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ABSTRACT. Suppose we have n dice, each with s faces (assume s ≥ n). On the first turn, roll all
of them, and remove from play those that rolled an n. Roll all of the remaining dice. In general,
if at a certain turn you are left with k dice, roll all of them and remove from play those that rolled
a k. The game ends when you are left with no dice to roll. For n, s ∈ N \ {0} such that s ≥
n, let Y s

n be the random variable for the number of turns to finish the game rolling n dice with
s faces. We find recursive and non-recursive solutions for E(Y s

n ) and Var(Y s
n ), and bounds for

both values. Moreover, we show that Y s
n can also be modeled as the maximum of a sequence of

i.i.d. geometrically distributed random variables. Although, as far as we know, this game hasn’t
been studied before, similar problems have. The fixed strategy approach to the TENZI dice game
analyzed in [Vea21] is a particular case of our probabilistic model. Other problems involving trials
and successes have been explored extensively, such as the Coupon Collector’s Problem, discussed
in [Isa96].
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1. INTRODUCTION

As explained in [BB18], dice have been around since around 3000 BCE. Similarly, there are
records of dice games dating as far back as the Roman era, when soldiers had the right to play dice
in camp. One of the most popular games involved throwing three dice and summing the numbers
shown. This is thought to be the first game studied using mathematical calculations, although the
text that illustrates them, called "De Vetula", dates back to the 13th century. Of course, the aim
wasn’t scientific per se, but moral: the author wanted to describe the game, and thus inform the
reader on how he could be ruined. In the following centuries, dice games began to be used to
introduce or study the theory of probability. For example, Jakob Bernoulli in [Ber13] uses a con-
volution formula to calculate the chances of the aforementioned game with an arbitrary number
of dice, although he only presents the results and not the formula itself, which is supposed to be
derived by the reader. Nowadays, the primary aim of studying these games is educational: they are
taught as a fun way to present mathematical concepts to students. However, they can still be very
valuable in mathematical research. For example, in this paper, using a concrete example, such as
the die game, as a starting point helps to get a sense of the equivalence between two formulas to
calculate the expected value and variance of the maximum of i.i.d. geometric random variables,
which is very complicated to demonstrate mathematically.

The game we study works as follows: Suppose we have n dice, each with s faces (assume
s ≥ n). On the first turn, roll all of them, and remove from play those that rolled an n. Roll all
of the remaining dice. In general, if at a certain turn you are left with k dice, roll all of them and
remove from play those that rolled a k. The game ends when you are left with no dice to roll.

As an example, let’s simulate a simple game.

Example 1.1. Suppose we have 4 dice, each with 6 faces. We roll all of them on the first turn:
3224. We remove from the game the fourth die. On the second turn, roll all three remaining dice:
363. Now we remove from the game the first and third dice. On the third turn, roll the remaining
die: 4. We roll that die again on the fourth turn: 1. The game ends in four turns.

Although, as far as we know, this game hasn’t been studied before, similar problems have.
The fixed strategy approach to TENZI analyzed in [Vea21] has a similar solution to our problem.
TENZI is a game where each player is given 10 dice with 6 faces and can roll any subset of them.
The player wins when all dice show the same number. The fixed strategy for this game is based on
choosing a number between 1 and 6 before playing. During the game, you stop rolling forever all
of the dice that show the chosen number, while you keep rolling the others. Under these conditions,
we can apply to this game the same probabilistic model we used for ours, provided we restrict it
to 6 faces and 10 dice (i.e., our model is more general). In fact, that is exactly what is done in
[Vea21]. However, their analysis only provides formulas for the expected value, while ours also
finds formulas and bounds for the variance. Furthermore, as said above, we don’t restrict our
analysis to a particular number of dice or faces for each die.
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Other problems involving successes and trials have been explored extensively, such as the
Coupon Collector’s Problem discussed in [Isa96].

For n, s ∈ N \ {0} such that s ≥ n, let Y s
n be the random variable for the number of turns to

finish the game rolling n dice with s faces. We model our problem in two different ways. First,
we focus on each die individually: we imagine rolling it separately at each turn until we achieve a
success and remove it from the game. Note that, although the number of dice can change each turn,
the probability of a die achieving a successful roll and being removed from the game is the same.
This method results in the number of turns to finish the game being modeled as the maximum of
a sequence of i.i.d. geometric random variables, which has been studied before in [SR90; Eis08;
Vea21]. These papers include some of our results (namely Theorems 3.2, 3.3, 4.1, 4.2). Then, we
imagine rolling all the dice simultaneously, leading to some successes (i.e., dice that roll the cor-
rect number and can be removed from the game) and some failures. This interpretation naturally
leads to a Markov-chain interpretation and recursive solutions. For the sake of completeness, we
also prove that the formulas found are mathematically equivalent in Appendix B. Furthermore, we
find that n ≤ s ≤ E(Y s

n ) ≤ ns and s2− s ≤ Var(Y s
n ) ≤ ns(s− 1). We conclude that the expected

value grows linearly in both the number of dice and the number of faces, while the variance grows
quadratically in the number of faces and sublinearly in the number of dice. Although the problem
of approximating these values had been treated before in [SR90; Eis08], these papers focus on
asymptotic results, which can be unreliable for small values of n and s.

In the second section, we write some initial definitions and derive the finite number of possible
endings. In the third and fourth sections, we find two different formulations for the expected value
and variance of the number of turns needed to finish the game. In particular, in the third section, we
imagine that each die is rolled individually until a successful roll is achieved (which would remove
it from the game). Thus, the problem is equivalent to studying the maximum of a sequence of i.i.d.
geometric random variables, and we derive the non-recursive formulas in Theorems 3.2 and 3.3. In
the fourth section, we imagine that, at each turn, all of the dice are rolled simultaneously, leading
to a Markov chain interpretation and the recursive formulas in Theorems 4.1 and 4.2. In the fifth
section, we prove some bounds for both the expected value and variance of the game.

We conclude by noting applications of the formulas and bounds we found. Obviously, these can
be applied to any order statistics scenario involving a maximum of i.i.d. geometric random vari-
ables, such as networks ([Lar+17; ARW23]), probabilistic data structures in informatics ([BC24]).
Another popular application is bioinformatics ([Zhe06, sec. 5.4, 6.3]), where it is sometimes
needed to compare long strands of DNA by counting the length of nucleotide matches. In this
setting, the results we prove can be used for P-value approximations. In fact, assuming random-
ness in the DNA composition, the problem of finding the first non-match between two strands can
be modeled as a geometric distribution with parameter p = 0.75. Therefore, comparing many
different strands of DNA, under the null hypothesis of randomness, can be reduced to finding the
maximum of IID geometric random variables.

2. INITIAL CONSIDERATIONS

To study the game, we first define formally what we mean by the term “turn”.
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Definition 2.1. Given k dice, each with s faces, a turn is formally defined as a finite sequence of k
numbers, each between 1 and s.

We will, somewhat improperly, also refer to the act of throwing the k dice as “turn”. On each
turn, we will colloquially define a die (or a roll) as successful if it shows k (and is therefore removed
from the game).
Now we define a game.

Definition 2.2. Given n dice with s faces, a game is formally defined as a possibly infinite sequence
of turns, each with k ≤ n dice with s faces, where if we roll k dice on a turn we remove all showing
a k, and the game ends when there are no dice to roll.

We must consider the case where there’s an infinite number of turns because we can show that
the game doesn’t have to finish, though with probability 1 it will.

Example 2.3. Let us consider a game with 4 dice, each with 6 faces. In this case, we could have 4
dice forever, if at each throw we never get a 4. This shows that the game is not guaranteed to end.

Definition 2.4. Given a game with n dice, each with s faces, it is said to be finite if it’s a finite
sequence of turns. In that case, we define the signature of a game as a sequence of n numbers, one
for every different die, each being the last number rolled when the die was removed from the game.

Example 2.5. Let us consider Example 1.1. The signature of that game is 4331.

Example 2.6. Let us consider the previous problem again. We observe that the only possible
signatures are:

4444, 4441, 4422, 4421, 4333, 4331, 4322, 4321.

Proposition 2.7. Given a finite game with n dice, each with s faces, there are 2n−1 possible signa-
tures.

Proof. We proceed by induction. With a single die, the game ends only if a 1 is rolled. Thus, there
is exactly one possible outcome and the base case holds.

Assume that for all integers k such that 1 < k < n, the number of possible outcomes with k
dice is 2k−1. Now consider the case with n dice. Each outcome falls into one of the following
categories.

• All n dice show n. This accounts for one outcome.
• For each 1 ≤ i ≤ n − 1, the first i dice show n, followed by an outcome of a game with
n− i dice.

Therefore, the total number of outcomes is

1 +
n−1∑
i=1

2i−1 = 2n−1.

□

3. SUBSEQUENT THROWS

3.1. Formalization. Now we imagine that each die is rolled singly until achieving a successful
roll (which would remove it from the game). The probability that a die with s faces, considered
individually, is eliminated at each turn is constant and equal to p = 1/s. This probability is
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independent of the outcomes of the other dice or the number of dice being rolled (since the faces
are equiprobable). Thus, if we define Zs

i for i = 1, 2, . . . , n the random variable for the turn in
which die i with s faces is removed from the game, we observe that each Zs

i follows a geometric
distribution with parameter p. Therefore, if, as before, we define Y s

n as the random variable for the
number of turns to finish the game rolling n dice with s faces, we note that Y s

n corresponds to the
turn at which the last die is eliminated, and thus

Y s
n = max

i
Zs

i .

Proposition 3.1. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i , and q = 1− p. Then

P(Y s
n = y) =

n∑
k=1

(
n

k

)
(−1)k+1qyk

(
1

qk
− 1

)
. (3.1)

Proof. For y = 1, 2, . . . , we calculate the cumulative distribution function using some well-known
results in order statistics [CB02, p.229]:

FY s
n
(y) = Fmaxi Zs

i
(y) = FZs

i
(y)n =

{
0 y < 1;

(1− (1− p)y)n y ≥ 1.
(3.2)

From this, we can also calculate the probability density,

P(Y s
n = y) = FY s

n
(y)− FY s

n
(y − 1)

= (1− (1− p)y)n −
(
1− (1− p)y−1

)n
=

n∑
k=0

(
n

k

)
(−1)k(1− p)yk −

n∑
k=0

(
n

k

)
(−1)k(1− p)(y−1)k

=
n∑

k=0

(
n

k

)
(−1)k

(
(1− p)yk − (1− p)(y−1)k

)
.

Then, if we let q = 1− p the above becomes

P(Y s
n = y) =

n∑
k=1

(
n

k

)
(−1)kqyk

(
1− 1

qk

)

=
n∑

k=1

(
n

k

)
(−1)k+1qyk

(
1

qk
− 1

)
.

□

3.2. Expected Value. Now we can use Equation (3.1) to find a new equation for E(Y s
n ).

Theorem 3.2. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i , and q = 1− p. Then

E(Y s
n ) =

n∑
k=1

(
n

k

)
(−1)k+1 1

1− qk
. (3.3)
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Proof. The expected value is

E(Y s
n ) =

∞∑
y=1

y
n∑

k=1

(
n

k

)
(−1)k+1qyk

(
1

qk
− 1

)

=
n∑

k=1

(
n

k

)
(−1)k+1

(
1

qk
− 1

) ∞∑
y=1

y · qyk.

By Lemma A.1, when qk < 1, we have
∑∞

y=1 y · qyk =
qk

(1−qk)2
. Therefore

E(Y s
n ) =

n∑
k=1

(
n

k

)
(−1)k+1

(
1

qk
− 1

)
qk

(1− qk)2

=
n∑

k=1

(
n

k

)
(−1)k+1 1

1− qk
.

□

Note that, as a direct consequence of Theorem 3.2, we have E(Y s
n ) < ∞.

3.3. Variance. Now we can use Equation (3.1) to find a new equation for Var(Y s
n ).

Theorem 3.3. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i , and q = 1− p. Then

Var(Y s
n ) =

n∑
k=1

(
n

k

)
(−1)k+1 1 + qk

(1− qk)2
− E(Y s

n )
2. (3.4)

Proof. The second moment is

E
(
(Y s

n )
2) =

∞∑
y=1

y2
n∑

k=1

(
n

k

)
(−1)k+1qyk

(
1

qk
− 1

)

=
n∑

k=1

(
n

k

)
(−1)k+1

(
1

qk
− 1

) ∞∑
y=1

y2 · qyk

By Lemma A.1, when qk < 1, we have
∑∞

y=1 y
2 · qyk = qk(1+qk)

(1−qk)3
. Therefore:

E
(
(Y s

n )
2) =

n∑
k=1

(
n

k

)
(−1)k+1

(
1

qk
− 1

)
qk(1 + qk)

(1− qk)3

=
n∑

k=1

(
n

k

)
(−1)k+1 1 + qk

(1− qk)2
. (3.5)

The variance can then be found using the well-known formula Var(Y s
n ) = E

(
(Y s

n )
2)−E(Y s

n )
2. □

Note that, as a direct consequence of Theorem 3.3, we have Var(Y s
n ) < ∞.
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4. MARKOVIAN APPROACH

4.1. Formalization. We consider all the dice to be rolled simultaneously. Our system is described
by the number of dice present at turn t. Given an initial number n of dice (with s faces each), during
the game we can only have m ∈ N dice with 0 ≤ m ≤ n. Hence, we can define the state space
S = {0, 1, . . . , n} and the stochastic process (Xs

t )t≥0, where Xs
t ∈ S denotes the number of dice

at turn t, with initial condition Xs
0 = n. We observe that, given a state Xs

t , the distribution of Xs
t+1

depends exclusively on Xs
t . Therefore, our process is a discrete-time Markov chain.

Since each die is rolled independently and each roll results either in a success (die is eliminated)
or a failure (die remains), the number of successful rolls at a turn with k dice (having s faces each)
follows a binomial distribution

Bs
k ∼ Bin (k, p) , with p = 1/s.

We now define the transition probabilities.

Pi,j = P(Xs
t+1 = j | Xs

t = i) =

{
P(Bs

i = i− j) if 0 ≤ j ≤ i;

0 otherwise.

=

{(
i
j

)
pi−j(1− p)j if 0 ≤ j ≤ i;

0 otherwise.
(4.1)

Note that Xs
t = 0 is the only absorbing state of the process and corresponds to the end of the game.

In fact, due to Equation (4.1), P0,y = 0, ∀y ∈ S \ {0}. Therefore, to study the duration of the
game, we consider the absorption time

T s
n = inf{t ≥ 0 : Xs

t = 0 | Xs
0 = n}.

4.2. Expected Value.

Theorem 4.1. Assume s ≥ n > 0, p = 1/s. Then,

E(T s
n) =

1 +
∑n−1

k=0

(
n
k

)
pn−k(1− p)kE(T s

k )

1− (1− p)n
. (4.2)

Proof. Let τ = inf{m ≥ 0 : Xs
m = 0}. We want to compute E(T s

n) = E(τ | Xs
0 = n).

We can write τ = 1 + τ ′, where τ ′ is the remaining time to absorption after time 1.

E(T s
n) = E(τ |Xs

0 = n) = 1 + E(τ ′ |Xs
0 = n).

Now we condition on Xs
1 to obtain

E(T s
n) = 1 +

n∑
k=0

E(τ ′ | Xs
1 = k)P(Xs

1 = k | Xs
0 = n) = 1 +

n∑
k=0

Pn,k E(τ ′ | Xs
1 = k).

Since our Markov chain is time-homogeneous, we have E(τ ′ | Xs
1 = k) = E(τ | Xs

0 = k) for any
k ≥ 0 ([Cin11, p.446]). Therefore,

E(T s
n) = 1 +

n∑
k=0

Pn,k E(T s
k ) = 1 + Pn,n E(T s

n) +
n−1∑
k=0

Pn,k E(T s
k ).
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From this, we obtain the formula

E(T s
n) =

∑n−1
k=0 Pn,k E(T s

k ) + 1

1− Pn,n

.

Lastly, we can use Equation (4.1) to find

E(T s
n) =

1 +
∑n−1

k=0

(
n
k

)
pn−k(1− p)kE(T s

k )

1− (1− p)n
.

□

4.3. Variance. We compute Var(T s
n) using a strategy similar to the one used in Theorem 4.1.

Theorem 4.2. Assume s ≥ n > 0, p = 1/s. Then

Var(T s
n) =

∑n−1
k=0

(
n
k

)
pn−k(1− p)k E((T s

k )
2)− 1 + 2E(T s

n)

1− (1− p)n
− E(T s

n)
2. (4.3)

Proof. We define τ and τ ′ as in the proof of Theorem 4.1, with τ = 1 + τ ′.
We want to find E((T s

n)
2) = E(τ 2 | Xs

0 = n). We have

E((T s
n)

2) = E(τ 2 | Xs
0 = n)

= 1 + 2E(τ ′ | Xs
0 = n) + E((τ ′)2 |Xs

0 = n)

= 1 + 2
n∑

k=0

Pn,k E(τ ′ | Xs
1 = k) +

n∑
k=0

Pn,k E((τ ′)2 | Xs
1 = k)

= 1 + 2
n∑

k=0

Pn,k E(T s
k ) +

n∑
k=0

Pn,k E((T s
k )

2).

As seen in Theorem 4.1, E(T s
n) = 1 +

∑n
k=0 Pn,k E(T s

k ), thus
∑n

k=0 Pn,k E(T s
k ) = E(T s

n) − 1.
Therefore, we have

E((T s
n)

2) = −1 + 2E(T s
n) +

n−1∑
k=0

Pn,k E((T s
k )

2) + Pn,n E((T s
n)

2).

We solve for E((T s
n)

2) and obtain

E((T s
n)

2) =

∑n−1
k=0 Pn,k E((T s

k )
2) + 2E(T s

n)− 1

1− Pn,n

=

∑n−1
k=0

(
n
k

)
pn−k(1− p)k E((T s

k )
2)− 1 + 2E(T s

n)

1− (1− p)n
.

We can find the variance using the well-known formula Var(T s
n) = E((T s

n)
2)− E (T s

n)
2.

□

5. BOUNDS

We establish lower and upper bounds for both the expected value and the variance, using some
elementary bounds (Propositions C.1, C.2) as a baseline to determine their effectiveness.
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5.1. Expected Value. We approach the problem as we did in Section 3, considering the throws
subsequently. We are interested in bounding the value E(Y s

n ), where Y s
n = maxi Z

s
i , with Zs

i

geometrically distributed i.i.d. random variables. The elementary bound we present in Proposition
C.1 and can be further improved by using the exact value of some E(Y s

n ) for small values of n.

Proposition 5.1. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i . Then

(1) if n is even, E(Y s
n ) ≤ n

2
3s2−2s
2s−1

, and
(2) if n is odd, E(Y s

n ) ≤ n
2
3s2−2s
2s−1

+ s.

Proof. We use Theorem 3.2 to calculate the expected value for n = 2.

E(Y s
2 ) =

2

1− (1− 1/s)
− 1

1− (1− 1/s)2
= 2s− s2

2s− 1
=

3s2 − 2s

2s− 1
.

Now, we assume n is even, we define I = {1, 3, . . . , n− 1} and we rewrite Y s
n as

Y s
n = max(Zs

1 , . . . , Z
s
n) = max[max(Zs

1 , Z
s
2), . . . ,max(Zs

n−1, Z
s
n)] ≤

∑
i∈ I

max(Zs
i , Z

s
i+1).

Note that since {Zs
n}n are i.i.d., then max(Zs

i , Z
s
i+1) ∼ Y s

2 . In particular, they have the same
expected value. By the monotonicity and linearity of the expected value,

E(Y s
n ) ≤

∑
i∈ I

E[max(Zs
i , Z

s
i+1)] =

∑
i∈ I

E(Y s
2 ) =

n

2

3s2 − 2s

2s− 1
. (5.1)

We can extend this formula to an odd number of dice. Let m = n+ 1, with n even. Then

Ym = max(Zs
1 , ..., Z

s
n, Z

s
n+1)

= max[max(Zs
1 , Z

s
2), ...,max(Zs

n−1, Z
s
n), Z

s
n+1]

≤
∑
i∈ I

max(Zs
i , Z

s
i+1) + Zs

n+1.

Similarly, by the monotonicity and linearity of the expected value,

E(Y s
m) ≤

∑
i∈ I

E
[
max(Zs

i , Z
s
i+1)
]
+E(Zs

n+1) =
∑
i∈ I

E(Y s
2 ) +E(Zs

n+1) =
n

2

3s2 − 2s

2s− 1
+s. (5.2)

□

We show numerically how the bound in Proposition 5.1 is an improvement over the bound in
Proposition C.1 in Figure 1.

5.2. Variance. Once again, we consider the rolls as subsequent.

We present a lemma that expresses a fundamental property of associated random variables. Its
proof can be found in [EPW67].

Lemma 5.2. Let X = (X1, . . . , X
s
n) be a vector of independent random variables. Then for any

real-valued functions f and g that are non-decreasing in each argument,

Cov(f(X), g(X)) ≥ 0.
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FIGURE 1. Comparison of bounds in Equations (C.1) vs (5.1).
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Lemma 5.3. Let {Zs
i }ni=1 be a sequence of independent random variables. Then

Var

(
max
i≤n

(Zs
i )

)
≤

n∑
i=1

Var(Zs
i ). (5.3)

Proof. Let Γ = {1, .., n} \ {arg maxi≤n Z
s
i }. By the independence of the random variables, we

have
n∑

i=1

Var(Zs
i ) = Var

(
n∑

i=1

Zs
i

)

= Var

(
max
i≤n

Zs
i +

∑
i∈Γ

Zs
i

)

= Var

(
max
i≤n

Zs
i

)
+Var

(∑
i∈Γ

Zs
i

)
+ 2 Cov

(
max
i≤n

Zs
i ,
∑
i∈Γ

Zs
i

)

≥ Var

(
max
i≤n

Zs
i

)
where the inequality follows from the non-negativity of the covariance term due to Lemma 5.2. □

Proposition 5.4. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i . Then

Var(Y s
n ) ≤ ns(s− 1). (5.4)

Proof. The proposition is a direct consequence of Lemma 5.3:

Var(Y s
n ) = Var

(
max
i≤n

Zs
i

)
≤

n∑
i=1

Var(Zs
i ) = n

1− 1/s

1/s2
= ns(s− 1).

□
10



In Figure 2 we show how this bound is an improvement over the elementary bound in Proposition
C.2.

FIGURE 2. Comparison of bounds in Equations (C.3) vs (5.4)
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APPENDIX A. ADDITIONAL RESULTS

In this appendix, for the sake of completeness, we present some simple lemmas used to prove
results in the paper.

Lemma A.1. Let a, b ∈ R, |ab| < 1. Then

∞∑
i=1

iabi =
ab

(1− ab)2
,

∞∑
i=1

i2abi =
ab(1 + ab)

(1− ab)3
. (A.1)

Proof. Let x = ab ∈ (−1, 1). By the geometric series formula,

∞∑
i=0

xi =
1

1− x
.

For all x in [−r, r] ⊂ (−1, 1) the series
∑∞

i=0 ix
i−1 converges uniformly and so we may differen-

tiate both sides with respect to x:

d

dx

(
∞∑
i=0

xi

)
=

∞∑
i=0

ixi−1 =
1

(1− x)2
.

Then, multiplying both terms by x yields:

∞∑
i=0

ixi =
x

(1− x)2
, |x| < 1.

Since the i = 0 term contributes 0, we may drop it. So, substituting back ab = x, we have the
desired result.
Now we prove the second result. We know that

∞∑
i=0

ixi =
x

(1− x)2
.

For all x in [−r, r] ⊂ (−1, 1) the series
∑∞

i=0 i
2xi−1 converges uniformly and so we may differen-

tiate both sides with respect to x

d

dx

(
∞∑
i=0

ixi

)
=

∞∑
i=0

i2xi−1 =
(1− x)2 + 2(1− x)x

(1− x)4
=

1− x2

(1− x)4
=

1 + x

(1− x)3
.

Then, multiplying both terms by x yields

∞∑
i=0

i2xi =
x(1 + x)

(1− x)2
, |x| < 1.

Since the i = 0 term contributes 0, we may drop it. So, substituting back ab = x, we have the
desired result. □

12



APPENDIX B. EQUIVALENCY

We have found the moments of Y s
n using two different methods, which led to a recurrence in

Section 4 and an explicit formula in Section 3. These two approaches could be proved to be
equivalent, but we limit our study to proving the equivalence of the formulas for the variance and
the expected value. In order to do that, we need the convolution identity, a well-known result that
can be found in [Mil17], and the Cauchy-Hadamard property of power series, which can be found
for example in [Rud10, p.69].

Lemma B.1 (Convolution identity). Let f(z) and g(z) be two exponential generating functions:

f(z) =
∞∑
n=0

an
zn

n!
, g(z) =

∞∑
n=0

bn
zn

n!
.

Their product is given by

f(z)g(z) =
∞∑
n=0

[
n∑

j=0

(
n

j

)
ajbn−j

]
zn

n!
.

Lemma B.2 (Cachy-Hadamard). Let
∑∞

n=0 anz
n be a power series with real coefficients. If

lim
n→∞

n
√
|an| = 0,

then the series converges uniformly for any z ∈ R.

The following result and its proof closely follow the content of [SR90].

Theorem B.3. Let s = 1/p ≥ 1 and 0 < n ≤ s. The expected value defined by Equation (3.3)

E(Y s
n ) =

n∑
k=1

(
n

k

)
(−1)k+1 1

1− (1− p)k

is the solution of the recurrence relation

E(Y s
n ) =

1 +
∑n−1

i=1

(
n
i

)
pi(1− p)n−iE(Y s

n−i)

1− (1− p)n

defined for every n > 1 with E(Y s
1 ) = 1/p.

Proof. For simpler notation, let q = (1− p) and define xn = E(Y s
n ) for n ≥ 1, with x0 := 0.

For n = 1, we have x1 = 1/p, and the theorem holds in this case. This also includes the case s = 1.

For n > 1 and s > 1, we can rewrite the recurrence as

xn = 1 +
n∑

i=0

(
n

i

)
qn−ipixn−i = 1 +

n∑
j=0

(
n

j

)
qjpn−jxj. (B.1)

Therefore, the exponential generating function F (z) :=
∑∞

n=0 xn
zn

n!
becomes

∞∑
n=0

xn
zn

n!
=

∞∑
n=0

zn

n!

[
1 +

n∑
j=0

(
n

j

)
qjpn−jxj

]
− 1.

13



Note that we subtracted 1 to correct for the term n = 0, since x0 does not satisfy Equation B.1.
Using Lemma B.1, with aj = qjxj and bn−j = pn−j , we have

F (z) = ez + F (qz)e(1−q)z − 1.

Then, defining H(z) := F (z)e−z, we have

H(z) = H(qz) + (1− e−z).

This equation is recursive, since H(qz) can be expressed in terms of H(q2z), H(q3z), and so on.
In other words,

H(z) = H(qmz) +
m−1∑
k=0

(1− e−qkz).

Expanding the first term on the right-hand side:

H(qmz) = F (qmz)e−qmz = e−qmz

∞∑
n=0

xn
(qmz)n

n!
.

Now assume that xn ≤ n/p. Under this assumption, the series above is bounded by the power
series

∑∞
n=0

n
p
(qmz)n

n!
, which converges uniformly for all z ∈ R by Lemma B.2, since

lim
n→∞

n
√
an = lim

n→∞
n

√
n

p · n!
= 0.

The uniform convergence of the series, combined with the continuity of its partial sums, ensures
the continuity of the full series. Therefore, taking the limit as m → ∞, and noting that q ∈ (0, 1)
implies qmz → 0, we obtain

H(z) = H(0) +
∞∑
k=0

(1− e−qkz) =
∞∑
k=0

(1− e−qkz) =⇒ F (z) = ez
∞∑
k=0

(1− e−qkz).

The series converges for any q ∈ (0, 1), since (1 − e−qkz) ∼ qkz as k → ∞ and z
∑

qk is a
convergent geometric series. Using the definition of F (z) and the properties of the exponential
function, we have

∞∑
n=0

zn

n!
xn = F (z) =

∞∑
k=0

∞∑
n=0

zn

n!

(
1− (1− qk)n

)
=

∞∑
n=0

zn

n!

∞∑
k=0

(
1− (1− qk)n

)
,

where Tonelli’s Theorem, found for example in [JP12, p.67], justifies swapping the sums. We
observe that the resulting expression is solved by

xn =
∞∑
k=0

(
1− (1− qk)n

)
=

∞∑
k=0

[
1−

n∑
j=0

(
n

j

)
(−1)j(qk)j

]
=

∞∑
k=0

n∑
j=1

(
n

j

)
(−1)j+1(qk)j.

Inverting the order of the sums and using the properties of the geometric series, we have the desired
result

xn =
n∑

j=1

(
n

j

)
(−1)j+1

(
∞∑
k=0

(qj)k

)
=

n∑
j=1

(
n

j

)
(−1)j+1 1

1− qj
.

We now need to verify whether xn, as defined in the previous equation, indeed satisfies xn ≤ n/p,
in accordance with the assumption made earlier. This bound is established in Proposition C.1,
thereby confirming that the solution we derived is valid. □

14



Theorem B.4. Let s = 1/p ≥ 1 and 0 < n ≤ s. The second moment (see Equation (3.5))

E
(
(Y s

n )
2) =

n∑
k=1

(
n

k

)
(−1)k+1 1 + (1− p)k

(1− (1− p)k)2

is the solution of the recurrence relation

E
(
(Y s

n )
2) =

∑n−1
i=1

(
n
i

)
pi(1− p)n−iE(

(
Y s
n−i

)2
)− 1 + 2E(Y s

n )

1− (1− p)n

defined for every n > 1 with E(Y s
1
2) = (2− p)/p2.

Proof. This proof closely follows the approach used in the proof of Theorem B.3. We adopt the
same notation. Let yn = E

(
(Y s

n )
2) for n ≥ 1 and define y0 := 0.

For n = 1, we have y1 = (2 − p)/p2, and the theorem holds in this case. This also includes the
case s = 1.
For n > 1 and s > 1, we can rewrite the recurrence as

yn = 1 + 2
n∑

i=0

(
n

i

)
qipn−ixi +

n∑
i=0

(
n

i

)
qipn−iyi.

Define the exponential generating function G(z) :=
∑∞

n=0 yn
zn

n!
and its transformed counterpart

T (z) := G(z)e−z. Following the same steps as in the previous proof and using linearity, we derive
the functional equation:

T (z) = T (qz) + 2H(qz) + (1− e−z)

where H(z) is defined as in the previous proof.
Assume now that yn ≤ 2n/p2. Under this assumption, we can apply Lemma B.2 to show that the
series defining T (z) converges uniformly on R, and hence T (z) is well-defined and continuous for
all z ∈ R. Therefore, since q ∈ (0, 1), it follows that T (qmz) → 0 as m → ∞. Iterating the
previous equation and substituting the explicit form of H(z), we get

G(z) = ez
∞∑
k=0

[
2H
(
qk+1z

)
+
(
1− e−qkz

)]
= ez

∞∑
k=0

[
2

∞∑
l=0

(
1− e−q(l+k+1)z

)
+
(
1− e−qkz

)]
.

We observe that there exist t combinations of (l, k) such that (l + k + 1) = t, as we can have
k ∈ (0, 1, . . . , t− 1). Therefore we write

G(z) =
∞∑
t=0

(2t+ 1)(ez − e(1−qt)z) =⇒ yn =
∞∑
t=0

(2t+ 1)(1− (1− qt)n).

From the previous proof we know that

yn =
∞∑
t=0

(2t+ 1)
n∑

j=1

(
n

j

)
(−1)j+1(qt)j =

n∑
j=1

(
n

j

)
(−1)j+1

∞∑
t=0

(2t+ 1)(qj)t.

Using the geometric series identity and Lemma A.1, we have the desired result:

yn =
n∑

j=1

(
n

j

)
(−1)j+1

(
2qj

(1− qj)2
+

1

1− qj

)
=

n∑
j=1

(
n

j

)
(−1)j+1 1 + qj

(1− qj)2
.
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We now need to verify whether yn, as defined in the previous equation, indeed satisfies yn ≤ 2n/p2,
in accordance with the assumption made earlier. This bound is established in Proposition C.2,
thereby confirming that the solution we derived is valid. □

APPENDIX C. ELEMENTARY BOUNDS

In this appendix we present elementary bounds, mainly used as a benchmark to evaluate the
bounds in the main corpse of the paper.

Proposition C.1. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i . Then

n ≤ s ≤ E(Y s
n ) ≤ ns. (C.1)

Proof. We have n ≤ s (by assumption). Since Y s
n = maxi≤n Z

s
i ≥ Z1, it follows that E(Y s

n ) ≥
E(Z1) = s by the monotonicity of the expected value. Also, since E(Zs

i ) = s > 0, we have

E(Y s
n ) = E

(
max
i≤n

Zs
i

)
≤ E

(
n∑

i=1

Zs
i

)
=

n∑
i=1

E(Zs
i ) = ns

by the linearity of the expected value. □

It follows that E(Y s
n ) = O(n) for fixed values of s and E(Y s

n ) = O(s) for fixed values of n.

Proposition C.2. Assume s ≥ n > 0, Zs
i

iid∼ Geom(1/s), Y s
n = maxi≤n Z

s
i . Then

s2
(
2− 1

s

)
≤ E

(
(Y s

n )
2) ≤ ns2

(
2− 1

s

)
, (C.2)

and therefore
s2 − s ≤ Var(Y s

n ) ≤ s2(2n− 1)− ns. (C.3)

Proof. Since Zs
i > 0, then (Y s

n )
2 = (maxi≤n Z

s
i )

2 = maxi≤n (Z
s
i )

2.
We observe that

(Zs
1)

2 ≤ max
i≤n

(Zs
i )

2 ≤
n∑

i=1

(Zs
i )

2 .

Since each Zs
i ∼ Geom(1/s), its second moment can be found in [CB02, p.97] and it is

E
(
(Zs

i )
2) =

2− 1
s(

1
s

)2 = s2
(
2− 1

s

)
.

Therefore, by the monotonicity and linearity of the expected value, it follows that

s2
(
2− 1

s

)
= E

(
(Zs

1)
2) ≤ E

(
max
i≤n

(Zs
i )

2

)
≤

n∑
i=1

E
(
(Zs

i )
2) = ns2

(
2− 1

s

)
.

□

It follows that Var(Y s
n ) = O(s2) (as s → ∞, for fixed values of n).

16



REFERENCES
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