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ABSTRACT. A Schreier set S is a subset of the natural numbers with min S > |S|. It has
been known that the sequence (a1, ), where

a1, = [{SCN:maxS=nand minS > |5},
is the Fibonacci sequence. Generalizing this result, we prove that for all p € N, the sequence
(ap,n), where

apn = |{SCN: maxS =nand minS > p|S|},
has a linear recurrence relation of higher order. We investigate further by requiring that

minyS > ¢|S|, where miny S is the second smallest element of S. We prove a linear recurrence
relation for the sequence (ap,q,n), where

apgn = [{SCN: maxS =mn,minS > p|S| and min,S > ¢|S|}|,

and discuss a curious relationship between (agq,») and (ap,q,n)-

1. INTRODUCTION

A Schreier set S is a subset of the natural numbers with min S > |S|, and the Schreier family
containing all Schreier sets is denoted by S;. Schreier defined them to solve a problem in Banach
space theory in 1930 [Sch]. These sets were also independently discovered in combinatorics and
are connected to Ramsey-type theorems for subsets of N. An online post [UA] proved that the
Fibonacci sequence appears if we count Schreier sets under certain conditions.

Define

My, = {S€8 : maxS =n}.

Then |M171|: 1, |M172|: 1 and ‘M17n+2|= |M17n+1’+’M17n‘ for all n > 1 [UAJ The pI‘OOf
uses two one-to-one mappings to argue about cardinalities of sets. We generalize this result by
defining, for p € N,

Sy = {SCN:minS >p|S|}, and M,, = {SeS,: maxS =n},
and prove the following[l]
Theorem 1.1. Given p € N, consider the sequence (| M, ,|)>2,. We have
n —1 k/p—2 /n —k—
(1) [Mypl= SRt~ S50 2 (H75571) 41, and

7=0
(2) forn >1, ’M ,n+p+1’: ‘Mp,nﬂ:‘HM N

We call (|Mp|)22, the generalized Schreier-Fibonacci sequence of order p.
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LOur definition of S, is not the same as what used in Banach space theory to indicate the Schreier sets of
order p [AA].
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Another natural extension is to put an additional restriction on our set S; in particular, we
require that ming S > ¢|S|, where miny S is the second smallest element in S. We define

Spq = {SCN:minS > p|S| and mingS > ¢|S|}.

For a given n, we consider the family of sets My ,, = {S € Sp 4 : max.S =n}. When a set
has exactly one element, we take the element to be both the smallest and the second smallest.
The following theorem gives an explicit formula to calculate |Mp 4 p|.

Theorem 1.2. Given p < q € N, for the sequence (|M,qn|)2°— 1, we have |Mpqn|= 0 if
n<qg-—1, |Mp,q,n’:1 ifq<n<2¢—1and

q+1 n+27k

. n—t—1Y\ .
|Mp,qn| = 1+(n—2p)+z Z(z—pk)( k—3 >1fTLZQCI-
k=3i=qk

Theorem 1.3. Fiz p < q € N. Consider (Mg )52, and (Mpgn)oe,. For each n € N, define
an = |Mpgn+ql- We have

Note that when p = g, we have Theorem We have the following corollary that shows a
recurrence relation for the sequence (|Mp.gn|)0%;-

Corollary 1.4. Fizp < q in N. For n € N, define a,, := |Mp g n+q|. We have

an42¢+2 = 2Cbn-l—2q-i-l — Qn42q + 2an—f—q-ﬁ-l - 2an+q — Qp.

Proof. Fix n € N. By Theorem we have

Uptq+1 — Aptq = On + (q - p)|M ,n’ (11)
An+2g+1 = Ant2q = Ontq + (4 — D) Mgnql (1.2)
On+2¢+2 — An42g+1 = Ontq+1 T (¢ —p)|M. ,n+q+1" (1.3)

By Theorem |1.1} we know that |My,iqr1|= |Mgn+ql+|Mgn| Subtract Equation (1.1)) and
Equation (1.2) from Equation (1.3)) to finish the proof. O

Remark 1.5. For fixed p, g, Theorem gives a recurrence relation of depth 2q + 2; interest-
ingly, the depth is independent of p.

2. PROOF OF THEOREM
Given a set S and a number a, define
a+S = {a+s:s€eS}

In our proof, we partition M), ,4p+1 into two disjoint sets A and B then use bijective maps to
show that |A|= | My n+p| and |B|= |M,,|. This is the same technique used in [UA].

Proof of Theorem [1.1]

(1) To find an explicit formula for | M, ,1p|, we use the following simple counting argument.
Let k be the minimum element of our set S € M) pqp. If K =n+p, then S = {n+p}. If
k < n 4+ p, then we can choose it to be any number between 1 and n 4+ p — 1. For each of
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these choices, we have fixed the maximum and the minimum of our set and so, we can choose
j elements between k + 1 and n +p — 1, where j < k/p — 2. Therefore

n+p—1k/p—2 n+p b —
Mol = 35 3 e
J=

which is the desired formula.

(2) The set My, p4pt1 is the union of

(a) A={S€Mppipt1:n+p¢S}

(b) B = {S S Mpn+p+1 n+peE S}
We compute |A| by considering the map Ry : My ,4p — A with Ri(S) = (S\{n +p}) U{n+
p+ 1}. The map is well-defined because it preserves the cardinality of the set and does not
decrease the minimum element of a set. Injectivity of R; is clear. The map is also onto because
given U € A, Ri(U\{n+p+1}U{n+p}) =U. So, |[A|= |Mpnipl|.

Next, we determine |B| by considering the map Ry : M, — B with Rs(S) = (S +p) U
{n+p+1}. Since min S > p|S|, min(S + p) > p(|S|+1). This shows that Ry is well-defined.
Injectivity is clear. The map is also onto because given U € B, Ro((U\{n+p+1}) —p) =U.
So, |B|= |Mp|. We conclude that

|Mpnip+1l = [Mpntpl + [Mpnl-

3. Proor or THEOREM [I.2] AND THEOREM [I_.3]

Our proof of Theorem [I.2]employs straightforward counting arguments. For Theorem|[I.3] we
partition M), 4 n12¢4+1 into three subsets and use bijective maps to argue that the cardinalities
of these three subsets are equal to ay4q,a, and (¢ — p)| My, |, respectively.

Proof of Theorem|[I.9 Fix p < ¢ € N. We prove the theorem by considering different ranges
for n. For n < ¢ — 1, if |S|> 0 we have the contradiction

g < ¢S] < minpS < n < ¢g-1.
For ¢ <n <2q— 1, we have |S|=1 since otherwise we have the contradiction
2¢g < ¢S] < minpS < n < 2¢—-1.

If n > 2q, we prove that

n+2

+1 n—k+2 n—i—1
|Mpgnl = 14 (n—2p)+ Z Z (i — pk) < >
k=31i=qk

e The 1 on the right hand side comes from the set {n}.

e For a two-element set S, the maximum element n is also the second smallest element.
Because ming S = n > 2¢q, miny S/q = n/q > 2q/qg = 2 = |S|. Let m = min S. As we
need m/p > |S|= 2, we must have m > 2p. Therefore m can be any value from 2p to
n — 1. Hence we have n — 2p sets of 2 elements.
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e For sets with at least three elements, we first find the range for the second smallest
element. Let miny S = ¢ and |S|= k. Since there are k — 2 elements bigger than 1,
i <n —k+ 2. Because ming S/q > |S|, we have i > gk. So, gk <i <n — k + 2. Next,
we find the upper bound for k. It follows from the fact that ¢k < n — k + 2, and thus
we obtain k£ < ZTJF% With 4 and k fixed, there are i — pk choices for min S because
1 = ming S > min S > pk. Finally, we have ("];Sl) choices to pick k — 3 elements
between mins S = i and n, so our formula is correct.

O

Proof of Theorem [I.5 For anonempty, finite set S, define S” := S\{max S}. Clearly M, 4 nt24+1
is the union of three following disjoint sets:
(a) A:={S € Mpgniag+1:n+2q¢ S},
(b) B:={S € My gnt2g+1:n+2¢€ 85,5 —q € Mpgniq}, and
(c) C:=={5 € Mpgni2g+1:n+29€S,5 —q¢ Mpgniq}
Let 7(S) = (S\{maxS}) U {n + 2¢ + 1}. We compute |A| by considering the map 7 :
My gn+2g — A. The map is well-defined because
(1) for all S € My 4 n+2q, T(S) does not contain n + 2¢,
(2) 7 does not change the cardinality of a set, while both the smallest and the second
smallest of the set do not decrease.

Clearly 7 is one-to-one. We show that it is also onto. Let U € A. If |U|= 1, that is U =
{n +2¢+ 1}, then T({n + 2¢}) = U. If |U|= 2, we have U = {m,n + 2¢q + 1} for some
2p <m < mn+2q. Then 7({m,n+2q}) =U. If |U|> 3, then

T{n+2¢} UU\{n+2¢+1}) = U.

Therefore 7 is onto and thus, bijective. So, |A|= |Mp ¢ nt2¢|= ntq-

Let ¢(S) = (S+q)U{n+2q+1}. We compute | B| by considering the map ¢ : My, g n+q — B.
Note that v is well-defined because while ¥ makes the cardinality of a set increase by 1, both
the smallest and the second smallest increase by q. Clearly v is one-to-one, and by the defini-
tion of B, it is also onto. Therefore |B|= |Mp. g n+q|= an.

Finally, we compute |C|. Partition C into C;, where
C; = {S € M,gnt2g+1 : n+2¢ €S and p|S|+i = min S},

for 0 <i < q—p—1. We show that C:U;?;{)"ICZ-. Let F € C; for some 0 <i<qg—p— 1.
We have
min(F' —¢) = minF —q = p|Fl+i—q < p|F|-p = p|F' —ql.
So, F' —q ¢ M, qn+q- Hence, F € C. We have shown that U?:_g_lCi C C. Now, let
E € C. Because E € My gn412g+1 and E' — q ¢ M, gniq, it is straightforward to deduce
that min(E’ — q) < p|E’ — q|, which implies that p|F|< min E < p|E|4+(q¢ — p). Therefore,
min F = p|E|+i for some 0 < i < g—p— 1. This shows that C' C Ug;g_lCi. We conclude that
C=uto;
It remains to prove that |C;|= |Mg,|. Consider the map
(f)i : Ci — qu

S — (8"\{min S}) — 2q.
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We show that ¢; is well-defined as follows. Let F' € C;. Observe that
qlei(F)| = ql(F\{min F'}) — 2q| = q(|F|-2) = q|F|-2q
< mingF —2¢ = min((F'\{min F'}) —2q) = min ¢;(F).
To see that ¢; is onto, let G € My, and H = {p(|G|+2) + i} U (G + 2q) U{n +2¢+ 1}. We
have min H = p(|G|+2) + i since
p(|IG+2) +i < p(|G|+2) + (¢ —p) < plG|+2¢ < min(G + 2q).
It follows that H € C; because
plH| = p(|G|+2)
qlH| = q(|G|+2)
Clearly ¢;(H) = G and thus ¢; is onto. Since injectivity of ¢; is clear, ¢; is bijective. This

shows that |Cj|= | M, | and so, |C|= (¢ — p)|Ci|= (¢ — p)| Mg nl.
We conclude that

[Mpgnt2gt1] = [A[H|BI+|C] = |aniql+|an|+(q = p)|Mgn|-

p(|G|+2) + ¢ = min H, and

< =
< minG +2¢ = mins H.
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