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ABSTRACT. A nonempty set F'is Schreier if min F' > |F'|. Bird observed that count-
ing Schreier sets in a certain way produces the Fibonacci sequence. Since then, various
connections between variants of Schreier sets and well-known sequences have been
discovered. Building on these works, we prove a linear recurrence for the sequence
that counts multisets F' with min F' > p|F|. In particular, if we let

AS) = {Fc{l,....,1,....n—1,...,n—1,n} : n € Fand min F > p|F|},
—— N——
then
AL = 3 1AS, -
i=0

If we color s copies of the same integer by different colors from 1 to s, i.e., Bz(,‘fr)l =
{Fc{ly,...,14....,(n=1)1,...,(n—=1)g,n} : n € Fand min F > p|F|},

then
S
. S ( S)
|BZ()?2L| = Z (’L) |Bp,n—1—ip|'
i=0
Lastly, we count Schreier sets that do not admit multiples of a given integer u > 2 and
witness linear recurrences whose coefficients are drawn from the u™ row of the Pascal

triangle and have alternating signs, except possibly the last one.
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1. INTRODUCTION

A finite, nonempty set /' C N is Schreier if min I’ > |F'|. Bird [5]] discovered a
fascinating connection between Schreier sets and Fibonacci numbers: for n € N,

{F C{1,2,...,n}: FisSchreierand n € F'}| = F,,

where (F,,)52, is the Fibonacci sequence with F; = F» = 1 and F,, = F,,_; + F,,_, for
n > 3. If instead, we consider Schreier multisets, [[7, Theorem 1] states that

{Fc{l,...,1,...,n—1,...,n—1,n} : FisSchreierandn € F}| = F&+V,
N—— N ~

where for each m > 2, (E(lm)),g’oz1 is the m-step Fibonacci sequence with

FQ(Tr)n:'~-:FQ(m):()7 F]_(m):17 and
Fm = Fﬁ’j{ +F£’_”%+---+F£T2n, forn > 2.

These m-step Fibonacci sequences are listed in The On-Line Encyclopedia of Integer
Sequences [[11] as A000045, A000073, AO0O0078, and so on. For more connections
between Schreier-type sets and various sequences, the readers may refer to [[1,12, (3,18, 9]].

Inspired by [2,[7], we investigate the following general problem of counting Schreier-
type multisets.

Problem 1.1. Given (p, q) € N? and for eachn € N, a sequence of nonnegative integers
(Sni)iy, define

p,gn

Héni) = f{Fc{l,...,1,...,n,...,n} : n€ Fand ¢gmin F > p|F|}.

Sn,1 Sn,n

)

Find the recurrence (if any) of (|H},i}ﬁ;§ )> .

We solve Problem and its colored version when ¢ = 1, 5,1 = -+ = 5, ,_1 =
s for some fixed positive integer s, and s, , = 1. Our main results show that the

sequences from counting these multisets both satisfy linear recurrences whose indices
are in arithmetic progression as well as linear recurrences with coefficients taken from
the Pascal’s triangle, respectively. For (s, p,n) € N3, define

AP = {Fc{l,....1,...,n—1,...,n—1,n} : n € F and min F' > p|F|}.
’ \ / (. /

v~
S

S

Table|1| gives sample data for (|A§f}b

Jati-
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n 172[3[4[5[6 78] 9 [10] 11 ] 12
AN [(A000045) [ 1]1]2[3]5] 8 [13]21] 34 | 55 | 89 | 144
AW |(A078012) [0 1]1]1]2][ 3] 4]6] o [ 13] 1928
AP (A000073) | 1] 1|24 7]13] 24|44 81 | 149274 | 504
AP |(A060961) [0 1] 1[1]2]3 5|8 12| 19| 30 | 47
AP (A000078) [ 1] 1]2]4|8]15]29]56 108|208 401773
AP |(ALL7760) [0 [ 111|235 8|13 ] 21|33 ]53

TABLE 1. The first 12 values of (JASh|)>2, with (s,p) €

{(1,1),(1,2),(2,1),(2,2),(3,1), (3,2)}.

Theorem 1.2. For1 <n < sp+1,

Lzzﬁi B k+k—2
< P ) (1.1)
k=1
Forn > sp+ 2, we have
AL = Z|A§fn il (1.2)

Remark 1.3. It is interesting to see that p and s have different effects on Recurrence
(I.2). While (s + 1) gives the number of terms in the recurrence, p equals the gap
between consecutive indices.

Remark 1.4. The problem of extending Theorem [[.2]to all ¢ € N (instead of ¢ = 1)
remains open and is discussed in the last section.

Next, we give a colored version of Theorem Given an integer k, we color the
s copies of k using s different colors and denote them by ki, ko, ..., ks. For exam-
ple, while k; and ks, have the same numerical value, the two sets {k;} and {k} are
distinguisable. Let

B(S) ={Fc{ly,....,1s...,(n=1)1,...,(n—=1)s,n} : n € Fand min F' > p|F|}.
We collect sample data for (|Bp )22, in Table 2 I

n 172[3[4[5[6] 7 8] 9 ] 10 11 | 12
yB (A000045) [ 111123 5|8 13|21 ] 34 | 55 | 89 | 144
B |(Aors012) (o111 ]2[3] 4] 6] 9 | 13] 19 28
1B [(A002478) |11 ]3] 6 [13]28] 60 [ 129 277 | 595 | 1278 | 2745
]Bgnj|(A193147) ol1l1l1]3][5] 8 [15] 26 | 45 | 80 | 140
1B)(A099234) [ 1]1]4]10]26]69 | 181|476 | 1252 | 3292 | 8657 | 22765
B](A373718) [0 11| 1|4 [ 7] 13]28| 53 | 105 | 211 | 413

TABLE 2. The first 12 values of (]B,gf%\)le with (s,p) €
{(1,1),(1,2),(2,1),(2,2),(3,1), (3,2)}.
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Theorem 1.5. Let s and p be positive integers. For 1 <n < sp+ 1,

Lns+1

ps+1
s (n_kp>3
s - > ("),

k=1

Forn > sp+ 2, we have

s S S S S S S
sl = (3 )18t () Bl () B

=y (j)\B,Sfﬁl_l_ipl- (1.3)
=0

Motivated by a recent result in [9] that counts Schreier sets of multiples of a fixed
w > 2, our last result counts Schreier sets that do not admit any multiple of . If
gu(n) denotes the n'™ positive integer not divisible by u, then as we show later, g, (n) =
|(un —1)/(u—1)]. Let Gy, be the set of the first n positive integers that are not
divisible by u and define

Dyn = {FC Gun : L

un —

1
1 J € Fand F'is Schreier} .

u —

n 1[2[3[4[5[6 7 [8]9]10] 11 | 12
[D,.,[(A005251) [1 |1 ]2 4|7 |12]21 3765114200 351
D5, |(A137402) [1[1]2[3[5| 9 |16 | 28|48 81 | 136 | 229
D] 1[1[2[3[5]8 [13]22[38] 66 | 114|195
Ds..| 1[1[2[3[5]8 [13]21[34] 56 | 94 | 160
De... 1[1[2[3[5|8 [13[21[34] 55 | 89 | 145

TABLE 3. The first 12 values of (|D,,,|)5>, withu € {2,...,6}.

Table 3| suggests the following recurrence.

Theorem 1.6. For 1 < n < 2u — 1, we have |D,,,| = F,,. For n > 2u,

u
o (u
|Du,n| = 2(—1)1 L (Z) |Du,n—i| + |Du,n—2u+1|‘
1=
We devote Sections [2] 3| and [4] to the proof of Theorems [[.2] [I.5] and [.6] respec-
tively. Section [5] discusses directions for future investigations. To keep our proofs
concise and emphasize the main ideas, we relegate certain technical proofs to Section

Al

2. UNCOLORED GENERALIZED SCHREIER MULTISETS

We give a formula to compute \Aéf%|, which is used to prove the first statement of
Theorem (1.2 while we prove the second statement using bijective maps. For & > 1,

each k-element set in Aﬁf% is uniquely determined by (k — 1) numbers from the multiset
{pk,....,pk,...,n—1,...,n—1}.

g g
S S
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Let (;ﬁb) , be the number of ways to distribute mn identical objects among n labeled boxes,
each of which contains at most s — 1 objects. According to [6, (1.16)],

ny LmZ/SJ(_1>k n\ (n+m-—sk—1
m). k n—1 ‘
s k=0
It follows that the number of k-element sets in .Ap 7 1S ("kiplk) 41 under the condition

sn—+1

—pk) > k-1 k< )
s(n —pk) 2 — — sp+1

Therefore,

=X YT T e

Proof of Theorem[1.2] We note

sn+1 s(sp+1)+1 1
il s S e S R s S
s+1 & s+1 — s+1 s+1

Hence, it follows from (2.1)) that
Ll 1= n—pk\(n—pk+k—(s+1)j—2
()| — N N N N
= S e ()

sn+1

B Lgf:lj n—pk+k—2

B — n—pk—1
sn+1

B LSZJ (n pk—l—k—Z)
k=

To prove ([2), we partition A% into (s + 1) sets (A" )3, where

P
A;fn .= {F € Az(fzb : F contains exactly ¢ copies of (n — 1)}.
For each integer i € [0, s|, define a map ) : f}@ ip = A;i)m as
(F\{n —1})U{n}, if i = 0;
F —

(F+ip)U{n—1,....n—1} 1 U{n}, ifl<i<s.

ifl

First, we show that each 1); is well-defined.
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a) When ¢ = 0, vy increases the maximum element of the input set by 1, so if
F e A;f,)l_l, then y(F') does not contain (n — 1), contains exactly one copy of
n as the maximum, and

mingo(F) > minF > plF| = plo(F)|
Hence, ¢y (F) € Al(f,)%o.
b) When 1 < i@ < s, 1); increases the size of the input set by ¢ and increases the
minimum by ip, SO
min;(F) = min F +ip > p|F|+ip = pl;(F)|.
Furthermore, v;(F’) contains exactly i copies of n — 1 and contains exactly one
copy of n as the maximum. Hence, ¢;(F) € Az(fq)”
Next, we prove that each v); is a bijection. Injectivity follows immediately from the

definition of 1);. We show that each ; is onto.
a) Let G € A;‘Zyo. Thenn € Gbut (n —1) ¢ G. Let F := (GU {n — 1})\{n}.
We have F' contain exactly one copy of (n — 1) as the maximum, and

min o dminG = plGl = plF|, iG] > 1
~n=1 2 =plF) if G = {n} (because n > sp + 2).

Thus, F € AY) | and 4 (F) = G.
b) Let G € AY)  with 1 <i < s. Let
F = (G\{n,n—1,...,n—1}) —ip.

i1
Since G has exactly i copies of (n — 1), the set F’ contains exactly one copy of
(n — 1 — ip) as the maximum. Furthermore,

min /' = minG —ip > p|G| —ip = p(|G| —1i) = p|F|.

Thus, F € AY) |, and ;(F) = G.
We have shown that \A;f;_l_iﬂ = |A§,SZ”| Therefore,

A = D Mgl = DA 1l
i=0 i=0

3. COLORED GENERALIZED SCHREIER MULTISETS
We find a formula for | BS)|. To form a k-element set, we choose (k — 1) elements in
{(kp)1,... s (kp)sy ..., (n—1)1,...,(n—1)s}.

Hence, the number of k-element sets in B;,(,f% is (("I;kf)s) with k — 1 < (n — kp)s, i.e.,
k < (ns+1)/(ps + 1). Therefore,

\_M

ps+1 s
BRIl =Y ((”,C_f)S) 3.0)

k=1
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This proves the first statement of Theorem [[.5] We use characteristic polynomials to

prove the second statement. The first step is to find a parent sequence, denoted by

(b5h)>< ., that has (|B%A])22, as a periodic subsequence. The parent sequence (b') )%

n=1"* n=1
should satisfy a relatively simple recurrence that we take advantage of later.

Given positive integers s and p, we define the sequence (bﬁf%)oo recursively as fol-

n=1
lows:
(s) _ _ () _ (s) B e B
bp,l — ... = bp7(p71)s — O, bp,(pfl)erl — i.. = bp7p5+1 — 17 and
b = B+ b forn > ps + 2.

For example,

(b2)2 1 (A000930) : 1,1,1,2,3,4,6,9,13, 19,28, 41,60, 83, 129, 189, 277, 406, . . .
(6)>  (A003520) : 0,0,1,1,1,1,1,2,3,4,5,6,8, 11, 15, 20, 26, 34, 45, 60, . . . ;
(b5))2 | (A005709) : 0,0,0,1,1,1,1,1,1,1,2,3,4,5,6,7,8,10,13,17,22, 28,35, . ...

2n

Proposition 3.1. For (s, p,n) € N3, it holds that

Ln—s(p—l)—l

sp+1 .
) _ n—s(p—1)—1— spi
TR ( Z, |

i=0
Proof. Forn < (p — 1)s, we have
n—s(p—1)—1 o L o \‘n—s(p—l)—lJ <1

sp+1 ~ sp+1’ sp+1
Hence
R
i (n—s(p—l)—l—spi)_o
: i -
=0
as desired.

For (p — 1)s+ 1 <n < ps + 1, we have
n—s(p—1)—1 S p—1Ds+1—s(p—1)—1

=0
sp+1 - sp+1
and
n—s(p—l)—l<ps+1—3(p—1)—1_ s .
sp+1 - sp+1 - osp+1
Thus
n—s(p—1)—1 _ 0
sp+1 -

which gives

Ln—s(p—l)—lJ

> (n—s(p—li)—l—spz> _ ("—3@0—1)_1) -1

=0
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For n > ps + 2, we show that

L"—S(p—ll)—l Ln—z—s(f—l)J
< n—s(p—1)—1—spi s n—slp—1)—2—spi
2 . - X 4 +
i=0 ¢ i=0 L

n—2—sp—s(p—1) J
sp+1

(n—Z—Sp—iS(p—l)—spZ)'

1

We proceed by case analysis.
Case I: n=m(sp+1)+rwithm > 1land 1 <r < s(p—1). Then

Ln—s(p—ll)—lJ n—2—5(§—1)J
i <n—s(p—1)—1—spz) i (n—s(p—l)—Q—spz)
- [/ - (4
1=0 =0
m—1

Ln—2—sp—is(p—l)J
pas (n—Q—Sp—s(p—l)—spi)
i 5

because

V_z_;p:@—l)J _ {(m—zxzi?wﬂ —m-2.
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Case2: n=m(sp+ 1)+ s(p—1)+ 1 withm > 1. We have

n—s(p—1)—1 n—2—s(p—1)

L i J n—s(p—1)—1—spi i ! n—s(p—1)—=2—spi
i=0 ! i=0 !
i n—slp—1)—1—spi mz_l n—sp—1)—2—spi

5 ! i=0 !

<n—s(p—1i)—1—spi) B (n—s(p—li)—Z—spi))

n—s(p—l)—2—sp(i+1))

Ln—2—sp—s(p—l)J
_ SAE (n —2—sp—s(p—1)— spi)

(4
=0

I-n—s(p—l)—lj n—2—S(P—1)J

<n—s(p—1i)—1—spi) B i (n—s(p—t)—Q—spi)

=0

n—s(p—l)—Q—spi))

n—s(p—l.)—2—spi))

I

[
AN TN /N
3/\3/—\

|

V)

=

i~

|

= Z

|

—_

|

W

i~

-~

~

|
A/ T

]

- (n— s(p—1) =2 —sp(i + 1))

Ln—Z—sp—s(p—l)J
SA (n —2—sp—s(p—1)— spi)
. :
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Lemma 3.2. The sequence (|B§,ST)L|)3°:1 is a periodic subsequence of (béf%)flo:l. In par-
ticular,

’B ‘ - bp ns—s+1-
Proof. Thanks to (3.1) and Proposition 3.1} it suffices to verify that
ns+1 (n— P)SJ

Z (s—spk‘): Z (s—spzﬂ))

k= =0
Indeed,

[5sh [5:5-1 . |5
Z ns — spk _
()

k=1

Definition 3.3. Let p(x) = ¢y + c1x + - - - + ¢,2" be a polynomial with real coefficients
(¢i)i_o- A sequence (a,)22  is said to satlsfy p(z) if

Con + C10p_1 + -+ -+ crap_, = 0, foralln > r+ 1.
By definition, the sequence (b}(,f%);’ozl satisfies the polynomial
Pt

Usp(z) = 1—x—

Lemma 3.4. [9, Lemma 2.3] Given two polynomials p(x) and q(x) such that p(x)
divides q(x), if a sequence (a,)S2, satisfies p(x), then (a,)5%, satisfies q(x).

Proof of Theorem|[1.5] Theoremﬂ states that (|B,(3 n])2, satisfies

Vsp(z) == 1— ((S))x — (i) S S <z> sl — 1 Z (j) Ll
i=0

We have

1 — a2+ 1)°
1 —z(xr+1)

Us p(T) - in(xw +1)" = (1 — 2z — 2Pt

= 1—-2°=P+1)°
=1—-2° (8) P
: 7
=0

1=0

Hence, u; () divides v; ,(2%). By Lemma (b(s)) °, satisfies v ,(z%).

Due to the power s in vy ,(z*), v, ,(2®) gives a linear recurrence for terms in (bgf,)l)go:l
whose indices are s apart. It follows from Lemma that the sequence (|B,,|)5>,
satisfies vy, (). d
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4. SCHREIER SETS THAT DO NOT ADMIT MULTIPLES OF A GIVEN NUMBER

In this section, given u > 2, we count Schreier sets that do not contain any multiple
of u. This is the opposite of what was studied in [9]. First, we need a formula that gives
exactly numbers that are not divisible by wu.

Lemma 4.1. For v > 2, we have

{{un—lJ ;neN} = {neN:utn}.

u—1

Proof. Writen = (u — 1)j +m with j > 0and 0 < m < u — 2. Then

{un—lJ B V((u—nﬁm)—w _ “j“"*{m_lJ

u—1 u—1 u—1

Jug -1, iftm = 0;
S luj+m, fl<m<u-—2.

This shows that the formula | (un — 1)/(u — 1)] gives exactly positive integers that are
not divisible by w. O

We prove Theorem using the same method of characteristic polynomials as in
Section [3| First, we find a formula for |D,, ,|. A k-element in D, , is uniquely deter-
mined by (k — 1) elements in

e e e 11

where 7jj, is the smallest positive integer with

u(jp —1) —1
u—1

—1
zk@jk:k+l—Lk J
u

Hence, the number of k-element sets in D,, ,, is

(A0 - (i)

under the condition

-1 Du—1
n—k+v Jzk—u:m:gm.
U 2u—1
Therefore,
e n—=k+ LEJ
Dunl = u . 4.1
Dl ; ( 1 ) (“.1)

We now define parent sequences (d., )52, so that for each fixed u, (|D, )32, is a
periodic subsequence of (d,, )5 . Let

du,l = du,? = = du,?u—l =1

and
du,n = du,n—u + du,n—2u+1 for n > 2u.
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For example,
(dom)oey s 1,1,1,2,2,3,4,5,7,9,12, 16,21, 28, 37,49, 65, 86, 114, 151, 200,
265,351, .. .;
(dsn)py s 1,1,1,1,1,2,2,2,3,3,4,5,5,7,8,9,12,13, 16, 20, 22, 28, 33, 38, 48,
55,66, 81,93,114,136, 159, 195,229, .. .;

(i), 1,1,1,1,1,1,1,2,2,2,2,3,3,3,4,5,5,5,7,8,8,9,12, 13, 13, 16, 20, 21,
22,28,33, 34, 38, 48, 54, 56, 66, 81, 88, 94, 114, 135, 144, 160, 195, . . ..

Proposition 4.2. For u > 2 and n € N, we have

1=0

Proof. Letu > 2.If 1 <n < w,then || =0, and

u

L”ilJ (V(—)J) _ (L;gﬂ) —1

=0 ¢

Ifu+1<n<2u-—1,then

1< < —2-2 <2 =
u u u

n—1 2u — 2 2 {n—lJ

and
Lilj(w(;iflii_ub ) ;(VHSJZ‘?%UJ)
L%ﬂ) +<L1J)

0 0
= = 1.
It remains to verify that d,, , = dyn—y + dypn—24+1 forall n > 2u, ie.,

£ () g ) S

=0 t =0 t =0
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By Pascal’s rule, we have

LnT_lJ \‘n+(u71)i7uJ
Z ( 2u—1 )
i=0 t
%J \\TL‘F( fuJ
(3
=1
nTIJ \\nJr(u 1)17uJ 1 anlJ Ln+(u71)ifuJ _1
— 2u—1 2u—1
= I?; n) ::I?(ru n)

Reindexing I1(u, n) gives

e L"g:—l OH(UI)(;:DI“%HJ) ) [%-1 (wa

i—0 t

Hence, it suffices to show that

L%J {n—l—(u—l)i—uJ 1 L%J -2 \fl—&—u 1)i— uJ 1
Z ( 2u—1 ) Z ( 2u—1 )
\’i:l L , =1

::RZ,TL)

which means that

MJ_l _
({ e ) =0, for |2 —1<i< L" IJ.
2 u u

Write n = qu + r, where ¢ > 2and 0 < r < u — 1. Then

—1 if r > 1;
2] -1=9¢-1 ana |© _ e rr=s
u U qg—1, ifr=0.
Case 1: if 2 = ¢ — 1, then

Vﬂu—zi)fql—n—uJ _ {(2u—1)q2—5i;(2u—1)J L

Hence
\‘n+(u71)i7uJ 1
( 2u—1 ) — 0
qg—1
Case 2: if © = g, then

et ey

Thus

n+(u—1)i—u
({ 2u-1 J_l) = 0.

q
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This completes our proof. U

Proposition 4.3. For each u > 2, the sequence (|D,,|)3 , is a periodic subsequence
of (dyn)5% ;. In particular,

Dun| = duun—(u—-1, foralln € N.

Proof. Fix u > 2 and n € N. Thanks to (4.1)) and Proposition it suffices to prove
that

L"Zi” un—(u—1)k n—1 un+(u—1)j

221 (L— J‘1>:Z({—2ul J‘l),

=0 fi L J=0 J ,
=:f(k) =:9(4)

If n = 1, both sides equal 1. Suppose that n > 2. For 0 < 5 < n — 1, we consider j

of the form
Jg=n—_2u—-1)l+1) = £).

Then
ogeg{”_zlﬂ ! J<”_2u+l
2u—1 2u-1 2u—1
. ~ )
For { in the above range, if k = x(¢) ;= u({ +1) — 1, then 0 < k < |2“=%|. We have

g(E(0) = gln — 2u—1)(+1)) = <nn_ +<fu__<f>w“1))
_ <n+€—(€+1)u)
S\ (4 Du—1

= flul+(u=1)) = F(x(0). (4.2)

Write
E=a x(0)—1 X
f(k) = f(k) + f(x(0)) + Z fOR)+ f(x(1) +---+
k=0 k=0 k=x(0)+1
NOE | 5u=t
Yoo R+ )+ > fk).
k=x(fo—1)+1 k=x(4o)+1
and
n—1 £(€o)—1 E(lo—1)—1
9() = D (i Co)+ D g +gElo—1)+-+
j=0 j=0 J=£(£o)+1
£(0)-1 n—1
9(i) + 9O+ D g().
j=E(1)+1 i=£(0)+1

Note that (4.2) gives f(x(¢)) = g(£(¢)) for each ¢ € [0, £o).
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Next, we prove that for ¢ € [0, ¢y — 1],

x(+1)-1 £)—1
> fk > g0) (4.3)
k=x(£)+1 J=E£(l+1)+1

To do so, note that the right sum of (4.3)) has 2u — 2 terms, while the left sum has u — 1
terms. To prove (4.3)), we use the Pascal’s rule to combine every two consecutive terms
in the right sum. On the one hand, we have

= D960+ 1) + 2 = 1) + g(€(£+1) +24)

(A ()

i=1
_“i n—(u—1)l+2)+i—1 _“i n—(u—1)(l+2)+i—1
= E(0+1)+2i = u(l+2) —i—1 '
On the other hand,

x(+1)—

Z f :Zf (£+1)—1i)

k=x(¢

u

_Z( X(0+1)—1

B

=1

u-1 V”_(u_l)(X(M)_i)J _ 1>

Therefore, (4.3)) holds.
From (.2)) and (#.3)), we have shown that

x(%o) £(0)
STk = D> g0).
k=x(0) J=¢(%o)
It remains to verify that
x(0)—1 n—1
> fk) = 9(j) (4.4)
k=0 =6(0)+1
and
gt | €(Lo)—1
> fk Z 9(j (45)
k=x(£o)+1

The proofs of and (4.3) use a similar idea to the proof of (4.3), so we move it to
the appendix. U
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Proof of Theorem[1.6] The first statement follows from the well-known formula for F);:
7] n—i—1

F, = _ . 4.6

> (") (46)

1=0

For a proof of (4.6) using tilings, see [4, Identity 4], or if we assume Zeckendorf’s
Theore [10, (2.5)] gives another proof. Combining (4.1) with (4.6), we need to
show the equality

L(n+1)u71J

2u—1 o ]{j E L%J s 1
Z (n kt&uj) = Z (n Z )forn§2u—1, “4.7)
k=1 1=0
whose proof is in Section[A]
By definition, the sequence (d., )32, satisfies the polynomial

pu(z) == 1 — 2% — 2?1,

Theorem 1.6 states that (| Dy, | )52, satisfies

qu(z) = 1+ é (1;) (—z) — 2™t = (1 —2)" — 2™t

By Lemma 3.4 and Proposition it suffices to verify that p,(z) divides ¢, (z*). We
have

u—1

(1 v — w?u—l) (Z(l _ mu)u—l—jd,j(Qu—l))

=0

(1 _ xu)u _ xu(Qufl)
1 — g% — xZu—l

_ (1 . :Eu)u . xu(2u—1) _ qu(mu)

= (1 —ZEU—ZEQU_I
(

5. FURTHER INVESTIGATIONS

One may consider other setups for p, ¢ and (s,;)_; in Problem and determine
what recurrences they give. Interested readers may also study the more general condi-
tion ¢ min ' > p|F| as in [2]. Define

AS) = P c{l,...,1,....,n—1,....,n—1,n} : n € Fand gmin F > p|F|}.
—— v

p,q,n
N

S S

Similar to (2.1)), we have a formula for |A7(f,;,,q\:
[i] i n— [p_k“ n— [P_’f-‘ +hk—1—(s+1)j—-1
(s) — —1y q d
Al = > e ("I )
k=1  j=0

J n—[p—ﬂ—l
q

Below are the data and conjectured recurrences we gather

1Zeckendorf’s Theorem states that every positive integer can be written uniquely as a sum of nonad-
jacent Fibonacci numbers in (F,),>o.
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(1) (A1) 0: 1,2,4,9,19,41, 88,189, 406, 872, 1873, 4023, 8641, . . . with
Ap = Gp_1+ 20p_o + Ap_3;
@) (|AP) )50 1,3,6,13,31, 73,169, 392, 912, 2121, 4930, 11460, 26642, .. . with
ap = 3Gp_1 — 30p_o +4ay,_3 — 20,4 + Qy_5;
3) (IAP), )2

1,3,8,18,41,100, 250, 617, 1501, 3643, 8877, 21689, 52984, 129303, . . . with

ap = 3an—1 - 3an—2 + 3an—3 + 2an—4 + ap_s;
2 oo .
@) (1A%,

1,3,9,23, 54,127,314, 808, 2090, 5326, 13379, 33460, 83979, 211847, . .. with

p = 9Gy_1 — 10a,_o + 10ay,_3 — 4ay_5 + Apn_g + Qp_7;
5) (|AS) 105210 0,1,1,2,3,5,8, 14,24, 40,66, 110, 185, 311,521, 871, . . . with
Qp = Qp_1+ 20, 4+ Qp_5+ g+ ay_7.
Problem 5.1. For (s, p, ¢) € N3, find the recurrence for (|.A%)[)°2,.

Observe that [2, Theorem 1.1] and Theorem [I.2] solve Problem [5.1] when s = 1 and

q = 1, respectively.

Last but not least, we are interested in nonlinear Schreier-type conditions (min £)? >
| F'|P as started in [7].

APPENDIX A. TECHNICAL PROOFS

Proof of (4.4). We have

ST ({—””_(3_”@ - 1)

k=

o
7T
N O
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while
n—1
> g0)
=€(0)+1
n—1 un+(u—1)j
_ (L—m ! )
j=n—2u+2 j
n—3 un+(u—1)j
_ (L—zu-l ! - Yo
Jj=n—2u+2 j
u—2 Lun+(u—1)(n—2u+2i)J -1 Lun+(u—1)(n—2u+2z’+1)J 1
— ( 2u—1 ) + ( 2u—1 ) + 1
— n—2u-+ 27 n—2u+2+1
u—2
:Z n—uti—1+4 |55 + n—u+ti+|5) 11
— n—2u—+ 2t n—2u+2i+1
_UZ_Q n—u+t—1 n n—u+1—1 1
= \\n-2ut2 n—2u+2i+1
2 n—u-+1
=> Co )+
—\n - 2u+ 21+ 1
Y2 i —uti
=> . +1
—\u—1i-— 1
u—2
— k-1
—Z<n k: )bysettingu—k+z'+l.
k=0
Hence, (#.4)) holds. O

Proof of (.3). We have

€l) =1 =n—1—2u—-1)|—"—1| and y(lo) + 1 = n

0 - “ 2u— 1 Xfo B DY

Hence, (@.5)) is the same as

[ 5=t un—(u—1k | _ n—1-(2u—1) | 5 | unt-(u=1)j |
Z (L u J 1) — Z (L 2u—l J 1>. (A.1)

k — J

k:uLQM"_lJ Jj=0

Write n = (2u — 1)s +t with s > 0and 0 < t < 2u — 2. If t = 0, both sides of (A.T))
equals 0. Assume that 1 < ¢ < 2u — 2 and rewrite (A.1) as

(t—1)u

us+L 21:—1J t—1 tut+(u—1)j
kz (2us+t— - 1> Z (su+ |l 2; | - 1). a2
=us j=
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Case 1: t = 2r + 1 for some r > 0. Then » < u — 2. We have

t—1 (su—l— Ltu;£izl)jJ _ 1)

=0 J
2r 2r+1)u+(u—1)j
B (su+ |ttt | 1)
j=0 J
r (2r+1)ut(u—1)(2i—1) (2r+1)ut(u—1)2
SUJﬂ Zu—1 J—l) (8“+LTJ—1>
ST

(Su+r+i+ |t —1) N (su+r+z+ | it | —1))

21 —1 2

(
:H;((suz:j;q) N <5u+7’2—;—i—1))
~(

and
us+ L (;;plu us+r
Z 2us+t—k—1 B Z 2us +2r — k
k - k

k=us k=us
B qirr 2us +2r — k
N = 2us + 2r — 2k
= us 1] by setting j = r — k + us.

=0 2

Hence, (A.T)) holds in this case.
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Case2:t =2r forr > 1. Thenr < u — 1. We have
t— (S 2ru;—uu11) J _ 1)

(SU + Qru;ru(ull)]J . 1>

-1 ( SU + 2ru+(u 1)2¢

)_l

[en]

Nl
,_.

r—

o

.

1

2ru+(u—1)(2i+1)
J—1)+(su+L—QU_1 J—l)

2t +1

i

ﬁ
H

(su+r+z+[2u =t | —1) N (su+r+z’+ | il | —1>)

(
(7))
<

ﬁ .
= o

gl

1=0
- — su—+r-+1
=\ 2+
and
us+ | G us+r—
Lflj 2us +t—k—1\ il 2us+2r —k—1
k N k
k=us k=us
_usi_l 2us+2r—k—1
A2~ 2us+2r—2k—1
r—1 .
:Z us%.—r—i—j by setting j = us+r —k — 1.
. 27 +1
7=0
Thus, (A.T)) holds in this case as well. O
Proof of @.7). Since n < 2u — 1,
F-1 M1 i-lu -1 2u-2
(A u S uu—1)  2u—1 7" 2u—1
so |=1] = 0. Hence
(n+1)u—1 (n+1)u—1 (n—1)u
e ey L e
— k—1 N p k—1) — j

It remains to verify that
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If n =2r —1with1 <r < u, then
(n—1u 2u
— —1 e [r—1,7).
1 oD el
If n=2rwithl <r <wu—1, then
(n—1)u (2r — Du
- —1,7).
2 — 1 1 S r=br)

In both cases, we have (A.3). O
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