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ABsTRACT. Zeckendorf’s Theorem states that every positive integer can be uniquely repre-
sented as a sum of non-adjacent Fibonacci numbers, indexed from 1,2, 3,5, .... This has been
generalized by many authors, in particular to constant coeflicient fixed depth linear recur-
rences with positive (or in some cases non-negative) coefficients. In this work we extend this
result to a recurrence with non-constant coefficients, an+1 = nan + an—1. The decomposition
law becomes every m has a unique decomposition as Z sia; with s; <4, where if s; = ¢ then
si—1 = 0. Similar to Zeckendorf’s original proof, we use the greedy algorithm. We show that
almost all the gaps between summands, as n approaches infinity, are of length zero, and give
a heuristic that the distribution of the number of summands tends to a Gaussian.

Furthermore, we build a game based upon this recurrence relation, generalizing a game
on the Fibonacci numbers. Given a fixed integer n and an initial decomposition of n = nas,
the players alternate by using moves related to the recurrence relation, and whoever moves
last wins. We show that the game is finite and ends at the unique decomposition of n, and
that either player can win in a two-player game. We find the strategy to attain the shortest
game possible, and the length of this shortest game. Then we show that in this generalized
game when there are more than three players, no player has the winning strategy. Lastly, we
demonstrate how one player in the two-player game can force the game to progress to their
advantage.
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1. INTRODUCTION

Zeckendorf |Ze| showed that every positive integer can be uniquely represented as a sum of
non-adjacent Fibonacci numbers. Many related results on Zeckendorf decompositions, includ-
ing uniqueness, existence, and Gaussian distribution of the number of summands, have been
proven; see for example [BDEMMTTW, BILMT, Br, Day, DDKMMYV, FGNPT, Fr, GTNP,
Ha, Ho, HW, Ke, Lek, LM1, LM2, MW1, MW2, Stel, Ste2| and the references therein. Addi-
tionally, this theorem has been generalized to a class of homogeneous linear recurrences known
as positive linear recurrence sequences (see for example [KKMW]). Additionally, Baird-Smith,
Epstein, Flint and Miller [BEFM1, BEFM2| have created a game based on the Fibonacci
numbers; we show that a similar game exists for this sequence, and prove some results about
it.

In this paper, we aim to achieve similar results for a particular recurrence sequence which has
non-constant recurrence coefficients. The sequence in question is given by ant+1 = na, + an—1
with initial conditions a; = 1 and as = 2. We are concerned with a particular kind of
“legal” decomposition, defined analogously to legal decompositions for positive linear recurrence
sequences.

Definition 1.1 (Legal Decomposition). A legal decomposition is a sum of the form Y ;" | s;a;,
where s; € {0,1,...,i} and if s; =i, then s;—1 = 0.

This definition ensures that we cannot use the recurrence relation to replace some terms of
the decomposition. Our first result is that legal decompositions exist for all positive integers.

Theorem 1.2. There exists a legal decomposition of every positive integer into terms of the
sequence {an}.

This can be proved in a similar fashion to the corresponding result for positive linear re-
currence sequences. We then establish an explicit method for computing these decompositions
using the greedy algorithm. This provides another proof of uniqueness.

Theorem 1.3. If a, <z < an11, then the coefficient of ay, in the legal decomposition of x is
[z/an].

Next, we move on to examine the gaps between each summand and prove that most gaps in
the decompositions of integers in [a,, a,+1) will be of length 0 as n — oo.

Theorem 1.4. As n — oo, the proportion of gaps of non-zero length in the decomposition of
m € [an, ant1) goes to 0.

Finally, we conjecture that the frequency of the number of summands in [a,, an4+1) forms a
Gaussian distribution as n — oo.

Our second set of results concerns the aforementioned game on the Fibonacci numbers,
extended to this sequence. In [BEFMI1, BEFM2| the authors proved that in a two player
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GENERALIZING ZECKENDORF’S THEOREM TO A NON-CONSTANT RECURRENCE

game, if the input number n is at least 2 then player two has a winning strategy, though the
proof is non-constructive. They also proved upper and lower bounds on the length of all games,
which differed by a logarithm (recent work [LLMMSXZ]| has removed that factor, and now the
bounds are of the same order). A motivation to study this sequence was to see what results
translate to this setting. In Sections 6 and 7, we introduce the game and state our results on
the length of game and on multi-person generalizations.

2. PROVING EXISTENCE AND UNIQUENESS OF LEGAL DECOMPOSITIONS

The goal of this section is to prove Theorem 1.2. We separate the proof into two parts:
existence and uniqueness.

2.1. Existence. We prove existence by strong induction on x. For x = 1, there is the decom-
position 1 - a;. Now suppose that x is a positive integer larger than 1 and that all positive
integers smaller than = have legal decompositions. If x = a; for some ¢, then 1 - a; is a legal
decomposition of . If x is not a term of the sequence, then there exists a unique positive
integer n such that a, < x < apy1. Let s, = |x/a,] and b = = — spa,. We have

Qn

b<x—<x—1>an:an<x, (2.1)

8o b has a legal decomposition by the inductive hypothesis. Moreover, this legal decomposition
does not use a, because a, > b. In other words, the decomposition takes the form

n—1
b = Z S;j. (2.2)
i=1
By construction of b, we now have
n
x = b+ spa, = Z«Siai- (2.3)

i=1
So, to finish our proof of existence, it suffices to show that s,, < n and if s, = n, then 5,1 = 0.
If s, > n, then as s, = |z/a,],

x > spap > (n+Da, = nap,+an, > nap+ap—1 = apt1. (2.4)
But by construction, we have x < an1, so sp, < n. Finally, if s, = n, then
b = x—spap, = T—nay < A1 —NAp = Nap + Ap—1 — NGy = Ap_1, (2.5)

so the decomposition of b cannot include a,—1 and s,—1 = 0, as desired. Thus, (2.3) is a legal
decomposition of x, completing our proof.

2.2. Uniqueness. Before proving uniqueness, we first determine the largest integer which can
be decomposed using the terms ai, ..., ay.

Lemma 2.1. The largest positive integer which can be legally decomposed by the termsay, ..., an
18 Gp+1 — L.

Proof. We prove by strong induction on n that if z = > | s;a; is a legal decomposition, then
T < Gp4+1. For n =1, the only legal decomposition is 1-a; =1 < 2 = ag, so the base case holds.
Now assume the lemma holds for all n’ < n, and let = Y_." | s;a; be a legal decomposition.
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If s, <n, then 2/ = Z?:_f s;a; is also a legal decomposition, so by the inductive hypothesis,
2’ < ap. Thus,
n
T = Zsiai < Spap+a, < (n—1ay,+ap, = na, < apii. (2.6)
i=1

If s, = n, then s,_1 = 0 by the definition of a legal decomposition, so z” = Z?:_lz s;a; is a

legal decomposition. By the inductive hypothesis, this implies that 2" < a,_1, so

n

r = Z Si; < SpGp + Ap—1 = NGy + Ap—1 = Apt1- (2.7)
i=1
In either case, we see that x < a1, so the induction is complete. [l

Now, we can prove uniqueness by showing that if two legal decompositions have the same
sum, then they are the same decomposition. Assume for contradiction that there are two
distinct legal decompositions with the same sum:

n m
Z S;; = Z tjaj. (28)
i=1 Jj=1
If n # m, then without loss of generality we may assume that n < m. Then by Lemma 2.1,
n m
Zsiai < Gp+1 < @y < thai, (29)
i1 j=1

contradicting (2.8). Thus, n = m, and we will use only n for the remainder of the proof, as
well as indexing with 1.

Now, we want to show that s; =t; for i = 1,...,n. Define
s, = s; — min(s;,t;) and t. = t; —min(s;, t;). (2.10)
for ¢ =1,...,n. Then for each i, we have subtracted the same number copies of a; from both

decompositions, so
n n
Zs;ai = Zt;ai. (2.11)
i=1 i=1

Additionally, for each 4, at least one of s, and t is zero because either s; or ¢; has been
subtracted from itself in the construction of s; and t;. If s;, # 0 and t;, # 0 for some maximal
such 41 and 79, then by the same argument as above, 41 = 72. But this means that neither sgl
nor t;Q are zero, a contradiction. Thus, either s; = 0 for all ¢, or t; = 0 for all 7. In either case,

the sums in (2.11) must be equal to zero, implying that s; = ¢, = 0 for i = 1,...,n because
a; > 0 and s},t, > 0. By the construction of s; and ¢, this implies that s; = ¢; for i = 1,...,n,
as desired. U

3. COMPUTING LEGAL DECOMPOSITIONS WITH THE GREEDY ALGORITHM

We now can prove Theorem 1.3, using the greedy algorithin to compute legal decompositions.
Using Lemma 2.1, the desired result follows quickly by considering what happens if the largest
coefficient in the decomposition is either too large or too small.
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Proof of Theorem 1.3. Let s; be the number of copies of a; in the decomposition of z. If

si > |x/a;], then
sia; > (LwJ +1> a; > gai = z, (3.1)

Qg i

which is a contradiction because s;a; is part of the decomposition of z. If s; < |z/a;], then

:c—siaiZm—({xJ—1>ai2x—<$—1>ai:ai. (3.2)
a; a;

Applying Lemma 2.1, this implies that there is no legal decomposition of z — s;a; using only

the terms ai,...,a;—1. But one must exist since this decomposition forms the rest of the
decomposition of z. As s; is neither greater nor less than |x/a;], we conclude that s; =
|z /a;]. O

By iterating this theorem, we can not only compute the coefficient of the largest term in the
decomposition of a given integer, but all coefficients. To do this, we find the coefficient of the
largest term, then the coefficient of the second largest term, and so on by repeatedly applying
Theorem 1.3 and then subtracting the newly found part of the decomposition.

Example 3.1. We apply this process to find the legal decomposition of x = 33.

The first five terms of the sequence are 1,2,5,17,73. So the largest term in the decomposition
of 33 will be ay = 17. By repeatedly computing the coefficient of the largest term smaller than
x, then updating x, we can compute all the coefficients:

33
L17_ - 33 7 6

16
{5 =3 — 2 =16-3-5 =1

H =1 - z=2-1-2=0.

Note that we skipped as = 2 because it was never the largest term smaller than x. This
corresponds to the fact that the coefficient of as is 3, so the coefficient of as must be zero by
the decomposition rule. In all, we have the decomposition

33 = 1-a4+3-a3+1-a. (33)

4. THE DISTRIBUTION OF GAPS BETWEEN SUMMANDS

The distribution of gaps has previously been studied in the context of generalized Zeckendorf
decompositions by many authors, see for example [BBGILMT, BILMT, LM2|. Gaps are dif-
ferences in indices between each pair of adjacent summands, including identical ones, in the
decomposition. Two identical summands constitute a gap of length zero, and the gaps between
distinct summands are non-zero gaps. Additionally, the length of non-zero gaps depends on
the difference of indices between the two adjacent distinct summands.

As n grows, almost all of the gaps are zero. This is due to how rapidly our sequence grows;
most indices are used multiple times (on average index ¢ occurs about /2 times in a typical
decomposition, with fluctuations on the order of v/, leading to a large number of gaps of length
zero). The only way to get a gap of length 1 or more is from distinct summands, and there are
at most n such opportunities. We now prove Theorem 1.4.
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Proof of Theorem 1.4. We set I(n) := [an, ant1) to be the interval we are studying, and A, :=
Gp+1 — Gy the number of terms of our sequence in that interval. First, we show that A, <
(n + 1)I. To see this, note all numbers in I(n) are of the form Y, s;a;, where s, > 1,
s;i € {0,1,...,i} and if s; =i then s;_1 = 0. If we drop the last condition we obtain an upper
bound; for each i there are now i + 1 choices, and thus A, < (n+ 1)!.

Next, for each m € I(n) there can be at most n non-zero gaps. Thus the number of non-zero
gaps arising from decompositions of numbers in I(n) is at most n - (n + 1)!.

We now show that there are tremendously more gaps of length zero. As we are considering
behavior in the limit, we may consider the subset of numbers of the form ;" s t;a;, where
ti € {|i/4] +2,...,|3i/4] + 3} (we choose 16 to avoid any edge effects; we do not want for
example the upper bound to exceed n). Note we have at least i/2 + 1 choices for each i,
each t; > |i/4] + 2 so each choice generates at least i/4 gaps of length zero, and all of these
are legal decompositions of integers in I(n) as no t; = ¢. The number of such numbers is at
least [ /2, which is Cn! /2" for some fixed C. As each of these numbers generates at
least [~ 4(i/4) = Cn! /4™ gaps of length zero, we see the total number of gaps of length
zero is at least C?n!? /8", This is tremendously larger than the number of non-zero gaps, as
n! /8" > (n/8e)™ > n3, which implies that C?n!? /8" > n - (n + 1)!, for large enough n. Thus
in the limit almost all gaps are of length zero.

O

5. GAUSSIANITY

Many researchers [BBGILMT, BILMT| have studied the distribution of the number of sum-
mands and the gaps between summands in generalized Zeckendorf decompositions. In positive
linear recurrence systems, as well as some other systems, the answers have been found to be
a Gaussian and geometric decay. Omne of the reasons we chose to study this non-constant
coefficient recurrence was to see if these behaviors persist.

We conjecture that the distribution of the number of summands for m € [ay,, an+1) converges
to a Gaussian as n — oo. We do not have a proof of this, though numerical studies strongly
support this, as do results for a similar system. In particular, if we drop the assumption that
if we have 7 copies of a; then we must have 0 copies of a;_;, Gaussianity follows immediately
from Lindeberg’s Central Limit Theorem (see |Li, Za|).

6. INTRODUCTION TO THE GENERALIZED ZECKENDORF GAME

Zeckendorf proved that every positive integer n can be written uniquely as the sum of
non-adjacent Fibonacci numbers, now known as the Zeckendorf decomposition of n. Baird-
Smith, Epstein, Flint and Miller [BEFM1, BEFM2] create a game based on the Zeckendorf
decomposition. Zeckendorf’s theorem has been generalized to the non-constant recurrence
relation a;41 =t a; + a;—1 in Theorem 1.2, allowing a game to be based on this recurrence.

We introduce some notation. By {1} or {a}} we mean n copies of 1, the first number in
the sequence. If we have 3 copies of a1, 2 copies of ao, and 7 copies of a4, we could write either
{a3 Na3 Aal} or {13 A22 A1TTY.

6.1. Definition of the Game.

Definition 6.1. Leta; =1, ax = 2, and a;+1 = ta; +a;—1. At the beginning of the game, there
is an unordered list of n 1’s. We denote the initial list as {a]} where n € N = {1,2,3,...}.
On each turn, o player can do one of the following moves which are based on the recurrence:

(1) Combining moves:
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(a) If the list contains consecutive terms a; and aj—1 such that there are at least i
a;’s and one a;—1, we can combine these to create a;y1. This move is denoted by
{a§ Na;—1 — ai+1}-
(b) If the list contains two 1’s, we can combine 1’s. This move is denoted by {12 — 2}.
(2) Splitting moves:
(a) Note that

(i4+1)a; =ia; + a;
=1ia; + (Z - 1)ai_1 + a;—2
=ai11 + (i —2)a;—1 + a;—2.

Thus if the list contains (z +1) a;’s, we can we can perform a splitting move in
the following manner: {a;'Irl — Air1 A aé:% Nai—o}.

(b) If the list contains three 2’s, we can perform a splitting move denoted by {23 —
1 A5}

The players alternate moving until no moves remain.

The game can have any number of players, p, for p € N. We will show that this game is finite
and ends when the list is exactly the unique legal decomposition of n (n = >_ s;a;, 0 < s; < ),
as at this point there are no possible moves left to be made. The player who makes the last
move wins the game.

Figure 1 shows a two-player sample game tree for n = 10.

BB E

[~]

I
|1‘ zl A 5!
!

[

FicUrRE 1. Game tree for n = 10, showing all possible moves and where the
game ends for each set of moves. Note that the game ends at the unique
decomposition of 10 which is given by {52} (two copies of 5).

RO

| L= ]

6.2. Properties of the Game.

Theorem 6.2. The game is finite: Every game played on n terminates within o finite
number of moves at the unique decomposition given by n = s;a;, 0 < s; < i, where a; is the
i term in the sequence defined by a; = (i — 1) a;_1 + a;_2.

Proof. Consider the number of terms in the game. We show that this number is a strictly
decreasing monovariant.
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Our moves cause the following changes in the proposed monovariant. We observe that we only
have to consider the terms affected by each move because the suggested monovariant is a sum,
so unaffected terms contribute the same before and after the move. Here, @ is the index of a;,
a term in the current game state.

(1) Combining 1’s: The move is characterized by {12 — 2}. Thus we go from having 2
terms to 1 term. '

(2) Combining consecutive terms: This move is characterized by {a} Aa;—1 — a;11}. Thus,
the number of terms goes from ¢ + 1 terms to 1 term. '

(3) Splitting moves: The splitting moves are given by {2% — 1 A5} and {a’™' — a;11 A
a2 A ai—9} respectively. Note that for all 7, splitting moves cause the number of terms

i—1 p Y ; 8P g

to go from 7 4 1 terms to 7 terms.

We see that every move decreases the number of terms in the game at any state. The game
progresses along a subset of the partitions of n and must end at the legal decomposition of
n, for if it did not, there would still be terms a; such that we have (i + 1) of them, or the
recurrence would apply, by definition. Hence there would still be a combining or splitting move
possible. From this we know we must start with n terms and end with LZ(n) terms, where
LZ(n) is the number of terms in the legal decomposition of n. Therefore, since each move
decreases the number of terms by at least 1, the game can take at most n — LZ(n) moves to
complete, thus is finite. ([

Now that we know that this game does indeed end in finitely many moves, this leads us to
wonder how many moves must be played to finish the game. But first, we address whether it
is possible for either player in a two-player game to win.

Theorem 6.3. The game can be won by either player in a two-player game: For
n > 6, there are at least two games with different numbers of moves, where at least one game
has an odd number of moves and one has an even number of moves.

Proof. We show using the game on n = 6 that the game on n > 6 can end in either an even or
an odd number of moves, indicating that either player can win the game.

Let m > 6 and let the game begin with either of the following sequences of moves to first
decompose 6:

(1) My ={{1A1 =2}, {1A1 =2}, {1A2A2—5}} (3 steps, |Mi|=3),
(2) My={{1A1—-2,{1A1 =2}, {1A1—2},{2A2A2—>5A1}} (4 steps, | Ma|=4).

Now, let the set of moves it takes to resolve the rest of the game be My with |Mg|= k.
Regardless of what k is, there are two sets of moves with different parities, M7 A My and
My N My, that describe a complete game.

For k odd, |M1 A Mi|= 3 + k will be even and |My A My|= 4 + k will be odd, and vice versa
for k even.

Therefore, for n > 6 there exists at least one game with an even number of moves and one
with an odd number of moves, giving both players a chance of winning the game. U

Note that this proof only addresses whether it is possible for either player to win, not that
any player has the winning strategy. Later on, we discuss who may or may not have the
winning strategy in games of multiple players, and in the two-player case, a strategy for some
n.

6.3. The Game with Only Combining Moves. We now investigate this generalized Zeck-
endorf game where only combining moves are performed. We show that in this type of game
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the least amount of moves are performed compared to any other game on n.

For this section we use the following notation:

a;: The i*" term in the generalized sequence.

d;: The coefficient of the a; in the final decomposition of n.

k: The largest index in the unique decomposition of n, thus the decomposition is written as:

n = d1a1 + dqas + -+ + Opai. (6.1)
Ci: A combining move on ay, i.e.,
{ag A@i—1 = @iy}
Si: A splitting move on ay, i.e.,
{agJrl = aip1 N\ afj Nai—2}.
MCj: The total number of C; moves performed in a game on n.

M S;: The total number of S; moves performed in a game on n.
MC(n): The sum of all MC; (for 1 <i < k) performed in a game on n.

Lemma 6.4. For any n € N, it is possible to play the game on just combining moves.

Proof. We first show that this is true for any term in the sequence by inducting on the index
of the a;.

Base cases: 1 = 1: We play the game on a; = 1. This game has 0 moves.

i = 2: We play the game on as = 2, which consists of one combining move: perform C; by
combining two 1’s to get one 2.

i = 3: We play the game on az = 5, which consists of three combining moves: perform C
twice to get two 2’s, then Cy by combining two 2’s with one 1 to get 5.

Inductive step: Suppose for all a;, i < j for some j € N, the game on a; can be played using
only combining moves. Since a; = (j — 1)a;—1 + aj_2, all that needs to be done is to perform
the combining moves necessary to get (j — 1) a;—1’s and one a;_o, then perform a C;j_; move
to get one a;.

Since an arbitrary n has the decomposition

n = da1 + a0 + --- + Opag,

a game with all combining moves can be played by achieving first diax, then d;_1ar_1, and so
on as described above until the decomposition is achieved. O

Theorem 6.5. The total number of combining moves, MC(n), for a game on n is a constant
independent of how the game is played.

Proof. We show this using a system of equations for the final coefficients of the a; in the
decomposition, d;, in terms of the MC; and MS;. For §1, note that at the beginning of the
game we start with n 1’s. Every C move decreases the amount of 1’s by two, and every Cy
move decreases the amount by one. Every Ss and S35 move increases the amount of 1’s by one.
For d2, note that at the beginning of the game we start with zero 2’s. Every C'} move increases
the amount of 2’s by one, every Cy move decreases the amount by two, and every Cs5 move
decreases the amount by one. Every Sy move decreases the amount of 2’s by three and every
S3 and S4 move increase the amount by one. Hence we have the following equations for §; and
52:

0p=n—2MC1 — MCy+ MSy + MS3,
0o =MC1 —2MCy — MC3 —3MSy + MS3 + MSy. (6.2)
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For 3 <i < k (k being the largest index in the final decomposition), every C;_; move increases
the amount of a; by 1, C; decreases the amount by i, and C;y1 decreases the amount by 1. As
for splitting moves, every S;_1 increases the amount of a; by 1, S; decreases the amount by
141, S;41 increases the amount by ¢ — 1, and S;;2 increases the amount by 1. Thus for §; we
have the equation

0; =MC;_1 —iMC; — Mci+1 + MS; 1 — (Z + 1)MSZ + (Z — 1)MS¢+1 + M;S’i+2. (63)

Note that Cy, = Ciy1 = S = Sik+1 = Sk+2 = 0, so they will not be variables in our system
of equations. With this system of equations we produce a matrix which we will use to prove
Theorem 6.5.

Let M = ([A] [B]) where

n -2 -1 0 o0 0 --- 0 T
o1 -2 -1 0 0 --- 0
0 0 1 -3 -1 0 --. 0
A — () 0 1 -7 -1 0 0 (6.4)
0 - 0O 1 3—-k -1 0
0o - 0 O 1 2—k -1
0 - 0 O 0 1 1—k
0 - 0 0 0 0 1 ]
and
! 1 0 O 0 0 0 T
-3 1 1 0 0 0 0
1 -4 2 1 0 0 0
0 1 -5 3 1 0 0
B _ 0 e 001 —i—1 1—-1 1 0 0 (6.5)
0 0 1 3—k k-5 1 0
0 0 0 1 2—k k—4 1
0 0 0 0 1 1-k k-3
0 0 0 0 0 1 —k
| 0 0 0 0 0 0 1 |

Note A is the k x k invertible submatrix of the n and MC; terms, and B is the k x (k — 2)
submatrix of the M S; terms.
For the vectors

n
MCy
01 .
0o :
s=| 7|, o= |Mmc. ], (6.6)
: M Sy
O .
M Sy _1
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we have Mv = §. To find an expression for the total number of moves in the game, we must
multiply
011 - 1o (6.7)
In reduced row echelon form, the equation Mv = J is as follows:
ro 0 0 0 07 n
-1 0 0 0 0 MC,
1 -1 0 0 0 ) 01
o 1 -1 0 --- 0 : 09
k] | L . Mo, | = 7] (6.8)
: T : MSs :
0o --- 1 -1 0 . Ok
o --- 0 0 1 -1 :
0o .- 0 0 0 1] M Sy

From this we can see that the n and MC; terms are pivot variables, and the MJS; are free
variables. With this we can solve for v:

0 0 0
1 0 0
n 51 -1 1
M 'C’l A 5'2 8 —01 0
: : 1
MCy_1 | = Ok + MSy : + M Sy : 4+ o+ MS_1 | -1]. (69)
M Sy 0 1 0 0
; : 0 1 0
MSy_4 0 0 0 :
: : 0
0 0 1
We then need to multiply the right hand side by (0 11 .- 1). Thus the total number of
moves is given by
01
01 1 o AT |+ MSy + MSs + - + MSj_1. (6.10)
O,
Note that all M S; terms are left in their original form in the equation, but the sum of MC;
01
terms, MC(n), is now replaced with (0 1 1 --- 1) A=Y | : |. This value is based solely
Ok

on the unique decomposition of n, thus is constant no matter how the game on n is played. U
Corollary 6.6. A game with only combining moves realizes the shortest game for all n.

Proof. This follows directly from Theorem 6.5. Since M C(n) is constant for any game on n,
performing splitting moves will increase the length of the game. (]

Theorem 6.7. On a game starting with n where only combining moves are performed, the
game never has more moves than .775Tn.
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Proof. In a game on n with no splitting moves, we have MC; < n/2 since we need two 1’s to
perform a C] move. Likewise, MCy < n/5 since five 1’s are needed to perform Co, and so on.
More generally, MC; < n/a;;1, for all ¢ € N. Hence for the game on n the combining moves

are bounded as:
k

1
MC(n) < n . (6.11)
i ditl
We now prove that
k
> < 0.7757. (6.12)
— Qiy1
i=1
Since for any ¢ > 2,
a1 = ia; + a1
1 1 1 1
= —<— < — (6.13)
Q41 1a; + a;—1 1a; 2a;
SO ) .
< —. (6.14)
@it1 2a;

We return to the proof of the original inequality (6.12). For k > 7,

k

Zl—l+1+1+1+1+1+ L
Lig; 25 17 73 382 2365 ' 16937 i1

=1
S S RS SRS TS DRSPS SRR <1+1+1+...+1>
25 17 73 382 ' 2365 16937 ' 16937 \2 ' 4 8 2k—6

_rrr 1t 11 (1— L )

2 5 17 73 ' 382 2365 16937 = 16937 2k—6

1 1 1 1 1 1 1 1
< ot T T 7 T as2 T 2365 T 16037 T 16037
< 0.7757. (6.15)

Thus we have that Zle 1/a;4+1 < 0.7757, and
o
MC(n) < nZ o < 0.7757n. (6.16)

i=1
(]

Experimental data for the value of MC(a;) for i € [1,100] suggest that this upper bound
can be tightened further. As ¢ approaches 100, the number of combining moves for a game on
a; approaches a value around 0.6601 a;. The exact value that M C(a;) converges to as i — 0o
is currently unknown.

6.4. The Number of Moves in a Combine Only Game. In this section we derive the
exact formula for M C(n) which can be evaluated for any n. Note that for a;, a term in the
sequence, we can find M C(a;) using the following recurrence:

MC(al) = 0, MC(GQ) = 1,
and for ¢ > 3
MC’(CLZ) = (i—l)MC’(ai,l) + MC((IZ',Q) + 1. (617)
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This is due to the repetitive nature of the game with only combining moves, as demonstrated
in Lemma 6.4. The first several terms in this sequence are

0, 1, 3, 11, 48, 252, 1561, 11180, ....

The values MC(a;) (i = 1,...,k) can then be used to find the value of MC(n) for an
arbitrary n € N with decomposition n = d1aq + d2as + - - - + dpa.

Theorem 6.8. The number of combining moves in a game on n with decomposition
n = d61a1 + d2ag + - - - + Opai 1s

MC(n) = 6oMC(az) + 63MC(az) + -+ + pMC(ay).

We dedicate the rest of this section to prove Theorem 6.8.
In a Combining Only game on any n, the number of moves is

MC’(n) = MCy + -+ + MCr_4 (6.18)

where k is the largest index such that ai is in the unique decomposition of n, and Ci_1 is
performed at most k times.

Note that for a Combine Only game we have a system of equations similar to the system
utilized in the proof of Theorem 6.5, except that all MS; are 0. The §; (1 < i < k) are the
coeflicients of the a; in the final decomposition, and are written in terms of the MC;.

Since a C7 move removes two 1’s, and Cy removes one, we get the following equation for d;:

5 = n—2MC, — MCs. (6.19)

For 2 <i <k,
§; = MCi_y —iMC; — MCiy. (6.20)
Note that MCyy1 = MCy = 0. The system has k equations and & — 1 unknowns so we can
solve for all k£ — 1 unknowns, MC1,..., MCy_1, and sum them to get MC(n). We solve this
system using matrices.
Let matrix A be as in equation (6.4), the matrix of coefficients of the n and MC;. We also
have the vector of the ¢; as defined in (6.6). Finally, let

n
MCy
u= ,
MCy_4
These satisfy the equation Au = §. Since A is invertible, we also have A~'§ = w. Consider
the matrix
[B1(1) Bi(2) Bi(3) Bi(4) Bi(5) By (k)
0 By(l) Ba(2) Ba(3) Ba(4) - By(k —1)
B = 0 0 B;(1) B;(2) Bi(k—i+1)]|, (6.21)
0 0 Bi_1(1) Bi_1(2)
L0 e 0 0 Bi(1)

where the B; are sequences such that Bi(m) = a,, and for all other i, B;(1) = 1, B;(2) = 1,
and for m > 3, Bi(m) = (m — 1+ i)B;(m — 1) + B;(m — 2), where ¢ is the row of the
matrix, and the m'™ element of the sequence, B;(m), is the element in the i*" row and the
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(m+i—1)"™ column of the matrix B. We can also write the recurrence in terms of the columns:
Bi(1) =1, Bi(2) =i, Bi(m) = (j)Bi(m — 1) + B;(m — 2), where j denotes the column of the
element B;(m — 1).

It is useful to consider this recurrence solely in terms of the row and column numbers. The
entry in the i row and ;' column of B is

0 j<i
] .

Bij = ¢ . ] Z (6.22)
7j—1 j=1+1

(= 1B -1+ Bij—2) j>i+2,
or equivalently,
1 i=j
Bij = Qi i=j—1 (6.23)
iB(iy1); T B2,y 1<i—2.
Lemma 6.9. For kxk matrices A and B as in (6.4) and (6.21) respectively, we have AB = I,
and hence B = A1

Proof. First we show that for all 1 <7 <k, A;0eBg; = 1, where o represents the dot product,
and A; o denotes the i row of A, and By,; denotes the it® column of B. For any row A; o, note
that the first non-zero entry is in column 7 and is always 1. Similarly, for any column By ;, the
last nonzero entry is in row ¢ and is always 1. Hence for all i, A; o By; = 1. So for the matrix
product AB = C, the matrix C has all 1’s on the diagonal. We must now show that for all i,
Ai,O L] B()’j =0 for j 75 i.

Case 1, j < i: Here the last nonzero term in By ; is in row j, where the first nonzero entry in
A; o is in column ¢. Hence A; e By ; = 0.

Case 2, 7 > i: We notice that

Aipe Boj = 1(Bij) + (—i)(Bit1,) + (=1)(Bis2,), (6.24)
which is 0 by (6.23).
Thus we have B = A1, O
We then have
MC(n) = (0 1 1 .. 1)A7%6 (6.25)
We first multiply (0 1 1 .. 1) with A=, The 5" entry in this product starting from j = 2

(when j =1 the entry is 0) is the sum

J
E -BLﬁ
=2

where B; j is the entry in the i*" row and j* column of matrix B (6.21). Note that Y2, B;» =
1 and Z?:Q B; 3 = 3. Using the recurrence of the B; ;’s, it can be shown that

7j—1 j—2
Z B@j = (] — 1) Z Bi,j—l + Z Bz',j_g + 1. (6.26)
] 1=2 =2
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Thus this summation follows the recurrence of the M C/(a;), giving us

iBM = MC(ay). (6.27)
=2
Hence
011 ... 1)A"=(0 13 11 48 ... MC(ap—1) MC(ay))
= (MC(1) MC(2) MC(5) ... MC(ar1) MC(a)).
When multiplied with the vector & we get
01
MC(n) = (MC(1) MC(2) MC(5) ... MC(ag_y) MC(ax)) 5:2
5
=5 MC(az) + 0sMCl(az) + -+ + 0xMC(ag). (6.28)

This expression gives us the number of moves in a Combine Only game, or equivalently, the
number of combining moves in any game, proving Theorem 6.8. By Corollary 6.6, it is the
exact length of the shortest game on n.

7. WINNING STRATEGIES

Theorem 7.1. When there are at least 4 players (p > 4) in the Generalized Zeckendorf game
and n > 16, no player has a winning strategy.

Theorem 7.2. In a 3-player Generalized Zeckendorf game (p = 3), for any n > 5, player 2
will never have a winning strategy.

Theorem 7.3. For any significantly large n (n > 4m? + 8m), when there are two alliances,
with one having m consecutive players, and the other having 3m consecutive players (which we
will term the big alliance), then the big alliance always has a winning strategy.

Recall that C; represents the combining move {a;—1 Aia; — a;y1}, and when ¢ = 1,
{1 A1 — 2} We define S; as the splitting move requiring (i + 1) a;.

Theorem 7.4. In a two-player game, as long as there are 1’s remaining in the game state,
one player making the first available move of Cs, Co, Cy, Cs, ..., Ci.', Cy will be able to force
the game to progress without a splitting move being made.

7.1. Multiplayer Games, p > 2. To prove Theorem 7.1, we utilize the following property.

Property 1. Suppose player m has a winning strategy (1 < m < p). For any p > 4 and n
significantly large, any winning path of player m does not contain the following 4 consecutive
steps listed below unless player m is the player who takes Step 3:

Step 1: 141 =2 (combining two 1’s into one 2)

Step2:14+1=2

Step3:14+1=2

Step 4:2+42+2 =1+ 5 (splitting three 2’s into one 1 and one 5).

IWhere Cy is the largest combining move that can be made in a game starting with n 1’s.
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Proof. Suppose player m is not the player who takes Step 3. Suppose also that player m has
a winning strategy and there is a winning path consisting of the four steps listed above. Then
the player in Step 3 can take 14+ 2 + 2 = 5 instead and keep the rest of the steps after the
original Step 4 exactly the same.

So now player m — 1 has the winning strategy, which contradicts our assumption that player
m has the winning strategy. The property is proved by stealing the “winning” strategy. ([

We then prove Theorem 7.1 with the following two lemmas.
Lemma 7.5. For any p > 5, n > 14, no player has a winning strategy.

Proof. Suppose player m has a winning strategy.
After player m’s first move, the next four players can do the following:

Player m+1:14+1=2

Player m+2:1+1=2

Player m+3:1+1=2

Player m+4:2+2+2=1+5.
Since p > 5, m+ 1, m+ 2, m+ 3 and m + 4 are not congruent to m mod p, so player m
does not make any of the listed moves. These steps contradict Property 1, thus Lemma 7.5 is
proved. ([

Lemma 7.6. For any p =4, n > 16, no player has o winning strategy.

Proof. Suppose player m has a winning strategy.
After player m’s first move, the next players can do the following:

Player m+1:14+1=2 (Step 1)

Player m +2:1+1=2 (Step 2)

Player m+3:1+1 =2 (Step 3)

Player m : player m can do anything (Step 4)

Player m+1:1+1=2 (Step 5)

Player m+2:1+1 =2 (Step 6)

Player m+3:242+2=1+5 (Step 7).
If player m does 24+ 2+ 2 =1+ 5 in Step 4, it will violate Property 1, a contradiction.
If player m does anything in Step 4 other than 2 +2 42 =14 5, then Step 4 will take away
at most two 2’s. Also note that Steps 1,2, 3,5 have generated four 2’s in total, so there will be
at least two 2’s remaining after Step 5.
Therefore, the player at Step 6 can take 1+ 2 + 2 = 5 instead, and now player m — 1 has the
winning strategy.
Therefore, by showing that the winning strategy can be stolen, Lemma 7.6 is proved. (]

By Lemmas 7.5 and 7.6, Theorem 7.1 is proved. O

Proof of Theorem 7.2. Suppose player 2 has a winning strategy.
For any n > 6, we know that player 1 and player 2 both must do 1 + 1 = 2 as their first step.
We can let player 3 also do 1+ 1 = 2 as their first step and we can let player 1 do 242 =145
as their second step. Therefore, if player 2 has a winning strategy, then player 2 must have a
winning strategy for paths starting in this form:

Player 1:1+1=2

Player 2:1+1=2

Player 3:1+1=2

Player 1:2+2+2=1+45.
This violates Property 1. So by contradiction, we have proved that Theorem 7.2 is true for
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any n > 6.

Also, note that when n = 5, player 3 always has a winning strategy (player 1 and player 2 both
must do 1 4+ 1 = 2 as their first step, so player 3 can win the game by doing 1 +2 + 2 = 5).
Thus, Theorem 7.2 is proved. O

7.2. A Strategic Alliance.

Proof of Theorem 7.3. Suppose that the small alliance has a winning strategy. We define the
first round starting from the big alliance’s first move. For the first m rounds, let all the players
from the big alliance (consisting of 3m consecutive players) do 1 +1 = 2.

Case 1: If in one of the first m rounds, every player from the small alliance (consisting of m
consecutive players) does 24+ 24 2 = 14 5 in this round, then after these m moves, the last
m consecutive players of the big alliance can all do 1+ 2 4 2 = 5 in the next round.

Suppose the small alliance has a winning strategy, then for any winning path, there will
be a player ¢ from the small alliance who takes the last step. By using the stealing strategy
mentioned previously (last m consecutive in the big alliance do 1+ 2 4 2 = 5 instead), player
q — m now becomes the player who takes the last step. Note that player ¢ — m belongs to
the big alliance, so the big alliance now has the winning strategy, which leads to a contradiction.

Case 2: If for each of the first m rounds, at least one player in the small alliance does not do
24242 =145, then there will be at least one 2 generated in each round. This is because the
player who does not do 242+ 2 =1+ 5 can only take away at most two 2’s in that step, the
small alliance can take away at most (3m — 1) 2’s in each round, and the big alliance generates
3m 2’s in each round. Therefore, each round can generate at least one 2.

Thus after m rounds, there will be at least m 2’s generated. In the (m + 1)th round, the big
alliance can perform 2m consecutive 14+1 = 2 moves followed by m consecutive 24+2+2 = 145
moves. Note that in this round, the middle m consecutive players of the big alliance can instead
dol+2+4+2=05.

Suppose the small alliance has a winning strategy, so there is a player ¢ from the small
alliance who takes the last step. By the stealing strategy mentioned above, player ¢ — m now
takes the last step. Since player ¢ —m belongs to the big alliance, the big alliance now has the
winning strategy, a contradiction.

Thus by Cases 1 and 2, Theorem 7.3 is proved. O

7.3. A Game Without Splitting Moves.

Proof of Theorem 7.4. Recall the conditions of the theorem: one player, who we will henceforth
call the protagonist, must be using the strategy of making, on each turn, the first move that is
available of C3, Cy, Cy, C5, ..., C, C7. We first prove that no splitting move will be playable
on the antagonist’s turn if our protagonist is using this strategy. We do this by induction on
the size of the index n where the splitting move S, is being made.

Our base case is then n = 2. Here we induct on the protagonist’s turns. After the protago-
nist’s first turn, there can be no splitting moves, since it can be at most the second turn and
there can be at most two 2’s. Now we assume the inductive hypothesis: after ¢ turns for the
protagonist, we have at most two 2’s. As long as we have not played enough of the game to
make S3 or Sy 2, the antagonist can only play C; to increase the number of 2’s. If we now have
two or three 2’s, since there is a 1 available the protagonist will play either Co or C5. After

2This must true the first time Cs is available, as we must make either C or S2 to get as. We will go on to

prove that without larger splitting moves, So is impossible. Then we will prove that without Sz, larger splitting
moves are impossible. Thus, neither S> nor larger splitting moves will be possible.
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either of these moves, there are once again two or fewer 2’s remaining. If not, the protagonist
can make any move and there will still be two or fewer 2’s remaining. Thus, by induction, Sy
can never be played.

Now, as long as Sy and Sy are not played, we will prove that neither player will play Ss.
Given this, the only way to increase the number of 5’s is to play Ca. Thus to get to four 5’s,
we must first have two 2’s and three 5’s, and either it is the protagonist’s turn at this point
and they will play Cs or on the previous turn there must have been at least one 2 and three
5’s, from which point the protagonist would play Cs.

For n > 3, the inductive hypothesis states that no one will play S; for j < n: we will prove
that S, will not be played as long as S,, cannot be played for m > n. Thus the only way to
increase the value of a, is to play C,—1. To get to aZ“, we must first have ajy A aZj A Qp—9.
Thus C),, must be available before S,,. Let us consider when C,, first becomes available. We
must either make Cp,—1 or Cj,_2 to get to this point: for C,_1 to be made there must have
been a'_; and therefore C),_2 must have been made once in the two preceding turns, otherwise
Sn—1 would have been available to the antagonist. Thus for S,,—2 to never have been available
to the antagonist, there must be at most one a,_s once C), becomes available.

Now for S, to be playable, the players must first make more of a,_3. This requires playing
Ch—3, which then means we have at most one a,_3, since otherwise the antagonist must have
had the opportunity to play S,—_3. Then, to increase the value of a,_3 we must play C,_4 and
have at most one a,_4. It continues, descending, that for successive 2 < p < n — 4 directly
after someone has played C), there is at most one a, and at most two ap1’s, until finally, C5 is
played and we have at most one 2 and at most two 5’s. If it’s the protagonist’s turn, they will
play C,, eliminating the possibility of S,. If it’s the antagonist’s turn, only Cy and C, can
be made, so C is their only useful move. Now the protagonist makes Cs if it is available and
C, if it is not. The antagonist, not wanting to play C,, will play C; again. If the protagonist
can play C3, they do so, and if not, they can play C,. The antagonist will play Cp, and
the protagonist will play C,. Thus, the protagonist has successfully prevented S,, from being
played. So by induction, the protagonist can force the game to progress without a splitting
move. (]

Conjecture 7.7. Using the following strategy, either player can force the game to be played to
completion without a splitting move when the game is played on n = a;, for a; a term in the
sequence.

7
suggests that this is true, as we ought to have 1’s until we get to a game state that looks

like the right side of the equation, after which point only combining moves will be available.
However, we have not yet proven that there is no other way for the game to progress.

The fact that each term in the sequence conforms to the equality a; = aﬁj A al::g A

8. FUTURE WORK

There are several unanswered questions that may interest other researchers.

e Can we determine the distribution of gaps of any size?

e Can we prove Gaussianity?

e Are there other nonlinear recurrences that have unique decompositions? Do we have
similar results for the distribution of gaps and number of summands?

e For the generalized Zeckendorf game, through simulations we were able to tighten the
bound on a Combine Only game to about 0.6601 7. What does M C(a;) converge to as
1 — 007
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e While we have results about winning strategies or the lack of them pertaining to game
with p > 3, showing the existence of winning strategies for the two-player game remains
unsolved. One possible strategy we have been exploring is the Combine Only game as
a winning strategy.

e Can an upper bound be found on the number of moves in a general game (without
specific restrictions on moves)?

e What other positive nonlinear recurrence sequences can the game be extended to?
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