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ABsTRACT. A sequence of positive integers is complete if every positive integer is a sum
of distinct terms. A positive linear recurrence sequence (PLRS) is a sequence defined by
a homogeneous linear recurrence relation with nonnegative coefficients of the form H,41 =
ciHy, + -+ coHp—r+1 and a particular set of initial conditions.

We seek to classify various PLRS’s by completeness. With results on how completeness
is affected by modifying the recurrence coefficients of a PLRS, we completely characterize
completeness of several families of PLRS’s as well as conjecturing criteria for more general
families. Our primary method is applying Brown’s criterion, which says that an increasing
sequence {H, };2; is complete if and only if H; =1 and Hypy1 < 14> | Hi. A survey of
these results can be found in [BHLLMT].

Finally, we adopt previous analytic work on PLRS’s to find a more efficient way to check
completeness. Specifically, the characteristic polynomial of any PLRS has exactly one positive
root; by bounding the size of this root, the majority of sequences may be classified as complete
or incomplete. Additionally, we show there exists an indeterminate region where the principal
root does not reveal any information on completeness. We have conjectured precise bounds
for this region.
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1. INTRODUCTION

The Fibonacci numbers are one of the most studied integer sequences. One of their many
interesting properties is that they can be used to construct a unique decomposition for any
positive integer. Zeckendorf proved that every positive integer can be written uniquely as a
sum of non-consecutive Fibonacci numbers, when indexing Fibonacci numbers {1,2,3,5,...};
this unique decomposition is called the Zeckendorf decomposition |Ze]. This result, of unique
decompositions, has been generalized to a much larger class of linear recurrence relations; the
following definitions are from [MW].

Definition 1.1. We say a sequence {Hy,}o2 | of positive integers is a Positive Linear Re-
currence Sequence (PLRS) if the following properties hold:

(1) Recurrence relation: There are non-negative integers L,cq,. .., cp such that
Hyyw = aiHy+ - +crHpp1-1, (1.1)

with L,c1 and cy, positive.
(2) Initial conditions: Hy =1, and for 1 <n < L we have

Hyyw = eiHp+coHy 1+ +cHy + 1. (1.2)

Definition 1.2 (Legal decompositions). We call a decomposition Y ;- aiHpm11—i of a positive
integer N (and the sequence {a;}1",) legal if a1 > 0, the other a; > 0, and one of the following
two conditions holds:

(1) We have m < L and a; = ¢; for 1 <i <m.
(2) There exists s € {1,...,L} such that

a1 = ¢1, ag = ¢g, -+, as_1 = cCs—1 and ag < cg, (1.3)
Gs41y---,051¢ = 0 for some € >0, and {bi}ﬁ_ls_g (with b; = asy¢+;) s legal or empty.
The following theorem is due to [GT], and stated in this form in [MW].

Theorem 1.3 (Generalized Zeckendorf’s Theorem for PLRS). Let {H,} 2, be a Positive
Linear Recurrence Sequence. Then there is a unique legal decomposition for each positive
integer N > 0.

Next, we introduce completeness, as defined by [HK].

Definition 1.4. An arbitrary sequence of positive integers { f;}32, is complete if and only if
every positive integer n can be represented in the form n =Y 7, a;fi, where a; € {0,1}. A
sequence that fails to be complete is incomplete.

In other words, a sequence of positive integers is complete if and only if each positive integer
can be written as a sum of unique terms of the sequence.

Example 1.5. The Fibonacci sequence, indezed from {1,2,...} is complete. This follows from
Zeckendorf’s Theorem, which is a stronger statement. Completeness does not require that the
decompositions be unique, and that they use nonconsecutive terms.
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After seeing this example, it is natural to ask if Theorem implies that all PLRS’s are
complete. Previous work in numeration systems by Gewurz and Merola [GM]| has shown
that specific classes of recurrences as defined by Fraenkel [Fy| are complete under their greedy
expression. However, we cannot generalize this result to all PLRS’s. For legal decompositions,
the decomposition rule can permit sequence terms to be used more than once. This is not
allowed for completeness decompositions, where each unique term from the sequence can be
used at most once.

Example 1.6. The PLRS H,+1 = H,, + 3H,,_1 has terms {1,2,5,11,...}. The unique legal
decomposition for 9 is 1 -5+ 2 -2, where the term 2 is used twice. However, no complete
decomposition for 9 exists. Adding all terms from the sequence less than 9 is 1 +24+5 = 8§,
and to include 11 or any subsequent term surpasses 9.

We also make use of the following criterion for completeness of a sequence, due to Brown
|Bx].

Theorem 1.7 (Brown’s Criterion). If a, is a nondecreasing sequence, then a, is complete if
and only if ey =1 and for alln > 1,

n
anpr <1+ a;. (1.4)

i=1
An immediate corollary is the following sufficient, though not necessary condition for com-
pleteness, which we call the doubling criterion. The proof is left to the appendix, as Corol-

lary

Corollary 1.8 (Doubling Criterion). If a, is a nondecreasing sequence such that a, < 2a,—1
for all n > 2, then a,, is complete.

Remark 1.9. By considering the special case when a, = 2a,—1, this immediately implies that
the doubling sequence itself {1,2,4,8,...} is complete.

In this paper, we characterize many types of PLRS by whether they are complete or not
complete.

Notation 1.10. We use the notation [c1,...,cp], which is the collection of all L coefficients,
to represent the PLRS Hyv1 =ciHy + -+ cpHpr1-1-

A simple case to consider is when all coefficients in [c1,...,cr] are positive. The following
result, proved in Section [2| completely characterizes these sequences are either complete or
incomplete.

Theorem 1.11. If {H,} is a PLRS generated by all positive coefficients [c1,...,cr], then
sequence is complete if and only if the coefficients are [1,...,1] or [1,...,1,2] for L > 1.
—— ——
L L—1

The situation becomes much more complicated when we consider all PLRS’s, in particular
those that have at least one 0 as a coefficient. In order to be able to make progress on deter-
mining completeness of these PLRS’s, we develop several tools. The following three theorems
are results that allow certain modifications of the coefficients [ci, ..., cr] that generate a PLRS
that is known to be complete or incomplete, and preserve completeness or incompleteness.
They are proved in Section

Theorem 1.12. Consider sequences {Gp} = [c1,...,cr] and {H,} = [c1,,...,cL,cr+1], where
cr+1 18 any positive integer. If {G,,} is incomplete, then {H,} is incomplete as well.
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Theorem 1.13. Consider sequences {Gn} = [c1,...,co—1,cr] and {H,} = [c1,...,c0—1, kL],
where 1 < kr, <cp. If {G,} is complete, then {H,} is also complete.

Theorem 1.14. Consider sequences {G,} = [c1,...,cr—1,cp] and {H,} = [c1,...,cp—1+cL].
If {G,} is incomplete, then {Hy} is also incomplete.

The next two theorems are results that classify two families of PLRS’s as complete or
incomplete. They are shown in Section [3

Theorem 1.15. The sequence generated by [1,0,...,0, N] is complete if and only if 1 < N <

k

[(k+2)(k+3)/4], where [-] is the ceiling function.

Theorem 1.16. The sequence generated by [1,1,0,...,0, N] is complete if and only if 1 <
~——

k
N < |(Fyxy+¢ — k —b)/4], where F,, are the Fibonacci numbers with Fy = 1,Fy = 2 and |-| is

the floor function.

We have a partial extension of these theorems to when there are g initial ones followed by
k zeroes in the collection of coefficients.

Theorem 1.17. Consider a PLRS generated by coefficients [1,...,1,0,...,0, N|, with g,k > 1.
—— T
g
(1) For g > k + [logy k], the sequence is complete if and only if 1 < N < 21 1.
(2) For k < g < k + [logy k], the sequence is complete if and only if 1 < N < 2k+1
[k/207F].

Finally, in Section [4] we introduce some results and conjectures on completeness based on
the principal roots of a PLRS. We determine some criteria for completeness based on the size
of the principal root and find that there is a certain indeterminate region where the principal
root does not reveal any information.

2. MODIFYING SEQUENCES

A basic question to ask is how far we can tweak the coefficients used to generate a sequence,
yet preserve its completeness. The modifying process turns out to be well-behaved and heavily
dependent on the location of coefficients that are changed. Before we start looking into im-
plementing any changes to our sequences, we first need to understand the maximal complete
sequence.

2.1. Maximal Complete Sequence. We introduce the maximal complete sequence, which
serves an important role. First, we look at all complete sequences with only positive coefficients.

Proof of Theorem [1.11] Assume that {H,} is complete. By the definition of a PLRS and by

Brown’s criterion, we have
caHr 1 +eHr o+ e +1=H, <14+ H{+Ho+ -+ Hp_1. (2.1)
Since ¢; > 1 for 1 <4 < L, this implies that ¢; = 1 for 1 < ¢ < L. By the definition of a PLRS,
Hyyw=caHp+cHp 1 +---+cHy=Hp+Hp_1+---+ Hy+c Hy. (2.2)
Combining this with Brown’s criterion gives
Hioin=Hp+Hp 1+ +c H <1+H +Hy+-+Hp_4
crHy <1+ Hp =2. (2.3)
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Hence ¢y, < 2, which completes the forward direction of the proof.

We know that if the coefficients are just [2], then the sequence is complete by Remark .
So, now assume that ¢c; =---=cp—1 =1 and 1 < c¢p, < 2. We argue by strong induction on n
that H, satisfies Brown’s criterion. We can show this explicitly for 1 < n < L. First, if n = 1,
then H,, =1, as desired. Next, if 1 <n < L, then

Hyy1=cH,+ 4+, Hi+1=H,+---+H +1, (2.4)
so these terms satisfy Brown’s criterion. Now assume that for some n > L, for all n’ < n,
Hn/+1§Hn/—|—-"—|—H1+1. (25)

It follows that
Hyyo=Hpi1+ -+ Hpqo-p tepHpp1-1
<Hp1+- -+ Hppop +2Hp1 1

<Hpm+ +Hyo p+Hppi-r+ (Hy—p+---+Hi + 1), (2.6)
where the inductive hypothesis was applied to H,41-1, to obtain (2.6). This completes the
induction. (]

Now that we have found some complete sequences, it turns out that the sequence generated
by the coefficient [2], i.e., {27!}, is the maximal complete sequence.

Lemma 2.1. The complete sequence with largest span in summands is {271},

Proof. Suppose there exists a complete sequence { H,,} with the largest span in summands. As
a complete sequence must satisfy Brown’s criterion, it suffices to take H,41 = 1+ > " | H;.
Hence,

n n—1
Hypy=1+Y Hy=1+Y H;+ H,=2H,. (2.7)
1 1
By the intial conditions for a PLRS, H; = 1 and Hy = 2. Thus, H, = 2H,_; = 2" L. O

Remark 2.2. Thus {H;} = {271} is an inclusive upper bound for any complete sequence.
As it turns out, this sequence has can be generated by multiple collections of coefficients.
Corollary 2.3. A PLRS with coefficients [1,...,1,2] generates the sequence H, = 2" 1.
——
L—1
Proof. Consider the sequence {H,} generated by [1,...,1,2]. We proceed by induction on L.
——

L—1
Note H; = 1 = 2'~! by the definition of the PLRS. Now, suppose Hy, = 2¥~1 for k € {1,...,n}.
For n < L, note

Hypp1=caHp+cHy 1+ +cHi+ 1
—H,+H, 1+ --+H +1
_on—lyon=2 ., .14 1_09n (2.8)
Hence, the claim holds for all n < L. Now, for n > L, note
Hyp1=cHy+coHp 1+~ +cpHppi-
=H,+H, 1+ --+2H, 11
—on—1gn=2 . L on-L+l 4 9 on—L _ on (2.9)
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Thus, by induction, the claim holds for all n, L € N. (]

2.2. Modifications of Sequences of Arbitrary Coefficients. Modifying coefficients in
order to preserve completeness proves to be a balancing act. Sometimes increasing a coefficient
causes an incomplete sequence to become complete, while other times, increasing a coefficient
causes a complete sequence to become incomplete. For example, [1,0,0,0,0,0, 15] is incomplete;
increasing the second coefficient to 1, i.e., [1,1,0,0,0,0,15] is complete. Further increasing it
to 2, i.e., [1,2,0,0,0,0,15] is again incomplete. To study how such modifications preserve
completeness or incompleteness, we add a new definition to our toolbox.

Definition 2.4. For a sequence {H,}, we define its nth Brown’s gap
n—1
Bypn =1+ H;— H,. (2.10)
i=1
Thus, from Brown’s criterion, {H,} is complete if and only if By, > 0 for all n € N.
Our next questions is: What happens if we append one more coefficient to [c1,...,cr]? It

turns out that if our sequence is already incomplete, appending any new coefficients will never
make it complete. This is Theorem which using are ready to prove using Brown’s gap.

Proof of Theorem [1.12, By Brown’s criterion, it is clear that {G,} is incomplete if and only if
there exists n such that Bg, < 0. We claim that for all m, By ,, < Bg,m,. If true, our lemma
is proven: suppose Bg, < 0 for some n, we would see By, < Bg, < 0, implying {H,} is
incomplete as well.

We proceed by induction. Clearly, By = Bg, for 1 < k < L. Further, for k = L, we see

L L
BG,L+1_BH,L+1 = 1—|—Z Gi—Gpry1— (1 + ZHZ - HL+1> =Hp1—Grpy1=1>0. (2.11)

i=1 i=1

Now, let m > 2 be arbitrary, and suppose
By, L+m-1 < Ba, L4+m-1- (2.12)
We wish to show that By, p+m < Bg, r+m- Note that

BH7 L+m — BH7 Ltm—1 = 2HL+m—1 — HL+m- (213)
Similarly,
BG’, Li+m — ch Ltm—-1 = 2GL+m—1 — GL+m- (214)
We use Lemma [B.1] which states that for all k > 2, Hpyr — Gryk > 2 (Hpyk—1 — Grik—1).
Applying it to equations (2.13) and (2.14)), we see that
By, .+m — Bu, 1+m-1 < Bg, L+m — Ba, L+m—1. Summing this inequality to both sides of
inequality , we arrive at By p4m < Bag,1+4+m, as desired. U

Now, we turn our attention to the behavior when we decrease the last coefficient for any
complete sequence. In Theorem we find that decreasing the last coefficient for any
complete sequence preserves completeness.

Proof of Theorem[1.13. Given that {G,} is complete, suppose for the sake of contradiction
that there exists an incomplete {H,}. Thus, let m be the least such that

m—1

Hy>1+ > H. (2.15)
=1
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Simultaneously, as {G,} is complete, by Brown’s criterion,

m—1

Gm <1+ ) Gi. (2.16)
i=1
First, suppose m < L. However, for all n < L, G,, = H,,, hence

m—1 m—1
Hp =G <1+ZG—1+ZHZ, (2.17)
i=1

which contradicts (2.15)). Now, suppose m > L. Therefore,

G <1+ZG_1+ZG+ Z G; _1+ZH+ Z G;.

i=L+1 i=L+1
This implies,

L m—1
1+Y Hi>Gm— > Gi (2.18)

i=1 i=L+1

Now, we know that

m—1 m—1
Hp, >1+ZH_1+ZH+ZH>G Y Gi+ ) H, (2.19)

i=L+1 i=L+1 i=L+1
and thus

m—1 m—1
- > Hi>Gn- > G (2.20)

i=L+1 i=L+1

We claim that the opposite of (2.20) is true, arguing by induction on m. For m = L + 1, we
obtain Gr4+1 > Hr41 as kr, < cr. Now, assume that

m—1 m—1
Gm— Y Gi>Hpn— Y H (2.21)
i=L+1 i=L+1

is true for a positive integer m. Using the inductive hypothesis, it then follows that

m—1 m
Gt — Z Gi=Gmu— >, Gi—=Gum>GCGup1—2Gm+Hy— Y Hi  (222)
i=L+1 1=L+1 i=L+1

Finally, we use Lemma [B.2] proved in Appendix B, which states that for all k € N, Hp 11 —
2Hpr < Grig+1 — 2G4k Note

m—1 m
Gt = 2Gm + Hyy = Y Hi > Hyy = 2Hy + Hy = ) Hi= Hypey = ) Hi, (2.23)
i=L+1 i=L+1 i=L+1
which does contradict (2.20)) for all m > L. Therefore, for all m € N, we have contradicted
(2.15). Hence, {H,,} must be complete as well. O

The result above is crucial in our characterization of families of complete sequences in Section
finding one complete sequence allows us to decrease the last coefficient to find more. Next,
we prove two lemmas that together prove Theorem [1.14]
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Lemma 2.5. Let {G,} be the sequence defined by [c1,...,cr], and let {H,} be the sequence
defined by [c1,...,c—1 + 1, ¢, — 1]. If {G,} is incomplete, then {H,} must be incomplete as
well.

Proof. We claim that for all m, By ,, < Bg,m. This lemma is proven using similar reasoning as
for Lemma, We proceed by induction. Clearly, By = Bg,, for 1 < k < L — 1. Further,
for k = L, we see

L—1 L—1

Bor—Bur=1+Y Gi—GL - <1+ZHZ-—HL> =H, -G =1>0. (2.24)
i=1 i=1

Now, let m > 0 be arbitrary, and suppose

By, 1+m < B, L+m- (2.25)
We wish to show that By, r+m+1 < Ba, L+m+1- Note that

Bu, L4m+1 — Bu, L+m = 2H4m — Hp4m41, (2.26)
and similarly,

Bé, L+m+1 — Ba, L+m = 2Gp4m — GLim+1. (2.27)
We use Lemma [B.3] which says that for all k > 0, Hp k11 — Graks1 > 2(Hpq, — Gryk). Ap-

plying it to (2.26)) and (2.27), we see By, 4+m+1— BH, L+m < Ba, L+m+1 — BG, L+m- Summing
this inequality to both sides of inequality (2.25]), we conclude that By r4m+1 < BG L+m+1, a8
desired. 0

How many times can Lemmabe applied? The answer is all the way up to [c1,...,cp—1+
cr, — 1, 1], as the last coefficient must remain positive to stay a PLRS.

Lemma 2.6. Let {G,} be the sequence defined by [c1,...,cr—1,1], and let {H,} be the sequence
defined by [c1,...,cn—1 + 1]. If {Gn} is incomplete, then {H,} must be incomplete as well.

Remark 2.7. Despite the similarities, Lemma is not directly implied by Lemma [2.5; both
are necessary for the proof Theorem . Applying Lemma (c, — 1) times proves that
if [e1,...,cn—1,cr] is incomplete, then [c1,...,cr—1 + cp — 1,1] is incomplete; al this point,
we cannot apply the lemma further while maintaining o positive final coefficient to meet the
definition of a PLRS. Hence the case of Lemma must be dealt with separately, in order to
arrive at the full result of Theorem [1.14]

Proof. The proof is similar to that of Lemma 2.5l We aim to show that By ,, < Bg,m for all
m. Clearly By = Bgy for 1 < k < L. Further, for K = L + 1, we see

L L—1
Bg,r+1—Ba,+1 = Z Gi—Gre1— (1 + Z Hy — HL+1> =Hpy1—Gpyr =cp > 0. (2.28)
i=1 i=1
Now, let m > 0 be arbitrary, and suppose
By 1+m < Ba,L+m- (2.29)
We wish to show that By r+m+1 < Bg r4+m+1. Note that

Bu,p+m+1 — Ba,p+m = 2Hpvm — Hpyma1, (2.30)
and similarly

B r+m+1 — BG,n+m = 2Gr4m — Gr4m+1- (2.31)
We use Lemma which states that for all & > 0, Hrygp+1 — Goik+1 = 2(Hpvx — Grik)-
Applying it to equations (2.30) and (2.31)), we see By 1+m+1—BH,L+m < BG,L+m+1—Ba, L+m-
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Summing this inequality to both sides of Inequality (2.29)), we conclude that By r4m+1 <
Ba 1 +m+1, as desired. O

Using these lemmas, we can now prove Theorem [1.14]
Proof of Theorem [I.1}} We apply Lemmal[2.5 ¢z, —1 times, to conclude that if [c1, ..., cr—1, cr]

is incomplete, then [c1,...,c -1 + ¢ — 1,1] is incomplete. Finally, applying Lemma [2.6] we
achieve the desired result. O

3. FAMILIES OF SEQUENCES

If we recall Theorem it says that given a complete PLRS, decreasing the last coefficient
preserves its completeness. This raises a natural question: Given the first L — 1 coefficients
€1,€2,...,CL—1, what is the maximal N such that [c1,co,...,cp—1, N] is complete? In this
section we explore this question.

3.1. Using 1’s and 0’s as Initial Coefficients.

Proof of Theorem [1.1]] First assume that {H,} is complete. By the definition of a PLRS, we
can easily generate the first k£ + 2 terms of the sequence: H; = ¢ for all 1 < i < k+ 2. We then
have for all n > k + 1,
H,\1=H,+ NH, j_1, (3.1)
which implies that
Hyy4 = Hygy3+ NHy = Hy 3+ 2N. (3.2)

By Brown’s criterion,
Hygyy < Hiys + Hgpo+---+ Hy + 1.

By (8.2),
Hyy3 +2N < Hpys+ Hppo+ -+ Hy +1,
and we obtain
2N <Hpio+Hp1+---+H +1
—(k+2)+(k+1)+---+1+1
(k+2)(k+3)

S AN
2 +4

and thus we find
k+2)(k+3 1
y s 1 (3.3)
4 2
Since N is an integer and | (k +2)(k + 3)/4 + 1/2] = [(k + 2)(k + 3) /4], we may take the floor
of the right hand side of equation (3.3)), and then N < [(k + 2)(k + 3)/4].

We now prove that if N < [(k+ 2)(k + 3)/4], then {H,} is complete. We first show that
if N = [(k+2)(k+3)/4], then {H,} is complete. Taking the recurrence relation H,11 =
H, + NH,,__1, and applying Brown’s criterion gives

Hn+1 =H,+ NH, ;1
SHy+(N—=2)Hy 1+ Hy 1+ Hy o+ -+ Hi + 1.
By Lemma [C.1] we can expand (N — 2)H,,_,_1 and find that

Hn+1 <H,+Hp a1+ - +Hy r+Hy p1+Hy o+ --+H +1. (34)
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Hence, by Brown’s criterion, the sequence {H,} is complete. Lastly, by Theorem [1.13] for all
positive N < [(k + 2)(k + 3)/4], the sequence is also complete. O

For coefficients as defined in Theorem for sufficiently large L, if we switch any one of
the coefficients from 0 to 1 except for the final zero, then the bound on IV is at least as large,
which we prove in the following corollary.

Corollary 3.1. For L > 6, given that [1,0,...,0,N] is complete, with N = [L(L+ 1)/4],
then [1,ca,...,cp—2,0, N] is complete where ¢; = 1 for one i € {2,..., L — 2}, and the rest are
0.

Proof. We have the recurrence relation for fixed i € {2,...,L — 2}:

Hy,y1=H,+Hp—ijv1+ NHy_+1. (3.5)
Applying Brown’s criterion yields
Hypw<H,+H, inn+N-2)Hy 1 +Hyr1+Hyp+--+H + 1 (3.6)
We apply the result of Lemma and see that
<H,+H, 1+ ---+H, o+ H, 1 +Hp_+ -+ H +1 (3.7)
Hence, by Brown’s criterion, the sequence is complete for all L > 6. O

Proof of Theorem[1.16] Suppose that {H,} is complete. Using the definition of a PLRS, the
first k + 3 terms of the sequence can be generated in the same way: H; = F;41 — 1 for all
1 < ¢ < k+ 3, where F), is the Fibonacci sequence. Proceeding in a manner similar to the
proof of Theorem we see that

Hyya = Hypy3 + Hipo + NHy = Fiy5 + N — 2,

Hyi5 = Hgyq + Hgy3 + NHy = Fii6 + 3N — 3,

Hiy6=Hpys + Heyy + NHg = Fiop 7 + 8N — 5. (3.8)
By applying Brown’s criterion,

Hyy6 < Hpys + Hpyg +---+ Hi + 1

k+3
=Fipg+3N =3+ Frps + N -2+ > Hi+1
=1
k+3
= Fppr +4N =54 (Fig1 —1)+1. (3.9)
=1
Next,
k+3
Fep7+8N =5 < Fopr +4AN =5+ (Fipq — 1) + Fy,
=1
which implies
k+3 k+4
AN <> (Fipn 1)+ Fi=)Y F+(k+3)=Fps+ (k+5). (3.10)
=1 =1
Thus P "
N < HG%_E)’ (3.11)
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Ficure 1. [1,...,1,0,...,0, N] with k£ and g varying, where each color repre-
—— T

g
sents a fixed k.
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- ® Bound for 11 zeros
2 2500 1
o}
38
< 2000 A .........0..0.
= ([}
= o
x
§1500- ()
1000 - ] e ®©® 0000000000 00
® [ )
500 o © 00000600000 0 00
° ,° o
0_.!..000000000000000

1 23 45 6 7 8 9 1011 12 13 14 15 16 17 18 19
g (number of ones)

and since N is an integer,

1 (3.12)

Next, we show that if N = |(Fyy6 —k — 5)/4], then {H,} is complete. The initial conditions
can be found easily, and for the later terms we have

Hn+1 =H,+H, 1+ NH, 2
S Hn + (N - 2)ank72 + anka + ankf?) + -+ Hl + 1.
Using Lemma [C.4] we expand (N — 2)H,,_;_> and obtain
<H,+Hp,1+Hy o+ - +Hy p1+Hy ot Hyps+--+H +1 (313)

N < {Fk+6k5J‘

Hence, by Brown’s criterion, this sequence is complete. Lastly, by Theorem [I.13] for all positive

N < |(Fxy+¢6 —k — 5)/4], the sequence is also complete. O
We want to find a more general result for [1,...,1,0,...,0, N], as seen in Figure [l
—— Hk/_/
g

Interestingly, we see that as we keep k fixed and increase g, the bound increases, and then
stays constant from some value of g onward. This motivates the following conjecture.
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Conjecture 3.2. If[1,...,1,0,...,0, N] is complete, then so is [1,...,1,0,...,0, N].
g g

We have made some progress towards this conjecture; in fact, we show the precise bound
for N for the case where g > k in Theorem [I.17]

Theorem 3.3. The PLRS {H,} generated by [c1,ca,...,cL] is complete if

(3.14)

Bgn,>0 forn<L
Byy >0 for L <n<2L-1.

Proof. Consider L > 2; we see that if ¢; > 2, then the sequence is automatically incomplete,
so we need only consider ¢; = 1. For B,, := By ,, and we show by induction on n that B,, > 0
when n > L. Suppose B,, > 0 for L <n <m (with m > 2L —1). Then

m
Bni1=1+ ZH7, — Hp

L
—1+ZH + Z H; — HmjLZCmeJrl,j
=2

i=L+1
L m L L
=1+ZH1+ Z Hi—1+ZCjHi—j — Hm+ZCme+1—j
i=1 i=L+1 =2 =
m—1 L
_ <1+2Hi—Hm+HL>+zcj(z Hey— Hy )
i=1 =2 i=L+1
L
=(Bm+Hp)+ ) ¢ 1+ZH” m+1]——1—ZH”
7j=2 i=j+1 i=j+1

Jj=2 i=j+1
L i—1
=Bm+ Y ¢j(Bmp1—j— D)+ Hp =Y ¢jH;
Jj=2 =3 j=2
L L
:Bm+ZCJ(Bm+1—] 1)+HL_Z(H H 1—1)
j=2 1=3
L L
=Bm+ Y ¢j(Bmpi—j— 1)+ (L—2)+ H, — Y (H; — Hi_1)
Jj=2 i=3
L
=Bm+ Y ¢j(Bmi1-j—1)+ L. (3.15)

The last line is positive since Bp,41—; —1 > 0 and B,,,L > 0. Our proof by induction is
complete. O
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Lemma 3.4. The PLRS {H;} generated by [1,...,1,0,...,0,25 1 is incomplete for g > k > 1.
—— \‘k,_/
g
Proof. Suppose this sequence is complete. Note that
Hogyo = Hogy1 + -+ Hypo + 28V H . (3.16)
By applying Brown’s criterion to Hyg 2, we see that

g+1
M Hy o <) Hi+ 1. (3.17)
i=1
Now, note k is positive, so that g +1 — %k < g+ 1. Also, by the structure of the sequence,
H; =21 for i < g+ 1. Hence
g+1 ‘
29 = oM gy = 2Pk <y "l 4 g = oo (3.18)
i=1

Therefore one may substitute previous inequalities with equalities and obtain

2g+1
H29+2 = Z H;,+ 1. (319)
i=1
It follows immediately from (3.19) that
2g+2
D Hi+1=2Hys. (3.20)
i=1
Now, consider
H2g+3 = H2g+2 + Hzg+1 + -+ Hg+3 + 2k+1Hg+2_k. (3.21)
Since g+2—k<g+1ask>1, one gets
Hy o ) M = 29F17Foktl — 9992 — 9(09%1y —opf .o, (3.22)
Hence
Hogy3 = Hagio + Hogp1 + -+ Hgy3 +2Hg o
= Hogyo + (Hagp1 + -+ Hyys + Hgyo + Hgyo)
> Hogyo + (Hagy1 + -+ Hyys + Hyyo + Hy 1)
2g+2
=2Hyg10= Y Hi+1. (3.23)
i=1
So Hagy3 causes Brown’s criterion to fail, rendering whole sequence incomplete. O

We now show the stabilizing behavior of the bound mentioned above.

Lemma 3.5. If g > k + [logy k], then [1,...,1,0,...,0,28T1 — 1] is complete.
—— \T—/
g
Proof. Define {F,} =[1,...,1],and {H,} =1[1,...,1,0,...,0,2%"! —1]. We can calculate the
—— —— N————

9 g k
terms of {F,,} and {H,} up to 2g + 1. Namely,
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H,=F,=2"1 when 1 <n<gyg
Hyip = Fypn +2"71 when 1 <n <k+1
Hyhvtan = Forrstin + (2’““ - 1) (2" +2"2(n—1)) whenl<n<g—k
Fypn =291 2772 (n 4 1) when 1 <n <y (3.24)

The third and fourth lines are verified in Lemmas and respectively. We show that the
conditions in Theorem (3.3 hold for {H,}. We can verify directly that Brown’s criterion holds
for the first (29 + 1) terms of {H,,}; in fact, for B,, :== By, we get

(3.25)

B,>0 1<n<g+k
B,>0 g+k+1<n<2g+1.

Thus, it remains to show that B, >0 for2g+2<n<2(g+ k) — 1.

Case 1: 2g+2<n<2g+k+1
Define b(n) := H, — F,. Note that b(n) > 0, and by induction, b(n) > 0 for all
n>g+1. Forn>g+k+2,

F, +b(n) = H,
=H, 1+Hy o+ -+ Hy g+ (2k+1 - 1) Hn—(g+k+1)

g g
=S Fi+ Y b(n—i)+ (2’“*1 - 1) Hy(giks1)-
=1 =1

Since F, = Y9 | Fo_y,

b(n) = D b(n— 1) + (2’“*1 - 1) Hy(giksn)- (3.26)

Thus, for any n > 2g + 2,

n—1

Bn:1+2m—15rn
=1

n—1
=14+ (F+0(i) — (F,+b(n))
=1

n—1 n—(g+1)
= (1 +) Fi - Fn> — (2k+1 _ 1) Hy(genrny + > b(D)

i=g+1

n—1
> (1 +Y F - Fn> = (2= 1) Ho gy (3.27)
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We are to show that the last term is nonnegative. Asn —(g+k+1) <y,

1+ZF F, (2’““ )Hn_(g+k+1)

n—(g+1)
— 1+ Z P (25 = 1) B
n—(2g+1)
— 14+ ZF i Z (2k:+1 _ 1) . gn—(g+k+1)-1
n— 2g+1)

_ 1 + Z 2’L 1 + Z 2g+i71 _ 21'72 (’I/ + 1)) _ 2717971 + 2n7(g+k+1)71

7(29+1) —(2¢+1)
_ 2n—(g+k+1)—1 o Z 9i— 2 Z 9i—1
i=1

— on—(g+k+1)-1 _ (Qn—(2g+2) (n— (29 +3)) + 1) _ <2n—(29+2) _ 1)

— on—(gt+k+1)—=1 _ 9n—(29+2) (n— (29 +2))

— gn—(29+2) (29—k —(n— (29 + 2)))

> gn—(29+2) (29—k (k- 1))

> 0. (3.28)

Note that the last line comes from g > k + logy k, which implies 297% > k > k — 1.
Case 2: 29+ k+2<n<29+2k+1
We show that B,y1 > By, for 29+ k +2 <n <29+ 2k + 1, and that By p42 > 0.

Bn+1 - Bn = 2Hn - Hn+1

=2H,— [ > Hi+ (@ —1D)H, (44
i=n—g+1

n

= Hom X Hi| + @ = DHy (g
i=n—g+1
= Hyg— (2" = 1) (Hp—(gir) = Hue(gks1))-
Replace n by 2g+ k+1+m, with 1 <m <k

= H(g+k+1)+m - (2k+1 - 1)(Hg+m+1 - Hg+m)

— Higipsnyom — (251 = 12771 = 2721 4 1)), (3:29)
For 1 <m < g — k, we have an explicit formula for Hy} 41 1)4m, S0 we can substitute
directly to show that (3.29) is nonnegative. Thus, if g — k > k (i.e. g > 2k), then this
holds for all 1 <m < k. If g— k < k (i.e. g < 2k), then from Lemma [C.9} (3.29) is

nonnegative. Thus, Byy+1 > By for all 29+ k42 < n <2g+ k+ 1. It remains to show
that Bog 42 > 0, which we can do by directly substituting the explicit formulas. []
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Combining these lemmas, we can prove the first part of Theorem [I.17]

Proof of Theorem[I.17 1. From Lemmas and the bound for N is precisely 21 — 1
when g > k + [log, k. O

Next, we consider when k < g < k + [logy(k)], and prove the second part of Theorem [L.17]
using similar methods.

Proof of Theorem [T.17%.2. First, we show that for N > 21 — [k/29-%] {H;} is incomplete,
and suppose k > 2. Let us calculate the initial L = g + k + 1 terms of the sequence. Note
H, =2""1 foralll1<n<g+1
Hypp=29"""1_2n"2(np 1)  foralll<n<k+1. (3.30)
Let B; := By ;. Then, we consider Brown’s gap Bag 42,

2g+k+1
Bogiki2 = (1 + Z Hz) — Hogikt2
=1

2g-+k+1 2g+k+1
— <1+ > H> - > Hi+NH;.
=1

i=g+k+2

g+k+1
— (1 + ) H) — NHyiq
i=1
g g+k+1

=14+> Hi+ Y H—NHy
i=1 i=g+1
k+1

g9
=14 2714 (297 2% (i - 1)) — 29N
=1 =1
k
— 29+k+1 _ Z2’i—li _ 2gN
=1
=29kl _ok(p —1)—1—-29N.

Now, N > 21 — [k/297F] by assumption so it follows that N > 251 — f/297% 4+ 1 hence

< 9FhHL _ok(p 1) —1-29 <2k+1 — 29% + 1)

—ok 9291, (3.31)

which must be negative as g > k. So {H,} fails Brown’s criterion at the (2¢g + k + 1)st term,
rendering the sequence incomplete.

Now we can show that for N = 2¥+1 — [k/297%] {H,} is complete by Theorem We can
easily verify that B, > Oforall 1 <n < g+ k+1 and Byyr1 > 0; it remains to show that
B, >0for g+ k+2<n<2g942k+ 1. We consider two cases.

Casel: 2<n—(g+k)<g+1
We want to show that B, 11 > B, for all2 <n—(g+k) < g+ 1 and that By 2 > 0.
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Now,

n—1

Bn:1+ZHZ~—Hn

=1

n—1 n—1
=1+ ZHz - Z Hi+ NH,,_(g1r+1)
=1 it=n—g
n—g—1
=1+ Y Hi— NH, (g1p11)- (3.32)

i=1
Then, note that

Bn+1 - B, = n—g — N(Hn—(g+k) - Hn—(g—l—k—l—l))
= Hy, g — N(gn—(g+k+1) _ 271—(57—&-/%4-2))7

and by assumption,

= Hn—g - <2k+1 - ’Vngk-|)2n(g+k+2)
k

— 2n—(g+k+2) {7
29—k

] — (2l H, ). (3.33)

Ifn—g <g+1, then 2”_9_1—Hn,g =0,50Bpt1—B,>0. Ifg+2<n—g<g+k+1,
then

k k

—g—1 —2g—2 —(g+k+2 —(g+k+2

on—g _Hn—g:2n g (n_2g_1)§2n (g+ +)297_k§2n (g+ +)’7297—k-" (334)
so that B, 11— B, > 0. In any case, B, 1 > Bj,. We can verify directly that By ;1o >
0, completing this case.

Case 2: g<n—(g+k)<g+k+1
From the previous case, Bog k2 > Bogiry1 > 0. Now,

n—g—1

By=1+ Y H—NH, (451
i=1

n—2g—1 n—g—1

=1+ Y H+ Y H-NH, (i
i=1 i=n—2g
n—2g—1

=1+ Z Hi +Hyg— NHy,_(2g15+1) = NHp_(gri+1)-
=1

Substituting n =2g+k+1+mfor 1 <m <k,
k+m

=1+ Z Hi + Hyypr14m — N(Hm + Hgm)
=1
> Hismi1 + Hypppram — N (2771429071 —9m=2(pm — 1)), (3.35)

Let Cpy := Hypms1 + Hgyps14m — N(2M71 4 290m=1 — 2m=2(jm — 1)), from equation
(3.35). We show by strong induction that C,, > 0. By direct computation, C; > 0.
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Suppose it holds for all values from 1 to m — 1 for m > 2. Then by the induction
hypothesis,

Hypiiom = (Hyqpym + -+ Hygpyo) + (Hgpp1 + -+ + Hypgp1) + NHyp,

m—1
> Z (N(zzfl + 29+1*i _ 2’i72(i _ 1)) _ Hk+i+1)+
=1
k+1 4
+ (29”“ R D e (T 1)) +om-IN
=1

=N(2™ —1+29FmH 29 _2m2(;; —3) —1)—
k+m
——§:}ﬂ+(WM“=Qm%AQWk7U71>
i=k+2
> N(2m b ootmet _om=2(mym 1)) — (29 +2 - 2™)N—
k+m
=Y H (k1) 1), (3.36)
i=k+m—g
where H; = 0 for nonpositive 7. Hence,
Crm = Hyypi14m — N (2771429771 272 — 1)) + Hymn
k+m
> Hipmar = D0 Hi |+ (2788 - 2mth b (1) 1) -
i=k+m—g
—(29+2-2"N

s <2g+k+1_2m+k_2k(k_1)_1) — (2942 -2m) <2k+1_ [ k D

29—k

k
_ om+k _ ok g __om
=2 2%(k+3)+ (29 +2 2)[W*W

>2mth 9k (k43) + (2942 -2™)

k
29-k

k k
_ (om _ k _ _
=(2 3) (2 29_k> S F

2%k
zzk—i;gzﬁuakzo. (3.37)

This completes the induction, so B,, > C,, > 0.

29—k

:2m+k_3'2k_(2m_2)

Since both cases are satisfied, {H;} is complete. O
Remark 3.6. The case k = 1 is characterized in Lemma[3.8.

3.2. The “2L - 1 Conjecture”. We conjecture a strengthened version of Theorem as
follows.

Conjecture 3.7. The PLRS {H,} defined by [c1,...,cL] is complete if By, > 0 for all
n < 2L —1, i.e., Brown’s criterion holds for the first 2L — 1 terms.
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When using Brown'’s criterion, it would be very helpful to be able to know how many terms
must be checked to be sure that a PLRS is complete. This conjecture, if true, would be a
powerful tool to do so. We do not know yet if such a threshold exists for each L; however, if
it does, then it is at least 2L — 1, as shown by the following example, where k 4+ 2 = L.

Lemma 3.8. [1,...,1,0,4], with k > 1 ones, is always incomplete. Moreover, it first fails
Brown’s criterion on the (2k + 3)rd term.

Proof. We have the recurrence relation Hp 1 = Hyp + -+ Hpy—p+1 +4H,— 1. We show that
the term in the (2k + 3)rd position in the sequence fails Brown’s criterion. First,

Hopy3 = Hopyo+ -+ Hyy3 +4Hy . (3.38)

Next, we observe that for 1 < j < k + 1, then H; = 2/~!. Additionally, Hy4o = 2k+l _ 1,
Thus,

2Hp =281 > oF L 1 = Hy . (3.39)
We also note that Hy41 = Hi + --- + H; + 1. Putting everything together,

Hopy3 = Hogpro+ -+ Hyy3 + 4Hp
= Hopyo+ -+ Hpy3 + 3Hp 1 + Hy + - + Hi 41
> Hopto + -+ + Hgys + Hipo + Hypn + H + -+ Hi + 1 (3.40)

Hence, we have shown that [1,...,1,0,4], with £ > 1 ones, is incomplete, as it fails Brown’s
criterion on the (2k + 3)rd term.

We now show that Brown’s criterion holds for the first (2k + 2) terms. For 1 < j < k+1,
we have H; = 2J=1 which satisfies the equality Hj\w=H;+ -+ H + 1

We consider when k42 < j <2k + 2, that

Hjpyw=Hj+ -+ Hj_pp1 +4H;_j_1.
Note that Hj_p_1=Hj_pyo+---+Hi+1las1<j—-k—-1<k+1,
Hixw=Hj+-+Hj p1+2H; p 1 +Hj_p1+Hj_p o+ -+ H +1
And as 2H;_j_; = 2J—k—1 — H;_}, we see

Hj+1 = Hj + 4 Hj,k+1 + Hj,k +Hj,k,1 + Hj,k,1 + H];ka +---4+Hi +1. (3.41)

Hence, this equality satisfies Brown’s criterion for terms k£ 4+ 2 < j < 2k + 2. O
Assuming this conjecture, we can further explore sequences of the form [1,0,...,0,1,...,1, N].
In Theorems [3.10] and |3.11} we show that the bound on N for [1,0,...,0,1,...,1, N]| strictly
L 2
—m— m

increases if we keep L fixed and increase m from 0 to L — 3, i.e., switching the coefficients
from 0 to 1 gradually from the end so that at least one 0 remains. We first state a following
powerful lemma that is contingent on this conjecture.

Lemma 3.9 (Conditional). Let {H,} defined by [1,0,...,0,1,...,1, N] be a sequence of length
L with m ones. Then, if the sequence is incomplete, it must fail Brown’s criterion at the (L+1)st
or (L + 2)nd term. In other words, if Hp1 <1+ EiL:1 H; and Hp 1o <1+ ZZL:JEI H;, then
{H,} is complete.

The proof of this lemma is deferred to of Appendix C.
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Theorem 3.10. Let {H,} be a PLRS with L coefficients defined by [1,0,...,0,1,...,1,N],

~———
m
where L > 2m + 2. Then {H,} is complete if and only if
L—-m)(L+m+1 1 1-2m
N < ( A ) + —m(m+1)(m+2)(m+3) + . (3.42)
4 48 2
Proof. First, note for all 1 <n < L —m, that H, = n.
Now, we claim that for all 1 < k < m,
1

We use induction, appealing to the identity that > ., a(a +1)/2 = n(n + 1)(n + 2)/6. We
first see that

1
ala+1
HL—m+1:HL—m+H1—|-1=L—m—|—2:L—m—|—Z(2)

+1. (3.44)
a=1
Additionally,
2
Hpmio=Hi ma+Hy+ Hi+1=(L-m+2)+2+1+1=L-m+) a(“2+1)+2. (3.45)

a=1
Now, suppose Hy,_ix = L —m+ 25:1 a(a +1)/2 + k for some k < m. Note that
Hp mik+1=Hp mik + Hep1 +---+ Hi + 1. (3.46)

Since we supposed L > 2m+2, wesee k+1 <m+1 < L—m, and thusforall1 <i <k, H; =1.
Thus,

k
1 E+1)(k+2
HL—m+k+1=<L—m+Za(a2+)+k>+(+)2(+)+1
a=1
k+1
ala+1)
=L— _— 1. 4
m+a§:1 5tk (3.47)

Thus, we have an explicit formula for H;, for 1 <1¢ < L.

Note that {H,} is complete if and only if it fulfills Brown’s criterion for the (L + 1)st and
(L + 2)nd term. We show that {H,} fulfills the criterion for L 4 2 if and only if the bound
above holds; it is not difficult to show that the bound for L + 1 is less strict.

Indeed, we wish to reduce the inequality

L+1

Hppo=Hppi+ Hpgo+ -+ H3 +2N <14 ) H, (3.48)
1=1
L

= Hpio+ -+ Hs+2N <14 > H, (3.49)

i=1
Simplifying the left hand side of inequality ([3.49)),
Hpio+ -+ H3+2N = Hyo+ -+ H3 + (Hy + Hy — Hy — Hy) + 2N

_ (m+ 2>2<m+ 3 349N (3.50)
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Additionally,
L L—m L
1+ Hy=1+> H,+ Y H,
n=1 n=1 n=L—m+1
L—m)(L— ) &[/1
:1+( m)(2 m )+Z<6n(n+l)(n+2)+n+Lm>. (3.51)

n=1

We use the fact that > ; n(n+1)(n+2) = m(m+1)(m+2)(m+3)/4 to simplify equation
as follows

(L—m)(L—m+1)+m(m+1)

1 m
1 L—m®+2) 1 2
+ 5 5 +mL —m +6n:1n(n+ )(n+2)
L— L— 1 1 1
g4l m)(2 m+ )+m(m2+ )+mL—m2+Mm(m+1)(m+2)(m+3)' (3.52)

Hence the inequality is equivalent to

(m+2)2(m—|—3) _3+2N§1+(L—m)(§—m—|—1)_l_m(m2—|-1)

+mL —m?+ im(m +1)(m+2)(m+3). (3.53)

Simplifying, this gives us

L— L 1 1 1-2
N |EmmEamtl) L m e 2)(m 4+ 3) + L2 (3.54)
4 48 2
O
Theorem 3.11. Let {G,} and {H,} be PLRS’s with L coefficients defined by [1,0,...,0,1,...,1, N]
~——
m
and [1,0,...,0,1,...,1, N + 1] respectively. Suppose L —m > 4 (so that at least one zero is
+1
m
present in {Hyp}), m > (L —1)/2, and {G,} is complete. Then {H,} is also complete.
Proof. As {G,} is complete, from Brown’s criterion, we obtain
m+2 L+1
Gri2=Gr41 + Z Gi+ NGy <1+ Z G, (3.55)
i=3 i=1
which is equivalent to
L
AN < > Git4 (3.56)
i=m-+3

From Lemma it suffices to show that

L+1 :
Hpio <1457 H,

or equivalently,

L—1
N< Y H (3.58)
1=m+3
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and

L
2N < > Hi+2 (3.59)
i=m-+4

We first show equation (3.58)). Combining with equation (3.56|), it suffices to show that

L L
Y Gi+4<2 > H;. (3.60)
i=m+3 i=m-+4
From Lemma
< H; <3< L
Gi < H; mtdsis. (3.61)
G, <H;,_1-1 2(L*77”L)<Z§L.
Thus,
L 2(L—m) L
Z Gi+4= Z G; + Z G;+4
i=m+3 i=m+3 i=2(L—m)+1
2(L—m) L-1
< > Hi+ Y. Hi+(2m-L+4)
i=m+3 i=2(L—m)
L
<2 Y H, (3.62)
i=m+4

the last inequality can be taken crudely. We then show (3.59). Similarly, combining with
(3.56)), it suffices to show that

L L
Y Gi+2< > H; (3.63)
i=m+3 i=m+4
If m+3>2(L—m), then
L L i—Ltm+1
Z H; = Z H; 1+ Z H;+1
i=m+4 i=m+4 j=1
L
> Z (Hi—1 + H;_1ym+2) (Brown’s criterion for the first terms)
i=m-+4
L-1 m+2 L1
= > Hi+ Y. Hiz > (Gir+1)+ Hyyo
i=m+3 i=2m+6—L i=m+3
L
> > Git2 (3.64)
i=m+3
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If m+3 <2(L —m), then

L 2(L—m)—1 L
Y. Gi= Y, GitGym+ Y, G
i=m+3 i=m+3 i1=2(L—m)+1
2(L—m)—1 L
= Y (Hoa+D)+Hygmat >, G
i=m-+3 1=2(L—m)+1
2(L—m)—1 L
= > H+QL-3m+1)+ > G (3.65)
i=m+2 i=2(L—m)+1
Thus, our original inequality, equation (3.59), holds if we can show that
L
Hpya+ Hpps+ (2L =3(m+ 1)+ > Gi< Z H. (3.66)
i=2(L—m)+1 1=2(L—m)

Similarly to the previous case,
L

Z Hi> Y (Hioi+ Hirqme2)
i=2(L—m) i= 2(L—m)
m—+2
= Z Hi+ Y H
i=2(L—m)—1 i=L—m+2
L-1 m+1
= Y. Hi+Hym+Hnet+ Y H. (3.67)
i=2(L—m) i=L—m+42
As2(L—m)—1>m+3and H; > i
L L-1 m+1
Z H; > Z (Gig1 + 1)+ Hyy3 + Hypyo + Z
i=2(L—m) i=2(L—m) L—m+-2
L m—+1
= > Git+Hmys+Hpp2+(@m—-L+ > ). (3.68)
1=2(L—m)+1 i=L—m+2
From Lemma
L L
> Hi> Y GitHpist Hpga+ (2L —3(m+1)). (3.69)
i=2(L—m) i=2(L—m)+1

4. AN ANALYTICAL APPROACH
4.1. An Introduction to Principal Roots. We begin by restating some results from [MMMMS].

Lemma 4.1. Let P(x) be the characteristic polynomial of a recurrence relation with nonneg-
atiwve coefficients and at least one positive coefficient, and let S = {m | ¢, # 0}. Then

(1) there exists exactly one positive root r, and this root has multiplicity 1,
(2) every root z € C satisfies |z|< r, and
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(3) if ged(S) = 1, then r is the unique root of greatest magnitude.
Proof. This is Lemma 2.1 from [MMMMS]. O

Remark 4.2. We refer to the unique positive root from Lemma as the principal root of
the recurrence sequence and corresponding characteristic polynomial.

Lemma 4.3. Let P(x) be the characteristic PLRS {H,} and let r1 be its principal root. Then

H
lim —: =C (4.1)
n—oo 17

for some constant C > 0.

Proof. Corollary 2.3 from [MMMMS| proves a stronger result than this, which immediately
implies this lemma. O

Lemma 4.4. Let P(x) be the characteristic polynomial of a PLRS {H,} with roots r;, each of
multiplicity m;, where r1 s the principal root. If

k
Hn = alr? + Z qz(n)r;n7 (42)
=2

where q;(x) 1s a polynomial of degree at most m; — 1, then a; > 0.

Proof. First, note that the set .S of Lemma [4.1| contains 1 because ¢; > 0 in a PLRS. Therefore
ged(S) = 1, and 7 is the unique root of greatest magnitude. If a; < 0, then this implies that
H,, < 0 for some n because the behavior of a;r] eventually dominates the expression for H,,

in (4.2). If a; =0, then
lim =" =0 (4.3)

because rq is the unique root of greatest magnitude, so if a; = 0 then the behavior of H,
is bounded by geometric growth of the root of next greatest magnitude, which is necessarily
smaller than r7'. Thus, a1 > 0. O

4.2. Applications to Completeness. Given these results, we see that the principal root of a
PLRS serves as a measure for the rate of that sequence’s growth. Guided by the simple heuristic
that, generally, a sequence which grows slowly is more likely to be complete than a sequence
which grows rapidly, we find bounds for the potential roots of a complete or incomplete PLRS.
We aim to answer these questions: For any given L, what is the fastest-growing complete PLRS
with L coefficients? What is the slowest-growing incomplete PLRS with L coefﬁcients?ﬂ

Lemma 4.5. If {H,} is a complete PLRS and r1 is its principal root, then |r1|< 2.
Proof. Suppose that |r1|> 2. Set
H, = a1} + q2(n)ry + -+ + g-(n)ry. (4.4)

Since 71 is the unique root of largest magnitude by Lemma 4.1} the behavior of a;r} dominates
in the limit. By Lemma a1 > 0, so if |r1|> 2, then eventually |a;r}|> 2"~! and so there
exists a large n for which H, > 2"~!. As the sequence {2"!} is the complete PLRS with
maximal terms by Theorem we see { H,} must be incomplete. O

1While the principal root of a PLRS has not been related to completeness before, there is previous work on
bounding the principal root of other linear recurrence sequences in [GM].
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Remark 4.6. The converse to this lemma does not hold. A counterezample is [1,1,1,0,4],
which has principal root 2 but is not complete.

While the proof is simple, this lemma gives us an effective upper bound for the roots of a
complete PLRS, regardless of length. Recall from Theorem that for any L, the PLRS

{H,} generated by the coefficients [1,...,1,2] satisfies H,, = 2"~!. This sequence naturally
L—1
has a principal root of 2, and is complete. Similarly, for any L > 1, the sequence [1,...,1] is
L

complete, and its principal root asymptotically approaches 2 as L grows.
We now focus on finding a lower bound for the roots of an incomplete sequence, which proves
to be a more difficult problem.

Lemma 4.7. For any L € Z™", there exists a constant By, with 1 < By < 2 such that if {H,}
is a PLRS with principal root 1 and r < Byp, then {H,} is complete.

Remark 4.8. This means that for any L, there exists a lower bound By, on possible values of
the principal root of an incomplete PLRS generated by [c1,. .., cr].

Proof. In order to show that such a By, exists, it suffices to show that for any given L, there ex-
ists only finitely many incomplete positive linear recurrence sequences generated by [c1, ..., cr]
with principal root r1 < 2.

Recall that the principal root r1 of a PLRS is the single positive root of the characteristic
polynomial p(z) = z¥ — Z,L»Lzl ezl

As limy oo p(x) = 400, the fact that 7 is the unique positive root of p(x) implies that
r1 <2 <= p(2) > 0, by Intermediate Value Theorem. Note that

L L
p(2)=2" =) 2" >0 = ) 2t <2h (4.5)
i=1 i1

As for all 4, ¢; > 0, so the inequality above cannot hold if there exists ¢ such that ¢; > 2! As
the set {[c1,...,cr] : 0 < ¢ < 2" for all i} of such sequences is finite, we are done.
O

The remainder of this section is a series of lemmas which build towards the following con-
jecture:

Conjecture 4.9. Let N;, = [L(L +1)/4], and let A\, be the principal root of the sequence

generated by [1,0,...,0, N + 1], i.e., the sole principal root of
N——
L-2
L(L+1
pr(zx) =l — 271 — [(4—1_)-‘ -1 (4.6)
If [c1,...,cL] generates an incomplele sequence, then its principal root is at least Af.

Remark 4.10. This conjecture is equivalent to stating By, = A, for all L > 2, where By, is
the bound proposed in Lemma [{.7.

Remark 4.11. Using Theorem it is easy to see that the sequence generated by [1,0,...,0, N+
1] is incomplete; in fact, the value N + 1 is the minimal positive integer such that a sequence
of this form is incomplete.

As a first step towards a proof of Conjecture [4.9, we prove Lemma [4.15] which addresses the
case of sequences with a large sum in coefficients.
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Definition 4.12. For positive integers S, L, we define the set of positive linear recurrence
sequences

Prg:= {{H } generated by [c1,---,c =S5+ 1} (4.7)
Lemma 4.13. The sequence in P s with the minimal prmczpal root is [1,0,...,0,S5].
Proof. Consider a sequence generated by s = [c1,...,cr] € Pr.g, and let r1,..., 7, be its roots,

with 71 > 0 the principal root. Since |cr|= |HiL:1 rr| is a positive integer, we know rq > 1.
Now, for any 1 < m < L consider a sequence generated by s,, € P, g of the form

[c1, s Cm—1,Cm — L, Cmt1,...,c0 + 1]. (4.8)

We claim that the principal root g1 of s, fulfills ¢; < ry.
Define the characteristic polynomials f(x) and g(z) for s and s, respectively, so that

L
= Z (4.9)

and

m—1
— Z ciat Tt — (cm — Z CiCiT (cp +1)
i=1

i=m+1
L .
- Z cirl™t 4 2™ — 1. (4.10)
i=1

As q is the sole positive root of g(x), and g(x) is eventually positive, we notice that ¢; < 71
if and only if g(ry) > 0, which is equivalent to g (r1) > f(r1).
Now,

g(r) > f(r) < rlL—Zflclrl + P —1>7“1 —ZlLlczTIL 1
= P —1>0 (4.11)
— r > 1.

As 1 > 1, the principal root g; of g(x) is strictly less than that of f(z).

As s was chosen arbitrarily, we see that the principal root of any sequence s € P g can
be strictly decreased by using the transformation s — s, for any 1 < m < L. Applying this
transformation iteratively for all values of m, we inevitably end up with the minimal possible
values of ¢1,...,¢cp—1, namely ¢ = 1, ¢o = ¢3 = --- = ¢—1 = 0, and the maximal possible
value of c¢p,, namely c¢;, = S.

Thus, as the principal root under these iterated transformations is strictly decreasing, we
conclude that [1,0,...,0,S] has the smallest principal root of any element of Pp, g. O

Lemma 4.14. For any S > 0, the principal root of [1,0,...,0,85] is strictly less than that of
[1,0,...,0,5 +1].

Proof. Let S be an arbitrary positive integer, and denote by f(z),g(z) and r1,q; the charac-
teristic polynomials and principal roots of [1,0,...,0,5 + 1] and [1,0,...,0, S], respectively.
As before, ¢1 < ry if and only if g(r1) > 0 = f(r1). Note that
g(r1) > f(r) <= rf—rft—S> el —pl7l (54 1) (4.12)
— S+1>068. '

Thus, g1 < 71, for any value of S. U
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Lemma 4.15. Any sequence fulfilling 25:1 ¢; > Np + 2 has a principal root greater than or
equal to that of
[1,0,...,0, N +1]. (4.13)

Proof. Recall from Theorem that the sequence [1,0,...,0, N] is complete if and only if
N < Np, for N, = [L(L +1)/4]. Thus, an immediate corollary to this theorem is that the

incomplete sequence of the form [1,0,...,0, N] with the minimal possible principal root is
[1,0,...,0, Ny, +1].

Furthermore, if we have a sequence generated by [c1,. .., cr] which fulfills Zle c; > Np+2,
Lemmas and present a sequence of algorithms which allow us to transform this
sequence into the sequence generated by [1,0,...,0, N + 1], in such a way that each transfor-

mation strictly lowers the magnitude of the principal root.
Thus, any sequence satisfying Zle ¢; > Nr + 2 has a principal root strictly greater than

the principal root of [1,0,...,0, N + 1]. O
The following lemmas are working towards proving Conjecture which addresses the

second case of Conjecture which addresses the roots of sequences [c1, ..., cr] which fulfill

YL e <Np+2

Lemma 4.16. Suppose the sequence generated by [c1,. .., cr] has principal root v, then for any

cr+1 € ZT, the sequence generated by [c1, ..., cp,cpv1] (in which we add an additional positive

coefficient) and principal root q fulfills r < q.

Proof. Let f(x),g(z) be the characteristic polynomials of the two sequences, so that
L L

f(z) = ol — ZcixL_i, and g(z) = gt — ZcixL‘H_i —cra1- (4.14)
i=1 i=1
Similar to previous arguments, by the Intermediate Value Theorem, r < ¢ if and only if
g(r) < f(r) = 0. Note that
g(r) < f(r) <= vt -8 ettt e <l - 0E el
= cpp >t L cirL*_i — b ettt
= cpp >rh(r—1)+ Zle crt=t (1 —7) (4.15)
<~ cry1>(1—1) (rL — Zle cirL*i> =(1=r) f(r)
— cry1>1-7r)f(r)=(1-7)-0=0.
Since cr, 41 € Z* the last line holds, and so r < q. O

Lemma 4.17. Let A\, be the principal root of
ot — 2t Np -1 (4.16)
Then, for any L > 2, A, > Ap41.

Proof. Define f(x) and g(x) to be the characteristic polynomials of [1,0,...,0, Ny + 1] and
[1,0,...,0,Np 11 + 1], of length L and L + 1, respectively, so that

fla)y=ab =o' = Np -1, g(z) =" —2h - Ny -1 (4.17)
As in previous proofs, we see that \;, > Apy1 <= g(Ar) > f(A\r) =0.

g >F) = M- Np -1 > AL AL N -1
e AMAL_2AE AL s Ny - N (4.18)
— A1 ()\ — 1)2 > Npi11 — Nr.

AUGUST 2021 27



THE FIBONACCI QUARTERLY

Note that as f (\) = 0, we have A*~1 (XA —1) = Ny + 1. Note that Npy1 — N < (L +2)/2,
which can be shown by using the definition of Ny, and checking all cases modulo 4. Thus it

suffices to show that
L+2

(N +1) (A —1)> — (4.19)
Using the value of Ny, it suffices to show
L+2
1> . 4.2
(A )*L2+L+4 (4.20)
The proof of equation is just algebra, and is left to Appendix D, as Lemma [D.1 O
Lemma 4.18. For any L € N, let Ap be the sole positive root of the polynomial
L(L+1
pr(z) = ot — 271 — [(4—”-‘ — 1. (4.21)

Then limL_mo )\L =1.

Proof. We show that for any € > 0, there exists an M large enough so that for all L > M,

pr(14+¢€) > 0. As pr(z) has only one positive root Az, and p(z) is positive as © — oo, we see

pr(1+¢€) > 0 implies A\, < 14 €. If this is possible for arbitrary e, then A\, — 1, as desired.
Fix an € > 0. For any L, we may write

4

£ (OGO

where (LZI) is 0. Using Pascal’s rule, we can reduce (4.22)) to

prl+e)=(1+e)f —(1+e) " - [LUJHW o

n—1

L
pr(l+e)=) ¢ <L a 1> — [L(L+1)/4] — 1. (4.23)

n=1

This quantity can easily be shown to be positive (and in fact tends towards infinity) for large
enough L. For example, we can take the trivial bound

nz}n(ij) > <L;1>’ (4.24)

as the full sum must be larger than only its fourth summand.
Since €* is simply a positive constant and L(L + 1) < (Lgl), then for large enough L,

pr(l+e)>e? (L N 1) ~[L(L+1)/4] =1 > 0. (4.25)
O

Remark 4.19. Even in the event that Conjecture [{.9 is false, this gives us conclusive proof
that we may find tncomplete sequences whose roots are arbitrarily close to 1; since 1 is the
manimum possible size for the root of a PLRS, this may be interpreted as proof that we may
find arbitrarily slow-growing incomplete sequences, with coefficients of any length L.

Lemma 4.20. Consider the sequence generated by [c1,...,cr]. For any value m € ZT, the
principal root of [c1, ..., cr +m] is greater than that of [c1,...,cp,m].
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Proof. Let f(z),g(x), and r,q be the principal roots of [c1,...,¢c, +m] and [c1,...,cp,m],
respectively. Since f, g each have a unique positive root, we see that r > ¢ <= ¢g(r) > f(r) =
0. Note that

g(r) >0 <= 0=rf(r) <g(r)
— 7 (rL — Z{;l crl—t — m) < pltl Zle cirt =t —

(4.26)
< m<rm
— r>1
Thus, the inequality always holds, and so r > ¢, as desired. O

Conjecture 4.21. Let \j, be the principal root of x¥ —x~1 — Ny — 1. If the sequence generated
by [c1,...,cr] is incomplete with 25:1 ¢i < [L(L+1)/4] + 2, then its principal root is at least
AL

We present a partial proof, which addresses all cases except what is denoted as Subcase 2.

Partial proof. We use induction.

For L =2, N;, = [2-3/4] = 2, and so the coefficients [c1, co] fulfilling the requirement are of
the form ¢; +co < 4. The incomplete sequences of this form have coefficients [2, 1], [2, 2], [1, 3],
and [3,1]. Checking each case directly, we see that their principal roots are approximately
2.414, 2.731, 2.303, and 3.303, respectively. Of these, the root of [1,3] = [1, Ny + 1] is the
minimum; thus, the lemma holds for the base case.

Now, suppose the Lemma holds for some value of L > 2; we show that it holds for L + 1.

Let [e1, ..., cr, cr11] be an incomplete sequence with S"XF 1 ¢; < [(L + 1)(L 4 2)/4] + 2.

Case 1: Zle c; < Np+2

If this is the case, the following two subcases arise.

e Subcase 1: [c1,...,cp] is incomplete.
If this is the case, then by our inductive hypothesis, since Zle ¢; < Np+2, we must
have that the principal root r of [c1,...,cp] is greater than or equal to Ar. Hence, by

Lemma since the principal root q of [c1,...,cp41] satisfies ¢ > 7, we have that
[¢1, ..., cr41) has principal root ¢ > Ar. Finally, by Lemma [£.17, we know A\;, > Ar41;
thus, we have ¢ > r > A, > Ar41, and the statement holds in this case.
e Subcase 2: [c1,...,cr] is complete:
The proof of this subcase has not been found yet, hence why the statement remains
a conjecture.

Case 2: ZiLzl ¢; > N + 2: If this inequality holds, then as we have shown using the trans-

formations developed in Lemmas {4.13|and [4.14] this implies that [c1, ..., cr] has principal root
at least A. Applying Lemma [4.16, we see the principal root of [c1,. .., cp4+1] is strictly greater,
and thus the statement holds in this case. O

The results in this section provide us with an efficient way to verify completeness for PLRS’s.
Namely, for a sequence [cy,. .., cr], we may evaluate its characteristic polynomials at the points
Br, and 2, which provides the following information:

e If p(2) < 0, the sequence is incomplete.

e If p(Br) > 0, the sequence is complete.

e If p(2) > 0 and p(Br) < 0, then the principal root of the sequence lies in the interval
[Br, 2], and so further inquiry is necessary to determine whether it is complete.

Computationally, evaluating a polynomial of degree L is an O(L?) problem; generating a
minimum of 2L terms of the sequences and checking Brown’s criterion for each, on the other
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hand, is a O(2F) problem. Thus, this method—even if inconclusive—provides a fast and
efficient method to categorize sequences, and narrows our search to the interesting interval
[Br, 2], in which both complete and incomplete sequences arise.

4.3. Denseness of Incomplete Roots. Having narrowed our search for principal roots of
complete and incomplete sequences to the interval [Br,2], it is only natural to ask how the
roots of these sequences are distributed throughout the interval.

Lemma 4.22. For fizred L > 2 and k > 0, define the three polynomials f(x) = 2% — 2=t — k,
g(z) =zt — ¥ — (k+1), and h(z) = 2 — 21 — (k+2). Let q,r, s be the sole positive
roots of f, g, h respectively, so that 1 < g <r < s. Then,

r—q>s—r. (4.27)
Proof. From the definition, we see that
¢" —q" =k,
b — bl =k+1,
st— st 1=k 42 (4.28)

Now, define the polynomial p(x) = ¥ — zL~!. Taking first and second derivatives of p,
we see p'(z) = Lot~' — (L —1)2%72 and p"(z) = L(L - 1)2* 2 — (L - 1) (L —2)2'3. In
particular, for all z > 1, p(z) > 0,p'(xz) > 0, and p"(z) > 0.

Thus, p(x) is increasing and convex on (1,00). By equation (4.28), we have p(r) — p(q) =

p(s) — p(r). Thus, as s >r > ¢ > 1, we conclude r — ¢ > s — r, as desired. O

Theorem 4.23. For any L > 2, let Ry, be the set of roots of all incomplete PLRS’s generated
by L coefficients. Then, for any € > 0, there exists an M such that for oll L > M and for any
e-ball B. C (1,2), BN R # @.

Proof. Let € > 0 be arbitrary. By Lemma we may fix an M such that for all L > M,
1< AL <1l+e.
From previous work, we know the sequence of length L with coefficients [1,0,...,0,[L (L + 1) /4]+
1] is incomplete, as is any sequence of the form [1,0,...,0,k], with K > [L (L + 1) /4] + 1.
Note that Ay, is the root of [1,0,...,0,[L (L + 1) /4] + 1]. Since A\;, < 1 +¢, it is clear that
the root v of [1,0,...,0,[L(L+1)/4]] fulfills 1 <a < Az, and so A —a <e.

Now, we know the sequence [1,0,...,0,2571] has a root of size exactly 2. Applying Lemma
[4.22]iteratively, any two sequences [1,0,...,0,k], [1,0,...,0,k+1] with k > [L (L + 1) /4] and
roots ¢, must fulfill r — ¢ < A\, — a < e. Thus, any two consecutive sequences [1,0,...,0, k],

[1,0,...,0,k+1] with £ > [L (L + 1) /4] 41 have roots with separation less than ¢, and so the
set of roots of sequences of the form [1,0,...,0, k] with [L (L +1)4] +1 < k < 2L~! intercepts
any e-ball of (1,2). As this is a subset of Ry, we are done. O

Corollary 4.24. The set of principal roots of incomplete sequences R = |J7, Ry, is dense in
(1,2).

We conjecture that a similar result can be shown about complete roots; however, this proof
has proven more difficult, as examples of families of complete sequences are more fragile.

5. OPEN QUESTIONS

Here are conjectures and several other questions that future researches could investigate.
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Our results often focus on the final coefficient, such as in Theorems and [I.14] Do
these results have any analogues for coefficients that are not the last?

Can Theorem be extended to address when g < k?

Are there other interesting families of PLRS’s that can be fully characterized that have
entries other than 0 and 1 as coefficients that are not the final coefficient?

Are Conjectures and [3.7] true?
Is the missing component of the proof of Conjecture i.e., Conjecture true?

APPENDIX A. BROWN’S CRITERION AND A COROLLARY

Here are several proofs of important results for our paper. All results will be restated for
the reader’s convenience.

Theorem A.l. (Brown [Brl]) If a,, is a non-decreasing sequence, then a, is complete if and
only if ap =1 and for alln > 1,

tnp1 1+ a;. (A1)

i=1

Proof. Let {a,}22 be a sequence of positive integers, not necessarily distinct, such that a; =1
and

n
any1 < 1+ Z a; (A.2)
i=1
forn € {1,2,...}. Thenfor 0 <n <1+ Zle a; there exists {b;}¥_,, b; € {0,1} such that
n= Zle b;a;. We proceed by induction on k. The claim obviously holds for £ = 1, so one may
assume that it holds for & = N. Hence, we must show that 0 <n <1+ Zf\[;{l a; implies the
existence of {7}V 4 € {0,1} such that n = SN 4,4;. Due to the inductive hypothesis,
we only consider values satisfying

N N+1
1—|—Zai§n<1+2ai. (A.3)
i=1 i=1
Note that by assumption,
N
n—aN+1 > 1—|—Zai—aN+1 > 0. (A4)
i=1

Now, if n —an4+1 = 0, the conclusion follows. Otherwise,

N
O<n—anp <14+ a (A.5)
=1

implies the existence of {bi}f\il such that n —ani1 = Zf\il b;a;. Then the result is immediate
on transposing ay+1 and identifying v; = b; for i € {1,..., N} and yny41 = 1. This completes
the sufficiency part of the proof.

For the necessity, assume that there exists ng > 1 such that an,+1 > 1+ Z?:Ol a;. Then,

however,
no

Ang+1 > Gpy+1 — 1> Z a;, (AG)
=1

AUGUST 2021 31



THE FIBONACCI QUARTERLY

which implies that the positive integer ay,+1 — 1 cannot be represented in the form Zle b;a;.
This leads to a contradiction and completes the proof. [l

Corollary A.2. If ay, is a nondecreasing sequence such that a1 = 1 and ap, < 2a,-1 for all
n > 2, then a, ts complete.

Proof. We argue by induction on n that a, satisfies Brown’s criterion when n > 2. As a; =1,
for the base case we have

as <2a1 =2=a; +1. (A.7)
Now assume for inductive hypothesis that for some n > 2,
an < ap_1+---+ay+1. (A.8)
Then
ni1 < 2ap=ap+an <ap+ap_1+---+a;+1, (A.9)
completing the induction. O

Example A.3. The converse does not hold. A sequence may be complete and have some
terms that are larger than the double of the previous term. One such example is the sequence
generated by [1,0,1,4], whose terms are {1,2,3,5,11,...}. Here, 11 is more than twice 5, yet
the sequence is still complete.

APPENDIX B. LEMMAS FOR SECTION 2

Lemma B.1. Let {G,}, {H,} be the sequences defined by [c1,...,cL], [c1,,...,cL,cL41],
respectively, where cpy1 is any positive integer. For all k > 2,
Hpp—Grok > 2(Hpyk—1— Gryk—1) - (B.1)

Proof. We use strong induction.
We begin with the base case. First, recall that for all n such that 1 < n < L, we know
H, = G,,. Further, note that

Hw=caHr+ - 4+ccHi+1=c1G+-+c1G1+1=Gpy41 + 1. (B.2)
Using this fact, we compute
Hpio=ciHpy1 +cHp + - +cpHo+crp1Hy
=c1 (G + 1)+ G+ +cGa+ e
=Gr1t+ce+eng. (B.3)
Thus, we have that
Hpio—Grio=c1+cpy1>22=201)=2(Hry1 — Gr41) - (B.4)

For the inductive step, suppose for some m, the lemma holds for all 2 < k < m — 1. We wish
to show it holds for m, i.e.,

HL+m - GL+m > 2 (HL—i-m—l - GL—i—m—l) . (B5)
Expanding the terms using the recurrence definition, we see
Hpvm = Grym > 2(Hrym—1 — Grim-1) (B.6)

which holds if and only if

L L L L
Z GHpym—i — Z ¢iGrim—i > 2 (Z GHpym—1-i — Z CiGLerli) . (B.7)

=1 =1 =1 =1

32 VOLUME, NUMBER



COMPLETENESS OF PLRS

Note that for all ¢ > m, Hpym—; — Gr+m—; = 0. We cancel out any such terms on both sides
of the inequality above, simplifying to

min(m—1,L) min(m—1,L)

> a(Hipmi— Grom—i) > Y 26 (Hiym-1—i — GLam—1-i) - (B.8)
i=1 1=1

We encourage the reader to note that for m—1 < L we preserve the term 2¢,,—1 (Hr, — G1) =0
in the right hand side sum, so that both sides of the inequality have the same number of
summands.

By our inductive hypothesis, we see that for all 4,

ci(Hpvm—i — Grym—i) > 2¢i (Hpym—1-i — GLom—1-4) - (B.9)
Thus, inequality holds, which completes the proof. O
Lemma B.2. Consider sequences {Gy} = [c1,¢2,...,cr] and {H,} = [c1,co,..., kL], where

1<kp<cp. Forallk € N,
Hrpips1 —2Hp4k < Gy — 2G4k (B.10)
Proof. We proceed by strong induction on k. For k = 1, we have
Hryo—2Hp 1 = (anHpy1+cHp + -+ kpHy) —2(a1Hp + coHp—1 + - -+ + kL Hy)
=(c1Hpy1 + G+ +kpGa) —2(a1Gp + coGr_1 + - - + krGy)
=Gry2 — (Gr41 — Hpy1) — (2¢0 — 2kg) — 2G 41 — 2 (e — ki)
< Gris— 2G4, (B.11)
Assume the statement holds true for a natural number k. Now, note
Hrikto —2Hp 1541
= (c1tHpsk1 +c2Hppp+ -+ kpHpyo) —2(ctHppr + coHppp—1 + - + krHi)
=c1 (Hpyrp1 —2Hp ) +co (Hpyp — 2Hp 1) + - + kp (Hiq2 — 2hig1)
<c (Hpyper —2Hp ) + o (Hpgx —2Hpp—1) + - +cp (Hpqo — 2Hpy)

By the inductive hypothesis,

<1 (Gryk+1 — 2Gr4k) + 2 (Gryk — 2Grqp—1) + - + e (Gry2 — 2Gri1)

- GL+k+2 - 2GL+k+1. (B12)
Therefore, the statement holds by induction. ([

Lemma B.3. Let {G,} be the sequence defined by [c1,...,cr], and let {Hy,} be the sequence
defined by [c1,...,cL—1+ 1, e, — 1]. Then, for all k > 0,

Hipipr1— Griks1 > 2(Hpyr — Gryg) - (B.13)

Proof. We use strong induction. We begin with the base case. First, since the first L — 2
coefficients of {G,},{Hy,} are equivalent, we have that for all 1 <n < L -1, G, = H,. We
also see that

Hp=ciHp 1+ -+ (cpa+ 1) Hi+1=caGr 1+ -+ (ce1+1)Gi1+1 =G +G1 =G +1.
(B.14)
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Moreover,
Hppi=cHp+---+(cpo1+1) Hy + (ep — 1) Hy
= (Gp+1)+--+(cp1+1)Ga+(cp —1)Gy

=c1+Gy— G+ Z{;l ciGry1—i (B.15)
=C1 + C1 + GL+1
=2c1 +Gr41.
Thus, we see that
Hri1—Gry1=2c>2=21)=2(H —-Gpr), (B.16)

and so the base case holds.

For the induction step, suppose our lemma holds for all 0 < k < m. We wish to show this
holds for m + 1, so that HL+m+1 - GL+m+1 > 2 (HL+m - GL+m).

Since {Gy} and {H,} are PLRS, we expand the terms in questions using their respective
recurrence relations to see that Hy i1 — Grim+1 > 2 (Hp4m — Grym) if and only if

L L
E CGHLymy1—i + Hypypo — Hpg1 — E CiGLymy1—i

i=1 i=1

L L
> 2 (Z CiHL+m—1 + Hm+1 —H,, — ZCiGL-i-m—i) . (Bl?)
=1

i=1

We note that by the induction hypothesis, we have that for all ¢,
¢i (Ho+m41—i — Gramt1-i) = 26 (Hptm—i — Grim—i) - (B.18)

Moreover, we have that Hy,492 — Hipny1 > Hp1 — Hi, simply because we know that gaps
in a PLRS grow. Combining these two statements, we have that inequality holds, and so
our inductive step is complete. O

Lemma B.4. Let {G,} be the sequence defined by [c1,...,cr—1,1], and let { H,} be the sequence
defined by [c1,...,c—1 + 1]. Then, for all k > 1,

Hpipr1 — Griks1 > 2(Hpyr — Gryk) - (B.19)

Proof. The proof is similar to that of Lemma [B.3|and so we repeat our use of strong induction.
We begin with the base case. First, since first L —2 coefficients of {G,, }, { H,} are equivalent,
we have that for all 1 <n < L —1, G, = H,. In fact, even more can be said. G, = Hy, as

Hy=cHp 1+ -+ (cpe1+1)Hi=aGp1+ -+ (c-1+1)G1 = (G, — 1) + G1 = G
(B.20)
Hence,

Hrpyy=cHp+ -+ (cpo1 +1)Hy = c1Gp + -+ (cp-1 + 1) G2
=Gr41—-G1+G2=Gr1— (1) + (a1 +1)=Gry1 + 1. (B.21)
And so we see that
Hii—Grii=c >0=2(H, —Gr). (B.22)

For the induction step, suppose for some m that our lemma holds for all 0 < k& < m. We wish
to show this holds for m + 1, so that Hp+m+1 — Grem+1 = 2 (Hptm — Grim)-

Since {G,} and {H,} are PLRS, we expand the terms in question using their respective
recurrence relations. On this basis, we can claim that Hr 441 —Grim+1 > 2 (Hpem — Grim)
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if and only if

-1 -1
Z il my1—i + Hpqo — Z ¢iGrym+i—i — Gme1
i=1 i=1
L1 L
>2 (Z GHrpym—i + Hpy — ZCiGL+m—i — Gm1> . (B.23)
=1 i=1

By the induction hypothesis, we have that for all 4,
CiHpymy1—i — ¢iGrym+1—i = 2(ciHpym—i — Grym—i) - (B.24)

However, we can also show that Hy,10—Gpm+1 > 2 (Hpme1 — Gp). By rewriting this as Hy, 19—
2H ;41 > Gyl — 2Gyy,, we see that for m < L — 1, both sides are equal. For m > L 4 1,
it suffices to note that {H,} grows faster, and thus so must the gaps between consecutive
terms. By combining these two observations, the inequality holds, which completes the
proof. O

APPENDIX C. LEMMAS FOR SECTION 3

Lemma C.1. For the PLRS Hyi — Hy + NH,_j_1, with N = [(k+2)(k +3)/4], then
(N=2)H, 1 <Hp 14+ Hpyp. (C.1)

Proof. By induction on n. Consider the base case, forn=k+2: H, 1 =H1=1,H,_ =
Ho=2,...,H,_1 = Hgq =k+1.

(N=2)Hp g1 <Hp1+-+Hypp = (N-2)<2+43+--+k+(k+1)

{(k+2)(k+3)+1J < (k+1)(k+2)+1
4 2 2
2
(k+2)(k+3)+2 Sk +3k+2+1
4 2
— k?+5k+8 < 2k® + 6k + 8
— 0<k—F (C.2)

Hence, the base case holds for £ > 0.
For the induction hypothesis, assume the following holds for arbitrary, fixed n:

(N—-2)H, 1 <Hp 14+ -+ H, . (C.3)
For the induction step, we wish to show the following;:
(N—-2)H,_ <Hp+--+ Hp_j11. (C.4)
We write, using the recurrence relation, that

(N —2)Hp 41 = (N —2)Hp_p + N(N — 2)H,,_op_o.
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And by the induction hypothesis,

(N - 2)Hn—k+1 < Hn—l +---+ Hn—k + N(Hn—k—2 +---+ Hn—2k—1)
k

= Hni+ NHp o1
i=1

k
= Hy . (C.5)
i=1
Hence, the claim is true for alln > k+ 1,k > 0. |

Lemma C.2. Let N = [L(L + 1) /4], and consider the recurrence relation [1,ca, ..., cr—2,0, N]
where ¢; = 1 for one i € {2,...,L — 2}, and the rest are 0. For fized i € {2,...,L — 2}, and
L > 6 then HL—i—H + (N — Q)Hl <Hjp_1+- -+ Hs.

Proof. This is equivalent to showing that

L(L+1
Hyp i1+ {(4)-‘ <Hp i 1+4+---+Hy+H; +1 (C.6)
Note that i € {2,..., L — 2} and recall that each term in the sequence must increase from the

previous. So Hy_;j+1 € {Hp—1,...,Hs}, and the largest possibility is H;_;+1 = Hr—1 when
1 = 2. Thus,

L(L+1 L(L+1
Hp it1+ [(4)—‘ <Hp 1+ {(4)—‘ . (C.7)
So we need only show that
L(L+1
Hp 1+ {(4)-‘ <Hp 1+---+Hy+H +1, (C.8)
which is equivalent to
L(L+1
’7(4)—‘§HL_2+'”+H2+H1+1. (C.g)
Note that H; > i, so for L > 6,
Hp o4 +H +1>L—-2+---4+1+1
_ (L—-2)(L-1) 1
2
(L-2)(L-1)+1 1
2 2
L(L+1) 1
>\ 0 oy
- 4 + 2
L(L+1
> [(HW . (C.10)
4
Thus, we have shown equation (C.9)), and the proof is complete. ([l

Lemma C.3. Let N = [L(L + 1)/4], and consider the recurrence relation [1,ca, ..., cp—2,0, N]
where ¢; = 1 for one i € {2,...,L — 2}, and the rest are 0. For fized i € {2,...,L — 2}, and
L > 6, then for anyn > L, Hy_j1+1+ (N —2)Hy_p41 < Hp 1+ -+ Hy_142.
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Proof. By induction on n. The base case, n = L, was shown in Lemma [C.2] For the induction
hypothesis, assume the claim in true for fixed n. We wish to show that the claim holds for
n+1.

Hy ijyo+ (N —=2)Hy 1490 =Hy jy1+ Hpoip0 + NHy_1_iyo+
+ (N —2)(Hp—p+1+ Hp—r—iv2+ NHy_2149).
By applying the induction hypothesis,
Hy ivo+(N—=2)Hy 10 < (Hyp1+ - +Hyp42)+ (Hpoi+ -+ Hy_1_it3)
+N(Hp—r+ -+ Hp_21+3)
=H,+ -+ Hp_y3. (C.11)

Hence, the claim is true for all n > L. O

Lemma C.4. For the PLRS {H,} generated by [1,1,0,...,0, N]|, if k is the number of zeros
and N = |(Fryr6 — (k+5))/4], then

(N — Z)Hn_k_g <H, o4+ - -+H, ;1. (C.12)
Proof. In a similar manner to Lemma the statement is proved by induction on n.

For the base case, n = k+3, so that H,, o = Hyand {H,—1,..., Hy_p—1} = {Hg2,..., Ha}.
Hence

(N=2)Hy < Hpo+-+Hy &= (N—-2)< (Fpyz—1)+---+(F3-1)
k+3

= (N-2)<> Fi—(Fi+F+(k+1)
=1

7 1 < Frgs — (k+4)

Fry — (k+5) < 4(Fpys — (K +4))

Fiys + Frypq < 4Fp5 — 3k + 11

3k+11 < 3Fiis — Frya

3k 4+ 11 < 2Fj 14 + 3Fpis, (C.13)

where the last line is true for all £ > 0 by induction on k. Now, suppose the statement is true
for some n > k + 3, so that (N —2)H, o < Hyp_9+ -+ Hp_g—1. Thus, for the inductive
step, note using the recursive definition that

(N—=2)Hy 1= (N —2)Hp g2+ (N —2)Hy 3+ NN —2)Hy 254 (C.14)
By the inductive hypothesis,
(N=2)Hp 1 <Hp o+ - +Hp 1+ (N—-2)H,_ 3+ N(N —2)H,_op_4

{FHG —(k+ 5)J < Fiy6 — (K +5)

(A

n—2
< Z Hi+Hy 1+ (N —=2)H, 5+ N(N — 2)Hy,_oj_4. (C.15)
i=n—~k
Note for all positive k£ we have that n —k —1 <n—2aswellasn—k—3 <n—3 and
n — 2k —4 <n — k — 3. Since the sequence is non-decreasing and N is a positive integer,

n—2 n—1
(N-2)Hp 41 < > Hi+NHy o+ NHy 3+ N(N=-2)H, 3= »_ H, (C.16)
i=n—k+1 i=n—k
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which completes the induction on n. ([
Lemma C.5. > 271 =2"(n — 1) + 1.
Proof. By induction on n. O

Lemma C.6. Define {F,} =[1,...,1] and {H,} =[1,...,1,0,...,0,28" —1]. Then Hy\ 1110 =
—— Nt

g g k
Fyipiiin + @ —1)(2" +272(n — 1)) when 1 <n < g — k.

Proof. Define a(n) so that Hyipr14n = Fyprt14n +a(n) for 1 <n < g —k Now,

Hyihpron = Hyppn + -+ + Hepan + (257 = 1) H,, (C.17)
g+k+n n—1 kb1
_ Z Fz + Za(z) + 222‘—1 + (2k+1 o 1)271—1
i=k+1+4+n 1=1 =1

(since k+1+4+n <g-+1, (H; — F;) spans all the indices from k+1+n<g+1tog+k+mn)

n—1
= Fyppynir + Y a(i) + 25 = 12" " +1) (C.18)
=1
Therefore,
n—1
a(n) = a(i)+ 2 1)@ 4+ 1) (C.19)
=1
and
n—2
aln—1) =Y a(i)+ 21 —1)(2" 2 +1). (C.20)
=1
Hence
a(n) = 2a(n — 1) + (2M1 = 1)(2"2). (C.21)
Since a(1) = 2(2**! — 1), by induction we have
a(n) = (21 —1)(2" + 2" 2(n — 1)). (C.22)
0
Lemma C.7. Define {F,} =[1,...,1] and {H,} =[1,...,1,0,...,0,28"1 — 1. Then F,,, =
N—— N—— ——

Y g k
29Fn=1 _9n=2(p 4 1) when 1 <n < g.

Proof. Set Fyi, = 2971 —q(n) for 1 <n <g. Then
Forn=Fypna+---+F, (C.23)
=292 L ogtn=3 1.y onTl_(g(n—1)+ - +a(l))

n—1
— 29+n—1 _ <2n—1 + ZG(Z))

i=1
Therefore,

a(n) =21 4 Z a(i) (C.24)
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and
n—2
a(n —1) =2""2 4+ a(i). (C.25)
i=1
Hence
a(n) =2""142a(n —1) - 2"2 = 2a(n — 1) + 2"2. (C.26)
Since a(1) = 1, by induction, we have a(n) = 2"~2(n + 1). O

Lemma C.8. For k+ [log, k]| < g < 2k, {H,} defined as [1,...,1,0,...,0,281 —1], we have

g

g+k+1
29+k+1 _ Z H; < 29 4+ 2k+n+2 o 2n+1 (027)
i=k+n+2

forallg—k <n<k.

Proof. By induction on n. Suppose it holds for some n > g — k. Then

g+k+1 g+k+1
Tk+1 _ ogtktl
29 — E H; =29 — E H; + Hgqnyo
i=k+n-+3 i=k+n-+2

By the induction hypothesis,

g+k+1
og+k+1 Z H; <29 + gk+n+2 _ gntl | Hpinio.
i=k+n-+3

As we can check explicitly that Hy o < 2FF7HL < oktn+2 _ontl we gee

g+k+1
og+k+1 Z H; <29 + ok+n+2 _ gn+l (2k+n+2 _ 2n+1)
i=k+n+3
— 29 + 2k+n+3 _ 2’ﬂ+2. (028)

It remains to show for the base case n = g — k. This can be shown directly from the given
formulas in Theorem 3.5 O

Lemma C.9. For {H,} defined as in Lemma and the same conditions on g and k, we
have

Higipsnyin = (2FF = 1)(274771 272 4 1)) (C.29)
foralll1 <n <k.
Proof. This is equivalent to showing that
29 Hpihityin < 29T 4 2R (1 1) — 2" 2 (n 4+ 1) forall 1 <n <k, (C.30)
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which we proceed by strong induction on n. The case 1 < n < g — k has been established in
Theorem so we suppose this holds for all n < m for some g — k < m < k. Then

k 1
gotktimtl) _ H(g+k+1)+(m+1)
g+k+1
_ 2g+k+m+1 _ H H 2/€+1 NH
= Z (g+k+1)+i T Z + ( JHm+1
i=1 i=k+m+2
m g+k+1
Z (29+k+2 g+k+1)+i> + (29+k+1 _ Z Hz) _ (2]‘6-‘1—1 _ 1)2771
=1 i=k+m+2

By the inductive hypothesis and Lemma

m
<D0 (2 T R 2T 1) - 272 1)) (29 4 2R L) (gl qyom

i=1
= 20(mAD=1 okt D=1 4 1) 4 1) — 20" FD=2((m 4 1) +1). (C.31)
Our proof by induction is complete. O
Lemma C.10. The sequence generated by [1,...,1,0,3], with k > 1 ones, is always complete.

Proof. By strong induction on n.

For the base case, with n = 1, we have Hy = Hy + 1.

For the induction hypothesis, assume that for some n, Brown’s Criterion holds for all m < n,
ie., assume Hp,11 <1+ Hy+---+ Hy,, for all m < n.

For the induction step, we start with the recurrence relation and apply the induction hy-
pothesis:

Hypn=Hp+ -+ Hy g1 +3Hp 1
S Hn +---+ ankJrl + ank + 2ank71
<H,+ +Hyjp1+Hyp+Hyp1+Hy g2+ - +H +1 (C.32)

Hence, by Brown’s Criterion, the sequence is complete. By strong induction, the lemma, is
proved. O

Lemma C.11. Let {H,} defined by [1,0,...,0,1,...,1, N| be a PLRS with L coefficients.
~——

m
Then, if the sequence is incomplete, it must fail Brown’s criterion at the L + 1-th or L + 2-th
term. In other words, if Hy 11 < 1—1—23Z 1 Hiand Hp 4o < 1—|—EL+1 H;, then {H,} is complete.

Proof. Let {H,} be defined as above; it is clear that the first L terms pass Brown’s criterion.
Now suppose the sequence passes Brown’s criterion at the L 4 1-ist and L + 2-nd term, so that

L L+1
Hpy <Y Hi+1, Hpop <Y Hi+1l (C.33)
=1 =1

We show that {H,} is complete.

We show by induction that if {H,,} satisfies Brown’s criterion at the L 4+ 2nd term, then it
satisfies Brown’s criterion at the L + kth term, for any 2 < k < L — 1. We assume our base
case of kK = 2 by hypothesis, so only the induction step remains to be shown.
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Suppose for some k that

Ltk—1
Hpip=Hpikp—1+ Hgpm + -+ Hin + NHy < Z H; +1. (C.34)
i=1
We wish to show that
Ltk
Hiykvr = Hpvk + Hipmr + -+ Hgpo + NHpq < Z H; + 1. (C.35)

i=1

Looking at the difference between equations (C.34)) and (C.35)), we see it suffices to show that

(Hpk — Hpvk-1) + N (Hgy1 — Hi) + Hipmy1r — Hin < Hpgpe (C.36)
Or equivalently,
N (Hg1 — Hy) + Hipms1 — Hipr < Hpyp1 (C.37)
Expanding Hy k1,
Hpip1=Hpyg—2+ Hepmo1+ -+ Hy + NHy_q. (C.38)

We can repeatedly expand the largest term of expression (C.38)), giving us longer partial sums.
In particular, applying the process k times, we see:

k+m—1
Hpig1 = Hpjpo+ Z H; + NHy_4
i=k
k+m—2 k+m—1
= (HL+k—3+ Z Hi+NH]€_2>+ Z H,+ NHp_4
i=k—1 i=k

k+m—3 k+m—2 k+m—1
= (HL+k3+ Z Hi—i-NHk:g) + Z H; + Z H;+ N(Hyg—1+ H_2)
i=k—2 i=k—1 i=k

m k+m—1
= Hyo 1+ Y Hi+-+ > Hi+N(Hyy+Hyo+-+H)
=1 i=k
k at+m—1 k—1
= Hoa+)», Y H+N H& (C.39)
a=1 i=a =1
Thus inequality (C.37) becomes
k at+m—1
N (Hpp1 — Hp — Hy—y — -+ — Ho — H1) + Hyqpq1 < Hpo1 + Hpqr + Z Z H;. (C.40)

a=1 i=a

Assuming k < L, we can write Hyy1 = Hy + Hy—p+m+1 + - - + Hip—142, where for the sake of
notation we define Hy = 1, and H; = 0 for all j < 0. Thus,

N(Hyy1 —Hy—Hy1—---—Hy—Hy)=—-NHp1 + Hyo+ -+ Hp_ym42)
< “NHy_,, (C.41)
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and so for inequality (C.40)) it suffices to show

k at+tm—1
Hpymar SHL 1+ Hpr + Y Y Hi+ NHy_y. (C.42)

a=1 1i=a

Expanding the left hand side, we wish to show

Hyvmy1r = Hgym + He—pyomi1+ -+ Hgpy1 + NHy pym
k a+m—1
<Hpy+Huy+Y, Y Hi+NHe. (C.43)

a=1 1i=a
Ask—L+m<k—-3<k—1,wesee NHp 1, < NHj_1, and so we need only show

k at+m—1
Hyypm +Hy_pyomyr + -+ Hepp1 < Hp q + Hppr + Z Z H;. (C.44)

a=1 1i=a

As k > 2, we note that in the double sum 25:1 Z?imfl H;, the summands Hy, Hyy,,_1 are

a
present exactly once, and for any 1 < ¢ < k+m — 1, the summand H; is present at least twice.

Thus we can take the crude bound

k a+m-—1 k+m—1 k+m—2

> H=> ) H+ > H. (C.45)
i=a =1 =2

a=1

Applying this bound on the right hand side of inequality (C.44), and taking the trivial bounds
H; 1> Hi +1, Hk+1 > 1, we see

k a+m—1 k+m—1 k4+m—2
Hyp o+ Hen+» 0> H@(Z Hi+1>+<z Hi+1>. (C.46)
i=1 i=1

a=1 i=a

As we assumed {H,} fulfills Brown’s criterion for terms below L + k, we know

k+m—1
Hiym < Y Hi+1. (C.47)
i=1
Finally, it is clear that
k+m—2
Hy ryvomy1+ -+ Hgp1 < Z H; +1, (C.48)

=1

as no indices on the left sum are repeated. Combining these two facts, we have

k+m—1 k+m—2
Hiem + Hi-Lyzmer + -+ Hpp41 < ( > Hi+1> + ( > Hz'+1)
i=1 1=1

k a+m—1
<Hp 1+ Hp + Z Z H;. (C.49)
a=1 1i=a
Thus inequality ((C.44) holds, and we are done. O
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Lemma C.12. Let {G,} and {H,} be PLRS with L coefficients defined by [1,0,...,0,1,...,1, M]

~———
m
and [1,0,...,0,1,...,1, N| respectively. For (L —1)/2<m < L —4,
~—
m—+1
H_1=G;—1 2§z<2(L—m)
Hz‘_l :Gi izQ(L—m) (050)
H;, 1 >GZ' 2(L—m)<i§L.
Proof. From the proof of Lemma |3.10] we get
Hy=nHp m1yyn=L—m—1+n+ 2008 <y <y -1 -
Gn:n,GL_m_s_n:L—m—i—n—l—w 1<n<L-m. .

From these explicit formulas, H;_1 = G; — 1 for all 2 < i < 2(L —m) — 1. Now,

L—m—1
Hypmy-1 = Hyp-m-1)+ Hr—m + Z H;+1
i=1
L—m—1i
—m—1)(L— —ml
—p—m-ny Lom o DL mm D) S Git1
6 =1
L—m—i
(L—m—1)(L—m)(L—m+1)
= 2(L — -1 i+ 1
(L—m)—1+ c - ; G; +
L—m—1i
= Go(p—m)-1+ Z Gi+1
i=1
= G- (C.52)

Similarly, by writing out explicit formulas, one can show that Hy1_,,) > Go(p—m)4+1- Also, it
is clear that H; > G; for all i. Therefore, for any 2(L —m)+ 1<k <L,

k—(L—m)
Hy 1 — G = (Hp—2 — Gp—1) + Z (H; — Gj))
i=1

> Hy_o — Gy, (C.53)
and the last inequality follows by induction on k. O

Lemma C.13. If m+3 < 2(L —m) and m > (L —1)/2, then

m+1
odm—L+ Y i>2L-3(m+1)+2 (C.54)
i=L—m+2

Proof. This is equivalent to
(m+1)(m+2) (L—m+1)(L—m+2)

5 - > > 3L — 5m — 1, (C.55)

which simplifies to
L(2m — L) + 16m +2 > 8L, (C.56)
which is true since L(2m — L) > 6 and 2m + 1 > L. O
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APPENDIX D. LEMMAS FOR SECTION 4

Lemma D.1. For any L € ZF, let \;, be the principal root of 2* — x*~1 — N; — 1. Then
L+2

-1)> —/——F——. .
R Sy (D-1)
Proof. Since 1/(L? + L +4) > 1/(L? + 4L +4) = 1/(L + 2)?, it suffices to show
L+2 1
Op—1)> ——+ (D.2)

“L2+4L+4 L+2
or equivalently, Ay > (L+3)/(L+2). This inequality holds if and only if f((L+3)/(L+2)) <0,

ie.,
L+3\" [/L+3\*"' [L(L+1
LAs\T (L+3\" [LI+D] g (D.3)
L+2 L+2 4
or,
L+3)*' [L(L+1
(+)L<[(+)W+1. (D.4)
(L +2) 4
It can be checked that for all L > 1, a stronger condition holds, that
% <1, (D.5)
(L+2)
completing the proof. O
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