N — ZciHn—i—‘rl < (a's—i-l + ]-)Hn—s-
i=1
Then as11 < 541 and

N' = N - ZCiHn—i—‘rl - CLs-i—llyn—s < H,_,.
i=1
By the induction hypothesis, there exists a unique legal decomposition Y ", b;Hpp1—; (m <

n — s) of N’'. Hence

Z cily_ip1 + ag Hy g + Z biH g1

i=1 =1
is a legal decomposition of N. The case when n < L follows similarly.? This completes the
proof of existence.

4f n < L and there exists s satisfying (2.3), then we can prove existence in the same way. If there does not
exist such an S, then since N < Hn—i—l = ClH7L+02Hn—1 +-- '—|—CnH1 +17 i.e., N < ClH7L+CQHn_1 +-- '—|—CnH1,
the equality must be achieved. Thus Z;;l c;Hy—;11 is a legal decomposition of N as n < L.
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We prove uniqueness by contradiction. Assume there exist two distinct legal decompositions
of N: 3" a;Hyq1-; and Z:’il a,H,yy1—;. First, since 0 < H, < N < H,.1, we have
m,m’ < n. On the other hand, by Lemma 2.1 we have m,m’ > n. Hence m = m' = n. We
have three cases in terms of the types of the above two decompositions.

Case 1. If both decompositions are of Type 1, i.e., satisfy Condition 1, then they are the
same since m = m/'.

Case 2. If both decompositions are of Type 2, let s and s’ be the corresponding integers
that satisfy Condition 2. We want to show that s = s’. Otherwise, we assume s > s’ without
loss of generality (so & < s—1). Thusa; =¢; (1 <1< 3), a9 < cg,a, =¢ (1 <i<éd),
Yoieie @iy and YO ajH, 1 are legal for some positive ¢ and /. By Lemma 2.1,
we have " . aiHnyi =Y 0 oy 0iHn o < Hy_gqy, thus

s—1 n n

/
E ¢y < E aiHpi1-y = N = E a;Hy 11—
i=1 i=1 i=1

s'—1

n
< Z ciHpy1-i + (o — 1) Hpgy1 + Z a;Hyi1-
i=1 i=s'+1
s'—1

< Z CiHn—i-l—i + (Cs’ - l)Hn—s’—l—l + Hn—s’+1
i=1

S/

s—1
= ZCiHn—i-l—i < ZCiHn—i-l—iJ (2.4)
i=1

i=1
contradiction. Hence s = s'. As a result, a; = ¢; = a; (1 <i < s). Thus

aan—s—i—l + Z a'iHn+l—i = a;Hn—s+l + Z a;Hn—i-l—i' (25)
i=s+/{ i=s4+4'
Since Z?:S% a;H,1; and ZLSM, a,H,.1_; are legal, they are less than H,_ .., by Lemma
2.1. Let N” be the value of both sides of (2.5), then there exist unique integers ¢ > 0 and
r € [0, H,_s41), such that N” = qH,,_s1 + r. Therefore a; = ¢ = a, and

n n
/
E ailp1s =1 = E a;Hyy1.

i=s+0 i=s+/¢
Since r < H,_s41, there is, by induction, a unique legal decomposition of r. Hence a; = a

(s +1 <i <mn). Thus we have a; = a; for any 4, which leads to a contradiction that the two
decompositions of N are different.

Case 3. If one of the decompositions is of Type 1 and the other one is of Type 2, without loss
of generality we can assume that Y.  alH,,i_; is of Type 1 and >  a;H,1_; is of Type 2
with the corresponding s satisfying (1.1). From (2.4), we see that

n S n
E ailH,11-; < E cily1-; < E cily1-; = N,
—1 i—1 i=1

contradiction. This completes the proof of (a).
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For (b), in the proof of (a) we showed that each N has a unique legal decomposition of the
form )" | a;H,+1_;, which induces an injective map o from S, to D,. On the other hand, by
Lemma 2.1, H, < Y " a;H,1-; < Hy41, therefore |D,| < H,.1 — H, = |S,|. Hence o is a
bijective map. Il

3. GENERATING FUNCTION OF THE PROBABILITY DENSITY

By Theorem 1.1(b), py, 4 is the number of legal decompositions of the form > " | a;H,11-
with k = a1 +as+ -+ a, and a; > 0. In this section, we derive a recurrence relation for the
pnx’s, and show that their generating function is ¢ (z,y) = >, ;-0 puxx®y™. Unlike previous
approaches to Lekkerkerker’s theorem, our result is based on an analysis of how often there
are exactly k summands, and thus the results in this section are the starting point for our
analysis (as well as the reason why we can prove Gaussian behavior).

Proposition 3.1. Define
so=0, sp=1land s, = s, = c1+ca+-+cm 1 <m< L (3.1)

The generating function G (x,y) =", 1o Puxty" equals

B(x,y
Say) = ZE0
where
L—1 sm41—1
A (r,y) = 1—2 Z ply™m (3.2)
m=0 j=sm
and

L—1 Sm<0—1_1

PB(r,y) = Z pn,kxkyn—z Z plym Z Przy". (3.3)

n<L,k>1 m=0 j=sm n<L—m,k>1

Proof. As the initial values of p,, ;’s, namely those with n < L, can be calculated directly, we
assume n > L. For notational convenience, we say N has a k summand decomposition if it
has exactly k£ summands in its legal decomposition.

Case 1. If a3 < ¢, let iy be the smallest integer greater than 1 such that a;, > 0, then
H, < 377 aiH, 1 is legal if and only if 77", a;H, 1 is. Since the number of legal
(k — a;) summand decompositions of the form Z?:Zé a; 41 1 Prnt1—iy k—a,, the number of

legal & summand decompositions of the form Y7  a;H,41-; with a; < ¢ is

ci—1 n c1—1n—1
E E Pn+1—is k—a; — E E Pik—j,

ar1=1ip=2 j=1 i=1

where p, = 0if & <0.
If instead a; = ¢1, then ay < ¢y by Definition 1.1.

Case 2. If a1 = ¢; and ag < ¢y, let i3 be the smallest integer greater than 2 such that a;, > 0,
then > " | a;Hp1-; is legal if and only if Z?:ig a;H,1_; is. Note that a; = ¢; and ay < cs.
Since the number of legal (k — ¢; — ag) summand decompositions of the form Z?:ig aiH, 11
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1S Ppt1—is k—c1—as, the number of legal £ summand decompositions of the form Z?:l a;Hy1;
with a1 = ¢; and ay < ¢y 18

c—1 n c1t+ca—1n—-2
E E pn+l—i3,k—c1—a2 = E E pi,k)—j'
az=013=3 j=c1 =1

If instead a; = ¢; for 1 <7 < m < L, we can repeat the above procedure. By Definition 1.1,
we have a,,11 < ¢paa-

Case m+1 (m >1). Ifa; =¢ for 1 <i<m < L and ;11 < ¢ny1, let iyy0 be the
smallest integer greater than m + 1 such that a; ., > 0, then Z?:l a;H,1_; is legal if and
only if ZZL - a;H,1_; is. Note that a; = ¢; for 1 < i < m < L. Since the number of legal
(k— Sy —@pm41) summand decompositions of the form )" Cines @118 Pt i yo k—sm—amis
the number of legal k£ summand decompositions of the form Z?:I a;H,1_; with a; = ¢; for
1<i<m< L and ayy1 < ¢y 18

Cm+171 n Sm—+1— 1n—m-—1
E E Prnti—imiok—sm—amyr — E E Dik—j-
am+1:0 13:3 ] Sm

Every legal decomposition belongs to exactly one of Cases 1,2,...,L by Definition 1.1,
hence for n > L,

c1—1n—1 L—1 smt+1—1n—m—1 L—-1 5;n+1_1 n—m—1
§ E Dik—j + E E § Dik—j E E E Pik—j- (34)
j=1 =1 m=1 j=sm m=0 j=s/, i=1

Replacing n with n + 1 yields

L— 15m+1 Tn—m

Pntlk = Z Z szk —j (3.5)

m=0 j=s}, =1
Subtracting (3.4) from (3.5), we get

L—1 5;n+1_1

Pnyik — Pnk = Z Z Pn—m,k—j,

m=0 j=s,

which yields the recurrence relation for the py, ;’s:

L-1 Sm+1 L—1 sm+1—1
Pn+1.k = DPnk + E E Pn—mk—j = § E Pn—m k—j- (36)
m=0 j=s!, m=0 j=sm

Multiplying both sides of (3.6) by z*y"*! gives

L—1 sm4+1—1

pn+1k$ky"+1 — Z Z xjym+1pn7m,k7jxkijynim. (37)

m=0 j=sm



FROM FIBONACCI NUMBERS TO CENTRAL LIMIT TYPE THEOREMS 11

Summing both sides of (3.7) forn > Land k> M :=s;, =c¢; + co + -+ + ¢, we get

L—1 sm4+1—1
k. n __ i m—+1 k n
> pasdfyt = D Y aly > pastty” (3.8)
n>L m=0 j=sm n>L—m
k>M k>M-—j

Using the definition 4 (x,y) = >
n and k are always positive):

k=0 P e®™y®, we can write (3.8) in the following form (where

L—1 SnL+171

g(x,y)— Z pn,kxkyn = Z Z xjym—I—l g(fb,y)— Z pn,kxkyn . (39)

n<L m =0 j=sm n<L-m
ork <M ork<M-—j

Rearranging the terms of (3.9), we get

L—1 smy+1—1
Yooy) (1—2 3 xfymﬂ)

m=0 j=sm

L—-1 5m+1_1
n<L m=0 j=sm, n<L-—m
or k<M ork<M—j
L—1 sm41—1
n<L m=0 j=sm n<L—m
L—1 3m+1_1
+ Z Pty — Z Z xlym Z Pty | (3.10)
n>1L m=0 j=sm n>L—-—m
k<M k<M—j
Let D(L, M) be the parenthesized part in (3.10). Then
L—1 sm4+1—1
D(L7 M) - Z pn,kxkyn - Z Z Z pn_m_ljk_jxky"
n>L m=0 j:37n n>L
k<M k<M

L-1 sm+y1—1
= Z ﬂfkyn (pn,k - Z Z pn—m—l,k—j>

n>L m=0 j=sm
k< M
= ()’
where the last equality follows by (3.6) with n replaced by n — 1.
As D(L, M) = 0, we can simplify the right-hand side of (3.10) to

L—1 5m+1_1

Bl,y) = paxd®y" =D D> aly™ > paaty” (3.11)

n<L m=0 j=sm, n<L—m

which completes the proof with (3.10). O
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Remark 3.1. Since H, > 1, p,, = 0 if K > n. Therefore, to find the explicit expression for
B(x,y) of a given sequence H,, we only need to find the initial values of the p,’s, namely
those with 0 < k < n < L, which is tractable.

4. PROOF OF THEOREM 1.2 (GENERALIZED LEKKERKERKER)

Before giving the proof, we sketch the argument and prove some needed preliminary re-
sults and notation. Let A(y) and B(y) be the polynomials of (3.2) and (3.11) regarded as
polynomials in y with coefficients in Z[x]. Define

Gy) = % (4.1)

Since B is of degree at most L according to Definition (3.11), we can write

Bly) =) bm(z)y™, (4.2)

where the b;(z)’s are polynomials of x. If C(xy,...,2,) is a polynomial in ¢ variables, let
(x")C (x4, ...,x¢) denote the coefficient of the z[* term when we view C(zy,...,2/) as a
polynomial in x; with coefficients in Z[z1, ..., Tm_1, Tmi1, .- ., T

Letting g(z) be the coefficient of y™ in G(y), denoted by (y")G(y), we see that
(@) =Y pasa”. (4.3)
k>0

For a fixed n, taking x = 1 in (4.3) gives us the sum of the p, ;’s, which by definition equals
Hn+1 —H, = An; i'e'7

9(1) = pak = An. (4.4)
Moreover, taking the derivative of both sides of (4.3) gives
g (1) = Z kpnx = A, Z kProb(n, k) = Ay,

k>0 k>0

g'(1
1y = 1)
g(1)
Thus the proof of Theorem 1.2 reduces to finding ¢g(1) and ¢'(1).
Recall that A(y) is the polynomial of y with coefficients in Z[z| defined in (3.2), i.e.,

L—1 5m+1_1

Aly) =1=>" > aly™t. (4.6)

m=0 j=sm

therefore

(4.5)

Let y1(x), y2(2), . . ., yr(x) be the roots of A(y) (i.e., regarding A as function of y). We want
to write —— as a linear combination of the y_;, @ ’s, i.e., the partial fraction expansion, as we

Aly)
can use power series expansion to find the coefficient of y" in %.

To achieve this goal, we need to show that the y;(x)’s are pairwise distinct, specifically, A(y)
has no multiple roots for = in some neighborhood of 1 excluding 1, i.e., I. := (1—¢,14¢)\{1}.
This result is formally stated in Theorem 4.1(a) and proved in Appendix A; we sketch the
argument.
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-1
If v >0and L =1, then A(y) =1 — ch o @7y has a unique root y;(z) = <Z§1;01 xi)
and y;(z) € (0,1) since ¢; > 1 (see the assumption of Theorem 1.1). Note that if x > 0, then

y1(z) is continuous and ¢-times differentiable for all £ > 0. Thus in this case, £ can be 1.

For L > 2, there is an easy proof for non-increasing ¢;’s (see Appendix C of [MW]), but the
proof for general cases (see Appendix A) is more complicated, involving continuity and the
range of the |y;(x)|’s. The main idea is to first show that there exists > 0 such that A(y)
has no multiple roots and then prove that there are only finitely many x > 0 such that A(y)

has multiple roots.

In the proofs in this section, we repeatedly use the continuity of the y;(x)’s, which follows
from the fact that the roots of a polynomial with continuous coefficients are continuous (for
completeness, see [US] or Appendix A of [MW]. for the formal statement and the proof. Since
for any z > 0 the coefficients of A(y) are continuous functions of x and the leading coefficient
is nonzero, the roots of A(y) are continuous at z.

The following proposition asserts that A(y) has no multiple roots for = € I. for some ¢,
and then gives the partial fraction expansion for 1/A(y) in terms of the roots. This is a key
ingredient in extracting information from the generating function.

Proposition 4.1. There ezists € € (0,1) with the following properties.
(a) For any x € I, A(y) as polynomial of y has no multiple roots, i.e.,

L—1 sm4+1—1
=) ) (m+ Dty (x) £0, (4.7)
m=0 j=sm
where A'(y) is the derivative with respect to y.
(b) If x = 1, then A(y) has a unique positive real root. Letting it be y;(1) without loss of
generality, then 0 < y1(1) < 1 and |y;(1)| > y1(1) fori > 1 and |y;(1)| > y1(1) fori > 1.
(c) For any x € I., A(y) has a unique positive real root. Letting it be y,(x) without loss of
generality, then 0 < yi(x) < 1 and |yi(z)/y1(x)| > +/|yi(1)/ya(1)| > 1 fori > 1. If € satisfies
the above properties, then for any x € 1., we have

L

1 1
Ay o “’j; (v = i) 0 (w3 (@) — wi(w)) (48)

J=S8L-1

Proof. We prove in Appendix A that there exists € € (0,1) such that for any x € I, A(y) has
no multiple roots.

For (b), when x = 1, A(y) is strictly decreasing on (0,00) and A(0) =1 >0 > A(1). Thus
A(y) has a unique positive root y;(1) and y;(1) € (0,1). Since A’'(y1(1)) < 0, y1(1) is not a
multiple root of A(y).

For any other root y;(1) (i > 1), if |y;(x)| < y1(x), then

L-1 sm+1—1 L—
0 = [Aw) = 1= > ¥ () Z (1)
m=0 j=sm m=0 j=sm

Vv
—_
|
SS

+
=
=
Il
e
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Hence the equalities hold. Thus each y/"**(1) is nonnegative, i.e., y;(1) is nonnegative. Since
A(0) # 0, y;(1) # 0, thus y;(1) > 0; however, A(y) only has one positive root y;(1) and it is
not a multiple root, contradiction.

For (c), denote A = min;~1{/|v:(1)/y1(1)|} > 1. By the continuity of the y;(z)’s, there
exists € € (0, €) such that for all x € I,

y1(z) < (14 K)y1(1) and y;(z) > (1 — k)y;(1) for 1 <i < L,

where Kk = (A —1)/2(1 + A) € (0,1). Thus
yie) 1-ky(l)  3+Aw) 3+ w@) _ 1u)
yi(z) " 1+ry(l)  14+3Ay(1) )\2+3)\y1(1) Ayi(1)

Since A = min;> 1 {/|v:(1)/y1 (D]} < /]vi(1)/y1(1)],

yz‘(f) Ly(1)
y1(x) Ayl( ) — V(1)

as desired.
Now suppose ¢ satisfies (a), (b) and (c). Since the leading coefficient of A(y) is —> 7% QL{I e
and the roots of A(y) are y;(z),y2(z), ..., yr(x),
sp—1
Z ! H y—yi(z)). (4.9)
J=sL-1 =1
For any z € I, the y;(z)’s are distinct, thus we can interpolate the Lagrange polynomial of
ZL(y) =1 at yu(x), y2(2), ..., yo(z):
L

114 (v — wi(2)) -
; (W = vi@) I (v (2) = 0:(2)) -t

Dividing both sides by [[~, (y — %i(z)) and combining with (4.9) yields (4.8). O

Proposition 4.2. For any x > 0, if y;(x) is not a multiple root of A(y), then y;(z) is {-times
differentiable for any ¢ > 1. In particular, given € as in Proposition 4.1, for any x € I, and
each 1 < i < L, we have y;(x) is {-times differentiable for any ¢ > 1. Additionally, note that
y1(x) is not a multiple root of A(y) when x = 1 since A'(y1(1)) < 0, thus y1(z) is (-times
differentiable at 1 for any € > 1. If y;(z) is differentiable at x, then its derivative is

/ .
ST STy ()i

yi(fb‘):—ZLil i m o Dy (x)

m=0 =Sm

(4.10)

Sketch of the proof. We prove the differentlablhty by induction on ¢. For the derivative, we
differentiate A(y) at y;(x) to get (4.10). See Appendix B.1 for the details. O

Let us return to finding g (with L > 1). From now on, we assume that = € I.. Plugging
(4.2) and (4.8) into (4.1), we get

sr—1

J = — m ; 1
Y Gy = Zb )y Z(y_yi(x))]"[j#(yj(:v)—yi(ﬂf))

J=8L-1 i=1
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L n L 1
= 2l ) 9i@) TL, 00 (05 (%) — wi))
B L L 1 y 1
= 2 bn(o)y ;yxxmjﬁ(w(az)—yxw»;<yi<x>> |

Thus for n > L, by looking at the coefficient of y™ (which we are denoting g(x)), we obtain

_ 1 - 1 - b (2)
90) = S5 D T T () — )] 2 ()
Define
() = Z _1 b (2)yi" (2)
T o) I () — ) e
then ;
= Z zqi(x)y; " (x). (4.12)
Note that the ¢;(z)’s are independent of n_
Define

—1 sm+1—1

A(y>—yLA< ) Z > adyltom (4.13)

m=0 ]:sm

Since A(0) # 0, the roots of A(y) are a;(z) := (y;(z))”". Therefore, by Proposition 4.1, ay(z)
is real, and

ai(x) > 1, and |a;(z)/an(z)] < V/|ai(1)/a1(1)] < 1 for i > 1. (4.14)
Plugging «;(z) = (y;(x)) " into (4.12), we get
L
= Z xq;(x)al (x). (4.15)
i=1
Since g(z) is a polynomial of x, we have
L )
@(1) = O(x) = 1 . n
g’ (1) = il_%g (x) 21:1_>rr% [;qu(aﬁ)az (x)] , V£>0. (4.16)

We want the main term of ¢ (z) to be [zqi(z)a?(z)]" for z € (z — &,z + £. Since g(z) is
(-times differentiable at 1, by (4.16) it suffices to prove the following two claims.

Claim 4.3. For any ¢ > 1 and any i € {1,2,..., L}, we have a;(x) and q;(z) are {-times
differentiable at x € I. and oy () and qi(x) are -times differentiable at 1.

Claim 4.4. For any x € I. and { > 0, we have

¢ L
3 sl (@) = olo})at (o), (417)

for some v, € (0,1).
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We use this result for fized € as n goes to infinity. With the result and (4.16), we see that
n {4 ny\ .n
g1 = [ (Va7 (W)Y + o(17)at (1), (4.18)
We now prove the second claim; see Appendix B.2 for a proof of the first claim.

Proof. There is an easy proof if A(y) has no multiple roots when x = 1. In this case, all y;(z)’s,
a;(x)’s and ¢;(x)’s are (-times differentiable for all ¢ at = 1. Therefore Claim 4.4 follows
immediately by Proposition 4.1 and Proposition 4.1 follows directly from the continuity of the

yi(z)’s.
Though the situation becomes completely different and harder if A(y) has multiple roots
when z = 1, the claim is still true. See Appendix C for the proof. U

Proof of Theorem 1.2. We combine our results above to complete the proof of the Generalized
Lekkerkerker Theorem. Recall from (4.4) that g(1) = A,, = H,,41 — H,,, thus by Claim 4.4
with ¢ = 0, we get
An =g(1) = (@(1) + o(rg))ay(1). (4.19)
Since A, is positive and unbounded, we have ¢;(1) > 0.
We can also see that (4.19) is true for some positive constant ¢; (1) by looking at the formula
for general H,,. Since the characteristic roots of the recurrence relation of H, are the «;(1)’s,
each H,, is of the form ) . h;(n)af(1) where the h;(n)’s are polynomials of n with degree

(2

less than the multiplicity of a;(1) and hence less than L. Thus it follows from (4.14) that
> hi(n)al (1) is of the form (g + o(7("))a} (1) for some constant ¢ and .

1

Define g;(z) = zq;(z)al*(z). According to (4.15) we have g(z) = Zlegi(x). Applying
Claim 4.4 with £ =1 yields
() = 61(2) + o3} (@) = magy ()} (¥)0 ™ (2) + (s (@)} x) + 077 )i ().
Letting x — 1 and using (4.19), we obtain
71 _ a0t () + (@ (D) + i
9(1) ql(l) 1)+ (%L
_ g (Mei()(aa (D))" + (@(1) +¢
@(1) + o(7g)
(1) @) +ad) n
" gm0
Therefore, by (4.5) w, is of the form (1.6): w, = Cn+d + o(7}), with

(1.
o (1)

D)at(1) + o(h1)ar (1)
Jai (1)

(
(1)) +001)

L ad)
C = and d = . 4.20
o) T 420
which completes the proof of the Generalized Lekkerkerker Theorem. O

Remark 4.1. We provide some information about the value of the constant C'.
(a) A formula for C:
Note that C' can be computed as follows:

_a@)] (@)Y
(@), (@)™

» = (@) = — , (4.21)
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where y1(1) is given by (4.10). We find
L—1 Sm+1—1 -
_ui() 2m=0 2 JYT'(L)

C T Tn0 T ST e D) e

m=0 j:57n

L—-1 m
_ Zmzo %(Sm + Sm41 — 1)(Sm+1 - Sm)yl (1) ) (423)

S o (M4 1) (Sma1 — sm)yi (1)
(b) Upper and lower bounds for C.
Applying (4.23) with some approzimations, we get

o [a—=1 ¢ —2 2L — 1) — 1
mm{ 12 , 1L —i—l} < (O < ( 221 <
(see Appendix D for the detailed proof).

5. GAUSSIAN BEHAVIOR

In this section, we prove Theorem 1.3, namely the distribution of K,, converges to a Gauss-
ian. Let o, be the standard deviation of K,,. First we centralize and normalize K,, to
KY = (K, — ptn)/0pn. Thus it suffices to show that K converges to the standard normal.

According to Markov’s Method of Moments, we only need to show that each moment of K
tends to that of the standard normal distribution, which is equivalent to the following.

Theorem 5.1. Let ji,(m) be the m™ moment of K,, — ju,, then for any integer u > 1, we
fin (2u)

have 5 .
%—m and FEC2 <5 (2u— DI, as u— oo, (5.1)

The proof for the case of Fibonacci numbers is significantly easier as we have a tractable,
explicit formula for the number of integers with exactly & summands: p,, = ("‘;_k). The
Gaussian behavior follows by using Stirling’s formula to analyze the limiting behavior of p,, x;
see [KKMW] for the details. Unfortunately, this argument does not work in general as the
resulting expressions for p,, , are not as amenable to analysis, and we must resort to analyzing
the generating function expansion.

In the proof for the general case, we first point out that it suffices to prove the same result
for K,, — (Cn+d) with C and d defined in (4.20). Then we show that the m'™ moment i, (m)
of K, — (Cn + d) equals §,,(1)/A,, for polynomials g,,(z) with

_ et 9(@) " :
Go(r) =Y pugat it = g gir1(x) = (2g;(2)), j = 1. (5.2)
k

By Definition 4.3 and (5.2), we prove by induction that the main term of g, (1) is of the
form of (z)z=F 3" fim(z)n' for some functions f;,,(x)’s and thus conclude that fi,(m) =
Ql_%l) St fim(L)n' + o(7) for some 7, € (0,1). Finally, we evaluate the f;,,(1)’s to obtain
(5.1).

We now give the proof. In the course of our analysis we will interrupt the proof to state

and prove some simple, needed propositions. Noting that u, = fi, + o(7}), by some simple
approximations (see Appendix E.2), we see that

pin(m) = fin(m) + o(6,,) (5.3)
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or some S, € (0,1). In the special case of m = 2, we have 02 = u,(2) = [1,(2) + o(77),
therefore (5.1) is equivalent to
(Qu—1 i (2
20 1) _, ¢ g Fn(20)
772 (2) i3 (2)

— (2u— 1N, as u — oo. (5.4)
We calculate the moments fi,,(m)’s by applying the method of differentiating identities to
g. Setting x = 1 in (5.2), we get

1) = mek = An = ﬂn(O)An
k

When m = 1, by Definition (5.2) we get

/
§1 (l’) LCgO (Z Dn, kLC 'u"> = an,k(k — ﬂn)xkiﬁnil. (55)
P
When m = 2, by (5.2) and (5.5), we get

ga(x) = (xga (2 ank (k= fin )Pt

Setting = = 1, we get
= an,k(k - ﬂn)2 = [Ln(2>An'
k

By induction on m, we can prove the following.

Proposition 5.2. For any m > 0, we have

G (@ ank (k — fin)™ 2"~ and Gp(1) = fin(m)A,. (5.6)

Proof. We have proved the statement for m = 0,1, 2. If (5.6) holds for m, then the recurrence
relation (5.2) gives

Gm+1(z) = (CL’gm(I))/ = (ank(k - ﬂn>mmk_ﬁn> = ank(k - lan>m+ll’k_ﬁ”_1.

k k
Setting = = 1 gives Gm41(1) = fin(m + 1)A,,. Thus the statement holds for m + 1 and hence
for any m > 0. O

Returning to the proof of Theorem 5.1, denote

W’ and gj11(z) = (2g;4(z)) (5.7)

forz e I.if 1 <i <L andforx e [.U{l}ifi=1 By Definition (5.7) and using the same
approach as in Lemma 4.4, we can prove that

§0,i(33) =

Ve el : gji(x) = o(t!")aj(x), (5.8)

J
1=2
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for some 7; € (0,1). Thus referring to (5.2), we have

L
Vo e L gix) = Y gale) = ga(z)+o(r])ai(z). (5.9)
i=1
Taking the limit as x approaches 1 yields
g;(1) = gja(1) +o(1]")ay(1), Vx € L. (5.10)
Denoting §;1(x) by F;(z), then
Fy(z) = qi(2)oy (x)z~" and Fjia(z) = (2F;(2)). (5.11)

Note that ¢;(x) and a4 (x) are (-times differentiable for any ¢ > 1(see Claim 4.3). Thus when
j =0, we get

Fi(z) = (zFp(2)) = (qu(@)a](z)z™")
= nag ()0 (2)ai~ e — (7 — Day(@)0f (@) +agy(2of (el
= nzq (@) (@)a] ™ (z)r™" — (Cn+d = D (@)af (2)z™" + xq; (v)af (x) 2™
= alf(z)z " (o) z)n — r) + zqy (x
- alla (22 - ) tan+ (1 (o) + o)
= of(x)z " [A(z)qr (2)n + d'q () + zqy ()], (5.12)
where h(z) and d’ are defined as
o) zoy(z) ondd — 1 —d— ~qy(1)
W)=~ Cand d =1 —d =~y (5.13)
(see (4.20) for the definition of d). By (4.20), we have
h(1) = 0. (5.14)

Moreover, since aj(x) is (-times differentiable at 1 and a;(1) # 0 (see Proposition 4.2), we
have
h(x) is {—times differentiable at 1 for any ¢ > 1. (5.15)
From (5.11) and (5.12), we observe that F,(z) can be written as a product of af(z)z#n
and a sum of other functions of n and x. In fact, we have the following.

Proposition 5.3. For any m > 0,
(a) We have F,,(z) is of the form

Fo(z) = ol (x)z Z fim()n?, (5.16)

where the fi,,’s are functions of x and oy (z) but independent of n.
(b) The fim’s are (-times differentiable at x € 1. for any £ > 1.
(¢) Define
fim(@x)=0if i>mori<0orm<0, (5.17)

then for m > 0, we have the following recurrence relation:

fzym(x) = h(.ﬂf)fi_l,m_l(il?) + d/fi7m_1($) + .Z'f;m_l(ﬂf). (518)
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Proof. We proceed by induction on m. For m = 0 and 1, (a) holds because of (5.11) and
(5.12). Further, (5.11) and (5.12) give the expressions of fy o, fo1 and fi1:

foo(@) = a1(2), foa(x) = d'q(x) + 2q1(2), fra(e) = h(z)q (). (5.19)

By Claim 4.3 and (5.15), they are differentiable /-times at = € I. for any ¢ > 1. Hence (b)
holds for m = 0 and 1. Finally, with (5.19), it is easy to verify that (c) holds for m = 0 and 1.
If the statement holds for m, by (5.2) we have

Frsa(@) = |a@)a S afim(@nt | =3 [al(@)e i fim(a)n’].
=0 1=0

For convenience, we denote h;(x) = o} (x)x "z f; ,,(z)n' for 0 < i < m. Thus

Fr(z Z W (x (5.20)

For each 0 <17 < m, we have
hi(e) = n'[di(x)a ™ (@)™ 2 fim — (fin — Doy (@)a™" fim(2) + o (2)2™ "2 f] . ()]
= n'al (@) [nfim(z) (@i(@)ar (@) = C) + (1 = d) fim() + 2 f],(2)]
= n'oj(z Jo” i [nh(@) fim(@) + d fim(x) + 2], ()]
= af(z)x " [0 h(x) fim () + 0" (d fim(z) + 2 f] ()] (5.21)
(see (5.13) for the definitions of h(z) and d'). Plugging (5.21) into (5.20) yields

Ferl(x) = Oé?ll(m)xiﬂn[ m+1h fmm +Zn fz lm )+d/fz,m(x)

+ 2! (@) + d fopm(@) + o fovm(x)] . (5.22)

Hence (5.16) holds for m + 1 as desired.
For (b) and (c), from (5.22) we get

frtrme1(x) = h(2) frnm (), (5.23)
Fims1(2) = B(@) fi 1 (@) + & fim(@) + 2fln (), 1<i <m (5.24)

and
fomi1(z) = d fom(@) + 2 f5 1 (7). (5.25)

By Definition (5.17), we can combine (5.23), (5.24) and (5.25) into one recurrence relation
(5.18) (with m replaced by m + 1). With this recurrence relation, (5.15) and the induction
hypothesis of (b) for m, we see that (b) also holds for m + 1. This completes the proof. [

Proposition 5.4. We have

)n' + o(7) for some 7, € (0,1). (5.26)
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Proof. From (5.6), (5.9), (4.19), the definition F,,,(z) = g 1(z) and Proposition 5.3, we obtain
(1) _ Gma(1) +o(rp)at(l) _ Enu(l) +o(rp)af (1)

fin(m) = A, A A
_ B fn @t oot (1) _ 1 NN
= (1 (1) 4+ o(y)] (1) o ¢ (1) ;fumu) + o(7y).

g

From Proposition 5.4, we see that the main term of [, (m) only depends on ¢;(1) and the
fim(1)’s. Note that to prove (5.4), it suffices to find the main term of fi,,(m). Thus the
problem reduces to finding the f;,,(1)’s. We first calculate the variance, namely fi,,(2).

Proposition 5.5. The variance of K, — [i,
fin(2) = I'(1)n + ¢4 (1) + o(73) (5.27)
with h'(1) # 0, ¢/(1) and 75 € (0,1) constant depending on only L and the ¢;’s.
With the estimation (5.3), it follows immediately that the variance of K, is of order n.
Theorem 5.6. The variance of K,
pn(2) = ' (1)n + gy (1) + o(73") (5.28)
with B’ (1) # 0, ¢/ (1) and 75 € (0,1) constant depending on only L and the ¢;’s.
Proof of Proposition 5.5. If m = 2, by (5.23) and (5.14) we get fo2(1) = h(1)f11(1) = 0.
Applying (5.18) to (i,m) = (1,2) and plugging in (5.19) yields
fra(z) hx) fo () + d fia(z) + 2 fi, ()
h(z) for(x) + d'h(z)qi (z) + xh(z)d) () + = () (2).
Setting x = 1 and using h(1) = 0 (see (5.14)) yields
fi2(1) = h(1) for(1) + d'h(1)gi(1) + h(1)gi (1) + h'(Dgi (1) = h'(1)gi(1).
Using (5.25) and (5.18), we can find fy2(x) as follows.
foo(z) = dfor(z) +xfy,(z) = d?q(z) + dxq)(z) + d2q (2) + 2q)(x) + 2°¢] (z).

Setting = 1 and substituting d’ by —311—8; (see (5.13)) yields

fo2(1) = di(1).
Combining the above results with Proposition 5.4 gives (5.27). Thus it remains to show

that A'(1) # 0. We can derive a formula of A'(x) in terms of y;(z) by Definition (5.13), (4.21)
and (4.10), and then prove that A'(1) # 0 by contradiction (see Appendix E.1). O

From Propositions 5.4 and 5.5, we see that (5.4) (which is what we need to show to finish
the proof of Theorem 5.1) is equivalent to

fiou-1(1) =0, i > u, (5.29)
fi2u(1) =0, i >u, (5.30)

and

Fua(1) = (2u = 1)ligy (1) (R(1))" (5.31)
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For convenience, we denote

t) =), £>0.

,m

Note that if £ = 0, then the definition is just ¢;,, = fin(1).

Proposition 5.7. For any 0 < m < 2¢ and { > 0, we have

1 = (1) =0. (5.32)

Pr’oof. If £ > m ori > m —{, according to Definition (5.17), we have f;,,—¢(x) = 0. Thus

flm (z) = 0 and (5.32) follows. Therefore, it suffices to prove for 0 < ¢ < m < 2i and
1<m—V, ie.,

0<l<m-—1i<ui. (5.33)

We proceed by induction on m. If m = 0, then there is no 7 that satisfies (5.33). Thus the

statement holds. If m = 1, the only choice for ¢ and ¢ that satisfies (5.33) isi =1 and ¢ = 0.

By (5.19) and (5.14), we get tl( ) =t11 = f11(1) = h(1)¢:(1) = 0. Thus the statement holds

m—_
for m = 1. Assume that the statement holds for any m’ < m (m > 2). For any (i,m,{) that
satisfies (5.33) and 1 < j < ¢, we have

2i—-1)=2-2>m—-2>m—1—j

thus we can apply the induction hypothesis (5.32) to (i —1,m —1—j,¢—7), (i,m —1,¢) and
(i,mm—1—4£€+7,j) with 1 < j < ¢ and obtain

o
FEmad) = i) = filh (1) = 0. (5.34)
Taking the ¢ derivative of both sides of (5.18), we get

£ @) = h@) O, +Z() DL (@)

+d £ (@) +af () + Z 9 (@)
j=1

Setting x = 1 and using (5.34) and (5.14) yields

FimeeW) = FD D), des 8, = 1000 (5.35)
Applying (5.35) to £ =0,1,...,m, we get
10— t<1) =D, gl )
where the last step follows from (5.17).
Thus the statement holds for m as well. This completes the proof. U
Corollary 5.8. For any u > 1, we have (5.29) and (5.30), i.e.,
tiou—1 =0, i >wand t;5, =0, i > u. (5.36)
Proof. Applying Proposition 5.7 with (¢,m,¢) = (i,2u — 1,0) (i > u) and (i,m, ) = (i,2u —
1,0) (i > u). O

Thus it remains to show (5.31).
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Proposition 5.9. For any u > 1 we have
() fuuto(z) with 0 < v < w is of the form

Fuuro(®) = rupq (2)2"h" 7 (@) (B (2))° + suo(@)h" 7 (2), (5.37)
where 1, is a constant determined by u and v, s, () is a polynomial of the b9 (z)’s and the

qy) (x)’s (€ > 0) with coefficients polynomials of x.
(b) ruo =1 and

Tuw = Tu—1o + (U =0+ 1)ryp_1, Tuw = Tuu—1, 1 <0 < uw. (5.38)
() Fuw = (2u — DL, (5.39)

Proof. We proceed by induction on u + v.
By (5.19) and (5.23), we get

Funl®) = (@), u > 1.
Hence (a) holds for v =0 and r, o = 1.

Since the only (u,v) with u4+v =1and 0 <v <wis (0,1), (a) holds for u+v = 1. Assume
that (a) holds for u+v <t (¢t > 1). We will simultaneously prove (a) and (b). If u4+v =t+1,
we have shown that the statement holds for v = 0. For 1 < v < u, we have three cases: v =1,
l<v<wuand 1l <v=u.

When 1 < v < wu, applying (5.18) to (i,m,¢) = (u,u + v,0) and using the induction
hypothesis for (v — 1,v), (u,v — 1), we get

fu,u—l—v(x) = h(m)fu—l,u—‘rv—l + d/fu,u-i—v—l + ‘/L‘fzi,u—&-v—l (540)
= h(z) [ru_lwa(x)x”h“_l_”(x) (W ()" + su_lm(x)h“_”(x)]
i [ ()2 R @) (@) s ()52 (@)

+x [Tu,v_lql (2)z" " he = (z) (W ()"~ + sum_l(m)h"”_”(x)]/
= Tu-10@ ()2 R (@) (W (2))" + [su-1,0(2)
+d'Tup-1q1(2) 2" (B (2))" + d'supo1(2)h(@)] R (2)
o [ruan ()a B ) (0 () su,v_l(x)h"”*v(x)]'.
Denote the last line of (5.40) by W.
Case 1. v =1. We have

W = & [rue-1qy ()" (@) + (u— v+ Dryu1qi(@)h/ ()"0 (x)
+(u+ 2 — )5y 1 ()W ()0 (2)]
= 2[rup1q1(z) + (U +2 = v)sup1(z)h (7)) hu_v—H(x)
+a(u— v+ D)ryp1qi ()W () (2).
Noting that v = 1, thus the above equation can be written as
W= z[rue1¢(x) + (u+2 = v)sy—1(z)h(7)] hu_vﬂ(x)
+Hu — v+ Dryparq(z)2"h" " (2) (W (2))"
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Plugging this into (5.40) yields

Joro(@) = ruc10@(z)2"h" () (h'(l’))v + [Su-1,0(2)
+d'ry 1 (2)r T (0 () A+ d sy (@) ()] ()
+2 [Puw 10y (2) + (4 + 2 — V) sy 01 (2)B (2)] BT (2)
+(u— v+ D)ryp1qi(x)xh* " (z) (W ()"

= [ru-r0+ (W =0+ Drypi]a(@)z"h" ™" (z) (W'(2))" + [su-1,.(2)
Fd'rpo1qu(2)7 7 (W (2))" 7+ d sy (2) (@) + 270 (@)
+2(u+ 2 — 0)Syp1 (2)H ()] ().
Hence fyu10(x) is of the form (5.37) and (5.38) holds.

Case 2. 1 < v < u. We have

W = (u—v+ Dry,aqi(z)z’h* " (x) (W (z))"
Hrupadh (@) + (0 = Vg @)zt (B ()"
+(v = Drupagi (@)’ (W ()" 1 (x)
+(u+ 2 — 0) xSy 1 (z)W ()]0 ()
Plugging this into (5.40) yields

Juwso(@) = [rucr + (u =0+ Dryealg(@)zh" " () (h'(2))" + [su-10(2)
td' Ty 1 (2)z " (W ()" + d' Sy (2)D(2) + Ty w1 q) ()2
+(v = Drupagi(@)a" (1 ()" (W (@) + zh" ()
+(u 42 — )18y o1 ()R (2)] T ().
Hence fy ut0(x) is of the form (5.37) and (5.38) holds in this case too.
Case 3. 1 < v = u. Thus u > 2. From the recurrence relation (5.18) and the initial condition
(5.19), we see that each f;,, is a polynomial of the h(¥)(x)’s and the qg) (x)’s (¢ > 0) with
coefficients polynomials of x. By (5.40) and the induction hypothesis (5.37) for (u,v) =
(u,u — 1), we get
fuuio(T) = fugu-1(2) = W) fu1,20-1 + d fupu—1 + fl’fé,zu—l
= B it + T @ (@) () (@) + Sy (2)h2()
afru 101 ()2 () (B ()" + Supr (@)H2()]
= Tu,u—1q1(x> ( ( )) [ u—1,2u—1 + ru,u—lQl(I)xu_l (h,(l‘))uil + Su,u—l(m)h(x)
gy () (0 ()" 4 (u = Dryumaq(@)a ™ (W (@) (W (2) + 2h"(x))
28, 1 (2)W(2) + 225y 0—1 (@)D (2)] ().
Hence fi, 41v(2) is of the form (5.37) and (5.38) holds in this case, completing the proof of (a)
and (b).

We use generating functions to prove (c¢). The proof of (c) is an immediate consequence of
Lemma 5.10 (see Remark 5.1 for the details). O
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Lemma 5.10. Define

T,(x) = Zru,vzu_”, v > 0. (5.41)
Then we have
(a) o)
T . (x
T,(z) = 222 > 1. 5.42
=12 s (5.42)
(b) ( "
1 2v — D!
Proof. (a) According to Definition (5.41),
L=2)Ty(x) = D> rupr" =Y rupa™™ = r " = Y rg 2
u=v u=v u=v u=v+1
= Tyy+ Z (Tup — Tu—10)x" "

u=v+1
By the recurrence relation (5.38), we get

Tuw — Tu—1p = (U — 0+ 1)1y g for u>v 41, and 7,_1, = 7y,

Thus
(1 - SL’)T,U(.I> = Tow + Z (U’ — v+ 1)ru,v—1xu_v =Tyv-1v + Z (u — U+ 1)Tu,v—1xu_v
u=v+1 u=v+1
= 3 (v gt (544

On the other hand, taking the derivative of both sides of Definition (5.41), we see that T _,(x)
also equals (5.44). Therefore (5.42) holds.
(b) Since 7,0 = 1 (see Proposition 5.9(b)), we have

To(x) = Zrupx“ = Zx“ = 1i$.
u=0 u=0

Applying (a) to v = 1, we get

r =T L (LY

Thus (5.43) holds for v = 1.
Assume that (5.43) holds for v —1 (v > 2). It follows from (a) and the induction hypothesis

that

CT(@) 1 2v-3)1\" (20—
(ram) =1

T,(x) = - .
(z) 1—x 1—2 \(1—a)%! 1 —x)2vtt

Hence (5.43) holds for v and therefore for any v > 1. O
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Remark 5.1. The proof of part (c) of Proposition 5.9 is immediate, as any u > 1,
Tuu = 1uw(0) = (2u — 1)
by Definition (5.41) and Lemma 5.10.

Setting v = u and = = 1 in Proposition 5.9(a) and using (5.14) and (5.39), we get
fuzu(1) = ruq (1) (F'(1)" = (2u — Dai (1) (K'(1))",

as desired, completing the proof of Theorem 5.1.

6. FAR-DIFFERENCE RREPRESENTATION

In this section, we apply the generating function approach to study the distributions of the
numbers of positive and negative summands in the far-difference representation of integers in
(Sn, Snt1] (see Definition 1.4). We prove that as n — oo these two random variables converge
to being a bivariate Gaussian with a computable, negative correlation. We do not need to
prove that a generalization of Zeckendorf’s theorem holds for far-difference representations,
as this was done by Alpert [Al] (see Theorem 1.5).

6.1. Generating Function of the Probability Density. Let p,; (n > 0) be the number
of far-difference representations of integers in (.S,_1,.S,] with k positive summands and [

negative summands. We have the following formula for the generating function 7 (r,y,2) =
Zn>0,k>0,l20 pn,k,lmkyl'zn-

Theorem 6.1. We have

5 vz + ryzt
Y(r,y,2) = . 6.1
(%.9,2) 1—2z—(z4+y)z* —xyzb — zy2” (6.1)
Proof. We first derive the recurrence relation
Prjgl = Pn—1kl + Pn—a k-1 + Pn—31 k-1, T =D (6.2)

by a combinatorial approach. Next we want to get the generating function by the same
technique as for 4(z,y) in Section 3. To achieve that, we need to have a recurrence relation
with all terms of form p,,_n0k—ko1—1, With ng, ko and [y constant. We solve this by using the
proceeding recurrence relation with repeated substitutions.

Let us prove (6.2) first. Clearly, p,x; = 0if & < 0 or I < 0. For every far-difference
representation N = Y%, a;F;; € [Syo1 4+ 1,S,], N' = Y700, a;F; is also a far-difference
representation. Theorem 1.5 states that iy = n and a; = 1, therefore N’ € [S,_1 + 1 —
F,, S, — F,]. Since

Fn_ n—l_Sn—3 - Fn_Fn—l_Fn—?;_Fn—S"' - n—Q_Fn—S_Fn—5_"’
- Fn,4—Fn,5—"‘:"'(:Fg—Fg):FQ—Flzl, (63)
we get S,_1 +1— F, = —=5,_3. Thus p,, , is the number of far-difference representations of

integers in [—S,_3,.5,_4] with &k — 1 positive summands and [ negative summands.
Let n > 5. We have two cases: (k—1,1) # (0,0) and (k — 1,1) = (0,0).

Case 1. (k—1,1) =(0,0).
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Since F,, — S,—1 — Sn—3 = 1 by (6.3), we have F,,_; < S,,_1 < F,, for all n > 1. Hence there
is exactly one Fibonacci number in [S,_; + 1,5,] for all n > 1. Thus p,10 = Prn-1,10 = 1.
Further, for n > 5, we have p,_400 = pn—300 = 0, then (6.2) follows.

Case 2. (k—1,1) #(0,0).

Then N' = N — a1 F;, #0. Let N(J, k, 1) be the number of far-difference representations of
integers in the interval J with k positive summands and [ negative summands. Thus

Prgg = N((0,Sn-a),k—1,0) + N([=S,-5,0),k — 1,1)
= N((0,S,_4],k —1,1) + N((0, Sp_3], 1,k — 1)

n—4 n—3
= Zpi,kq,z + Zpi,l,kfl- (64)
i=1 i=1

For n > 5, replacing n with n — 1 yields

n—>5 n—4
Pn-1kl = sz‘,k—l,l + Zpi,z,k—l- (6.5)
i=1 i=1

Subtracting (6.5) from (6.4), we get (6.2).
Let n > 9. Replacing (n, k,1) in (6.2) with (n — 3,1,k — 1) gives
Prn—3k—1 = Pn—alk—1 t Pn-7i-1k-1 + Pn—6k-1,-1, T = 8. (6.6)
Rearranging the terms of (6.2), we obtain
DPn—31k—1 = Pnk]l — Pn—1,k] — Pn—dk—1,1, 10 = O. (6.7)

Replacing (n, k,1) in (6.2) with (n—1,%,[) and (n—4,k,l—1) (sincen > 9, n—1>n—4 > 5,
thus (6.7) applies to n — 1 and n — 4), we get

Dn—alk—1 = Pn—1k] — Pn—2,k] — Pn—5k—1, (6.8)
and
Dn—T0-1k—1 = Pn—4dki—1 — Pn—5kl—1 — Pn—8k—1,—1- (6.9)
Plugging (6.6), (6.8) and (6.9) into (6.2) yields
Pkl = 2Dn—1k] — Pn—2kl T Pn-a k-1, T Pn—aki—1 — Pn—5k—1,
—Pn—5k1-1 + Pn—6k—11—-1 — Pn—8k—1,1—1, 7 > 9. (6.10)
Multiplying both sides of (6.10) by z*y'2", we get
pnkﬂkylzn = Qanfl,k,ﬂkylZn b 2P 2klxkylzn 2+=’7524Pn 4k— 1195]6719[2”74
+yz" o Akl w2yt — gz pn75,k71,lx “lylen s

k 1—1_n—5 6 k-1 [1—-1_n—6
—y2° D 5k1-1T°Y 27 T+ TYZ Pp6k-1,1-1T Y 2

—2y2®pn_s 112ty R
Summing both sides over n > 9 and recalling that p,, ,; = 0if £ > 0 or [ < 0, we obtain
g(xa Y, Z) = 22’?(37, Y, Z) —2 Z pn—Lk,lIkylzn - ZQg(xa Y, Z)

1<n<8
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+ > prakiry' 2+ 22D (0,y,2) = D paap-rizy'"
2<n<8 4<n<8
YD (2,y,2) = Y Paeakiaz Y2 — 229G (2, y, 2)
4<n<8
+ Z Prosih-1,2"y' 2" — yz°4 1‘ Y, 2 Z P12y 2"
5<n<8 5<n<8
+ayt Y (2,y,2) = D Prch-ri12’ Y — 2y G (2, y, 2)
6<n<8

= (20— 2+ a2t +yrt —a2® —y2® +ay® —ay®) G(a,y, 2)

k.l k I.n k 1.n
—2 E DPn—1, T Y 2" + E Dn—2k X Y 2" — E DPrn—ak—1,T"Y 2

1<n<8 2<n<8 4<n<8
k l_n k l_n k Il _n
- E Pn—aki-1T Y 2 + E DPn—5k-1,T Y 2 + E Pn—5kl-1T Y 2
4<n<8 5<n<8 5<n<8
k l_n
- E Pn—6k—1,1—10 Y 2. (6.11)
6<n<8

We calculated all p,;,;’s for n < 8 and found that the only terms in the right-hand side of
(6.11) that are not canceled are xz, —xz?, ryz* and —zyz®°, therefore

x(z — 2%) + ay(2* — 2°)

g\ ) Y =
(z,y,2) 1— (22 — 224 x2t + yzt — x2% — yz5 + xyz0 — xy28)
4
- T2+ oYz . (6.12)
1 —z—(z+y)z* —xyz0 — zyz2"
Ul

6.2. Lekkerkerker’s Theorem and Gaussian Behavior. To show that C,, and L, are
bivariate Gaussian, it suffices to prove the Gaussian behavior of a/C, + 0L, for any a, b with
(a,b) # (0,0). Note that the coefficient of z" in ¥ (x,y, 2) is D k0450 Pk ™y’ Setting
(z,y) = (w* w’) and using differentiating identities will give the moments of akC,, + bL,,.

We first prove the following generalized Lekkerkerker’s Theorem and Gaussian behavior for
alkl,, +bL,,. This suffices to deduce Theorem 1.6 as cov(KC,,, L,,) = Z—llvar(lCn +L,)— ivar(lCn —
L)

Theorem 6.2. For any real numbers (a,b) # (0,0), the mean of alC,, + bL,, is
b 371 — 113v/5 361 — 123v/5
ot n+ V/_(l+-————————:£: b

10 40 40
and the variance of alC, + bL,, is

V5 —1 20 — /5
200 5

o(¥;) for some 4, € (0,1), (6.13)

10 (a® +b*) — (a+b)*| n+ gap + o(7,) for some 7, € (0,1),  (6.14)

with g, a constant depending on only a and b; further, standardization of alC,,+bL,, converges
weakly to a Gaussian asn — 00; in other words, IC,, and L,, are bivariate Gaussian asn — oo.
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Let A(z) be the denominator of ¢ (xz,y, 2), i.e.,
Az)=1—2z— (z+y)2* + zyz® + zy2" (6.15)
Clearly, 0 is not a root of A(z). When z = y = 1, we have
A)=1—2-21 =25 2T = (P +2 -1+ 1P +1). (6.16)

V5—1
2

2| < 1. Note that in both cases z = 1 and y = 1, the coefficients of A(z) are polynomials in
one variable and hence continuous, thus the roots of A(z) are continuous (see [US] or Appendix
A of [MW]).

To evaluate the moments of akC, 4+ bL,, we set (z,y) = (w® w’) and let A,(z) be the
corresponding A(z), namely

Ap(z) =1 — 2z — (0 + wb)z* — w20 — wo*,7,

We have the following proposition similarly to Proposition 4.1 (see Appendix E for the
proof).

Thus /1(2) has no multiple roots; moreover, except , any other root z of A(Z) satisfies

Proposition 6.3. There ezists ¢ € (0,1) such that for any w € I. = (1 —e,1+¢):
(a) Ay (2) has exactly 7 roots but no multiple roots.
(b) There exists a root e;(w) such that |e;(w)| < 1 and |e;(w)| < |e;(w)], 1 <i < 7.
(¢c) Each root e;(w) (1 <i <7) is continuous and (-times differentiable for any ¢ > 1, and

. (aw™ 4+ bwb™) e} (w) + (a + b)w* ™ el (w) + e (w)]
cilw) = - 1+ 4(w* 4+ wh)ed(x) + 6wrtbel (w) + Twatbed (w) (6.17)

i

7

(d) 1 1 1
- =— . (6.18)
G e e I ) —a@)

Let us return to the proof of Theorem 6.2.

Proof of Theorem 6.2. Assume w € I.. Combining (6.1) and Proposition 6.3(d), we get
7

7(w, wh, ) = —(z + whs? ! .
Pl ) = =G L T (o) = )

Denote §(w) the coefficient of 2" in 4 (w®, w?, 2), i.e.,

~ o ak-+bl
g(w) = E Pn kW )
k>0,1>0

then
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7

- w™’ + e} (w)
N ; ei'(w) [1; 4 (ej(w) — ex(w))”

Let
. w4+ e3(w)

gi(w) = ij;éi (ej(w) — e;j(w))

Then g(w) = S.1_, wg;(w)/e(w). Since e;(w) is (-times differentiable for any £, so is g;(w).
Similarly to Theorem 1.2 with (4.20) and Theorem 5.6 with (5.13), we have

ElaK, 4+ bLy] = Copn + doy + o(¥;,) and var(alC, + bL,) = ﬁ;b(l)n +¢/(1) +o(7;,) (6.19)

with

we (w) A

A ! 7 (ﬁ(l) 7
Cop=—¢1(1)/e1(1), dop =1+ = , hep(w) = ——F+"~—-0C,
b 1(1)/ex(1), dap o) »(w) &1 () b

and constants 45, 7o € (0,1) and ¢7(1) depending on only a and b.

Setting w = 1 in (6.17) and using e;(1) = ® (with & = (v/5 — 1)/2), we get C,; =
—e1(1)/e1(1) = (a + b)/10. It is more difficult to calculate d,; but still tractable. We show
that

. 371 — 1135 361 — 1235
da,b = 10 a+ 10 b.

Recall from (6.2) that
() — w™ + e} (w)
)= T (o) — enlw) (6:20

Let )
E(w) =] (ej(w) = ex(w)), (6.21)
A1
then )
) CwTl e3(w)
hlw) = wE(w) .
Thus
Q14 al) _ N [(w™ + e (w)) wE(w) — (wE(w))'(w:b + e} (w))]/ (wE (w))?
TUam T @)/ WEw)
L+ (w" +ef(w) (wEw)' _ | —bw™"" + 3ef(w)el (w)  E(w) +wB'(w)
w4+ e3(w) wE(w) wt + ef(w) wE(w)

Setting x = 1 and using e;(1) = ® and €/ (1) = —(a + b)®/10, we get

7 :—b—f—o(a+b)<1>3_l37’(1):_\/3+1b_9—3\/3(a+b)_ 1 (6.22)
- 1+ @3 E(1) + 40 EQ1)’ '

Thus it remains to evaluate £(1) and E'(1). Consider A, (e’ + e;(w)):

Ay +e1(w)) = 1—¢ —er(w) — (w4 w”) (e +e1(w))* —w™ (e + ey (w))® —w (e’ + e (w))".
(6.23)
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On the other hand, we have

A€ +er(w)) = —w P ] + er(w) — e;(w)). (6.24)
J#1
Comparing the coefficients of ¢’ in (6.23) and (6.24) gives
w™ T (er(w) = ej(w)) = 1+ 4(w® + w)el(w) + 6w™e (w) + Tw el (w).
J#1
Thus
E(w) = [J(er(w) = ej(w)) = w™ ™ 4 4(w™ + w™*)e}(w) + 6¢}(w) + Tef(w).  (6.25)
J#1

Setting w = 1, we get
5(1) = 14 80% 4 60° + 70° = 1092,
Differentiating both sides of (6.25) yields
E'(z) = —(a+bw @) _4 (aw™ "+ bw ") e} (w) + 30e] (w)e; (w) + 425 (w)e] (w).
Setting x = 1 and plugging in e;(1) = ® and ¢€{(1) = —(a + b)P/10 yields

E'(1) = —(a+10) —4(a+b)<I>3—|—30<I>4( 1+Ob) P+ 42@5(“;(“)b) ®.
Thus . O y
E'(1)  29v/5—95
50 T (a+b). (6.26)

Plugging (6.26) into (6.22) yields
- 371 — 113v/5 361 — 123v/5
dop = \/_ a + \/_ b
’ 40 40

For B;yb(l), we derive a formula for ng(w) in terms of e;(w) by using (6.17). Then by
e1(1) = ® we get

(6.27)

V5 —1
200

20 — /5
5

Ry (1) = 10 (a® +b?) — (a + b)? (6.28)

We verify that it is nonzero (details can be found in Appendix E), thus similarly to the proof

of Theorem 5.1, we have alC,, + bL,, converges to a Gaussian as n — oc. O

Applying Theorem 6.2 to the special cases (a,b) = (1,0) and (0, 1), we obtain the following
results.

Theorem 6.4. The expected values and variances of K, and L, are

1 371 — 1135 29/5 — 25
EK,| = — - K)=—*>"X"_~- 1
1 361 — 123v/5 15 + 215
Additionally, we have
1 5
E[K,] — E[L,] = +4f +0(4™) = g + 0o(4™) ~ 0.809016994 for some 4’ € (0, 1).
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In words, on average there are approrimately 0.809 more positive terms than negative terms
in the far-difference representation.

Applying Theorem 6.2 to a = b =1, we get

2v/5 V5 —1

var(lC, + L,,) = 15" + O(1), and var(KC,, — L,,) = 0" + O(1). (6.29)
Hence
cov(KCp, L) = var(Kn 1 £0) ; var(Kn — £n)
25 —21v5
_ Bouvs +0(1) ~ —0.0219574275n + O(1).
1000

With Theorem 6.4 and (6.30), we compute the correlation between KC,, and L,:

COV(ICm L ) 25102010\[71 +0(1)

’Cm ‘Cn = =
COH"( ) \/ Val" var ) 29+/5—25 29+/5—25
( Yooon + O(1 )> ( Yooon +O(1 )>

= 2250+ 0(1) 252145 +o(1)
29\1&)02575"‘0(1) 29\/_ 5
10v/5 — 121

B flT +0(1) &~ —0.551057655 + o(1).

Since var(KC,,) and var(L,) are of size n and have the same coefficients of n, we have

cov(IKC,, + L, Ky — Ly)

= E[(K, - E[K,] + (Lo — E[L,)])) (Ko — E[K,] — (£, — E[L,]))]
= B[k, — E[C])? — (I — E[La])?] = Var(IC ) — var(Ly,)
— 0().

Further, we have the values of var(KC,, + £,,) and var(/C,, — £,,) from (6.29) and (6.29), thus
cov(IKC,, + L, IC,, — En)
Vvar(K, + L,)var(K, — L,,)
o)

Wgnm M) (5tn +0)
= o(1).

Since IC,, and L,, are bivariate Gaussian, K,, + £,, and K,, — £,, are independent as n — oo.

corr(IC, + L, K, — L) =

7. CONCLUSION AND FUTURE RESEARCH

Our combinatorial perspective has extended previous work, allowing us to prove Gaussian
behavior for the number of summands for a large class of expansions in terms of solutions to
linear recurrence relations. This is just the first of many questions one can ask. Others, which
we hope to return to at a later date, include:



FROM FIBONACCI NUMBERS TO CENTRAL LIMIT TYPE THEOREMS 33

(1) Are there similar results for linearly recursive sequences with arbitrary integer coeffi-
cients (i.e., negative coefficients are allowed in the defining relation, which is different
than allowing negative summands)?

(2) What happens if we consider sequences where either uniqueness of representation fails,
or some numbers are not representable? In particular, what is true for a ‘generic’
number?

(3) Lekkerkerker’s theorem, and the Gaussian extension, are for the behavior in intervals
[F., Flii1). Do the limits exist if we consider other intervals, say [F,, + ¢1(F},), F,, +
g2(F,)) for some functions ¢g; and go7 If yes, what must be true about the growth
rates of ¢g; and ¢57

(4) For the generalized recurrence relations, what happens if instead of looking at > | a;
we study > ., min(1,a;)? In other words, we only care about how many distinct H,’s
occur in the decomposition.

(5) What can we say about the distribution of the largest gap between summands in
generalized Zeckendorf decomposition? Appropriately normalized, how does the dis-
tribution of gaps between the summands behave?

The last question has been solved in some cases by Beckwith and Miller [BM]. They prove

Theorem 7.1 (Base B Gap Distribution). For base B decompositions, as n — oo the proba-
bility of a gap of length 0 between summands for numbers in [B", B"™) tends to (B_%#,
and for gaps of length k > 1 to (B_%(#B_k.

Note if B > 3 the density is a sum of a point mass at the origin and a geometric random
variable.

Theorem 7.2 (Zeckendorf Gap Distribution). For Zeckendorf decompositions, for integers in
[F,, F.11) the probability of a gap of length k > 2 tends to % for k > 2, with ¢ = %5
the golden mean.

APPENDIX A. NO MULTIPLE ROOTS FOR x € I,

Assume that L > 2. We first show that there exists > 0 such that A(y) has no multiple
roots.

Lemma A.1. For any n > 1 and positive real numbers ag < ay < -+ < a, but not all equal,
any root z of P(x) = ap + ayx + - - - + a,x" satisfies |z| < 1.

Proof. Let z be a root of P(x), then z is also a root of (1 — z)P(z). Thus
ap + (a1 — ag)z + (ag — ay)2* + -+ + (@ — @p_1)2" — ap2" = 0.
If |z| > 1, then we get
lan2™| = |ag + (ay — ag)z + (ag — a1)2* + - + (ap — Ap_1)2"|
< lao| + (a1 — ao)z| + |(a2 — ar)2*[ + - - + [(an — an-1)z"|
=ag + (a1 — ap)|z| + (ag — ar)|z]* + -+ (an — @n_1)|2|"
< ap+ (a1 — ao)|z]" + (a2 — ar)|2[" + - + (an — an1)[2]"

= a,|z|" = |a,2"|.
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Hence all of the equalities are achieved, i.e., |2| = 1 and (a1 —ag)z, (az—a1)2?, ..., (@ —a,_1)z

are real and nonnegative since ag is real and positive.
Since the a;’s are not all equal, there exists an ¢ such that ;11 > a;. As (41 —a;)2")z is
real and nonnegative, so is z. Therefore, P(z) = ag+ a1z +- -+ a,z" > ag > 0, contradiction.
O

n

Lemma A.2. Let fo(x) =1 — 2 — 2% — -+ — 2" with n > 2, then (a) fo(x) has a unique
positive real root ro, 0 < ro < 1 and ro is not a multiple root of fo(x). (b) Any root z # ry of
fo(z) satisfies |z| > 1.

Proof. (a) Since fo(x) is decreasing on (0,00) and f(0) =1 > 0 > f(1), Q(z) has a unique
positive real root r and 0 < r < 1.

Since f{(z) = -1 -2z —--- —na" ' and r > 0, fi(r) < 0. Therefore r is not a multiple
root of fo(x).

(b) Note that f5(0) # 0, thus 0 is not a root of fy(z). Let

Fo) =ty (1) =t e i,

T

then it suffices to show that any root z # r of f(z) satisfies |z| < 1 where r = 1/ry.
Since r is a root of f(z), f(z) can be factored as

f(x) = (z—7)(dox"  +dia" 2+ -+ dyox +dp_y) (A.1)
n—1
= fI?n + Z(dz — le',l)ﬂ?n,i — Tdnfl,
=1

where dy = 1.

Comparing the coefficients of x,,_; of both sides, we get d; — rd;_1 = —1, i.e.,
di=rdi_1—1, 1<i<n-—1. (A.2)
Using dp = 1 and applying (A.2) repeatedly, we get
di:ri—ri_l—ri_Q—---—l, 1<i<n—-1.
Since f(r)=0,for 1 <i<n-—1,
di=r—r"t—p7? .. 1= %(rn_i_1+r”_i_2+~-+l) > 0,

and for 1 <7 <n—2,

1 ) )
d; > (el T2 ) =

,,«nfz

Hence dy > dy > -+ > d,,_; > 0.
Since fo(r) = 0, we have

which yields
rt(r—1) < (r" =1) <r™
Hence r — 1 < 1 and therefore d; =r — 1 < 1 = d,.
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Let P(z) = dox™ ' + dy2" % + -+ + dy_ox + d,,_1, then f(z) = (x — r)P(z) (see (A.1)).
Applying Lemma A.1 to P(z), we see that |z| < 1 for any root z of P(z), i.e., any root z of
f(z) such that z # r. O

Lemma A.3. Let Q(z) = A(1)=1—x— - — 2%t~ ! and

L—1 3m+171

R(z) = A'(1) = =) Y (m+1)a,

m=0 j=sm
then R(z) and Q(x) are coprime (see (4.6) for the definition of A(y)).

Proof. Let n =s;, —1>c¢y+c¢c,—12>1. If n =1, then ¢; = ¢, = 1 and the other ¢;’s are
zero. Thus Q(z) = —x and R(x) = —1 — Lx are coprime.

Assume that n > 2. We prove by contradiction. Assume that Q(z) and R(x) are not
coprime. Let D(z) = 3.'_, a;2" be a greatest common divisor of Q(x) and R(x) with [,a; > 0.
Let Q(z) = D(z)Q1(z), where Qq(z) = Zz':o bja? € Z[z]. Noting that the leading coefficient
and the constant term of @Q(z) are -1 and 1, respectively, we get a; = 1, by = —1 and
ag = by € {:l:l}

Let the z;’s be the roots of D(x); they are also roots of Q(z) and R(x). Applying Lemma
A.1 to R(x), we see that any root of R(z) has norm smaller than 1. Hence we have |z;| < 1
for all <. On the other hand, by Lemma A.2 to Q(x), any root of Q(z) except one (the unique
positive root) has norm greater than 1. Therefore D(x) only has one root z;, which is the
unique positive root of Q(x). This implies that D(z) is of degree 1. Since Q(x) is of degree
n > 2 and Q(z) = D(z)Q1(x), Q1(x) is of degree at least 1. Since any root other than z(z)
of Q(z) is a root of Q1 (z) and thus has norm greater than 1, the norm of the product of roots
of @1(z) should be greater than 1; however by Vieta’s Formula, the norm of the product is
|bo/bi| = 1, contradiction. O

Lemma A.4. There are only finitely many x > 0 such that A(y) has multiple roots. As a
consequence, there ezists € € (0,1) such that for any x € I., A(y) has no multiple roots.

Proof. 1f z > 0, then A(y) is of degree s;, — 1 in terms of y. We proved in Lemma A.3 that

A(l) = o (x,1) and A'(1) = C%M(x,y)

y=1
are coprime, hence &7 (z,y) and %d(x, y) are coprime (see (3.2) for the definition of &7 (x,y)).

Now, we regard <7 (x, y) and d%,@f(:c, y) as polynomials A(y) and A'(y) of y with coefficients
polynomials of z. We use the Euclidean algorithm to compute the great common divisor of
A(y) and A'(y). In each step, the quotient and remainder are (fractional) polynomials of z. If
we get a fractional polynomial, there are finitely many x’s such that the denominator is zero.
We exclude these values from the current admissible set of x and continue (the admissible set
was {x > 0} at the beginning).

Since A(y) and A’(y) are coprime, the Euclidean algorithm terminates in a constant poly-
nomial in terms of y (if not then we would have found a common divisor of A(y) and A’(y) of
degree at least 1 in y and coefficients fractional polynomials in z).

We exclude from the current admissible set the roots of the numerator and the denominator
of this fractional polynomial.
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In the above procedure, at each step we exclude finitely many values from the current
admissible set. Since there are at most sy, steps, we exclude finitely many values in total. For
any z in the last admissible set, A(y) has no multiple roots. Hence there are finitely many
x € R such that A(y) has multiple roots. O

APPENDIX B. DIFFERENTIABILITY RESULTS

B.1. Differentiability of the Roots.
Proof of Proposition 4.2. For fixed positive  and a small increment Az > 0, letting z;(x) =
yi(x + Ax) (1 <i < L), we have

L—1 sm4+1—1

1= Y 2y (z) =0 (B.1)

m=0 j=sm

and
L—1 5m+171

L=>" Y (x4 Axyzt(z) =0. (B.2)

m=0 j=sm

Subtracting (B.2) from (B. 1) we get

Z Z (x + Az) 2" — 2yt (2)) = 0.

The left-hand side can be written as

L—1 sm+1—1

Z Z 2 (2) ((z+ Az) — Z‘]) + 27 ( mH () — ylmﬂ(x))) ,

m=0 j=sm

thus
L—1 sm+1—1 L—1 S{m,+1_1
> @ (M @) -yt (@) = - 2" (@) (o + Az) — 27) (B.3)
m=0 j=sm m=0 j=s/,
Since
A (@) =y (@) = () — wi(2) ) 2@y (@)
1=0
and
j—1
(z+ Ax) — 2/ = Ax Z(w + Ag)ta?
t=0

(B.3) can be written as
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The coefficient of z;(z) — y;(x) on the left-hand side is

23 )y a), (B.5)

which is nonzero for all but finitely many z;(z) (to see this, regard (B.5) as a polynomial of
zi(z)) and hence nonzero for all but finitely many Az (regard (B.2) as polynomial of Az).
Therefore, there exists € > 0 such that for any Az € (0,€), (B.5) is not zero. Thus we can
write (B.4) as

zi(x) — yi(x) _ Z Z m+1 2" ) Yoz (o + Ax)txj_l_t. (B.6)

L-1 1 5 —
s 2 om0 jZ:,L 2 3 A @)y (@)

The differentiability of y;(x) follows from showing the limit of the right-hand side of (B.6)
exists. Recall that y;(z) is continuous, so it suffices to verify that the denominator of the limit
of (B.6) as Az — 0 is nonzero.

The limit of the denominator is

L—1 smt+1—1 L—1 Sm+y1—1 '
=2 2 xﬂZyz > (m+ Dalyl'(a)
m=0 j=sm m=0 j=sm

= A (?/z( ));

which is not zero as y;(x) is not a multiple root of A(y). Since y;(x) is continuous, %;(x) is
continuous. Thus there exists € € (0, €) such that for any = € (v — ¢,z + ¢€),

X;(T) # 0. (B.7)
As the denominator is non-zero in (z — €,z + €), we can take the limits of both sides of (B.6),
yielding
_ shoa1i—1 .om i
27[7;:10 'm;l jy +1($)$‘] 1

) S Tt Do)

m=0 =Sm

(B.8)

By repeated use of the quotient rule and the differentiability of y;(x), we see that yy) ()

exists, and further is of the form

%) P(yi(x)) B
. = -0 .9
Yi (i[f) Qgg_l (y@<x>> ) ( )
where &, and 2 are polynomials with coefficients polynomials of x, and

L—-1 5m+171

=Y ) (m+1)2dyl(x) = Zilx).

m=0 j=sm

Note that 2(y;(z)) = Z;(x) # 0 by (B.7). O
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B.2. Differentiability of the «;(x)’s and the ¢;(z)’s.

Proof of Claim 4.3. For any ¢ > 1, by Proposition 4.2 there is an € > 0 such that each y;(x)
(¢ > 1) is ¢-times differentiable at any z € I. = (1 —¢,1 + ¢)\{1} and y(x) is ¢-times
differentiable at any = € (1 —&,1+¢). Further, y;(x) # 0 for any i and z > 0 as A(0) =1 #0
(see (4.6) for the definition of A(y)), thus for each i > 1 we have a;(z) = (y;(x))~! is ¢-
times differentiable at any x € I. and aj(x) = (yi(z))~! is (-times differentiable at any
re(l—gl+e).

By Definition (4.11), the denominator and the numerator of ¢;(z) are

> @[ —w@), and Y bu()y! (@),

Jj=sr—1+1 J#i

which are /-times differentiable at x € I. since each y;(z) is (-times differentiable at x € I..
(Recall from Definitions (3.11) and (4.2) that the b,,(x)’s are polynomials of z.) Further, since
the denominator is nonzero when z € I, ¢;(x) is (-times differentiable at = € I..

Let
Ei(z) = [ [ (y;() = ys(w)). (B.10)
J#
Then the denominator of ¢i(x) is x*ty;(x)E)(z), which is nonzero when x = 1. Since

>k, 1) and yi(x) are (-times differentiable at 1, it suffices to show that F(x) is ¢-
times differentiable at 1. Letting y = ¢/ + y1(z) in (4.6), we get

L—1 sm41—1

A =1-3 > @ + @)™

m=0 j=sm
On the other hand, we have
L

Ay = — > d]Jw—yi@)

j=spoi+l j=1

= - Z xjH(y/+y1(l')_yj($)>

SL

= = > I @) -yl (B.11)

J=sp—1+1 J#1

Comparing the coefficients of y in (B.10) and (B.11) yields

L—1 smy1—1 s,

Y dma @) == Y @) E),

m=0 j=sm j=sr—1+1
Hence
Do 25 @ (m + Dy (x)

2 s (=D

Since y;(z) is (-times differentiable at 1 and the denominator in (B.12) is nonzero as « > 0,
E;(x) is ¢-times differentiable at 1. O

Ey(z) = (B.12)
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ApPENDIX C. MAIN TERM OF ¢ ()

Proof of Claim 4.4. We first give an outline of the proof before jumping into the details.
We proceed by expressing ¢;(z) in terms of the a;(z)’s and showing that

L
;1 L+2— m(x)

zz:;x%(x)a?(z> - Z b (@ Zz; H];éz(O‘ (z) — Oéz(fl:)) (C.1)

m=1

Then it reduces to proving that

§:H o () — o(})al (@) (©2)

i fr) a;(z))

for some v, € (0,1). In fact, if this is true, then we can replace n by n — L + 2 — m for
1 < m < L. Since the b,,(z)’s are bounded on I. and L is fixed, it follows from (C.1) that
SF L xgi(x)a(z) is of the form o(y})af (x)).

Let

- o (z)

ZZ; [L zi(ey(2) — ai(z))

We show that P (z) can be written as a fraction satisfying the following and then Claim 4.4
follows from (4.14).

(1) The numerator is of form ) . P;,(x) Hf:z a;j(:v), where there are at most O(n'*)

summands and 2522 i; < n+ M, with N, and M, independent of n and the P; ¢(x)’s

are polynomials (independent of n) of oy (z),...,ar(z), 51(1) () (1 <1< {) and .

(2) The denominator is a function of x such that it is well-defined and bounded and
nonzero on (1 —¢g,1+¢).

P(x) =

Now we prove (C.1). From Definition 4.11, (B.10) and «;(z) = 1/y;(z), we get

(o) - St b @) bnl2)
Qz( ) ZSL 1$ E $ ;ZSL 11'jEi(CU)a;'n(x)7

Jj=srp-1+ Jj=sr-1+

where

B(r) — H(yj(@—yi(x)):l_[{ ; _aix)}

j#i J#i (@)
[1i(ai(z) — a;(z)) H#Z(az( z) — aj(z))
a; (@) [T c(2) (@) [Tz oy ()
(=15 T (0 (2) — ( )

af (a)(-1)F 5, @
Laloy(@) = @)

af (x) Sk i
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by Vieta’s Formula (relating the coefficients of a polynomial to its roots). Thus
L
by () 1
@) == L=24m () 11 ’

m=1 xal j;ﬁl a] ('r> - O{Z(x)

and (C.1) follows.
Next we look at the P (x)’s. Note that P is a symmetric function of as(z), ..., ar(z).
For 1 <1y < jo, we have

(vig () = ajo (7)) P(2)

_ af () s (@)
o Tas(0) = @) g (03(2) — i)
N @ (@)

<

~—~|C
8

~—

Hj;éio,jo (aj(z) — ()

which equals zero if a;, () = aj, (). Hence the polynomial

[I (as() = ai@)P(a) (C.4)

1<i<j<L
of aq(x),...,ar(z) is divisible by o, (z) — aj,(z) for any 1 < iy < jo. Therefore
[T(as(@) = ai(2))P(x) (C.5)
i#1
is a polynomial of ay(z), ..., ar(z).

Since (C.4) is homogeneous of order n — (L — 1) + (L — 1)L, the polynomial in (C.5) is
homogeneous of order n — (L — 1)+ (L —1)L — 3(L — 2)(L — 1) = n. Furthermore, note that
(C.4) is a sum of O(1) terms with each summand a product of o'(z) (¢ > 1) and a polynomial

of ay(z),...,ar(z) independent of n. We can divide the summands into O(1) pairs with

each pair of the form 75($)(a§0 (z) — o (x)) where P(z) is a polynomial of o (z),...,ar(z)

independent of n and [ < n. Dividing each pair by aﬁo (x) — aéo (x), we get

P(x)(af, (@) — o (

10 Jo
Qi (l’) — Qy (x)

7)) _ Plx) ) ol (x)al ! (x),

which is a sum of O(n) terms with each summand a product of at most n element (with
multiplicity) from {a;(x)};~1 and a polynomial of a;(z),...,ar(z) independent of n, hence
dividing (C.4) by a;,(x) — oy, (x) yields a sum of O(n) terms with each summand a product of
at most n element (with multiplicity) from {«;(x)};~1 and a polynomial of ay(z),...,ar(z)
independent of n.

Repeating this procedure, namely dividing (C.4) by o, () — o, (x) for all 1 < ig < jo,w e get
a sum of O(n™°) terms with each term a product of at most n element (with multiplicity) from
{a;(x)}i>1 and a polynomial of a4 (), ..., ar(x) independent of n, where Ny is determined by
L and independent of n, namely

_ i Pu@) [T, 0f ()

PE) = (@@ —a@)

(C.6)
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where 2522 i; < n and the P;(x)’s are polynomials of oy(x),...,ar(z) independent of n.
Since the denominator of P(z) is continuous, nonzero and well-defined at x = 1, the claim in
the case ¢ = 0 follows by Proposition 4.1.

Let
Ei(w) = [ J(a(2) = ai(x)). (C.7)
J#
Plugging Definition (C.7) with ¢ = 1 into (C.6), we get
1 Lo
Thus ,
pio- o] Sl g [Srwoliae] e
By (C.3), we get
Ei(x) = —al(z) 'Z 2 By(x).

Plugging in (B.12) with the index 1 replaced by i yields

(=DFaf @) =S

Ei(z) = L Z Z (m + D)2ty (x).

Since a;(z) and y;(x) are ¢'-times differentiable at = € I, for all i and at © = 1 for ¢ = 1 for
all ¢/, so is & ().
Note from (4.10) that

L—1 sm4+1—1 L—-1 3;n+1*1

- 1 . .
Z Z (m+ 1)’y (z) = — (z) gy (@)
m=0 j=sm N =0 j=s,
thus
_ _ L—-1 3;n+1*1
(- raf " (x) i —
E(r) = SO S g e
Yi m=0 j=s/,
L1 Smy1—1
(—=D)*af(z) - _
- J]O/(.I‘) ]ai 1(x)xj !
i m=0 j=s/,
L1 Smy1—1
(—1)* - .
- jobmH @)a (C9)
v m=0 j=s/,
Therefore
(_1)[/ L—1 S{m+1 1 )
aj(x) = e A (C.10)
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. /
Note that [Z Pio(x) Hf—z ay ({E)} is a sum of O(n™) terms with each summand a product

of oj(x) H]L ) o/ () and a polynomial of ay(x),...,ar(x) independent of n, where N is also
independent of n, t > 1 and Zj:2 i; <n. By (C.lO), each summand is of the form

(—1)E L—1 Smy1—1 L
g L—m—1 1 i
2&,(x) Z Z J A ()2’ H aj ()
m=0 j'=s!, Jj=2
Since P(x) is symmetric with respect to (), as(z), ..., ar(x), sois Y. P;o(x) Hfﬁ Oz;j (z)

and its derivative. Thus, by the same approach as in the case £ = 0, we can prove that

R E) | 10 IR e IR

Jj=2

where there are at most O(n™1') summands and Z o 15 < n+Mj with N and M] independent
of n and the Py 1(z)’s are polynomials of oy (), ..., ar(z) and 2 that are also independent of
n.

Using this result and (C.8), we obtain

S Poa(a) [T, a2 (x)

PO="""0w

where there are at most O(n™) summands and ZjLZQ i < n+M; with Ny and M; independent
of n and the Py 1(z)’s are polynomials of oy (z),...,ar(z), & (z),E(x) and = that are also
independent of n. Since the denominator of P’(z), namely x£7(x) is continuous, well-defined
and nonzero at x = 1, the claim in the case £ = 1 then follows by Proposition 4.1.

By induction and the same approach, we can show that for each ¢, we have

> Pisl@) [T, o (@)

P(f)( ) .’,U2é 1522( ) bl

where there are at most O(n”*) summands and Z ; < n+M, with N, and M, independent

of n and the P; 4(z)’s are polynomials of a;(x), ... ,ozL(x),Sl(l) (z) (1 <1< /¥) and x that are
also independent of n. Since the denominator of P®(z), namely 22 €2 (z) is continuous,
well-defined and nonzero at x = 1, the claim then follows by (4.14). 4

APPENDIX D. UPPER AND LOWER BOUND FOR C

In the Generalized Lekkerkerker Theorem (Theorem 1.2) we proved the mean u, of K,
satisfies p, = Cn 4+ d + o(77); we now give some bounds on C'.

Lemma D.1. We have

-1 -2 2L —1 -1
min{cl2 , ClL +1} < C< ( e < . (D.1)
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Proof. If L =1 then C' = %(so +s5—1)= 012*1‘
If L > 2, for each m € {0,1,..., L — 1} we have

2(Sm + Smy1 — 1) - mcl+(m+1)cl—1_c a+tl
m+ 1 = 2(m +1) T 2(m+ 1)
Cl+1 (2L—1)C1—1
— = < c. D.2
> G oL oL 1 (D.2)

Note that when L =1, (QL_ngcl_l = 61;1, hence (D.2) holds in this case as well. Thus we get
an upper bound for C:

(2L — 1)ey — 1
C <
= oL <

C1.
If m =0, then

+(Sm 4 Smy1 — 1) _atm—lt+at+m-1 -1
m+1 2(m+1) 2
If m > 1 and ¢; > 2, then

Sm + Sma1 — 1 co+m—1l+c+m—1 ¢ —2 1>cl—2+1
2(m+1) ~ 2(m+1) S m+1 T L ‘
Thus
. Cl—l 61—2
C > 1. D.3
> win {21, 9220} (D3

Note that when ¢; = 1, the right-hand side of (D.3) is 0, and when L = 1, the right-hand side
of (D.3) is min{3(c; — 1), ¢; — 1} = 3(c1 — 1). Thus (D.3) gives a lower bound for C for all
L. O

APPENDIX E. NEEDED RESULTS FOR FAR-DIFFERENCE REPRESENTATIONS

E.1. Proof that A/(1) # 0. In this section we prove h'(1) # 0. This is a key ingredient
in the proof of Gaussian behavior in Section 5, as this tells us that the variance grows like
n. If /(1) = 0 we would be in the absurd situation where the variance of K, is bounded
independent of n; unfortunately, all elementary approaches to derive a contradiction have
failed, and thus we must resort to the arguments below.

Proof. Case 1: L =1: When L = 1, we have ¢; > 1 (see the assumption of Theorem 1.1) and
ar(z) =1+x+2*+--+ 2971 Thus

d(z)=1+20+32> +-+ (¢ — 1)~

and

y 2:143- 204+ (¢ — D)(c; — 2)z2™3 if ¢ > 2

(@) = . _
0 if ¢ = 2.

Setting = = 1 gives

Oél(1> = (1, Oéi(l) = M Oé//<1) _ 01(01 — 1)(61 _ 2)
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By Definition (5.13), we get

o) = (28] _ oY et el o) )"

a (x) ai(z)

Setting x = 1 yields

cicr —1)(er + 1
Q3 (1) = n(1) (04 (1) + (1)) — (o (1) = A= DD
Combining this with (E.1), we get h'(1) = (¢; — 1)(c; + 1)/12 = (¢2 — 1)/12 # 0. Note that
we can interpret this as the variance of uniform random variables on {0,...,¢; — 1} (see also

Footnote 2, p. 4 for the case of L = 1).

Case 2: L = 2: We prove by contradiction for L > 2. Assuming h'(1) = 0, we will show
that 0 = —y1(1)/y1(1) = ¢1/2 and thus deduce a contradiction.

From (4.21) we get

o) = O O
Thus
v wh@)Y
Wie) = ( yi () )

Plugging in (4.10) yields

L— Sm1—1 - 5. m !
() = S o ot jaly ()
Yoo oo m o+ Dadyp(x)
Under the assumption that A'(1) = 0, we find

(2_: mz jljyi”ﬂ)) z_: m (m+1)1y(1)

m=0 j=sm

(Z bS <m+1>1fy;“<1>> Y ),

m=0 j=sm
which is equivalent to
S0 X (1)
o oy m + Dy (1)
S Do T (P (1) 4 mg Uy (L) (1)
S o (4 1)Uy (1) + m(m 4+ DUy (D) (1)
From (4.22), we see that (E.2) is exactly —(¢}(1))/(y1(1)), thus
L—1 5m+1_1
DY Y (m+ Dy (1) + m(m + Dy (1yi (1))
m=0 j=sm
L—1 sm41—1

+ (D)) > Gy +miy (1) = 0.

m=0 j=sm

/\/\
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Rearranging the terms, we get

L—1 5m+171

ST g W) + 2m+ 1)y (D (1) + m(m + 1) (y1(1))%] = 0.

m=0 j=sm

Adding an;lo Piskl Ly Y D) Gy (DY (1) 4+ (m + 1) (14(1))?] to both sides yields
S w0 + @m ot 20 + (m+ DLW (B
- X3 R0 + (1) G

L—1 57n+171

L—1 sm+1—1 / 1 L—1 sm4+1—1
= Z Z Jyi( () Z Z m + 1)y (1)
m=0 j=s m:O J=5m

by (4.22).
On the other hand, we can rewrite (E.3) as

L— 1 Sm+1— 1

Sy W)y (@) + (m+ Dy (1))

m=0 j=sm

Since y1(1) > 0, each jy;(1) 4+ (m + 1)y (1) should be 0. Therefore

. /(1
vm € [O’L_ 1] and Vj € [vastrl - 1] : mi‘ 1 - _3121;.
1

Lettingm =0, j=0and m =1, j = s; (since L > 2, m can be 1), we get
0 o yi(1> o S1 . C1

1 w1 22
contradiction. Hence h'(1) # 0. O

E.2. Proof that u,(m) = fi,(m)+o(5). In Theorem 1.2 we proved that u,, = Cn+d+o(7})
and we set fi, = Cn + d (C and d are defined in (4.20)). Thus p, = fi, + o(7}"). We defined
fin(m) =>4 Puk(k — fin)™/A,. In this section we prove the following.

Lemma E.1. For any m, we have p,(m) = fin,(m) + o(5) for some B, € (0,1).

Proof. In the argument below, we will need an upper bound for the number of summands an
N € [H,, H,,1) can have. Let ¢ = max{cy,ca,...,cp}. As there are n generalized Fibonacci
numbers and each one can be taken at most ¢ times, the maximum number of summands such
an H can have is cn. It is important to note that while the trivial estimate as to the number
of distinct choices of summands is ¢}, the trivial upper bound for the number of summands
is cn, which is linear and not exponential in n.
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Since
_ pn7k<k - Mﬂ)m - m
) = S0 HE ST S b, k)0 - )
k k
~ n k— ~n " ~ \m
alm) = P E BT S b )k~ )
k " k
fn = fin+0(7]) by Theorem 1.2,
we have
i (m) = fin(m)| = > Prob(n, k)(k = fin + 0(3{))™ = Y _ Prob(n, k)(k = fin)"
k [
- m ~ \m—i i— n
= Jott) S puobtn ) 3 ("7 )k = )0 o)
k i=1
< |o(31) Y Prob(n, k)(k + jin + 1)
K
< Jo(y)(en+ Cn +d+2011)™ Z Prob(n, k)
k
< Jo(y)N(C+c+|d| +2011)"n™ - 1
= o(f)
for some G, € (0,1). O

E.3. Proof of Proposition 6.3.

Proof of Proposition 6.3. Since the roots of A, (z) are continuous and (a), (b) hold for z = 1,
they also hold for a sufficiently small neighborhood I. of 1.
For (c), since e;(w) is a root of A,(z), we have

0=1—¢(w)— (w*+w)ef(w) — w* el (w) — w* el (w). (E.4)

For a small increment Aw, we have
0=1—¢j(w+ Aw) — [(w + Aw)* + (w + Aw)°|e} (w + Aw)
— (w + Aw)* S (w + Aw) — (w + Aw)* el (w + Aw). (E.5)
Subtracting (E.5) from (E.4) yields
0 = ei(w+ Aw) — e;(w) + (w* + w’)[ef (w + Aw) — e (w)]

+ [(w+ Aw)* + (w + Aw)’ — w® — w’]e}(w + Aw)

+ w b (w + Aw) — eS(w)] + [(w + Aw)* P + w* )b (w + Aw)

+ w P! (w + Aw) — el (w)] + [(w + Aw)* T’ — w* el (w + Aw)
= [ei(w + Aw) — e;(w)] |1+ (w* +w’) Z el (w+ Aw)ed ™ (w)
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w P Z el (w+ Aw)e)” w P Z w+ Aw)e (w)]
+1M{<W+iii_w+Jw+ig )#W+Am
(w+ Awgzb — (ef(w + Aw) + el (w + Aw))] . (E.6)

Since e;(w) is continuous, the coefficient of [e;(w + Aw) — e;(w)] converges as Aw — 0 and
its limit is

1+ 4(w* 4+ w’)el(z) + 6w ™) (w) + Tw el (w),
which is exactly —A’ (z) (with respect to z) at e;(w) and therefore nonzero since A, (z) has
no multiple roots. Since w?, w® and w**? are differentiable at w = 1, the coefficient of Aw in
(E.6) also converges as Aw — 0 and its limit is

(aw™™" + bw" ) ef (w) + (a + b)w el (w) + ] (w)].
Thus €} (w) exists and

, B . ei(w+ Aw) — e;(w)
e

B (aw™" + bw"™) e} (w) + (a + b)w ™ el (w) + €] (w)] (£.7)
B 1+ 4(w* + wb)ed(x) + 6wrtbel (w) + Twrtbel(w) '
Since the denominator of e}(w) is not zero, by the same approach in Proposition 4.2, we can
show that e;(w) is ¢-times differentiable for any ¢ > 1.
Finally, with (a), Part (d) can be shown in the exactly same way as in Proposition 4.1(b). O

E.4. Proof that hiz,b(l) # 0. Analogously to Appendix E.1, this is important in the proof of
the Gaussian behavior in Section 6.2, as this tells us that the variances grows like n.

Proof. By (6.17), we have

wel (w aw® 4+ bw’) e3(w) + (a + b)w[ed (w) + S (w
el(v(vv)) - 1(+ 4w + lb)éf{(i}) 45 6wa+)bel( [) +< 7)wa+beg(f3)])‘ (E8)
Thus
A&,b(w)
_ (aw® + bw®) €(w) + (a + b)w* (e} (w) + ef(w)) ]
1+ 4(w 4+ wb)ef(w) + 6wrtbed (w) + Twrtbel (w)
= [[(aw + bu’) e} (w) + (a + b)w (el (w) + €8 (w )]/
[1+4w +w) (w)+6w“+b 5( )+7wa+b6w]
—[(aw® + bw®) € (w) + (a + b)w* ™ (e} (w) + e(w))]
14 4w + wP)ed(w) + wt? (6e3( +761w)]]
1+ 4w 4w Med(w) + w ™ (6e] (w) + Tl (w N - (E.9)
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Setting w = 1 in (E.8) and using e;(1) = ®, we get
i) (a+d)(PP+P°+P%)  a+bd

er(1)  1+8P34+605+ 706 10
Thus )
a—+
1) = - ®. E.1
e (1) 10 (E.10)

Plugging e;(1) = ® and (E.10) into (E.9) with w = 1 yields
no(1) = [9°[10 (a® +b°) + (a+b)* (=3 + 109 — 58 — 65°)]
—®°(a+b)* (1.6 + 30* 4 2.89%)] /(1009*)

_ V5l 10(a2+b2)—¥5

500 (a+b)? (E.11)

Since %5 < 4 and a® + b > 0, we have
20 — /5

5
Hence hy, (1) # 0. O

(a® 4+ %) <4(a+b)* <8(a®+b*) <10 (a® + V7).

APPENDIX F. NOTATIONS AND DEFINITIONS

We list the various notations and terminology in the paper, followed by the page number of
its first occurrence or definition.

a, p. 28: a real number.
a;, p. 2: the ™ coefficient of a legal decomposition.
A;, p. 4: the corresponding random variable of a;.
A(y), p. 12: &/ (z,y) as polynomial of y.
fl(z), p. 29: the denominator of g(a:,y, ).
Ay(2), p. 29: A(z) when z = w® and y = w’.
A(y), p. 15: yLA(l/y)
A (x,y), p
a;(z), p. 15. ()™
b, p. 28: a real number.
bi(:c), p. 12: polynomials of z.
B(y), p. 12: B(x,y) as polynomial of y.
PB(x,y), p- 11.
Bm, P- 18: some constant in (0, 1) indicating the decaying rate.

th . . .
ci, p. 2: the i coefficient of a linear recurrence relation.
Q’, p. 3: a constant, the coefficient of n in the generalized Lekkerkerker’s Theorem.
Cap, D- 30: —€i(1)/er(1).
d, p. 3: the constant term in the generalized Lekkerkerker’s Theorem.
d,p. 19: 1—d.
D(L, M), p. 11: the parenthesized part in (3.10).
A, p.- 3 Hyoy — H,.
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D,., p- 3: set of legal decompositions with H,, the largest term.
ei(w), p. 29: root of A,(z).
E(x), p. 30: [T (z(2) = z1(2)).
E[X]: the expected value of random variable X.
€, p. 13: a number in (0, 1).
g, p. 12: a number in (0, €).
Far-difference representation, p. 4.
fim(x), p. 17, p. 19.
Fi(z), p. 19: gj1(z).
F,, p. 2: the n™ Fibonacci number with Fy=1and F; =2.
g(ZL‘), p. 5: Zk>0pn,kmk'
gi(z), p. 16: zq;(z)al(z).
gj.i(x), p. 18: ql(?i‘n (x).
Gon(2), - 17: g() i,
G(y), p- 12: 9(x,y) as polynomial of y.
4(z,y), p.- 5,p. 9 >, k>0 Pn, LT
g(m7 Y, 2)7 p- 26: Zn>0 k>0,1>0 Pnk, lxkylzn
Y, P- 3, p. 15: some constant in (0, 1) indicating the decaying rate.
Good recurrence relation, p. 2.
h(x), p. 19: zo/(z)/a(x) —
h ( ), p- 20: af(x )x_ﬁnxfz m (T )nl
! e 300 —we (w) /1 (w) — Co,
Hn, p. 2: a Positive Linear Recurrence Sequence.
k-summand decomposition, 9
L, p. 2: the order of the recurrence relation.
Number of summands, p. 2.
Legal decomposition/sequence, p. 2.
K,, p. 3: the corresponding random variable of k for integers in [H,, H,1).
Kn, p- 4: the corresponding random variable denoting the number of positive summands.
Ly, p- 4: the corresponding random variable denoting the number of negative summands.
M, p. 11: sp.
[hn, P- 3: the mean of K.
tn(m), p. 17: the m'™ moment of K,, — p,,.
tin(m), p. 17: the m'™ moment of K, — (Cn + d).
@, p. 2: the golden mean (v/5 +1)/2.
Pnk, D- 3t the number of integers in [H,,, H,+1) with k-summand legal decomposition.
Pn.ki, P- 26: the number of far-difference representations of integers in (S,_1, S,] with &
positive summands and [ negative summands.
Positive Linear Recurrence Sequence (PLRS), p. 2.
g;(z), p. 15.
G(w), p. 30.
Tuw, P- 23: constant determined by v and v.
Smsy Sh, D- 90 partial sum of ¢;’s.
Suw(2), p. 23: function of x.
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Sn, p. 4: Zo<n—4z‘§n F,,_4 for positive n and 0 otherwise.
Sp, p- 3: the set of integers in [H,,, Hy1).
On, p- 17: the standard deviation of K.

L L
ti,m7 t;gw P- 22: fl,m(l)a fz(,'rZL(]')

To(x), p. 25: > 07 1y ",
Tm, P- 17: some constant in (0, 1) indicating the decaying rate.
w, p. 28.

yi(z), p.- 5, p. 12: the roots of A(y).

(y"G(y), 12: the coefficient of y™ in G(y).

Zeckendorf decomposition, p. 2.

(2m — 1)!!, p. 6: the double factorial, (2m — 1)(2m —3)--- 1.

[Al]

[BM]
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