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ABSTRACT. The study of perfect numbers (numbers which equal the sum of their proper
divisors) goes back to antiquity, and is responsible for some of the oldest and most popular
conjectures in number theory. We investigate a generalization introduced by Pollack and
Shevelev: k-near-perfect numbers. These are examples to the well-known pseudoperfect
numbers first defined by Sierpinski, and are numbers such that the sum of all but at most k
of its proper divisors equals the number. We establish their asymptotic order for all integers
k > 4, as well as some properties of related quantities.

1. INTRODUCTION

Let o(n) be the sum of all positive divisors of n. A natural number n is perfect if
o(n) = 2n. Perfect numbers have played a prominent role in classical number theory for
millennia. A well-known conjecture claims that there are infinitely many even, but no odd,
perfect numbers. Despite the fact that these conjectures remain unproven, there has been
significant progress on studying the distribution of perfect numbers [Vol, [HoWil [Kal [Er1],
as well as generalizations. One are the pseudoperfect numbers, which were introduced
by Sierpinski [Si]. A natural number is pseudoperfect if it is a sum of some subset of its
proper divisors. Erdos and Benkoski [Er2, [BeEr] proved that the asymptotic density for
pseudoperfect numbers, as well as that of abundant numbers that are not pseudoperfect
(also called weird numbers), exist and are positive.

Pollack and Shevelev [PoSh] initiated the study of a subclass of pseudoperfect numbers
called near-perfect numbers. A natural number is k-near-perfect if it is a sum of all of
its proper divisors with at most k exceptions. Restriction on the number of exceptional
divisors leads to asymptotic density 0. The number of 1-near-perfect numbers up to x i
at most 2%/4t°(1) and in general for k& > 1 the number of k-near-perfect numbers up to
is at most z(loglog z)*~1/ log .

Our first result improves the count of k-near-perfect numbers.

Theorem 1.1. For any non-negative integer k and real number x > 1, denote by N (k; x)
the set of k-near-perfect numbers up to x.
For any k > 4, there exists a constant xo(k) > 0 such that for x > x(k), we have

log(k+4)J _3

e, ® EC
#N(ks2) =i (o (ogloga) L (1.1)
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I'This is a result stated in [AnPoPo]. In the original paper of Pollack and Shevelev [PoSh], the upper bound
was given by z5/6+0(1)
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Our argument is based on a partition of the set N (k; x) different from that of [PoShl]
and this is described in Section [3] This allows us to carry out an inductive argument and
reduces the count of #N (k;z) for large integers k to the determination of all k-near-
perfect numbers for small integers £ with a fixed number of positive divisors (see Lemma
[2.10). When 4 < k < 11, this even allows precise asymptotic formulae.

Theorem 1.2. For 4 < k < 11, there exists a constant ¢, > 0 such that

x
#N(k;x) ~ ¢ gz

(1.2)
as r — oQ.

Indeed, the computation of the constant ¢, follows from Lemma and
~ 0.1667, ¢ ~ 0.2024,
cr = cg ~ 0.3913, cg ~ 0.4968, ci9g ~ 0.5709, c11 ~ 0.6274.

o
N
|
(o)
o
l

Q

Our last result is motivated by an open question raised in [BeEr]: can o(n)/n be arbi-
trarily large when n is a weird number? E] We replace ‘weirdness’ by ‘exact-perfectness’,
where a natural number is k-exact-perfect if it is a sum of all of its proper divisors with
exactly k exceptions. Note the result below is conditional on there being no odd perfect
numbers.

Theorem 1.3. Let ¢ € (0,2/5). Denote by E(k) the set of all k-exact-perfect numbers,
E(k;z) = E(k)N[1,z] and E.(k;z) :={n <z :n € E(k), o(n) > 2n+ n°}. Let M
be the set of all natural numbers of the form 2q, where q is a Mersenne primﬂ If there are
no odd perfect number, then for k sufficiently large and k ¢ M, we have

. #E(k; )
lim ————~ =
z—oo #E(k;x)
1.1. Outline. In Section 2| we introduce the necessary definitions and lemmata for our

theorems. In Section [3] we set the stage for proving Theorem[I.T|and[T.2] In Section[4] [3]
and[6], we prove Theorem and[T.3]and respectively.

(1.3)

1.2. Notations. We use the following notations and definitions.

o We write f(x) < g(x) if there exist positive constants c1, ca such that ¢1g(z) <
f(z) < cag(x) for all sufficiently large x.

o We write f(x) ~ g(x) if lim, oo f(z)/g9(x) =1

e We write f(x) = O(g(x)) or f(z) < g(z) if there exists a positive constant C
such that f(z) < Cg(x) for all sufficiently large x.

o Wewrite f(z) = o(g(z)) if limy o0 f(2)/9(x) =

o In all cases, subscripts indicate dependence of implied constants on other parame-
ters.

e Let z > y > 2. Denote by ®(z,y) the set of all y-smooth numbers up to = and
Qi(x,y) == {n<z:n=py---pymj, PT(m;)<y<p; <---<p}.

e We use p and p; to denote primes, and P (n) to denote the largest prime factor of
n.

e Denote by 7(n) the number of positive divisors of 7.

e Denote by 2(n) the number of prime divisors of n counting multiplicities.

2A number is weird if the sum of its proper divisors is greater than itself, but no subset of these divisors sums
to the original number.
3Mersenne primes are primes of the form 2P — 1 for some prime p.
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e Denote by N(k) the set of all k-near-perfect numbers and N (k;x) := N(k) N
(1, z].

e Denote by E(k) the set of all k-exact-perfect numbers and E(k;z) := E(k) N
(1, z].

1.3. Acknowledgments. This work was supported in part by NSF Grants DMS1265673,
DMS 1347804, DMS1561945, and DMS1659037, the Williams SMALL REU Program,
the Clare Boothe Luce Program, the COSINE Program of the Chinese University of Hong
Kong and the Professor Charles K. Kao Research Exchange Scholarship 2015/16. We
thank Kevin Ford, Charles Chun Che Li, Paul Pollack and Carl Pomerance for helpful
discussions. We also thank the referee for his/her careful reading and valuable comments.

2. PREPARATIONS

In this section, we collect the necessary lemmata for our theorems. We begin with a
well-known result of Landau regarding the arithmetic function Q2(n), the number of prime
factors of n counting multiplicities, i.e., if n = p{* - - - po, then Q(n) = a1 +- - - + a,. We
let

Q(s;z) = {n<x:Q(n)=s}. (2.1)
Lemma 2.1. Fix an integer s > 1. As x — oo, we have
1 T _
#Q(s;x) ~ #{n<z:n=pr-psp1 > >DPs}p ~ m@(loglogx)s L
(2.2)
Proof. See [HaWr] Theorem 437 (Section 22.18). (I

Next, we state an elementary estimate of the number of y-smooth numbers up to x. ﬁ]

Lemma 2.2. Let
1
I 2.3)
logy
and ®(x,y) be the set of y-smooth numbers up to x. Then uniformly for © > y > 2, we

have

#O(x,y) < wexp(—u/2). (2.4)
Proof. See Theorem 9.5 of [DeKLul. [l

Our next lemma is a standard result from sieve theory.

Lemma 2.3. Suppose A is a finite set of natural numbers, P is a set of primes, z > 0 and
P(z) is the product of primes in P not greater than z. Let

S(A,P,z) == {n€A:(n,P(z) =1}

and
Ay = {acA:d|a}.

Assume the following conditions.

et y > 2. A natural number 7 is said to be y-smooth if all of its prime factors are at most y.



4 P. COHEN, K. CORDWELL, A. EPSTEIN, C. H. KWAN, A. LOTT, AND S. J. MILLER

(1) Suppose g is a multiplicative function satisfying
0 < glp) < 1forpeP and g(p) =0 for p & P,

and there exists constants B > 0 and k > 0 such that
IT o < (22) oo ()
y<p<w

for2 <y < w.
(2) Let X > 0. For any square-free number d with all of its prime factors in P, define

ra = #Aq— Xg(d).
Assume that rq satisfies the inequality
x

Z) lral < C Toga)™"

d|P(z
d<x?®

for some 6 > 0.
Then for 2 < z < X, we have

#S(A, P, z) <xp,c,8 XV (2), (2.5)
where
V(z) =[] —g). (2.6)
p<z
pEP
Proof. For example, see [FoHal. O

In the proof of Theorem[I.1] an estimate is needed for the size of the set
Di(z,y) == {n<x:n=pi--pym;, PT(m;) <y<p; < - <p}, 2.7)

where j > 1,z > y > 2 and P+(mj) denotes the largest prime factor of m;. It follows
from Lemmas2.2] and 2.3

Lemma 2.4. Suppose j > 1, x>y > e andy < ¢ TGTTosozs . Then

zlogy
log x

#P;(x,y) < (loglog )7~ . (2.8)

Proof. Introduce the following sets:

Q(O)<xay) = {n§$:n=p1~--pjmj7P+(mj) < y<pj<---<p Sxﬁ}
2.9)

QW (z,y) := {n<z:n=p---pymj, PT(m;) <y< i <pj <---<pi},
(2.10)

andforl1 <:i:<j—1,
Q(i)(x’y) ={n<z:n=p---pm;j,
PH(my) Sy<p; < <pi1 2P <p<--<p) (21D

Clearly, we have

#®;(x,y)

> QW (z,y). (2.12)

0<i<j
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(1) By 24) of Lernma we estimate #Q (%) (x, y) as follows:

#Q(x,y) = > Yoo

1 +
: P (m;)<y
y<p;<--<p1<zItl =

! m;<z/(p1-p;)

x log(z/py - - ~pj)>
< exp (—
Z #pl...pj 2logy
y<p;<--<p1<zitl
T 1 logx
: S
Z R RERY Y 2(j +1) logy

y<p;<-<p1<witl
J

1 log 1
< zexp ( > =
2(j +1) logy 2 p
p<ziti
<; z(loglogz)i e < ! logm> (2.13)
j xp | ————< .
1SR Tai 1) logy

We have to make sure that (Z.13) is of acceptable size. Indeed, since
y < pTGTOleEs

it follows that
log x
logy

loglogz = exp(loglogz + logloglog x — log log y)

ox (4(3' + 1)(log y)(log log :v))
2(j + 1)(log y)

IN

log

< exp <2(9+1)(logy)>

. 1 log xlogy
log 1 J — <
#(loglog ) exp < 2(j+1) 10gy> log x

(2) In order to estimate #Q)(z, ), we apply Lemmawith A being the set of all
natural numbers up to z, P being the set of primes in (y, z'/G+D], 2 := 21/G+1),
X =z and g(d) := 1/d. Then S(A, P, z) is the set of all natural numbers up to

. 1
x whose prime factors are at most y or at least z7+1. (Note that there are at most

and

(loglog z)’ .

7 prime factors can be larger than e J)
By Mertens’ estimates, we can see that all of the assumptions of Lemma 2.3]
are satisfied with k = B = C = 1 and § = 1/2. Hence, we have

zlogy

#QU)(z) < #S(A,P,2) < logz

(2.14)

(3) For1 < i < j — 1, we estimate #Q(?) (z,y) also by using Lemma For any
choices of primes p;41,...pj suchthaty <p; <--- <p;41 < x#, we choose
x

X = ——,
Pit1--Pj
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A being the set of all natural numbers up to X, P being the set of primes in
(y, "/ U+D], 2 .= ¢/U+Y) and g(d) := 1/d. Hence,

#Q(z,y) = > 3 1

1 + () <1
y<p;j <--<piy1<z It P (m’)—yl

p1>+>p; >w Tt
p1-pim;<z/(pit1-p;)

< Z x logy
, Dit1---pjlogx
y<p;<--<piy1<zitl

j—i
< xl(l)(;gxy Zl % < xkl)(;gy(log log )" (2.15)
p<z I+l
The result now follows from (2.12)), (2.13)), (2.14)) and (2.73)). O
Remark 2.5. Since
{n<z:n=p--pmj, m <y<p;<---<pi} C P;(z,y), (2.16)

it follows from Lemma 21| that

#P,(z,y) Z Z 1

”jzpl“'pj
for some p1>---p; >y

J—1
X
log log —
- o)

J

Jj—
x T
> —— | loglog — E —
~ logx <0g Ogy)

m<y

1 It
> ro8Y <log log x) . 2.17)
log Y

Below we state some elementary observations about near-perfect numbers.

Lemma 2.6. Prime powers cannot be k-near-perfect for any integer k > 0.

Proof. This follows directly from the definition of near-perfect numbers and the unique-
ness of g-ary representation. O

Lemma 2.7 (Euclid-Euler). All even perfect numbers are of the form 2P~1(2P — 1), where
p is a Mersenne prime, i.e., a prime p such that 2P — 1 is also a prime.

Lemma 2.8. An odd perfect number has at least 4 distinct prime factors.

In fact, it is now known that an odd perfect number must have at least 10 distinct prime
factors. This is due to Nielsen [Niel]. The proof of an odd perfect has at least 4 distinct
prime factors is completely elementary.

The following lemma resembles the aforementioned theorem of Euclid-Euler and it
serves as a complete classification of 1-near-perfect numbers with two distinct prime fac-
tors. This is helpful in reducing the number of cases to be considered in Lemma [2.10}
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Lemma 2.9. A 1-near-perfect number which is not perfect and has two distinct prime
factors is of the form

(1) 2t=1(2t — 2k — 1), where 2t — 2% — 1 is prime,

(2) 22P=1(2P — 1), where p is a Mersenne prime.

(3) 2P=1(2P — 1)2, where p is a Mersenne prime.

(4) 40.

Proof. See [ReChl. U

Upon carrying out the recursive process as described in Section [3|and 5] it boils down
to prove the following lemma which can be done by explicit computation.

Lemma 2.10. Let 7(m) be the number of positive divisors of the positive integer m.

(1) If T7(m) is prime, then m cannot be k-near-perfect for any integer k > 0.
(2) Suppose T7(m) = 10. Then
(a) if m is perfect, then m = 496.
(b) if m is 1-near-perfect, then m € {496, 368, 464}.
(3) Suppose T(m) = 9. Then
(a) m cannot be perfect.
(b) if m is 1-near-perfect, then m = 196.
(c) if mis 2-near-perfect, then m € {196, 36}.
(4) Suppose T(m) = 8. Then
(a) m cannot be perfect.
(b) if m is 1-near-perfect, then m € {24, 40, 56, 88, 104}.
(c) if m is 2-near-perfect, then m € {24, 40, 56, 88, 104, 30, 54, 66}.
(d) if m is 3-near-perfect, then m € {24,40, 56, 88,104, 30, 54, 66, 42}.
(5) Suppose T(m) = 6. Then if m is k-near-perfect for some k > 0, then m €
{28,12,18,20}.
(6) Suppose T(m) = 4. Then if m is k-near-perfect for some k > 0, then m = 6.

Proof.

(1) Follows immediately from Lemma@

(2) Suppose m is a 1-near-perfect and 7(m) = 10. Since 7(m) = 10, m is of the
form ¢° or ¢*r, where ¢, r are distinct primes. The first case cannot happen by
Lemma 2.6

Now suppose the second case. If m is perfect, by Lemma[2.8] it must be even.
Then by Lemma m = g*r = 2P=1(2P — 1) for some Mersenne prime p. It
follows that

qg=2,p—1=4and r = 2P -1,
ie., (¢,7) = (2,31) and p = 5. Note that ¢, r are distinct primes and p is a
Mersenne prime. Thus, we have m = 2% - 31 = 496.

If m is 1-near-perfect but not perfect, we use Lemma[2.9]instead and similarly,
we have m = 24 - 23 = 368, 2% - 29 = 464.

Thus, all the possible m’s are 368, 464, 496.

(3) Suppose m is a 2-near-perfect and 7(m) = 9. Since 7(m) = 9, m is of the form

q® or ¢?r2, where ¢, r are distinct primes. The first case cannot happen by Lemma

If m = ¢%r? is 1-near-perfect, as before by Lemma and the only
possibility is m = 22.72 = 196.
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Now suppose m = ¢*r? is 2-near-perfect but not 1-near-perfect. It suffices to
consider the following 16 equations by observing the symmetry of ¢ and r in ¢*r?:

(I+q+¢) A +r+r?) —2¢%7°
=1+q, 14+¢, 1+qr, 1+¢°r, ¢+ q+r, ¢+, qg+qr, g+
r+a’r, ¢ +1% @ +ar, 4P, g qr+ ¢, Pr+grt. (2.18)

Given any ¢, r > 2, itis clear that 1+q is the smallest among the 16 expressions
on the right side of (2.18) . We claim that if ¢ > 7 and r > 2, then

(1+q+@)1+r+r*) —2¢° < 1+,

i.e.,
for) = (¢ —q=1)r* = (L +q+¢*)r—q¢ > 0.
This is simply a quadratic polynomial inequality in r. Note that ¢> —q — 1 > 0

and
Alg) == (1+q+¢)*+4 (¢ —q—1) = 5¢" —2¢° —¢* + 20+ 1
> 0.
Thus, if
(1+q+¢*)+ Al
> _ (2.19)
2(¢*—q—1)
then
fq(r) > 0.
The inequality (2:19) is satisfied with ¢ > 7 and » > 2 since for ¢ > 7, we have
(1+q+4¢°) +/Alg)
2 > 3 .
2> —q—1)

The claim follows.

Thus by this claim, the left side of (Z.I8) is strictly less than each of the 16
possibilities of the right side of @) when ¢ > 7 and » > 2. Now, it suffices to
solve the 16 equations in r with ¢ = 2,3, 5. The only solution is (¢,7) = (3,2)
(i.e., m = 36), which comes from the equation

(1—|—q—|—q2)(l+r—|—r2) = 2¢°r2 + 1+ ¢*r.

(4) Suppose m is 3-near-perfect and 7(m) = 8. Since 7(m) = 8, m is of the form ¢,
¢*r or grs, where ¢, , s are distinct primes. Once again by Lemma the first
case is impossible.

(a) Suppose m = ¢3r. As we have done in and , if m is 1-near-perfect,
then

m =2%.7 = 56,2311 = 88, 2213 = 104,
2.3 = 24, 23.5 = 40,

by Lemmas 2.7} 2-8]and 2.9]

Suppose m = ¢>r is 3-near-perfect but not 1-near-perfect. Then it suffices to

consider the (;) + (;) = 56 equations formed by all of the possible pairs or
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triples distinct proper divisors. Following the steps in (3], out of the sums of
these pairs or triples, the smallest ones are 1 + g or 1 + 7.
When ¢ > 5 and r > 2, we have

3., 2 2
¢ +q ¢ +q+1
r > 2 > m and r > 2 > m
These imply that
A+q+@P+P)A+7r)—2¢° < 14q, 1+ (2.20)

The same inequality is valid by replacing the right side of (2.20) by the sum
of any of the 56 possible pairs or triples of proper divisors of m = ¢3r, when
q>bandr > 2.

It remains to solve the 56 equations in r with ¢ = 2, 3. Only the following
equations are solvable:

(i) (1+q+¢? +a H(14r)— 2q r=1+7(¢r)=(2,7) (ie., m = 56),
(i) (1+q+¢*+¢°)(1+7)=2¢°r = qg+¢° (¢,7) = (3,2) (e, m = 54),
(i) (1+q+¢? +q )(1+7")—2q37"=q+q (¢,r) = (2,5) (i.e., m = 40),
(v) (1+q+q¢° +a (A+r)=2¢°r = ¢*+4¢% (q,7) = (2,3) (ie.,m = 24),
v) ( +q+q +q)(1+7’)*2qr*1+q + 7 (q,7) = (2,5) (e,

=40), (¢,7) = (3,2) (i.e., m = 54),
(vi) (1 ta+ @+ )1 +7)—2¢°r =1+ ¢+ (¢,7) = (2,3) (ie.,

m = 24),
Vi) A+q+ @+ @) A +7r) —2¢° =g+ ¢ +rq (¢,r) = (2,3) (e,
m = 24).

(b) Suppose m = grs. It cannot be perfect. We shall use a similar strategy as
above. By symmetry, it suffices to solve the following 19 equations one-by-
one:

I+¢)(14+r)(1+s)—2grs
=1,q,qr,14+q, 1 +qr, q+r, q+qr, g+1s, qr + gs,
14+qg+r, 1+q+qr, 1+q+rs, 1 +qr+gqgs, g+r+s,
q+r—+qr, q+qr+s, q+qr+rs, g+ qr+qs, qr +rs+qs. (2.21)
We claim that
14+ +r)(1+s)—2qrs < 1

forg > 11,r > 5and s > 2.
This can be verified as follows. Since s > 2, we have

12s 4+ 11
10s — 2
Then by r > 5, we have
12s 4+ 11
10s —2°

This implies that
11(rs—r—s—1) > rs+r+s.
Byrs—r—s—1>0andq > 11, we have
girs—r—s—1) > rs+r+s,

and the claim follows.
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Thus, it suffices to solve the equations with ¢ = 2,3,5,7 or r = 2, 3. This
reduces the 19 three-variable equations in (Z.21) to two-variable ones.
Out of these equations, only the following equations are solvable:
) 14+ +r)(1+4+s)—2¢grs=1+gq; (q,r,s) = (11,2,3),(11,3,2)
(m = 66),
) (14+q)(1+7r)(1+4+s)—2qrs=q+qr;(¢,7,3) =(2,5,3
(i) (14+q)(A+7)(1+5)—2qrs = 1+q+7s; (¢,r,5) = (
(m = 30)
i) 14+¢)(1+r)(1+s)—2grs =q+7r+s;(q,7r,s) =(2,3,7), (2,7,3),
(3,2,7),(3,7,2),(7,2,3), (7,3,2) (i.e., m = 42).

(5) Suppose m is a k-near-perfect number for some k£ > 0 and 7(m) = 6. Then
k € {0,1,2,3,4,5} and Lemma implies that m is of the form ¢%r with ¢, r
being distinct primes.

When k& = 0, m = 28. When k = 1, by Lemmawe have m € {12,18,20}.
For 2 < k <5, consider the following Diophantine equations:

o(m)—2m = (1+q+¢*)(L+7r) —2¢*r
€{ltq 1+¢ 147, 1+qr, ¢+ q+r q+ar, ¢ +r, ¢ +ar,
r+qr, (k=2)
l+q+¢* 1+q+r, 14+q+qr, 1+¢ +r, 1+¢ +qr, 1+7+qr,
g+ +r g+ +aqr, qrr+qr, @ +r+qr, (k=3)
l+q+@+r 14+q+¢+qr, L+q+r+qr, L+ +r+qr,
g+ +r+gr, (k=4)
l+q+¢+r+qr (k=5)}

We may express r in terms of ¢ easily:

qg+1 q 2 1 1 q+1
=1 1 1 1—
(s R pup g L Ly s N
2 q+1 1 1+g¢
1 1 k=2
+q2_1aq2_qaq_17 + q2 ( )’
1 1 1 q 11 1 1 g+1
0, 1 1 1+ - 1+ —
) +q_17 +q2_17q 17 q2 17 +q7 q2_q7 q2_1’ +q27 q2’
(k=23),
11
Oa 07 17 PRY (k:4)5
a q
0 (k=5).

The solvabilities of the equations are now apparent as only for small ¢’s the
expressions are possibly integral. Also recall the restriction that ¢, have to be
distinct primes. Thus, only

A+q+¢) 1 +7r)—2¢* = 1+7

has solutions and (¢, r) = (2, 3), (3, 2), which correspond to m = 12, 18.
(6) Suppose m is a k-near-perfect number for some k£ > 0 and 7(m) = 4. Then
k € {0,1,2,3} and Lemma implies that m is of the form gr, where g, r are



ON NEAR PERFECT NUMBERS 11

distinct primes. By also noting the symmetry of ¢ and 7, it suffices to consider the
following Diophantine equations:

o(m)—2m = (1+q)(1+7r)—2¢gr
€ {0,1,¢,1+q,g+r,1+qg+7r}
Simply expand the above equations, we have
1+qg+r =qr,r =q(r—1),1 =r(g—1),r = 2¢r, 1 = qr, qr = 0
respectively. Each of these equations are now straight-forward to solve and the

only possible solution is m = 6.
O

The proof of Theorem rests on the study of the equation o(n) = ¢n + k which is
carried out by a number of authors in the past decades; for more detail, see [AnPoPo, [Poll
P02, [Po3| [PoPol [PoShi, [PoPoTh]. In this article, we only need the case of ¢ = 2 and adopt
following definitions from the aforementioned literature.

Definition 2.11 (Regular / Sporadic Solutions). The solutions of o(n) = 2n + k of the
form

n=pm’, where ptm/, a(m’) = 2m’, o(m’) = k, (2.22)
are called regular. All other solutions are called sporadic.

Lemma 2.12. Let x > 3 and k be an integer. The number of sporadic solutions n < x to
o(n) = 2n + k is at most 23/°°W) as & — oo, uniformly in k.

Proof. See [PoPoTh| Theorem 4.4. O

3. OUTLINE OF THEOREM[L.1]AND[T.2]

Let us first recall the settings in [PoShl. In order to estimate the size of the set N (k; ),
one may partition it into the following three subsets and estimate each respectively:

Ni(k;z) == {n € N(k;z): PT(n) <y},
Ny(k;z) := {n € N(k;x) : P*(n) >y and P*(n)?|n},
Ns(k;x) == {n € N(k;x): PT(n) >yand P (n) || n}, 3.1
where we shall remark on the choice of y = y(«) at the end of this section.
In [PoSh| they further partitioned N3(k;x) according to whether 7(m) is at most k

or not. They bounded the contribution from 7(m) < k simply by 55— (log log )1 ie.,
Lemma[2.1] Instead, if one considers the normal order of log 7(n), which is (log 2) log log n,

one obtains the bound 15— (loglog x) L35z for N (k; z). More work is needed, though,
as this is still not the correct order for #N (k; x); we thus have to partition N3(k; 2) more

carefully. This is explained as follows.

Definition 3.1. Suppose n = pm with p > PT(m). For k-near-perfect number n, there
exists a set of proper divisors D,, of n with #D,, < k such that

o(n) =2+ Y d. 3.2)

deD,
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We define the following associated sets:
DY = {de D, :ptd},
D® .= {d/p:de D,, p|d}. (3.3)
It is clear that Dfll) and Df) consists of positive divisors and proper divisors of m
respectively.
Proposition 3.2. With the same settings in Definition n is k-near-perfect and the set
D consists of all positive divisors of m if and only if T(m) < k and m € N(k—71(m)).

Proof. (=): Immediately from the assumptions,

(1+p)o(m) = o(pm) = 2pm + Z d+p Z d

deD{Y deD$?
= 2pm+o(m)+p Y d (3.4)
deDp®
This implies
o(m) = 2m+ > d. (3.5)
deD®

Since #DS" = 7(m) and #D + #DP = #D,, < k, we have 7(m) < k, #D{? <
k—7(m)andm € N(k —7(m)).
(«<=): There exists a set of proper divisors D,, of m with #D,, < k — 7(m) such that

o(m) = 2m+ Z d.
deDTYl
Then
a(n) = (1+p)o(m) = Zd+p<2m+ > d) =2n+Y d+p Y d
djm d€Dn, djm d€Dy,
(3.6)
Now,

{d|m}uU{pd:de D}
is a set of proper divisors of n with at most 7(m) + (k — 7(m)) = k elements. Thus, n is
a k-near-perfect number. Also, DM = {d| m} and D) = D,,. O

To facilitate discussion that follows, we introduce the following notations:

Definition 3.3.
N?El)(k;x) = {n<z:n=pm, p>max{y, PT(m)},7(m) <k
and m € N(k—7(m))}, 3.7)
NP (k) = Na(kiz) \ NyV (ks ), (3.8)
M(k) = {n € N(k):n=pm, p> P (m), DY ¢ {d| m}} (3.9)

M(k;z) == M(k)n[1,z]. (3.10)
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We carry out the above partition into Ny, Na, Nél), N§2) recursively in Section [5| At

(2)

each step, we show that the contributions from Np, N, N32 are of acceptable sizes,

whereas the description for Nél) allows us to move onto the next step in the recursive
process. After this is done, we only have to apply Lemma[2.10] i.e., the determination of
k-near-perfect numbers for small integers k& with a fixed number of positive divisors. In

this way, we improve upon the bound kfg”x (loglog x) 1552 ] and establish Theorem
For more detail, see Section [5.I] As a by-product, we are able to deduce the precise
asymptotic formulae for 4 < k& < 11 in Theorem[T.2]

The proof of Theorem [I.2]is simpler than that of Theorem[T-1} It follows quite directly
from the partition as in Theorem [I.T| without encountering complications of the recursive
process. We shall start with its proof and briefly recall the essential estimates done in
[PoSh] in the next section (Section EI)

Finally, we would also like to make a remark on the choice of the parameter y. In
[PoShl], they chose y = xm for their applications. However, this is not admissible
in the proof of Theorem [I1] Firstly, it is clear that the choice of [PoShi does not satisfy
the conditions in Lemma [2.4] (j will be chosen in terms of % in Section[5.5]and j grows
with k). Secondly, in order to make sure the estimate in Lemma[2.4]is of acceptable sizes
with respect to Theorem i.e., smaller than 1021 (log log x) L%kg, it is essential
to choose y = (logx)* for some o > 0. Thirdly, « needs to be large enough so that
the contribution of Néz) is acceptable, see Section We shall see o = 3k + 10 is good
enough. We shall stick with this choice of y in Section[4.2]and[3] For Section[4.3] however,
we must choose a different y there for better estimates.

4. PROOF OF THEOREM[I.2]

4.1. We shall review the argument of [PoSh] in this subsection for the convenience of
readers.
The estimations for N; (k; ) and No(k; x) are straight-forward. Indeed,

#N1(k;x) < #P(x,y) 4.1

and

#No(ksz) < #{n<ax:P*(n)>y, PT(n)?|n} < Z% < g 4.2)

P>y

Suppose n = pm € Nég) (k; z). For the counting argument below, we shall also assume
that
7(m) < (logz)3. 4.3)
This is acceptable because
T

(logz)?"

#{n<z:7(n)>2(ogr)’} < (4.4

This follows from 27(m) = 7(n) and the crude estimate

2(log )® - #{n < x: 7(n) > 2(logx)*} < Z T(n) < zlogz.

n<z

SWe say that the size of a quantity is acceptable if it is not greater than that of the main term, e.g.,
log(k+4)
L (log log x)L log 2 J

log x

~% in Theorem|1.1|and /log x in Theorem|1.2
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In the following, we count the number of possible p’s such that pm € N?EQ) (k; x) for
each m < z/y . Since n = pm is k-near-perfect,

(14 p)o(m) = 2pm+ Z d+p Z d, 4.5)
deDy deD?

where the sets DS) and Dg) are defined in Definition Reducing both sides (mod p)
yields

p‘ o(m) — Z d] . (4.6)

deDV

By (3.8) and Proposition[3.2]
o(m) — Z d > 0.

deDV

Moreover,

a(m) — Z d < o(m) < mloglogm < zloglogz.

Thus, the number of prime factors of [ o(m) — > d|is
deD{

O(log x). 4.7)

Since DV {d | m}and #D'Y < k, the number of possible values for (J(m) - > d)

deD{V
is
< (147(m)* < (logz)** (4.8)
by @3). As a result, from (@.6)), (47) and (@.8), the number of possible p’s is
<k (logz)™ 1. (4.9)
From this, we conclude that
N (k; Z(loga)+t 4+ . 4.10
#N;7 (ki) <i y(ogx) +(10gx)2 (4.10)
4.2. Throughout this subsection, we take y := (log )3¥+10,

By (2-4) of Lemma[2.2] there exists a constant z1 (k) > 0 such that for any z > z1(k),

1 log z T
N (k: _ < . 4.11
#N(kiz) < wexp ( 2(3k + 10) log 10gx> ~ (logz)? “1D)
Immediately from (@.2)) and @.10),
(2) x
No(k; N. ; _—. 4.12
# g(k,l‘),# 3 (k’,l‘) <k (10g$)2 ( )

Thus, the contributions from Ny (k; x), No(k; x) and N?EQ) (k; x) are acceptable.

It remains to consider n € Nél)(k;x), ie,n =pm < z,p > max{y, PT(m)} and
m € N(k—7(m)). When 4 < k < 11, there are only finitely many such m and they
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have been completely determined in Lemma Thus, by the Prime Number Theorem,
we have

k k
#NSD (ki) ~ > N wa/m) ~ | D
r=4

> sl
r=4 1(m)=r T(m)=r m logx
meN (k—r) meN (k—r)

as x — o0o. Explicitly, the constant

k
o= > % (4.13)

r=4 7(m)=r

meN (k—r)
is equal to
1 17 1 1
—es = o, 05 = — = — ~ 0.2024,

=6 =% g 5

e 3 L L 03013
TS T 060 T 6 12 T18 T20 Ta2g - U
T T 1218 20 28 24 40 56 ' 88 ' 104

179017
- ~ 0.4968
360360 ’

LR W NS NS NS SRS SRS NS
cop=-"+—+—+——-—-+—-+—+ =4+ =+ —
W76 12718 720 "28 " 24 " 40 " 56 ' 88 ' 104

yr tr. 1.1 . 1

30 ' 54 ' 66 196 ' 496

267857123

T 469188720 0.5709,

1 1 1 1 1 1 1 1 1 1
e =+ —F—F—F—+—F—+ —F — + —

6 12 18 20 28 24 40 56 88 104
R S N B SR AR SO S

30 54 66 196 496 42 36 368 464
196329752441

" 312048876240
This completes the proof of Theorem

~ 0.6274.

4.3. Before we end this section, we would like to follow-up on a remark of [PoSh|] (pp.
3044) where they claimed the result

#N(k;x) < xexp(—(ck + o(1))y/log zloglog x), 4.14)

for k = 2,3, where co = v/6/6 ~ 0.4082 and c3 = v/2/4 =~ 0.3535. In view of the
discussion in Section[3] the reason for a much smaller estimates for k& = 2, 3 lies in the the
nonexistence of near perfect numbers of the form p or p? where p is a prime (see Lemma
. This implies N?EI)(S; x) (see is an empty set .

Since a complete argument for (#.14)) was not given in [PoSh], we supply more detail
here and hope it will be helpful for the interested readers. The argument below actually
shows that one can take ¢y and c3 to be 1/ V2 =~ 0.7071, but this improvement is not
substantial.
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Here, it is essential to apply a more precise count of #®(x,y) than the one given in
Lemma@ From Theorem 9.15 and Corollary 9.18 of [DeKLul], we have

#P(z,y) = xexp(—ulogu + O(uloglogu)) (4.15)
and this is uniform for
(logz)® <y < a, (4.16)
where
u = %. “4.17)

In this subsection, we shall choose a different y = y(z) from the one taken in the rest of
this article (i.e., y = (log z)3#+10),
We modify the estimations for . 3E2) (k; z) sketched in Section slightly:

#N (k; )

< Z# pgizp‘ o(m) — Z d| and o(m)— Z d>0

m<Z (1) (1)
=y deD,,, deD,,,

L, (log z)7(m)*
m<

< g(log )2 (4.18)

G

For a proof of the last estimate, see [MV]] eq. (2.31), pp. 61. Also, compare this with
(@.10). We shall see shortly it is a better estimate in the case of k£ = 2, 3 with a new choice
of y.

Therefore for k = 2,3, by @.13), @), @2). (4.18) and the fact that N3 (k; z) = 0,

we have

#N(k;z) = #N:1(k;x) + #No(k; z) + #N (ks 2)

< zexp (—ulogu + O(uloglogu)) + f(log J;)Qk . 4.19)
Yy
We optimize the last estimate by setting

uwlogu = logy — 2¥loglog z. (4.20)

A good approximation for u satisfying (#.20) is

1
wt =92 8% 4.21)

loglog x

i.e.,

1
logy = ﬁ v/log zloglog x. 4.22)

It is to see it satisfies the requirement (4.16). Plugging this into (4.19), we have

#N(k;x) < xexp (\1@ {1 +0 <loglog10gz>} V/log x log log :1:> (4.23)

log log x
fork = 2,3.
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5. PROOF OF THEOREM[L.1]

5.1. Outline. Throughout this section, we fix y := (logx)3**10 and denote by T).()
the set of natural numbers in [1,z] of the form p; ---p,m, with p; > -+ > p. >
max{y, PT(m,)}.

The estimates required in Step 0 are sketched in Section .1}

Ny (k; x), N (ks ), #N52 (& - 5.1
# 1( 71:)7# 2( ,J)),# 3 ( 7$) <y (10gl’)27 ( )

which are of acceptable sizes. Therefore by (3.7) , it now suffices to consider the set
{neTl(a:) c7(my) <k, my GN(]{—T(WM);Z;)}. (5.2)

In Step 1, we estimate the size of the set [5.2] by repeating the partition to my, i.e.,
consider

{n €Ti(x):7(m1) <k, mi €R (k — r(my); ;)} (5.3)

for R = Ny, No, N{V, N{?).

e When R = Ny, No, N3(2), the sets @) will be shown to be of acceptable sizes
O(=% log log x).

log x
e When R = N?El), recall from |i that the condition m, € Nél)(k‘—f(ml); x/y)
refers to
T
my = Pp2ma < §7 p2 > max {yaP+(m2)} ’
T(mg) <k —7(m1), ma € N(k—7(my —7(m2))). (5.4
Thus, the set (5.3) is indeed equal to
k
{n € Taa) : T(ma) < 5. my € N (k — 37(ma); ;) } (5.5)

In Step 2, we estimate the size of (5.3) by repeating the partition to ms, so on and so
forth. More generally at Step 7 — 1, we arrive at the tasks of showing the sizes of the sets

k _ x
{’ﬂ, S Tj_l(fE) : T(Tﬂj_l) < ﬁ, mji—1 € R <k — (23 1_ 1)7‘(mj_1); y]_1>}

(5.6)
being O; ( =2 (loglog x)H) for R = Ny, Ny, N{?. This will be done in Sections
[53land

The recursion ends once we hit an k-admissible integer jo.
Definition 5.1. An integer jo > 1 is said to be k-admissible if
k .
1 < # {mjo eN:71(mj,) < S0 — 10 Mo € Nk — (27 — l)T(ij))} < 00.
(5.7)

Remark 5.2. In view of Lemma 2 I0{I)(6). (B-7) is equivalent to

# {mjo eN:4<7(my,) < 2].07]11, mj, € N(k — (270 — 1)T(mj0))} < o0. (5.8)
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It follows from Lemma 2.1l that

k
#{” € Tjo-1(2) : T(mjo—1) < 55—

o T
Mj,—1 € N?El) <k — (2% 1_ 1) 7(mjy—1); yJ01> }

< # {n € Tjo<x) : T(mjo) < Lv mj, € N(k - (2j0 - ]‘)T(mjf)))}

270 — 1
x o—
<o Togz (loglog )7~ (5.9)
for an k-admissible integer jo. By showing that
. ) log(k + 4)
= jo(k) = | —=———F| =2 5.10
Jo = Jjo(k) { log 2 (5.10)

is k-admissible in Section [5.3] and together with the estimates (5.13), (3.14), (5.18) and
(3-9), we have the upper bound in Theorem[I.1}
The lower bound simply follows from the observation

6p1-- ps = p1-- Ps+2p1--Ps+ 3p1- - Ps,s
where p; > --- > pg > 3 are primes. Thus, 6p; - - - ps is a ks-near-perfect numbers with
ke := 7(6py--ps) —1—3 = 2572 — 4,
Fix any integer k > 4. Take the largest integer s > 1 such that k; < k, i.e.,
log(k + 4
s = \‘mg(—’_)J — 2.

log 2
Then by Lemma[2.T] one has
#N(k;x) > #{6p1---ps <x:p1>-->ps, >3}
St 10296 (log log z) L 5] =3, (5.11)

5.2. Estimation for R = N;. In view of our claim that

B rogl(fg; 4)J -

is an k-admissible integer, we apply Lemma[2:4] for
2 <7< Jo

In order to meet the assumptions of Lemmal[2.4] we restrict to z > x(k), where zo(k) > 0
is a large constant such that for x > z((k),

(log z)3*+10 < 275 TosTogs | (5.12)

Hence for x > z((k) and 2 < j < jp, we have

#{n e Tate) vl < g

mj_1 € Ny (k — (2 = D)r(my_y); — > }
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being bounded by

5.3.

xT

#O,_1(z,y) < logx(IOgIng)] b <y 1()g£(loglogx)30 L (5.13)

Estimation for R = N,. From our previous analysis, for 2 < 5 < jo we have

# {n €Tj—1(x) :mj—1 € Ny (k - @ = Drlmy-) yfl>}

S S S

P1>>Pj—1>Ymj_1<x/p1--pj—1
pP1Pj—1<T P+(mj—l)2‘mj*1
P+(mj71)>?!

x 1
Z gpl"'pjﬂ

p1>>pji—1>Y

IN

p1-pj—1<x
i1
T 1 T i1 iy io—1
< " ;5 < ;(loglog:p)J < W(loglogzﬁO . (514

5.4. Estimation of R = N§2). Recall the notations M (k) and M (k;x) introduced in
Section[3] From the argument sketched in Section4.I] we have

#{n<x:neMKk),P"(n) >y} <x g(log )3k (5.15)

Then

#M(k;z) = #{n<z:ne Mk),Pt(n) <y}+#{n<x:neMk),P"(n) >y}

(5.16)

X
P g 3k+1 )
<k #P(z,y) + y(ng) <k (log.1)?

It follows from partial summation that

> ! ¢ (5.17)
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Therefore for 2 < j < jo, by applying (5.16), (5.17) and Lemma[2.1] we have
i x
# {n €Ty 1(x):mj € N§? (k — (277" = Dr(my_y); y>}

<Yy Y »+¥Y ¥ o

P1>>Pj—1>Ym;_1<xz/p1---Dj_1 m;_1<yx P1>>Pj-1>Y
P1pi—1SVT  my_1EM (k) mj_1€M (k) P1Pj—1<T/mj 1

€T T

j—2
P1Pj—1 my—1 z
J J 1 1
<k Z (log —Z—)2 T Z log —2%— (og 08 mjl)

p1>->pj—1> P1pPj—1 mj_1<VT gmj_l
p1Pj—1<VT mj_1€M (k)
z 1 T . 1
L Z — + (loglog x)7 2 Z -
(logx) . P1 D1 log x s eE mj—1
p1pj—15VT m;_1€M(k)
j—1
x 1 z ;
< —— Z — + (loglog x)7 2
2
(log x) oy log x
< — (loglog z)7°~2. (5.18)
log x
5.5. Analyzing R = Nél). We consider the following cases:
(D
4.-(2°-1) <k < 8- (2°-1) (5.19)
for some s > 1,
@)
k=8-2°-/ (5.20)
with either
(a) s>3and? € {5,6,7,8},or
(b) s=2and ¥ € {6,7,8}.
(3)
k=27 (5.21)
(i.e., s =2 and ¢ = 5 in (5.20)).
It is clear that the above covers all integers k& > 12. H In any case, we have
log (& +1 log(k + 4
oo [lelGHl)) _ |loglktd)) (5.22)
log 2 log 2
Indeed for Case (I)),
log(% +1 log (& +1
Og(8+)<8§0g(4+)
log 2 log 2
and
0 log(ngl) _log(ngl) .
log 2 log 2 '
Hence,
log (& +1 log(k + 4
log(3+1) _ |lostk+4)| _, (5.23)
log 2 log 2

SNote that the cases 4 < k < 11 have been settled in Theorem
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For Cases () and (3), we have

log(k +4)

2 <
St log 2

s+ 3,
and

s = {WJ -2 (5.24)

log 2
Thus, the upper bound in Theorem [T.T] would follow if we establish the claim that s is
an k-admissible integer in each case.
(1) Suppose
4-(2°-1) <k < 8- (2°-1) (5.25)
for some s > 1. From Lemma Z.T0[3)(6), the facts that

4 < s) <
s Tlm) < 57
and m; being near-perfect, we have m, € {6,12,28,20,28}. Thus, s is an k-
admissible integer.

< 8

(2) Suppose
k=8-2°—/( (5.26)

with either

(a) s>3and/ € {5,6,7,8};0r
(b) s=2and ¢ € {6,7,8}.

In both cases, we have

k
4 < ) <
< mlme) < 573
If 4 < 7(ms) < 8, then my € {6,12,28, 20,28} as in the previous case. Now
suppose 7(ms) = 8. Then
ms € N(k—(2°—=1)7(ms))
N((2° —1)(8—7(ms))+ (8—1))
= N(@8—1¥¢) C N(3).
By Lemma (]7_1[), ms € {24,40, 56, 88,104, 30,54, 66,42}. As aresult, s is
an k-admissible integer.

< 9.

(3) Suppose k = 27. Then
4 < 7(mg) < 9.

If4 < 7(ms) < 8, thenms € {6,12, 28,20, 28}U{24, 40, 56, 88, 104, 30, 54, 66, 42}
as in the previous cases. When 7(mg) = 9, mg € N(0) and there is no such mq
by Lemma[2.T0| (3). Hence, 2 is 27-admissible.
This completes the proof of
x

log(k+4) J _3

N(k;x) < (logloggc)L Tog 2

(5.27)
log x

for any k > 4 and hence the proof of Theorem|I.1
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6. PROOF OF THEOREM[L.3]
Lete € (0,2/5). By Lemmal[2.12]
#(E(k;x) \ Ec(k;x)) < #{n <x:n€E(k),n=pm' ptm om)=2m'}
+ O(23/5Fete)y, (6.1)
Forn € E(k) withn = pm/, ptm’ and o(m’) = 2m’, we have
pm’ = Y di+p Y d, (6.2)
di €Dy d2€D>

where D; is a subset of positive divisors of m/, D5 is a subset of proper divisors of m/’
with #D1 + #Dy =7(pm/) — 1 —k =27(m') — 1 — k.

Suppose that D; # (). Then
1< > di < o(m) =2m. (6.3)
d1€D1
Reducing (6.2) modulo p, we have

3 di (6.4)

d1€D,

p

The number of possible values for p is O(log 2m’) = O(logz). Thus the number of
possible values for such n is O(x°(!) log x) by the Hornfeck-Wirsing Theorem ([HoWil),
which is acceptable.

Now suppose that D; = (). Then #Dy = 27(m’) — 1 — k and

m = Y da. (6.5)
d2€D2
Since o(m’) = 2m/, we have # Dy = 7(m’) — 1. Therefore, 7(m’) —1 = 27(m/) — 1 —k,
ie,T(m') =k.
By the hypothesis of non-existence of odd perfect number and the Euclid-Euler Theo-
rem, we have m’ = 29 ~1(24' —1) for some Mersenne prime ¢’. So k = 7(m’) = 2¢' € M.
Hence if k ¢ M, then we have a contradiction and

#(E(k;z) \ Ec(k;2)) = O(x°M logz) + O(23/5++o)y = O(g3/5F<+o()) " (6.6)
It was shown in [PoSh|], by using a form of the Prime Number Theorem of Drmota,

Mauduit and Rivat, that for all large & the number of k-exactly-perfect numbers up to x is
>, x/log x. Therefore

#(E(k;x) \ E(k;x)) log z
#E(k; ) <k Ao 6.7)
and P
. e(k;x)
S e - (6.8)

Remark 6.1. Suppose k € M. Then k = 2q for some Mersenne prime q. Let m =
2071(29 — 1). Then ¢’ = q and so m' = m in the above argument. By the Prime Number

Theorem,
o s ) \ Ee(hia)

00 x/logx ~m

(6.9)
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On the other hand, since m is perfect, the number of proper divisors of m is T(m)—1 =
2q — 1. Hence pm is a sum of 2q — 1 of its proper divisors. The number of proper divisors
of pmis T(pm) — 1 = 4q — 1. So, pm is a sum of all of its proper divisors with exactly
(49 — 1) — (2q — 1) = 2q exceptions, i.e., pm € E(k). Clearly o(pm) — 2pm < (pm)© if
p > (2m' =)< and p { m. It follows that

#(Ek;z) \ Ec(kz)) (1

lim inf > —. (6.10)
T—00 J,‘/ 10g$ m

As a result,
T—00 QL'/ 10g£C m

REFERENCES

[AnPoPo]  A. Anavi and P. Pollack and C. Pomerance, On congruences of the form o(n) = a (modn) , Int.
J. Number Theory 9 (2012), 115-124.

[BeEr] S. J. Benkoski and P. Erdos, On weird and pseudoperfect numbers, Math. Comp. 28 (1974), no.126,
617-623.

[DeKLu]  J-M De Koninck, F. Luca Analytic Number Theory: Exploring the Anatomy of Integers, Graduate
Studies in Mathematics Vol. 134, American Mathematical Society.

[Erl] P. Erdos, On perfect and multiply perfect numbers, Annali di Matematica Pura ed Applicata, 42
(1956), no. 1, 253-258.
[Er2] P. Erdos, Some Extremal Problems in Combinatorial Number Theory, Mathematical Essays Dedi-

cated to A. J. Macintyre, 123—133, Ohio Univ. Press, Athens, Ohio, 1970.
[FoHa] K. Ford, H. Halberstam The Brun-Hooley Sieve, Journal of Number Theory, 81 (2000), 335-350.
[Gu] R. K. Guy, Unsolved problems in number theory, third ed., Springer (2004), 74-75, 78.
[HaWr] G. H. Hardy and E. M. Wright, An introduction to the theory of numbers, fourth ed., Oxford Univer-
sity Press, Oxford (1975), pp. 368-370 .
[HoWi] B. Hornfeck and E. Wirsing, Uber die Héiufigkeit vollkommener Zahlen, Math. Ann. 133 (1957),

431-438.

[Ka] H. J. Kanold, Uber die Verteilung der vollkommene Zahlen und allgemeinerer Zahlenmengen, Math
Ann. 132 (1957), 442-450.

[MV] H. L. Montgomery, R. C. Vaughan, Multiplicative Number Theory I. Classical Theory, Cambridge
Studies in Advanced Mathematics no. 97 (2007), pp. 60-62

[Niel] P. P. Nielsen, Odd Perfect Numbers, Diophantine Equations, and Upper Bounds, Math. Comp. 84
(2015), 2549-2567

[Pol] C. Pomerance, On composite n for which ¢(n)|n — 1, Acta Arith. 28 (1976), 387-389.

[Po2] C. Pomerance, On composite n for which ¢(n)|n — 1, II, Pacific J. Math. 69 (1977), 177-186.

[Po3] C. Pomerance, On the congruences o(n) = a(modn) and n = a(mod ¢(n)), Acta Arith. 26
(1975), 265-272.

[Pol] P. Pollack, Not always buried deep: A second course in elementary number theory , AMS, Provi-
dence (2009), 249, 258-259.

[PoPo] P. Pollack, C. Pomerance, On the distribution of some integers related to perfect and amicable

numbers, Collog. Math. 30 (2013), 169-182.

[PoPoTh]  P. Pollack, C. Pomerance, L. Thompson, Divisor-sum fibres, Mathematika 64 (2018), 330-342.

[PoSh] P. Pollack and V. Shevelev, On perfect and near-perfect numbers, J. Number Theory 132 (2012),
3037-3046.

[ReCh] X.-Z. Ren and Y.-G. Chen On near-perfect numbers with two distinct prime factors, Bull. Aust.
Math. Soc. 88 (2013), 520-524.

[Sc] A. Schinzel, On functions ¢(n) and o(n), Bull. Acad. Pol. Sci. C1. III 3 (1955), 415-419.

[Si] W. Sierpinski, Sur les nombres pseudoparfaits, Mat. Vesnik 17 (1965), 212-213.

[Ten] G. Tenenbaum. Introduction to Analytic and Probabilistic Number Theory, 3rd Ed., Graduate Studies
in Mathematics 163, American Mathematical Society (2015).

[Vo] B. Volkmann, A theorem on the set of perfect numbers, Bull. A.M.S. 62 (1956), Abstract 180.

Email address: petercohen33@gmail .com


mailto:petercohen33@gmail.com

24

P. COHEN, K. CORDWELL, A. EPSTEIN, C. H. KWAN, A. LOTT, AND S. J. MILLER

DEPARTMENT OF MATHEMATICS, MIT, CAMBRIDGE, MA 02139

Email address: kcordwel@cs.cmu.edu

DEPARTMENT OF COMPUTER SCIENCE, CARNEGIE MELLON UNIVERSITY, PA 15213

Email address: wtgalyssa@gmail.com

STANFORD LAW SCHOOL, CA 94305

Email address: \ck2854@math.columbia.edu

DEPARTMENT OF MATHEMATICS, COLUMBIA UNIVERSITY IN THE CITY OF NEW YORK, NY 10027
Email address: . adamlott99@math.ucla.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CALIFORNIA, LOS ANGELES, CA 90095

Email address: s jml@williams.edul, Steven.Miller.MC.96Caya.yale.edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MA 01267


mailto:kcordwel@cs.cmu.edu
mailto:wtgalyssa@gmail.com 
mailto:ck2854@math.columbia.edu
mailto:damlott99@math.ucla.edu
mailto:sjm1@williams.edu
mailto:Steven.Miller.MC.96@aya.yale.edu

	1. Introduction
	1.1. Outline
	1.2. Notations
	1.3. Acknowledgments

	2. Preparations
	3. Outline of Theorem 1.1 and 1.2
	4. Proof of Theorem 1.2
	4.1. 
	4.2. 
	4.3. 

	5. Proof of Theorem 1.1
	5.1. Outline
	5.2. Estimation for R=N1
	5.3. Estimation for R=N2
	5.4. Estimation of R=N3(2)
	5.5. Analyzing R=N3(1)

	6. Proof of Theorem 1.3
	References

