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ABSTRACT

Throughout the centuries, a common problem in mathematics is the following: given
a set, what numbers are sums of a fixed number elements of that set? We focus on
two summands, with examples ranging from writing n'" powers as the sum of two
n' powers (Fermat’s Last Theorem, proved by Wiles) to representing every even
number at least 4 as the sum of two primes (the Binary Goldbach problem, still
open). Most integers are not the sum of two squares. The simplest proof that a
positive percentage are missed is through well-known congruence arguments; we
explore how far these ideas can be elementarily pushed, and compare the strength
of their results and the ease of their application to certain analytic methods.

In particular, we consider what fraction of integers at most x are the sum of two
squares or two Fibonacci numbers. By choosing an appropriate modulus and looking
at the reduction of sums, we prove that more than 50% of integers are missed in
both cases; in other words, we have a simple, elementary calculation showing most
integers don’t have such representations. Looking at moduli up to 10,000 our best
results use 7056 (showing at most 38.4% of integers are sums of two squares) and
9349 (showing at most 3.34% of integers are sums of two Fibonaccis). Our result is
significantly worse than what simple analytic methods give for the Fibonacci case,
but exceeds the best possible bounds from lattice point counting for sums of squares.

We discuss several conjectures about how far these arguments can be pushed
and which moduli are the best candidates to check. These are ideally suited to
collaboration with AI. We discuss that process, highlighting how simple prompts
helped us discover known results in the literature (with a slightly different emphasis
than what we were doing, and using some non-elementary inputs). We hope to excite
readers both in studying problems such as these, and in how to use the rapidly
developing Al tools to supplement one’s research.
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1. Introduction

One reason number theory questions have fascinated so many for so long is that
the problems are easy to state, and in many cases elementary methods yield good
answers. One of the most natural questions we can ask about a set of numbers § is
what numbers can be expressed as the sum of elements from that set. Explicitly, given
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a set S and a positive integer k, classify all n such that
n = sp+sy+---+s; wheres; €8S. (1.1)

Sometimes we may place conditions on n, for example we might require n to be
in the set S as well. Examples of this go back millenia to Euclid’s Elements and the
Pythagorean Theorem, which gave explicit formulas for when a square is the sum
of two squares (a? + b?> = ¢?). Replacing the exponent 2 with higher powers led to
Fermat’s Last Theorem. Pierre de Fermat [Fe] famously claimed to have a proof in
1637 that no positive integer solutions exist for exponents n > 2, but it took over
three centuries of false starts and partial breakthroughs before it was proved in 1995
[TW), Wi].

Similarly, Christian Goldbach’s 1742 letter to Euler asked whether all integers could
be written as sums of a fixed number of primes [Gol]. It is here that we first see
congruence arguments emerge. Consider the ternary problem, writing integers as the
sum of three primes. If two of the primes are 2 (the only even prime) then the only
numbers with such a representation are four more than a prime, and by the Prime
Number Theorem [MT-B] [SS] to first order there are only z/logx primes up to z;
thus in the limit almost no numbers have such a representation. If exactly one of the
primes is 2 then the other two primes are both odd and thus the sum is even; thus no
odd number can be written as a sum of three primes where only one is 2. Similarly if
we look at the binary problem, writing integers as a sum of two primes, if exactly one
prime is 2 then we cannot get any even integer. This led to two problems: the ternary
(every odd integer at least 7 is the sum of three primes) and the binary (every even
integer at least 4 is the sum of two primes) Goldbach conjectures. The ternary case is
understood. Ivan Vinogradov proved in 1937 that every sufficiently large odd integer
is the sum of three primes [Vi]. Over the years “sufficiently large” was lowered again
and again, until finally Harald Helfgott, mixing theory and computation, proved it
holds for all odd numbers n > 7 [He]. However, the binary problem remains very much
open.

Another example is Waring’s problem (1770) on sums of £*® powers [Nal [Wr]. Given
any k, there is a number s(k) such that all sufficiently large integers are the sum of
at most s(k) positive k" powers. Adding 1* enough times we can handle the finitely
many numbers that do not have such a decomposition, proving all positive integers
are the sum of at most 3(k) perfect k™ powers. Sometimes it’s easier to study a
related problem; instead of studying sums we can study sums and differences; this
is the signed Waring problem, but it introduces its own complications (if k£ is odd
mF —mF = 0 and there can be infinitely many solutions). Additionally, if we can take
the k' power of negative numbers, it’s no longer a finite computation for odd k as
to whether or not a number has a representation; it was only recently that Andrew
Booker finally answered the question: is 33 the sum of three cubes? Yes! We have

33 = (8,866,128,975,287,528)% 4 (-8,778,405,442, 862,239)°
+ (2,736,111, 468,807, 040)>; (1.2)

see [Pal for a nice account of the story, and how the presence of negative signs greatly
increases the difficulty.

While many of these problems are easy to state, solving them often requires ad-
vanced mathematics or, as in the representation of 33 as the sum of three cubes,
tremendous amounts of computational time and efficient algorithms. We consider



some of these classical problems and see how far we can get using strictly elementary
techniques. In particular, we investigate what can be achieved using congruence argu-
ments. Typically these arguments are only used to prove a positive percentage of the
time something cannot happen; we see how far we can push these results, and end
with several conjectures which we invite interested readers to explore with us/l]

Congruence arithmetic, often called clock arithmetic, is well known and easy to use.
We say a is equivalent to b modulo n, written as

a = bmod n, (1.3)

if @ — b is a multiple of n.

Despite its simplicity, it can frequently yield decent results. For example, in many
introductory math classes students are shown how to use congruence arguments to
easily prove that a positive percentage of numbers cannot be written as a sum of two
squares [We2|. By looking at squares modulo 4, we see that any square can only have
a remainder of 0 or 1 modulo 4:

0%, 22 = Omod 4, 12, 3> = 1mod 4. (1.4)

Thus, when we add two squares together, the remainders modulo 4 are just 0, 1 and
2 as

040 =10, 0+1 =1, 141 = 2. (1.5)

As it’s impossible to have a sum of two squares have a remainder of 3 modulo 4, we
see at least 25% of integers (those congruent to 3 modulo 4) cannot be written as a
sum of two squares.

As remarked, our goal is to see how far we can easily push these elementary argu-
ments. Perhaps the simplest question to ask, now that we know at least a quarter of
integers are not sums of two squares, is whether a majority of numbers are not sums of
two squares. Equivalently, can we push the 25% above to something exceeding 50%?

Much is known about sums of squares (see for example [HW| [MT-B]). While every
positive integer n is the sum of four non-negative squares, for n to be the sum of two
squares the prime factorization of n cannot have any primes congruent to 3 modulo 4
to an odd power. Thus neither 3 nor 7 can be written as the sum of two squares, but
327213 = 5733 can, it’s 422 + 632.

As the proof of these theorems use more advanced mathematics, we start with a
simpler question where we can easily prove what happens in the limit: sums of two
Fibonacci numbers {F),}, where F} = 1,F, = 2 and F,,y1 = F, + F,—1 for n > 2.
Because the Fibonacci sequence grows exponentially fast, it’s easy to show in the
limit that zero percent of integers are the sum of two Fibonaccis. We use congruence
arguments to prove that this percentage is less than 50%.

Theorem 1.1. A majority of positive integers are not the sum of two Fibonacci
numbers. Looking at moduli at most 10,000 we find at most about 3.34% are (coming
from the modulus 9349).

We use the techniques from the above problem to tackle the original question, and
use congruence arguments to show most numbers are not the sum of two squares.

1Email sjm1@williams.edu if interested.



Theorem 1.2. A majority of positive integers are not the sum of two squares. Looking
at moduli at most 10,000 we find at most about 38.4% are (coming from the modulus
7056).

The remainder of this paper is organized as follows. After reviewing some properties
about Fibonacci numbers, in Section we prove our results on sums of Fibonacci
numbers. We then prove analogous results for sums of squares in Section[3] In each case
we compare our results to what is obtainable through analytic arguments. While our
best bounds from congruence arguments are significantly worse for sums of Fibonacci
numbers, they are better than what is obtainable through lattice point counting for
sums of squares, and require significantly less mathematical input (but more patience
in examining candidate moduli). We conclude in Section [4] with a discussion of sev-
eral conjectures and future work inspired by data, and discuss the challenges and
opportunities in using Al to tackle such questions.

2. Sums of Two Fibonacci Numbers

2.1. Properties of the Fibonacci Numbers

We record some standard facts about the Fibonacci numbers {F,,}, see for example
[Ko]. Recall we defined them by Fy = 1, F, = 2, and F,,12 = F,,41 + F,,. The reason
we start 1, 2 and not 0, 1, 1 or 1, 1 is this leads to the following result.

Theorem 2.1 (Zeckendorf’s Theorem [Zel). Every positive integer has a unique rep-
resentation as a sum of non-adjacent Fibonacci numbers, where no index is repeated.

Proof. We first prove a representation exists, and then show it’s unique. We proceed
by induction and use the Greedy Algorithm.

The base case is trivial, as 1 = F; (we also have 2 = F5,3 = F3 and 4 = F5 + F}).

We now assume every integer at most m has a unique representation, and consider
m+ 1. Let Fy, be the largest Fibonacci number at most m+ 1. If m+ 1 = F,, we are
done, if not by the inductive assumption (m + 1) — Fy, has a unique representation
as the sum of non-adjacent Fibonacci numbers, and let Fy, be the largest Fibonacci
number in that decomposition:

m—i—l—Fgl = F£2+"‘+F£T (2.1)

for some r. Moving Fy, to the other side we have a decomposition for m + 1; it’s valid
so long as #1 > £y + 1.

Clearly ¢4 > £y as m+1>m+1— Fy,. We show if {; equals ¢5 + 1 or £y this leads
to Fy, 41 is less than m + 1, contradicting Fy, being the largest Fibonacci number at
most that.

o If /1 =05+ 1 then since m+1 = Fy, + Fy, +--- we have Fy, + Fy,_1 = Fy, 11 is
at most m + 1.

o If /1 = ¢y we similarly find Fy, + F}, is at most m + 1, but this is Fy, + Fp, 1 +
F£1—2 — F£1+1 + Ff1—2'



Thus in both cases Fy, 41 is at most m+1, contradicting Fy, is the largest Fibonacci
number at most m + 1.

Uniqueness follows from a simple induction argument. Direct calculation handles
the base case, namely the only way we can write 1 as such as sum is Fj. For the
inductive step assume every integer at most m has a unique decomposition. Assume
m + 1 has two representations:

m+1:FZ1+“'+FET:Fj-l""—i-F'S (2_2)

with ¢4 > ly > -+ and j; > jo > ---. If £; = j; then (m + 1) — Fy, is at most m and
has two decompositions, contradicting the inductive assumption. Thus without loss
of generality we may assume ¢; > j;. The smallest the ¢-sum can be is Fy, while the
largest the j-sum can be is Fj, + Fj, o+ Fj, 4+ Fj, ¢ +---. If we add 1 to the j-sum
we get I} 11; as this is at most Fy, we see the j-sum is smaller than the ¢-sum, and
thus these cannot be two decompositions of the same number. O

For another proof, using combinatorial arguments, see [KKMW] (this approach
turns out to be very useful for examining related questions).

Theorem 2.2. For any positive integer m, the Fibonacci sequence modulo m is peri-
odic. The length of the repeating cycle is called the Pisano period, and is denoted by
w(m).

Proof. This follows from the Pigeonhole Principle: for 1 < i < m? + 1 look at the
pairs (F; mod m, F;;1 mod m). As there are only m? pairs of integers modulo m at
least two of these m? + 1 pairs are the same, and thus the sequence repeats (and once
it repeats it will continue repeating, as all subsequent values are determined once two
adjacent terms are chosen). O

Thus, F,,(m) = F,, mod m for all n. This periodicity allows us to determine exactly
which remainder classes are represented by Fibonacci numbers modulo m.
Finally, we state the well-known explicit formula for the n'" Fibonacci number.

Theorem 2.3 (Binet’s Formula). Let Fy = 1,F, = 2 and F,4+1 = F,, + F,,—1 for

n > 2. Then
R L5 n+1 ) 1_ VB n+1
Fn_ﬁ< 2 ) _Jg( : ) | 2.3

There are many proofs; perhaps the simplest is the Method of Divine Inspiration:
given the proposed formula, show it works for n equals 1 and 2, and show it satisfies the
same recurrence as the Fibonacci sequence. Thus the two sequences must be identical!

2.2. Upper Bound for Sums of Two Fibonacci Numbers

We can now prove our main result, Theorem namely that most integers are not
the sum of two Fibonacci numbers.

We use Pisano periods to tackle this problem. It suffices to analyze sums of two
remainders within a single repeating cycle; that tells us all the possible remainders
modulo N. The following procedure generates an upper bound for the percentage of
integers that are the sum of two Fibonacci numbers.



(1) Choose an integer N, and calculate the remainders of the Fibonacci sequence
modulo N until the sequence starts repeating. This is a finite calculation by
Theorem We record this ordered sequence of remainders as the set {Ry}.
For example, when N = 3, the Fibonacci remainders modulo 3 form the cycle

0,1,1,2,0,2 2 1,0,1,1,2, 0,2 2 1,0, 1, 1, ...

which is periodic with length 7(3) = 8.

(2) Remove any duplicate remainders from {Ry}, keeping only the unique values
to form a new set {Uy}. When N = 3 we have {Un} = {0, 1, 2}.

(3) For every pair of numbers from {U,} (they can be the same, and without loss of
generality we may assume the first element is at most the second), add them and
take the result modulo N. Collect these sums into a final set, {Sn }. For instance,
if N = 3 there are four pairs (0,0), (0,1), (1,1), (1,2), and (2,2), and their sums
modulo 3 give us the set {Sy} = {0,1,2}. Note in this case no numbers are
excluded as all possible remainders modulo 3 are realized.

(4) The cardinality of Sy, denoted |Sy|, gives an upper bound for the percentage of

remainders that have a chance of being expressible as the sum of two Fibonacci
S|

numbers: 5 - 100%.

We wrote a computer program to execute the above procedure and calculate these
upper bounds for the percentages of numbers that can be the sum of two Fibonacci
numbers. The program was run on the following system: AMD Ryzen 7 5700U (1.80
GHz) with Radeon Graphics, 16.0 GB physical RAM (13.9 GB usable) and 64-bit x64
operating system. It took 1420 seconds to compute up to 10,000. Table displays
some of our results for N at most 10,000; in the interest of space we just list the values
of N where the percentage drops to a new record low (which we call “record-minimum
ratio numbers”), along with their prime factorizations.

N | Percentage | Factorization of N
1 100.00% 1

29 93.10% 29

55 78.18% 5x 11

76 68.42% 22 x 19

144 51.39% 2% x 32

199 43.22% 199

377 30.24% 13 x 29

521 24.76% 521

087 16.51% 3x 7 x47

1364 13.27% 22 x 11 x 31

2255 | 12.77% 5x 11 x 41

2584 8.55% 23 x 17 x 19

3571 6.78% 3571

6119 6.39% 20 x 211

6765 4.26% 3x5x 11 x 41

9349 3.34% 9349

Table 2.1. Values of N up to 10,000 with record-minimum percentages for the sum of two Fibonacci numbers.

Interestingly, it’s not until N = 29 that our bound is less than 100%. The first N



proving Theorem is 199, where the percentage finally dips below 50%. The best
N in this region is 9349, giving about 3.34%.

We'll return to this table in Section [4, and content ourselves here in remarking that
there is no obvious pattern among the prime factors of these “record-minimum ratio
numbers,” or where the next such number occurs.

2.3. Comparison with Analytic Methods

We now compare the bounds obtained from congruence arguments with those from
analytic arguments; in the case of Fibonacci numbers the analytic arguments give
significantly better results, but they do have greater inputs (we use Binet’s Formula
and Zeckendorf’s Theorem).

Consider all integers that are the sum of two Fibonacci numbers, with largest
summand F. The number of such pairs is (];’ ) + N (the first term comes from choosing
two distinct numbers, the second from choosing the same number twice). If we add to
this the number that are the sum of one Fibonacci number, which is IV, we obtain the
number of integers that are the sum of at most two Fibonacci numbers with largest
summand Fy is at most (];[) +2n=N(N+3)/2.

Remark 2.4. We'll see shortly there’s no need to decrease the bound above, but we
can reduce it a bit using Zeckendorf’s Theorem, Theorem[2.1]. If we have two adjacent
Fibonacci numbers we can replace their sum with the next Fibonacci number, while if
we have two copies of the same Fibonacci number we can replace it with the sum of one
index larger and two indices smaller. Further, two different sums cannot be the same
number as Zeckendorf’s theorem yields different decompositions are different numbers.

All of these sums are at most 2F; any number at most Fj that is the sum of at
most two Fibonacci numbers has its largest summand at most F. Thus the number
of integers up to Fi that are the sum of at most two Fibonacci numbers is at most
N(N + 3)/2 (it is of course less than this, as many of these numbers exceed Fl ).

Thus the percentage of numbers up to Fx that can be represented as a sum of
at most two Fibonacci numbers is at most (N(N + 3)/2) /Fn. By Binet’s formula
(Theorem [2.3), the N Fibonacci number is

Fy = 1<1+\/5>N+1_1<1_\/5>N+1, (2.4)

NAW: NAWE:

As |(1 —+/5)/2] < 1 the second term above tends to zero exponentially quickly, and
thus

1 1+\/5 N+1

Thus the percentage of numbers up to Fiy that could be the sum of at most two
Fibonacci numbers is bounded by approximately

N(N+3)/2
(1_T\/5)N—H/\/5




The polynomial growth in the numerator is dwarfed by the exponential decay in the
denominator, proving that in the limit 0% of integers are the sum of at most two
Fibonacci numbers.

Remark 2.5. Using Zeckendorf’s theorem, we can show that in the limit 0% of inte-
gers are the sum of at most k distinct Fibonacci numbers; with a little work one can
relax the distinctness constraint.

3. Sum of Two Squares

We now turn to analyzing sums of two squares. Interestingly, the elementary con-
gruence arguments here turn out to be far superior to the analytic arguments. As
remarked in the introduction, it’s known that every integer is the sum of four squares,
and if n is a sum of two squares then if p is a prime congruent to 3 modulo 4 dividing n
then the highest power of p dividing n is even (see for example [HW]). While proving
this is beyond the scope of this note, we can easily prove the following.

Theorem 3.1. If n; and ny are sums of two squares, So is Ning.

Proof. The claim follows immediately from the multiplicativity of the complex norm.
For k € {1,2} let ny = 22 + y3, and set 2, = xy, + iyx, where i = /—1. The norm (or
length) of zx, denoted |zx|, is /zx2k, where Z = xp — iy is the complex conjugate
of zi. As the norm of a product is the product of the norms (with this also holding
for the square of the lengths) we should have |z;29| = |z1||22]. We prove this by brute
force algebra. As |z;|> = 22 + y? (since i? = —1) we find

212> = |(w1 +dy1) (2o + iy |
= |(z122 — y1y2) + i(x1Y2 + 2291)
= (2122 — y192)” + (212 + 2211)?
= (2723 — 2z @ayiye + Yiys) + (2195 + 221200192 + 23YT)
= xial + 2yl + 2y + Yty
= 2@+ ) F i +u3) = (@F +uD) (@5 4+ 45) = |2z (3.1)

‘ 2

Thus the multiplicativity of the norm (or length) of complex numbers shows that the
product of two numbers that are sums of two squares is itself a sum of two squares. [

Remark 3.2. There’s a generalization of complex numbers, the quaternions, which
have a stmilar multiplicative property and this plays a key role in proving all integers
are the sum of four squares. We show every prime is the sum of at most four squares,
and then use a similar multiplicativity argument to show if ny and ny are the sum of
four squares so too is their product.

3.1. Upper Bound for Sums of Two Squares
We now prove Theorem [I.2] with a similar argument as in Section As

(2 +y*) mod N = ((z* mod N) + (y* mod N)) mod N, (3.2)



we see the remainder modulo N of a sum is the remainder modulo N of the sums of
the remainders modulo N. Thus it suffices to look at the sum of the remainders of
the squares modulo N. We proceed as follows.

(1) Fix an integer N and for z € {0,1,2,..., N — 1} calculate 22 mod N to obtain
a set of remainders, Ry. For example, if N =4 then Ry = {0,1,0,1}.

(2) Remove any duplicate remainders from {Ry}, keeping only the unique values
to form a new set {Ux}. When N = 4 we have {Uy} = {0,1}.

(3) For every pair of numbers from {U,} (they can be the same, and without loss
of generality we may assume the first element is at most the second), add them
and take the result modulo N. Collect these sums into a final set, {Sy}. For
instance, if N = 4 there are three pairs (0,0), (0,1) and (1,1), and their sums
modulo 4 give us the set {Sn} = {0,1,2}. Note in this case 25% of numbers are
excluded as we cannot have a sum of two squares be 3 modulo 4.

(4) The cardinality of Sy, denoted |Sy|, gives an upper bound for the percentage
of remainders that have a chance of being expressible as the sum of two squares:
1831 100%.

As we did in Section we computed the record-minimum ratio percentages for
the sum of two squares modulo N for N up to 10,000. The results are summarized
below in Table 3.1l

N | Percentage | Factorization of N

1 100.00% 1

4 75.00% 22

8 62.50% 23

16 56.25% 21

32 53.13% 25

64 51.56% 26

72 48.61% 23 % 32
144 43.75% 2% x 32
288 41.32% 25 x 32
576 40.10% 26 x 32
1152 | 39.50% 27 x 32
2304 | 39.19% 28 x 32
7056 |  38.39% 2P x 32 x7?

Table 3.1. Values of N up to 10,000 with record-minimum percentages for the sum of two squares

Note N = 4 is already enough to show a positive percentage of numbers are not
the sum of two squares, while N = 72 is the first modulus to prove that a majority
of integers do not have such a representation. For N at most 10,000 we observe our
lowest percentage, approximately 38.39%, at 7056. We will comment more extensively
on patterns in the table in Section [4] and content ourselves for a few quick thoughts
here. Every N with a percentage under 50% is composite and divisible by 2 to at least
the third power, and If N has any other prime factors then they’re of the form of
4k 4+ 3 and their exponents are always even numbers.

Brute-forcing the sum of squares requires a massive amount of computation. We
ran our program on the same system as before: AMD Ryzen 7 5700U (1.80 GHz) with
Radeon Graphics, 16.0 GB physical RAM (13.9 GB usable) and 64-bit x64 operating
system; it took 811.7 seconds to compute up to 10,000 was 811.7s. When N > 10°,



standard computers running simple code could not compute the results in a short time.
However, noticing that these record-low N values share a highly specific prime factor
structure (high powers of 2 and even exponents for 4k + 3 primes), we optimized our
code using the DeepSeek LLM. For small values of N we checked the results of these
algorithms with the simpler but slower straightforward code. We record the code used
to investigate the sums of squares congruences in Section That code was fed into
Deepseek, which modified the initial algorithm to the one in which resulted in
significant gains in efficiency. All record-minimum N had the resulting value checked
by the slower program.

3.2. Comparison with Analytic Methods

There are several approaches using analytic methods to bound the percentage of
integers at most IV that are the sum of two squares. Assume 22+ y? < N and without
loss of generality we could take x < y; we’ll see the issue this creates, and fix shortly.
Clearly y < v/N (as otherwise the sum of squares exceeds N) and then z is at most

min <\/N — Y2, y) Thus the number of such pairs is

> 1. (3.3)

The presence of the minimum in the upper bound complicates the summation, so it’s
simpler to not assume x < y. This means if a? 4+ > < N we count it twice if a # b,
as (a,b) and as (b,a). As the “diagonal” terms where a = b are of size /N, which is
a negligible amount of integers at most NV, we can ignore this and instead drop the
minimum, remembering we are double counting and put in a factor of 1/2. Thus we
are studying

| VY
5 > oL (3.4)
y=0 =0

Unfortunately the square-root in the upper bound of the x-sum creates challenges;
the sum is

1 VN
S IVN R 1. (3.5)
y=0

Removing the floor function introduces a negligible error, but the sum over y is a
challenge due to the summand being /N — y2.

One option is to replace this sum with an integral; up to errors of size v N (basically
from dropping the floor function and the +1) we have the number of such pairs is

2

1 VN 1 [t 1. [

/ VN —y2dy = 2/ VN1 —)VNdt = 2N/ V1 —t2dt, (3.6)
y=0 t=0 t=0

where we set y = tv/N so dy = v/Ndt. This gives, as N — 0o, an upper bound on the

10



number of integers at most N that are the sum of two squares: if we assume all pairs
give distinct elements (which of course is false, as for example 12 + 72 = 52 +52) then
the maximum number of integers so represented is

IN[LVI=2dt 1 !
Mg VI Bt [ vi-ea, (3.7)
t=0

which is clearly less than 1 (i.e., 100%) as the integrand is less than 1 for positive ¢.
To find out how much less we need to evaluate this integral; the simplest is to do a
trig substitution: if ¢ = sin # then dt = cos 8df and

1 /! 1
/ \/1—t2dt:/
2 Ji=o 2 Jy

w/2 /2

1
cosf - cosfdf = 2/ cos? 0d6. (3.8)
0

=0 =0

While this integral can be evaluated using double angle identities, by symmetry
it’s one-fourth the integral of cos? § from 0 to 27, and this integral is the same as the
integral of sin? § (so it’s one-half the sum of this and the sine-squared integral, which
can be simplified as cos?# + sin? @ = 1), thus

1 [t 11 [*
/ V1—tdt = / cos? db
2 Ji—o 42 Jo—o

111 (%
= 242/ [00820+Sin29]d9

6=0
1 [ 27 T
16 Jy—o 16 8 % (3:9)

Remark 3.3. Notice that this is a worse bound than the congruence argument when
the modulus is 7056, which gave about 38.39%, and is a lot more work! Further, we
cannot push this analytic argument further. This is the best we can get; however, there
1§ a chance of further improving the bound from the congruence argument through
further search. Thus simple congruence arguments and a modest search give a better
bound than we can get with our analytic argument and calculus.

Remark 3.4. We could get to the above analytic bound another way, as our count
is the famous Gauss Circle Problem (see [BKZ, [Iuj]). For nice regions in the plane,
the number of integer lattice points in the set equals the area with an error at most
on the order of the length of the boundary (in many situations, such as the circle,
one can obtain a power savings in the error term; however, such gains do not lead to
any improvement in the limiting percentage bound)ﬂ In this case, we have a circle of

radius vV N, and the number of lattice points 0 < z <y < VN would thus have main
2
term of size %7[‘ N~ and an error of size at most order v N. Thus the main term is

N /8, exactly what we obtained before but without having to appeal to calculus.

2To prove the claim with an error on the order of v/N note the number of lattice points is bounded below by the
area of a wedge that is one-eighth of a circle with center at (2,2) with radius vV N — 4 and at most that of a circle
with center at (—2, —2) and radius VN + 4.
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4. Discussion and Future Work

The tables of upper bounds arising from modular arguments suggest many intriguing
conjectures. It’s interesting that for Fibonacci numbers it’s not until N = 29 that we
can conclude a positive percentage of numbers are not the sum of two such elements.
For sums of squares we reach this conclusion almost immediately, at N = 4. Thus,
even though in the limit far more numbers are sums of two squares than sums of
two Fibonaccis, the congruence arguments detect that a positive percentage cannot
be done significantly earlier in the Fibonacci case than in the sum of squares case.
However, as the moduli increase, the bounds for the Fibonacci case improve faster
than those for the squares; by 377 the percentage is lower for the Fibonaccis.

We invite fellow math enthusiasts to join us in investigating these problems (email
the first named author at sjm1@williams.edu). We also encourage people to visit the
On-Line Encyclopedia of Integer Sequences, the OEIS [S]]; this is a terrific resource
to see connections, applications and properties of sequences, often with numerous
references, explicit formulas, and connections with various problems.

4.1. Congectures on the Sum of two Fibonaccis

For the sum of two Fibonacci numbers, the percentage plummets rapidly, falling below
50% by N = 199 and is around 3.34% by N = 9349. We hypothesize that as N — oo,
congruence arguments with appropriate moduli will show this percentage converges
to 0%. Below are several questions worth studying further, though some of these are
known using more advanced methods.

e Prove there is a sequence of moduli Nj such that the upper bound on the
percentage of numbers that are the sum of two Fibonaccis tend to zero.

e Explicitly construct such a sequence {Ny}.

e Determine properties (factorization, Pisano periods m(Ny)) of your sequence.

e Determine more terms in the record-minimum percentage sequence,
{1,29, 55, 76,144,199, 377,521,987, 1364, 2255, . .. }.

e Determine properties (factorization, Pisano periods) of the record-minimum per-
centage sequence.

e Generalize all these questions from the Fibonacci sequence to other, similar
recurrence relations. One option is to keep the recurrence (each term is the sum
of the previous two) but change the initial conditions; another possibility is to
change the recurrence (perhaps keeping it second order, perhaps making it third
or higher order).

e Ask the same question with other sequences, such as triangular numbers, pen-
tagonal numbers, and so on.

4.2. Conjectures on the Sum of two squares

As remarked, relative to the case of the sum of two Fibonacci numbers the upper
bound for the percentage of numbers that are the sum of two squares declines more
gently. It inches down from 48.61% (at N = 72) to 38.39% (at N = 7056). Extending
our calculation, we find a relatively minuscule drop of just over 4% down to 34.16%
after increasing the range of moduli by almost a factor of 10, coming at N = 903, 168.
We can ask similar questions as in the previous subsection.

As we go further and further will the percentage converge to a non-zero limit, or
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Figure 4.1. Plot of record-minimum percentages versus corresponding moduli.
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Figure 4.2. Plot of record-minimum percentages versus corresponding moduli (left is log-log, right is semi-log
plot).

will it fall all the way to zero? For sequences with very slow decay, it can be hard
to get enough data to clearly see; Figure plots the record-low moduli and the
corresponding percentages up to around a billion.

It can be hard to extract information from plots such as the above, as the x-
axis spans so many orders of magnitude and it is hard to visually parse. A standard
technique is to look at either a log-log plot (where we plot the logarithms of each
component) or a semi-log plot (where we plot the percentages against the logarithm
of the modulus). We show both plots in Figure

The log-log and semi-log plots show an interesting structure. There data suggests
that are curves where the percentage falls for awhile, and then there is a jump to a
new curve of moduli where it falls again at a lower probability; however, it is not clear
if the probability will reach zero or stabilize at some positive value.

Analyzing the data in more depth, the fact that all sub-50% ratios require at least
23 and even powers for prime factors of the form of 4k + 3 strongly implies that the
structure of square remainders modulo N is entirely dictated by the power-of-two
component and the number of 4k + 3 primes with even powers; in other words, the
data suggests the curves or families we noticed above.

e Prove the congruence arguments yield a sequence of moduli {/N;} where the
resulting upper bounds converge from above to some constant c; for example,
consider the bounds coming from N;, = 2.

13



e Building on the previous question, what is the smallest ¢ where you can find an
explicit sequence N whose upper bounds converge to ¢? In particular, is the
smallest ¢ attainable by these congruence methods zero or positive? (Note the
analytic methods could not get below 7/8, even though it is a theorem that the
percentage is zero.)

e Determine more terms in the record-minimum percentage sequence,
{1,4,8,16,32, 64, 72, 144, 288, 576, 1152, 2304, 7056, . ... }.

e Determine properties of the record-minimum percentage sequence. In particular,
after the first term does every term have at least one factor of 2 in its factor-
ization (i.e., is even)? For each j > 1 is there some modulus such that for all
record-minimum percentages from that modulus and onward they are divisible
by 2 at least j times? Once a prime is a factor of a record-minimum modulus is
it a factor of all subsequent ones?

We did some preliminary investigations related to the above questions using Al
(Claude and Aristotle). We inputted our record-minimum N and precentages and
asked Al to find formulas two ways: telling it where these numbers came from, and
just giving the sequence without context. Both systems gave terrific results that can be
used as a great starting point to solve the conjectures. They identified that the answer
splits as factors of what happens at prime powers, that there is no loss from primes
congruent to 1 modulo 4, that there is a simple formula for the prime 2, and that there
is a decrease coming every time our N is divisible by at least a square of a prime 3 mod
4. In this case the Al’s suggested and then proved what the formula is. Interestingly,
our initial program accidentally rounded the numerators in the probabilities for the
record-minimum moduli above two billion; the AT’s suggested that there was an issue
with the data, asked if it had been rounded, and gave and proved a formula that
described the rest of the data.

Additionally, both programs identified good sources in the literature for more in-
formation on congruence arguments; we are deliberately not giving the formulas and
references so as not to ruin the fun for others who wish to study these problems.
We can turn these suggestions into congruence argument proofs that the percentage
of numbers representable as a sum of two squares tends to zero; however to do so
the argument is no longer entirely elementary. Key ingredients include the Chinese
Remainder Theorem (which is not too hard to prove), and more importantly the fact
that the sum of the reciprocals of the primes congruent to 3 mod 4 diverges. We elect
not to pursue such arguments here as our goal is a self-contained presentation that
can be easily incorporated in an Algebra I class, and as stated content ourselves with
remarking that we have gathered enough data that AI can suggest formulas which
can be proved which, with additional analytic facts, resolve the original question: the
limiting percentage is zero.
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perfect agreement. All Al-assisted content has been carefully reviewed, verified, and
finalized by the authors. The core ideas, research design, analysis, and conclusions
of this work were independently completed by the authors; Al was only used for the
purposes described above.

Appendix A. C4++4 Code for Calculating the Remainder Coverage of the
Sum of Two Fibonacci Numbers

#include <bits/stdc++.h>
using namespace std;

int main() {
int n, a, b, cnt, m;
float minn = 1;
cin >> m;
for (n = 2; n < m; n+t+) {
a=0,b=1, cnt = 0;
vector<bool> vis(n * n);
bool v[n + 1], visit[n + 1];
memset (v, 0, sizeof(v));
memset (visit, 0, sizeof(visit)); // initialization
vector<int> ans;
ans.push_back(0) ;
visit[0] = 1;
while (!vis[a * n + b]) { // compute the period of remainders
if (!visit[b]) ans.push_back(b); // store new remainder
visit[b] = 1;
vis[a * n + b] = 1;
int ¢ = (a + b) % n;
a=>b; b=c;
}
for (int i = 0; i < ans.size(); i++) { // enumerate the
recorded remainders
for (int j = 0; j < ans.size(); j++) {
if ('v[(ans[i] + ans[jl) % nl) cnt++; // count
distinct sums modulo n
v[(ans[i] + ans[j]) % n] = 1;
}

}
if ((float)cnt / n < minn) { // calculate probability

minn = (float)cnt / n;

cout << n << " " << cnt << " " << minn << endl;
}
else if (cnt !'= n) {
cout << n << " " << cnt << " " << (float)cnt / n << endl;
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// output final result
}
}

return O;

Appendix B. C++4 Code for Calculating the Remainder Coverage of the
Sum of Two Squares

B.1. The Original C++ Code Before DeepSeeck Optimization

#include <bits/stdc++.h>
using namespace std;

int main() {
int 1, r, ans = 0;
float minn = 1;
cin >> r;
bool v[r + 1];
for (int i = 1; i <=1r; i++) {
float s = 0;
memset (v, 0, sizeof(v));
for (int j = 1; j <= i; j++) // start enumeration
for (int k = 1; k <= j; k++) {
int tmp = (j * j + k * k) % i; // enumerate remainders
of (sum of squares) modulo i for all natural numbers less than i
if (tv[tmpl) { // check if duplicate; if not, record

it
vitmp] = 1;
s++; // count number of distinct remainders
T
}
if (minn > s / i) { // calculate probability
minn = s / i;
ans = i;
}
}
cout << ans << " " << fixed << minn * 100 << "%" <<

setprecision(6) << endl;

return O;

B.2. The Upgraded C++ Code After DeepSeek Optimization (Fix
Rounding Error)

#include <iostream>
#include <vector>
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using namespace std;

int main() {
int r;
cin >> r;
if (r < 1) return O;
// smallest prime factor sieve for fast factorization
vector<int> 1p(r + 1, 0);
vector<int> primes;
for (int i = 2; i1 <= r; ++i) {//linear prime sieve
if (Iplil == 0) {
1pli] = i;
primes.push_back(i);
}
for (int p=0;p<primes.size();p++) {
if (primes[p] > 1pl[i] || i * primes([p] > r) break;
lp[i * primes[p]] = primes[p];
}
}
// ratio[i] = maximum proportion of integers representable as sum of
two squares modulo i
vector<double> ratio(r + 1, 1.0);
vector<int> cnt(r+1,1);
ratio[1] = 1.0;
// compute coverage ratio for each modulus using prime-power
decomposition rules
for (int i = 2; i <= r; ++i) {//calculate the ratio
int temp = 1i;
double prod = 1.0;
while (temp > 1) {
int p = lp[temp];
int e = 0;
long long p_pow = 1; // count exponent e and compute p~e
while (temp % p == 0) {

-

temp /= p;
e++;
p_pow *= p;
¥
long long f£;

if (p == 2) { // rule for prime factor 2
if (e == 1) £ = 2;

else f = (1LL << (e = 1)) + 1; // 2°{e-1} + 1
} else {
if (e == 1) {
f=p;
} else {

if (p % 4 == 1) {// rule for primes congruent to 1
mod 4

f = p_pow; // p_e
} else { // rule for primes congruent to 3 mod 4

17
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<+

// £(p,e) = p~e - p~{e-1%}
long long p_pow_e_minus_1
long long p_pow_e_minus_2

p~{e-2}
p_povw / p;
p_pow_e_minus_1 /

f = p_pow - p_pow_e_minus_1 + p_pow_e_minus_2;

}
}
}
prod *= (double)f / p_pow;
cnt [i] *=f;

3

ratio[i] = prod;

// find modulus with minimal representable proportion
double min_ratio = 1.0;

int
for

¥

ans = 1;
(int 1 = 1; i <= r; ++i) {//find the minimum ratio
if (ratio[i] < min_ratio) {

min_ratio = ratiol[il;

ans = i;

cout << "Record-Minimum N " << ans << endl;
printf ("Percentage %.8f%%\n", min_ratio * 100);

return O;

}
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