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DECOMPOSITIONS
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ABSTRACT. Zeckendorf proved that every integer can be written urljgas a sum of non-
adjacent Fibonacci numbe{s, 2, 3,5, ... }. This has been extended to many other recurrence
relations{ G, } (with their own notion of a legal decomposition) and to praythat the distribu-
tion of the number of summands of anc [G,., G..+1) converges to a Gaussiamas— co. We
prove that for any non-negative integethe average number of gaps of siz&n many general-
ized Zeckendorf decompositions@$,n + d,, + o(1) for constants”,, > 0 andd,, depending on
g and the recurrence, the variance of the number of gaps o s&zeimilarly Con + do + o(1)
with C, > 0, and the number of gaps of sigeof anm € |G, Gi4+1) converges to a Gaussian
asn — oo. The proof is by analysis of an associated two-dimensicg@lnrence; we prove a
general result on when such behavior converges to a Gaussidradditionally re-derive other
results in the literature.
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1. INTRODUCTION

1.1. Previous Results.Zeckendorf[[Ze] proved that if the Fibonacci numbers arengefiby
F=1,F =2andF,,; = F, + F,_1, then every integer can be written as a sum of non-
adjacent terms. The standard proof is by the greedy algorittough combinatorial approaches
exist (see[[KKMW]). More generally, one can consider othegiueences of numbers and rules
for a legal decomposition, and ask when a unique decomposgtists, and if it does how the
summands are distributed.

There has been much work on these decomposition problemshislpaper we concen-
trate on the class of positive linear recurrences (se€ [BKBIV] for signed decompositions,
[DDKMMV] for f-decomposition, and [CEFHMN1, CEFEHMNR, CEFHMNPX] for some uec

rences where the leading term vanishes, which can leadféwetit limiting behavior).
Definition 1.1. A positive linear recurrence sequen(feLRS is a sequenc¢G,, } satisfying
Gn = ca1Gpo1+--+eGuor (1.1)

with non-negative integer coefficientswith ¢, ¢y, L > 1 and initial conditionsz; = 1 and
Gn = c1Gpo1 +2Gpa+ -+ cp_1Gr+1forl <n < L.

Informally a legal decomposition is one where we cannot beeé¢currence relation to re-
place a linear combination of summands with another summamnd the coefficient of each
summand is appropriately bounded. We first describe fowltseesn these sequences (see

[DG| Ha,[Ho,[Ke/ LT[ Lenh[ LT MWL MW2[ P, Stel, Ste2], esmdlgi [MWI] for proofs),

and then discuss our new work.

Theorem 1.2 (Generalized Zeckendorf Theorem)et {G,,} be a positive linear recurrence
sequence. For each integet > 0, there exists a uniquiegal decomposition

N
m = ZaiGN-l-l—i (1.2)
i=1

with a¢; > 0 and the othew; > 0, and one of the following two conditions, which define a legal
decomposition, holds.
(1) We haveV < L anda; = ¢; for1 <i < N.
(2) There exists a € {1,...,L} such thata; = ¢y,a2 = ¢o,...,a51 = ¢s—1 and
s < Csy Qsil, .-+, a5re = 0 for somel > 0, and {b;}Y 757 (with b; = azi04) is
either legal or empty.

The next result concerns the average number of summandsamgesitions, generalizing
Lekkerkerker’s [Lek] work on this problem for the Fibonactimbers. GivedG,,} a PLRS,
we have the legal decomposition

N
m = Zaz’GN-i-l—i = Gi, +Giy +--+ Gy, (1.3)
=1
for some positive integet = a; + as + --- + ay andi; > iy > --- > 4. Thegapsin
the decomposition ofn are the numbers;, — is,i5 — i3,...,i_1 — i (for example,101 =
g+ F5 + F3 + Fy, and thus has gaps 5, 2, and 2). Throughout this paper \déérie)tdenote
the number of summands of andk,(m) the number of gaps of sizgin m’s decomposition.
Let K,, be the random variable equal k¢m) for anm chosen uniformly from{G,,, Gy 1),
and letK, ,, be a random variable equal k9(m) for anm chosen uniformly fromG,,, G, +1).



CENTRAL LIMIT THEOREMS FOR GAPS OF GENERALIZED ZECKENDORFEBCOMPOSITIONS 3

Thusk,(m) is a decomposition of(m), as
k(m) = 14 ky(m). (1.4)
g=0

Theorem 1.3(Generalized Lekkerkerker's Theorem for PLRERt {G,,} be a PLRS, lef,,

be the random variable defined above, anddgt= E[K,,]. Then there exist constant$, > 0,
d,, andy, € (0,1) depending only o and thec;’s of the recurrence relation such that

pn = Cun+dy+ O(vy,). (1.5)

Theorem 1.4 (Variance is Linear for PLRS)Let {G,,} be a PLRS, letX,, be the random
variable defined above, and Ieﬁ = Var[f(n]. Then there exist constants, > 0, d,, and
v, € (0,1) depending only o and thec;’s of the recurrence relation such that

o2 = Con +dy + O(D). (1.6)

Theorem 1.5(Gaussian Behavior for Number of Summands in PLRS} {G,,} be a PLRS
and letK,, be the random variable defined above. The mgamand variances? of K,, grow

linearly inn, and(K,, — /i,)/d, converges weakly to the standard norm&(0, 1) asn — oo.

Surprisingly, much less has been written/gtm) and K, ,,. We show that similar Central
Limit results hold for gaps. The techniques we introduce rave these results allow us to
easily prove some results already in the literature whielofien done through tedious technical
calculations, which we can bypass.

1.2. New Results. Beckwith et al. [BBGILMT] and Bower et al [BILMT] (see alsOFFHMPP])
explored the distribution of gaps in Generalized Zeckehidecompositions arising from PLRS,
proving (asn — oo) exponential decay in the probability of a gap of lengtin the decom-
position of m € [G,,,G,+1) asg grows and determining that the distribution of the longest
gap between summands behaves similarly to what is seen ahigtndution of the longest run
of heads in tossing a biased coin. We improve on the first reswd establish lower order
terms (previous work ha@(1) instead ofd below), then prove the variance has a similar linear
behavior, and finally show Gaussian behavior for figed

Theorem 1.6(Generalized Lekkerkerker's Theorem for Gaps of Decontjprs). Letg > 0
be a fixed positive integer. L¢G), } be a PLRS. Suppose there existse N such thatk, ,,,
the random variable defined above, is non-trivial (i.e., @ the constant 0) fon > ng. Let
tgn = B[K,,]. Then there exists constard@$, , > 0, d, 4, andvy, , € (0,1) depending only
ong, L, and thee;’s of the recurrence relation such that

fgn = Cugn+dug+ O, ,)- 1.7)

Theorem 1.7(Variance is Linear for Gaps of Decompositionget g > 0 be a fixed positive
integer. Let{G,,} be a PLRS. Suppose there exisjs= N such thatk, ,,, the random variable
defined above, is non-trivial (i.e., is not the constant @)rfo> ny. Let a;n = Var[K,,].
Then there exists constants, , > 0, d, 4, and~, 4 € (0,1) depending only o, L, and the
¢;'s of the recurrence relation such that

0o = Cogn+deg+ O, (1.8)

These two theorems follow as intermediate results in thefpbthe next theorem, which is
the main result of this paper. The next theorem proves thatlseceobtain Gaussian behavior if
we fix the gap size and if that gap size occurs; note we havecaredul, as there are never gaps
of length 1 between summands in Zeckendorf decompositinsiag from Fibonacci numbers,
and we must make sure to exclude such cases.
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Theorem 1.8(Gaussian Behavior for Gaps of Decompositiornisgt g > 0 be a fixed positive
integer. Suppose there exists € N such thatk ,, the random variable defined above, is
non-trivial for n > ng. The meary,, and variances? ,, of K, grow linearly inn, and
(Kgn — tgn)/ogn cOnverges weakly to the standard norrﬂéao 1) asn — oc.

Our proof uses the fact tha} ,, ., the number ofn. € [G,,, G,,41) with exactlyk gaps of size
g, satisfies a homogenous two-dimensional recursion (de&\&S3)hen prove that under certain
conditions, the “rows™{p, ,, 1 } .>0 Of these two-dimensional homogenous recursions converge
to a Gaussian (se€ &P.2). Our proof depends only on the esmérrrelation and not the initial
conditions of the recursion. This is reasonable becaudeinumber of initial conditions is
finite, then asn grows large the recurrence essentially behaves as if aihttial conditions
were lumped on a single term. This result should not be singy,i as a specific case is the two
dimensional recurrencg, », = a,—1 1 + an,—1,,—1. This recurrence produces the binomi@]$
(or sums of them), and binomia(gf) are well known to converge to a normal distribution.

Similar to the work of Miller and Wang [MW1, MW2], we use the thed of moments
to prove that our random variables converge to Gaussianse glecisely, we prove that the
moments of thex™ random variablex,, ,, (or K,,), i, (m), satisfy

fin (2 . pn(2 1
lim fin(2m) = (2m—-1!! and lim fin(2m + 1) =

(2.9)
n—00 [1,(2)™ n—00 Iun(Q)m—l-%

While Miller and Wang use generating functions to directympute the momentg, (m), we
instead compute them recursively (see, for example, The@.d0), which leads to a cleaner
computation and could be of use in other investigations.

2. PRELIMINARIES

We first collect some notation we will use throughout the pafben isolate two technical
lemmas on convergence, and then apply these to prove Gaussiavior for certain two di-
mensional recurrences. This final result is the basis foptbef of our main result on Gaussian
behavior of gaps for a fixeg, Theoreni 1.18.

2.1. Notation. For this paper, all big-Os are takenmas— oo unless otherwise specified.

For a polynomialA(z) = Zﬁ:g apz®, let [z*] (A(z)) = ax be the notation for extracting
the k™ coefficient ofA.

For a real numbek; > 0, a polynomialA(z) has themaximum root property with maximum
root Ay if A\ is a root of A with multiplicity 1 and all other roots have magnitude disidess
than\;.

A sequence of real numbefs,,} converges exponentially quickly toif lim,, . a, = a
and there existy € (0,1) and a constant’ such thata — a,| < C~™ for all n (alternatively,
anp =a+0("")).

Let d be a fixed positive integer, and I1€#4,,(x)} be a sequence of degréepolynomials
where A,,(z) = Z;l:o ajn2’. We say{A,(z)} converges exponentially quickly #(z) =
E?:o ajx’ it {a;n,}nen coOnverges exponentially quickly & for j = 0,1,...,d.

From the above definitions we immediately obtain the follogvuiseful result.
Lemma 2.1. Let {a,}, {b,} be sequences that converge exponentially quickly amd b re-
spectively. Then

(1) {an + b, } converges exponentially quickly &o+ b,
(2) {a, — b, } converges exponentially quickly 40— b,
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(3) {an - by} converges exponentially quickly &o b,
(4) if b, # 0 for all nandb # 0, then{a,, /b, } converges exponentially quickly &gb.

We end by recalling some useful results fram [BBGILMT].

Theorem 2.2(Generalized Binet's Formula)Consider a linear recurrence (not necessarily a
positive linear recurrence)

Gn = a1Gpo1+ -+ cGn-r (2.1)

with non-negative integer coefficientswith ¢y, ¢z, L > 1. Then the characteristic polynomial
xl — (cyz™ 1+ cox’ =2 4+ - -+ ¢ has the maximum root property with maximum ragt> 1,
and there exist constants such tligt = a; A7 + O(n*~2)\%) with | \y| < )1 the second largest
root in absolute value.

Corollary 2.3. Consider a linear recurrence (not necessarily a positinedr recurrence)
G, = c1Gpo1+ - +cerGnor (22)

with non-negative integer coefficientswith ¢q, ¢z, L > 1 and arbitrary initial conditions. Let
A1 be the maximum root of the characteristic polynomial giveMbeoreni 2]2. Then, for every
fixed positive integei, G,,—;/G,, converges td /\] exponentially quickly.

2.2. Convergence on non-homogenous linear recurrences with rgm. The following two
lemmas follow immediately from the previous definitions dmbk-keeping, and play a key
role in the convergence analysis later. In particular, éha® lemmas allow us to pin down the
exact behavior of the moments of our random varialiigs, as we prove convergence to the
standard normal (see Lemnias 2.11 [and12.12).

Lemma 2.4. Let iy be a positive integer. Lefr,},cn be a sequence of real numbers and
for eachl < i < ig let {s;,}nen be a sequence of non-negative real numbers such that

22021 sin = 1 for all n. With slight abuse of notation, suppose also that therd egisstants
ands; for 1 < < 4, along with~,, v, € (0,1) such that

rp = T+ 0(7?)7 Sim = S + O(’Y;L) (23)

Suppose further that the polynomial
S(z) = x"° — Z sz (2.4)
=1

has the maximum root property with maximum root 1. {st},>,, be a sequence with arbi-
trary initial conditionsa,,,, . . . , any+i,—1, @and forn > ng + i,

0
an = (Z si,nan_i> + 7. (2.5)
i=1

Then there exists a positive integéand a real numbery € (0,1) such that

r n
i=1""°1

Roughly speaking, Lemma 2.4 is true because, modulo expiatgrsmall terms, every,,,
is a constant plus the weighted average of previguss, so it should be linear in.
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Proof. It suffices to prove the lemma for, = 0. Letb, = a, — —5—— - n. Sety =
max(7,,7s). Simple manipulations yield

Z Sy i si
Zauj=1""°21,n
Sznnz"i_rn o - T
Zz 1Z SZ

io . =
I 10" Sin
= g Si,nbn—i‘FT‘ ?_2207.
i=1 Zz 128

10

= Sinbni +7 (L+0(y™) — (1 +0(™M))
=1

0
= Sinbni +0("). (2.7)
=1

We finish by showing that the sequenige converges exponentially quickly to a constant.
Simple algebra yields thdt, is bounded (see Appendix] A). Lét/ be an integer such that
|b,| < M for all n. Then

20 0 ()
bn - Z gibn—i = bn - Z Si,nbn—i + Z(Si,n - gi)bn—i
i=1 i=1 i=1

< O(Y")+Y_0(Y") b

IN

O(y") +3_ 00" M = O(y"). (2.8)

Thus we can write

bn = (203 Sibn—i> +f(n) (29)

for some functionf : {ip,io + 1,...} — R such thatf(n) = O(y") asn — oo. Letay >0
be a constant such thgt(n)| < a ™.

From here, the intuition for the finish is as follows. fifn) = 0 for all n, then Theorerh 2]2
implies thatb,, approaches a constant exponentially quickly. Howevecgesin< 1, we have
thatb,, should still approach a constant exponentially quickly wiién) = O(y™).

Let {bSi““’}neN, {bﬁfO)}neN, {b§f°+1)}neN, ... be sequences defined (far > i) by

n Z:O E _Zb(lmt) n> i
0 n<m

bm) = f(m) n=m (2.10)
> Eibgﬁ)i n>m.

By induction, we can verify that

b = b0+ > b (2.11)

m=ig
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for all n (see AppendiX'B). By the restrictions ef, the characteristic polynomials ng“it)}
and{b%m)} are equal tb(x) in (2.4) and thus have the maximum root property with maximum
root 1. Hence, by generalized Binet's formylai™ } and {\"} all converge to a constant.
Suppose thafb™} converges ta(M) and {1 converges td(™ for eachm > 4. Let
A2 < 1 be the second largest magnitude of a roob@f). Choosey; € (max(y, A2),1). By
the generalized Binet’s formula

b =5 = O™ A3) < O(), (2.12)

so there existagl) such that
bgnit) _ E(init)‘ < al()l),},{z. (2.13)

For all m, we can bound"”’ similarly. However, note that for ath, {b,(qm)/f(m)}neN is the
same sequence with the indices shifted. Thus there @@@tsuch that

b =5 < o fm)rp T < gy (2.14)
Setay, = max(aél),agz)). hen
by — b < ‘b(init) B bgnit)‘ + 3 ‘b(m) _ bglm)‘
m=ig
. 00 . ~ m
< oyt Z Qp 7y <a>
m=ig
~ 0 1
<l tapay | — ) - v | = O() (2.15)
M L =7
as desired. =

The next lemma generalizes Lemmal 2.4.

Lemma 2.5. Let D be a nonnegative integer and lgtbe a positive integer. LetR,,(x)}nen
be a sequence dP degree polynomials wittR,, (z) = Zf:e 2l For eachl < ¢ < i
let {s; ,, }nen be a sequence of non-negative real numbers suchtiat, s; , = 1 for all n.
Suppose also that there exist a polynomidls) = 7pa” + 7p_12P~1 + ... 4+ 7y and real
numberss; for 1 < i < ip, along with~,,~vs € (0,1), such that, for all0 < j; < D and
1 < <,

rin = T +O00),  sin = 5+ 0(). (2.16)
Suppose further that the polynomiéliz) = 2% — % | 5,270~ has the maximum root property
with maximum root 1. Lefa,},>n, be a sequence with arbitrary initial conditions,, . ..,
Apg+ig—1» and forn > ng + i,

a, = <§O: sman_Z) + R, (n). (2.17)
i=1

Then there exists a degré2+ 1 polynomialQ(z) and ay; € (0, 1) such that
an = Q(n) +0(}) (2.18)
where

2P (Q(z)) = D . 2.19
@) = Grpya (2.19)
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In contrast to in Lemmia 2.4, is, modulo exponentially small terms/adegree polynomial
in n plus the weighted average of previauys_;s. Since for anyD degree polynomial(z) the
sumA(1l) + A(2) +---+ A(n) isanD + 1 degree polynomial im, we expect,, to essentially
be aD + 1 degree polynomial im.

Proof. We proceed by induction ob, the degree of the polynomial®, (z). LemmdZ.4 estab-
lishes the base cade = 0. Now assume) > 0 and that the assertion is true for— 1. Let

— _ D+l — 7_‘7D H . . .
bp=a,—C-n for C DI s Straightforward manipulations yield
10 D—-1 ‘ 10 D+ 1 '
bn — Z Si,nbn—i + Z n’ - Z Csi,n(_l)D+1_J < . >iD+1_J + Tjn + f(n)
i=1 j=0 i=1 J
(2.20)

for some functionf(n) < O(~f) for somey, € (0,1) (see Appendix ). The consta6tis

chosen so that the right side contains/an- 1 degree polynomial im, as opposed to aby
D—1 4

degree polynomial, which is the case in the recursion{for}. Let k7 (z) = > ;7 rj’nxj be
the polynomial given by
0
e, = (Z Csin(—1)PH <D+ 1>¢D+1> + 1o + f(n)
’ =1 0
0
i = (Z Csipn(—1)PT7 (D ;L 1>¢D+1—ﬂ'> +Tin (2.21)
i=1

for1 < j < D —1. Since, a» — oo, s;, converges exponentially fast g, r; , converges
exponentially fast to;, and f(n) converges exponentially fast to 0, we have, converges
exponentially fast to

‘0 /D41 .
lim 7%, = (Z CEZ-(—I)DH_J( N >¢D+1—J> + 7. (2.22)
=1

n— oo j

for0 < j < D — 1. Writing

0
=1

we can apply the induction hypothesisitpto obtain a a degre® polynomial @*(z) such that
b, = Q*(n) + O(y7) for somey; € (0,1). SetQ(x) = Q*(x) + CzP*L. ThenQ(z) is a
degreeD + 1 polynomial satisfying:,, = Q(x) + O(17), as desired. O

2.3. Gaussian Behavior of 2D Recursions.The result below is the key ingredient in proving
Gaussian behavior of gaps.

Theorem 2.6. Letiy and jo be positive integers. Let ; be real numbers fot < i < ig,0 <
j < jo such that for alli, #; := ;.0:0 t;; > 0. Suppose that the polynomidl(z) = z% —
22021 t;z"0~" has the maximum root property with some maximum ’qotSuppose,, ;. is a
two-dimensional recurrence sequence satisfyingnfor ng,

io  Jo

Pnk = Zzti,jpn—i,k—j' (224)

i=1 j=0
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Suppose further that, ;, > 0 for all n and %, p,, , = 0 whenn < 0 or k£ < 0, and finitely
manyp, ; are nonzero fom < ng. LetX,, be the random variable whose mass function is

proportional top,, ,, over varyingk so that
Pnk

Pr(X, =k = =+—. (2.25)
! > 20 P
Let
Zit X LTS GGt
no= ; Jo tigi’ o = ; Jo tigei .
>ty jO:O)\—]?[ >ty jozo,\—ii

be constants, and assurgg > 0. Then there exist constanty, d, € R, and~,,7, € (0,1)
such thatu,, = Cyn+d,+ O(y])) andoy = Con+ ds + O(v}). Furthermore,(X,, — ) /0
converges weakly to the standard norm&(0, 1) asn — .

In this theorem, imagine we have fixed a gap sjzand think ofp,, ;, as the number of
m € |Gy, Gn+1) Whose decomposition has exacklygaps of sizgy. Under this interpretation,
the random variableX,, is be identical tai ,,.

We approach this problem using the method of moments, a commaihod for proving
random variables converge in distribution to the standardal distribution.

Lemma 2.7(Method of Moments) SupposeX, X5, ... are random variables such that for all
integersm > 0, we have

lim E[X?"] = (2m —1)!! and lim E[X?""1] = 0. (2.27)

n—oo n— oo

Then the sequencg;, Xo, ... converges weakly in distribution to the standard norivaD, 1).

The proof of Theorerh 216 proceeds by using generating fomstio compute the moments
of X,,. Let

oo
Pn(x) = an,kmk
k=0

Qn = Pn(l) - an,k
k=0

~n70(x) = Z’L(fl)

Pym(z) = (5Eﬁn,m—1($)),

N Pym(1
fin(m) = T() (2.28)
Then it follows from definitions that
_ pQ
SN
/]n(m) = E[(Xn_ﬂn)m]
on = fin(2). (2.29)

We now prove several lemmas about the above moments andagjagefunctions. We ulti-
mately obtain a formula in Theordm 2110 that recursively potas the momenis, (m), which
will yield TheorenlZ.6.
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Lemma 2.8. For n > ng, we have

io  Jo

= Z Z ti,an—i (.Z')I‘J

i=1 j=0

Proof. This follows immediately from the definitions:

P,(x)

00
k
= an,kx

oo 10

= Zzzt,jpn ik— yx

kale

io
= Zzt,jw an i,k— yx I

11]0

io

= Z Z tiJ:L'an_i (:L')

i=1 j=0

From the above we immediately deduce the following relation

Corollary 2.9. For n > ng, we have

and

10

io  Jo

=59 SIS 3) prtc

=1 j=0

=1 j=0

10 ]0
ZZMQ” (i + J)-

=1 j=0

Theorem 2.10. For n > ng, we have

o =52

10
ZZ n i L ]"’_,Un i ,Un) ﬂn_z(m—@

=1 j=0

Proof. Applying Lemmd2.B, we find

io  Jo

i=1 j=0

— Z Z tiPo_io(x) - xdtHm—i=nn,

By induction, we can establish (see Apperdix D)

10

S HIH

i=1 j=0

(=0

()

- /‘n)gpn—i,m—ﬁ(x) : lj_hunii_una

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

(2.35)

(2.36)
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SO

i Pom(1) 1 N & m) P
:un(m) = 0 = Q_ZZti,j ) (]+ﬂn—i_ﬂn) Pn—i,m—Z(l)

1 & (M) & . N
= Q_n Z <€> Z Zti,j(] + fp—i — Mn)eﬂn—mn—i(m —{)
(=0 i=1 j=0
m i Jo
m Qpitij . .
=0 i=1 j=0 n
(2.37)
completing the proof. O
Out next goal is to prove.
[in (2 . (2 1
fm 2ol i and gm 22CmED (2.38)
e (2" nR iy (2)7 s

By Lemmd 2.7, these equalities imply Theorlem 2.6. To do pthese equalities, we first show
1, is essentially linear im. Then we determine for all. the behavior offi, (m), the m"
moment ofX,, — u,, up to an exponentially small term. We proxg(m) is a degree (at most,
if m is odd) |m /2| polynomial inn, and for even momentg, (2m) we addtionally compute
the leading coefficient of this polynoimal. We rely heavily bemmag 2} and 2.5 to pin down
the polynomial behavior of the moments.

Lemma 2.11. There exists a real numbdy, and ay,, € (0,1) such that
pn = Cpu-n+dy,+ O(vy). (2.39)
Proof. Recall

DLED L 0 Bad
B 1= )= A’i
b= N BT (2.40)

i=1 7=0 )\i

Chooses; , = St Rotij = Snif andr, = Y0, 0 o gt Using Lemmag2]1

Qn Qn Q .
and 2.8, we have that, for eatts; , converges exponentially quickly & = %1 go:O tij =1
andr,, converges exponentially quickly o= 3%, ?‘):0 “’Aﬂ'] . By Lemmd2Z.®, we have

1

0
o = (Z si,mun—i> + 7. (241)
i=1

Furthermore, the polynomid(z) := z% — Y0 | 5,270~ satisfiesS(x) = T(x/\1), s0S has
the maximum root property with maximum root 1. Then, by Lenfh#h there exist,, € R and
Y € (0,1) such that
/)7
n=———-n+d,+0"!) = C,-n+d,+0H]). 2.42
H 22021 Z§Z 12 (7#) I w (7;1,) ( )

O
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Lemma 2.12. For each integem > 0, there existys,,, Y2m+1 € (0,1) and polynomials)s,,
of degree exactlyn and Q2,11 of degree at most: such that

) — ot (2.43)

Furthermore, ifCy,, := [2™]Q2m and Copyy1 = [2™]Q2m+1, then for allm > 0, Cy,,, =
(2m — 1)IT- C* (We take(—1)!! :=1).

The idea for the proof is as follows. In the calculation.gf(m) in Theoren2.110 the co-
efficients ofyu,,—;(m) sum to 1, the coefficients @f,,_;(m — 1) sum to 0, and the coefficients
of pt—i(m — 2) sum to(*) - (constant). Then™ moments can thus be written in the form
of 2.11), so we can apply Lemnma R.5 and compute the degrebfeading coefficients ap-
propriately. Because the coefficients of the — 1)'" moments sum to 0, the degrees of the
polynomials increase by one with every two valuesroés opposed to every one.

Proof. We proceed by induction om. The base case = 0 follows from noting that
fin(0) = E[(Xp, — )" = 1
fin(1) = E[(X, —pn)'] = 0 (2.44)

for all n > ng. Now assume the statement is true ot < m. That is, there existg, 71, ...,
Yoam—1 € (0,1) and polynomialg)y, Q1, . . ., Q2m—1, WhereQ has degreek /2|, such that

ﬂn(2m - 2) = QZm—Z(n) + O(’ng—2)
fin(2m —1) = Qam-1(n) + O(Vzp_1). (2.45)

By induction we may assume further th@,, o = (2m — 3)!! - C™~1. First, we compute
fin(2m). Define a sequence of polynomigl®,,(x)} via

2m io  Jo

n ztz, . .
= > > 73 (G + pni = 1) - Qam—e(x — 7). (2.46)
/=1 =1 j=0
Furthermore, set
O . Jo 1 Jo
Sin = 0. Zti’j and 35 = )\—ilzti,j. (2.47)
j=0 j=0
Then
0
fin(2m) = $infin-i(2m) + Rn(n). (2.48)

i=1

Note thatR,, () is the sum of finitely many polynomials that, by Lemmal 2.1 vevges expo-
nentially quickly. Thusk,,(z) converges exponentially quickly to

2m io  Jo

ZZZ — (J=Cu )" Qam—i(x — ). (2.49)

lele
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Furthermore, we havgeg R(x) < m — 1 since eachR,,(z) has degree at most — 1. We can
compute the leading coefficient & using [2.49) to get

B 2m 1o 2
o™ (R (a ZZZ( ) (7 = Cud)" - [ (Qam—e(z — 1))

(=1 i=1 5=0
0 2m
=SS () - G
(=1 i1=1 5=0
2m 0 0 t;
= Copm_n - <2>Z (j—CuZ) + Copp_1 - QmZZ Yij (j — Cui)
i= 1j O i=1 j= 0
2m 10
= C2m—2'<2>z ’J (j—Cui)z—l—sz—me-O
i= 1j O
2m 0
= Com_2 <2> —’J (j—C’uz')Z. (2.50)
i=1 j= O
Recalling
o S0 b (- 0y)2 L (f — Cpi)?
C’o _ 22—1 Zy =0 Y (j _ M) Z y (iAz. (_] M) ’ (251)
2012 =0 Z;z Dot 5
we have

2" (R(z)) = Com—2 - <2;n> -Cy - (ZZ : §Z-> . (2.52)

By LemmdZ.5b, there exists a degkie; R(x) + 1 polynomial Qz,,, (x) with 2™ coefficientCy,,
and ays,, € (0,1) such that

tn(2m) = Qam(n) + O(Vap,) (2.53)
and

Com—2 - (231) o - (220:1 i §z‘)
m:- 220:11 " Si
By the inductive hypothesis, we conclu@e,, = (2m—1)!!-CZ*. By our technical assumption,
C, # 0, s0Cy,, # 0 and thus the degree @fs,, is exactlym.
We can perform the same computation to show thagih@m + 1) can be expressed as the

sum of anm!™ degree polynomial im and an exponentially small term. To see this, define a
sequence of ponnomiaI@Rn(x)} via

C2m =

= Oz (2m —1)-C,. (2.54)

2m+1 i

Z ZZ nitiy (G pin—i — 1) Qamir—e(x — 7). (2.55)

(=1 i=1 j=0

Just as for them™ moments, set

Jo

_ S th (2.56)

n
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Then

10
fin(2m +1) = > 8 nfin-i(2m + 1) + Ry (n). (2.57)
=1

Note thatR, (x) is the sum of finitely many polynomials that, by Lemmal 2.1,v&vge expo-
nentially quickly. Thusk,,(z) converges exponentially quickly to

2m+1 ig  Jo

R@) = S 3% tA_f G = Ci)’ - Qoo — ). (2.58)

(=1 i=1 j=0

Furthermore, we havéeg R(zr) < m — 1. Indeed,Qs,, has degreen, so to show that
deg R(x) < m — 1, we simply need to show that the coefficient«8f is 0. Indeed, look-
ing at thexz™ coefficients of[(2.598) gives

2m io  Jo

(R = 222 (2}7) ';— (= Cu)” - (™) (Qamsa e — )
(=1 i=1 j=0
o Jo
ZCZm'ZZ2m-%-(j—Cui)l = Coyp-2m -0 = 0. (2.59)
i=1 j=0 1

Again, applying LemmBR2]5 gives that there exists a de@egd_%(w) +1 polynomial Q2,11 ()
such thafi, (2m + 1) = Q2m+1(n) + O(v3,,41)- Sincedeg R(x) + 1 < m, this completes the
induction. O

Proof of Theorerh 216Lemma2.11L proves the first part of Theorem| 2.6. Lerhmal 2.1%emsp
thato? = [i,(2) = Q2(n) + O(¥%). Writing Q2(n) = Cyn + d,, for somed, € R, we have

02 = Cyn + dy + O(7%), proving the second part of Theordm]2.6. We finish the proof of
Theoren 2.6 by noting thdt (2.38) is an immediate consequehtemmd 2.1P. O

3. GAP THEOREMS

3.1. Gap Recurrence. We start by finding a recurrence relation forrane [G,,, G,,+1) having
exactlyk gaps of sizey.

Lemma 3.1. Let{G,, } be a positive linear recurrence satisfying
Gpn = a1Gpo1 + -+ crGpor. (3.1)

Letk,(m) denote the number of gaps of sizen the Zeckendorf Decomposition-af. Slightly
abusing notation (reusing the lettg}, let

Pank = {m € [Gn,Gny1) : kg(m) = k}|. (3.2)

Definedy = 0andd; =c; +ca+---+¢;forl <i < Landset] =¢; forl <i < Land
c; = cr — 1. Then there exists) = L + g andky = dr, such that, fom > ng, k > ko, g > 2,
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we have
L ¢;—1

Pon,k = ZZPOTL i,k—(di—1—(i—1)+(j—1)) +Zp0n t,k—(di—1—(i—1))
=1 j=1

Pink = Pln-— 1k+z _1p1n i,k— (zl+zpln 1,k—(i—2)
=2

+

M=

(¢i = 1) ((PLn—ik—i — PLn—ih—(i-1)) — (PLn—ic1k—i — Pla—im1k—(i-1)))

=1
L L
Pgn,k = Z CiPgn—ik + Z C: ((pg,n-l-l—i—g,k—l - pg,n-{—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k)) .
=1 =1
(3.3)
Proof. Define
Gonk = [{m € [1,Gn) : ky(m) = k}| = Zpg,z,m (3.4)

thus whilep, ,, . is the number ofn in [G,,, G\,41) such thatk,(m) = k, gy« is the corre-
sponding quantity for integers i, G,,). SetH, o = 0 andH,,; = > .,_; ¢ Gp4+1_i SO that,
foralln, H, 1, = G,41. Let

Z = {(i,j) €Z?:0<i<L-1,0<j<¢—10(ij) # (0,0} (3.5)

Forn € Nand(i,j) € Z,letl,;; = [Hyni+ jGn—i, Hn; + (j + 1)Gy—;) be an interval of
integers. The; +co+---+cr—lintervals{l, ; ; : (i,7) € Z} form a partition of G,,, G +1),

and the sequential order of these intervals is equal to Bxeirographical order byi, j). For

each(i, j) € Z, we can expresgm € I, ; ; : ky(m) = k} in terms ofp, ,, ,, andgy ,, 1 With

smaller values of. by case work on whether the smallest ternddp; + jG,,—; (eitherGp41—;

or G,,_; depending on whethgr= 0) is part of a gap of sizg:

{m € Lo : ko(m) =k} = qon—ik—(d—i)

H{m € Lo ki(m) =k} = qup—ik—(i-1)

Hm € Lo : kg(m) =k} = Qgn—ik + Pgn+i—i—gk—1 — Dgnti—i—gk

Hm € Inij: ko(m) =k} = qop—ik—(d—i+(j—1))

Hm € Inij:ki(m) =k} = qun—ik—i + Pgn—i—1k—(i+1) — Pgn—i—1,k—i

{m € Ly : kg(m) = kY| = qgn—ik + Pgn—i—gk—1 = Pgn—i—gk (3.6)

(see AppendiX E]1 for details). These formulas are cleaausscthe number of sizegaps in
anm = H, ; + jG,—; + m’ € I, ; ; is simply the number of sizg¢ gaps inH,, ; + jG,—; plus

the number of sizg gaps inm’ plus possibly one more gap between the two decompositions.
By definition, forg > 0 we have

Dok = Z {m € L : ko(m) =k} (3.7)
(4,7)eZ

From this equation, we can substitute frdm{3.6), plug inrdsilt forp, ,,  andp, ,_1 j in the
expressiorn, ,, . — Pg.n—1k, Use the identityy, , . — ¢g.n—1,k = Pg.n—1,k,» @and apply straightfor-
ward manipulations to obtain the desired result (see Appdd for calculations). O
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3.2. Proof of Gap Theorems. Lemmd 3.1 allows us to apply Theorém]2.6 to the distributibn o
the number of fixed sized gaps. The proof is essentially yiagfthat the conditions of Theorem
[2.6 are met by our gap recurrences.

Proofs of Theorenis 1.6, 1.7, andl118t k,(m) denote the number of gaps of sigein the
Zeckendorf Decomposition of, let

Pgn,k = |{’I’)’L € [GmGn—H) : kg(m) = k}| (3.8)

and letip = L + g, jo = dr. By Lemmd3.1, for every > 0, there exist; ;for1 <i < L+g
and0 < j < dy, such that fom > ig

io  Jo
Pgnk = Zzti,jpg,n—i,k—j- (3.9)
i=1 j=0
Definet} = g:ozoti,j = ¢;. By 433),72 =¢gforl <i<L andfi =0forL <1< ig. 10

see this, note that in each recursive formuld ofl(3.3) thasesf the formp, 2y, — Pg.n—2.v

contribute O to ;:0:0 tz;, and for eacl) < i < L — 1 the remaining coefficients of, ,_;_1

(over varyingk) sum toc; .. Thus the polynomial
10

L
T(z) = zho — Z fiwio_i = glo—L <3:L — Z CiSEL_i> (3.10)
i=1 1=1

has the maximum root property with some maximum rdpt> 1 by Theoreni 2R. A, ,, i
counts something that is well defined when> 1 andk > 0, we havep, ,, ;, > 0 for all n, k
andp, 1 = 0forn < 0ork < 0. Also, there are finitely many pai(s, k) with n < i such
thatp,,, 1 # 0, aspy . = 0 for all & > n, since nom € [G,,, Gy,41) can have a gap greater
thann. Lastly, for everyy, if the random variabld<, ,, is nontrivial then the; ; satisfy

j o tijd ; o tig - N2
. >l ;’0:0 L)\Jzi . > i ;’0:0 )L\zlJ (7 = Cui)
o = Zio jO M’ Ca’ = Zio jo ti,j'i . (311)

i=1 £2j=0 )‘Zi i=1 £4j=0 )\zi

To prove each ot’,, > 0 andC,, > 0, we split into cases on whethgr= 0, g = 1, org > 2,

for each case substituting infa (3111), and performingdseshmanipulations (see Appendix F).
Putting these observations together, the proofs followgdphang Theoreni 216. O

4. LEKKERKERKER AND GAUSSIAN SUMMANDS

We show the power of Theorein 2.6 by reproving Theoremis[143,ahd1.5. We borrow
from the proof given by Miller and Wang [MW1] the recursiortasished forp, ;, the number
of m € [G,, Gp,+1) with exactlyk summands. This recursion is extractedlas| (4.1) from gener-
ating functions in[[MW1]. Their arguments quickly show theam and variance grow linearly
in n, but a lot of technical calculations are needed to show tlefficents ofn are positive
(which is a key ingredient in the proof of the Gaussian betrwiSee[[CFHMNPX] for another
approach, which bypasses the difficulties through an elemgargument involving conditional
probabilities, or[[B-AM] for a proof through Markov process

Similar to &€3.2, the proof is essentially verifying that tr@nditions of Theoreri 2.6 are met
by the summands recursion given by Miller and Wang.

Proofs of Theorenis 1.8, 1.4, andl11%t p,, ;. be the number ofn € [G,,, G,,+1) With exactly

A~

k summands. Thelr[K, = k| = %. Again, p, ; > 0 for all n,k, p,; = 0 for
=0 Pn,

alln < 0andk < 0, andp,, ; > 0 for finitely many pairs withn < L asp,,, = 0 for all
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k > n - max;(c;), since eachn has, for eacls € {1,...,n}, at mostmax;(c;) copies ofG, in
each decomposition.

Defined; = c1 +cy+---+¢; for 1 <14 < L. By Proposition 3.1 froni [MWR]p,, . satisfies,
forn > L andk > d,

'm_l

Z Z Pn—ik—j- (41)

i= 1] dm 1

Forl1 <i<L,0<j<dpsett;;tobelif di_y < j < d; —1and 0 otherwise. Defining

t; = zjggl t;; givest; = ¢;, and the polynomial
io L

T(x) = 2" — Zt}m’“" = gho—L <33L - ZcimL_Z> (4.2)
i=1 i=1

has the maximum root property with some maximum rbot> 1 by Theoreni 22. Lastly, since
all thet; ; are nonnegative angl_; ;,_q, 1) = 1 with k — (d;, — 1) > 0, (2.28) tells us

S0 Jo tigd LLL—U
i=1 7=0 Ab A"
C, = . L 50 (4.3)
220 Jo  tijt ZZO Jo  tig-i
i=1 £4j=0 Ad i=1 £4j=0 b

Sincet; o = 1, we have

PINRD D t;zg' (- Cui? B (0 Cp1)2
Cy, = T e > — > 0. (4.4)
Z 12] =0 X Z j =0 X

Thus we can apply Theorem 2.6, implying the theorems. O

5. FURTHER WORK AND OPEN QUESTIONS

We end with a few natural questions for future work.

(1) Are there other two-dimensional recurrences to whichcas apply our central limit
type result? The second named author is currently invastiggéawo dimensional se-
guences and associated notions of legality with colleagié®se lead to recurrence
relations, though the resulting sequences do not have @migocomposition.

(2) Can one remove the constraint that every coefficigmiust be positive and obtain the
same results? Notice that with negative constraints oreslssme of the interpretations
for the algebra.

(3) What is the rate at whicK, ,, converges to a normal distribution?
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APPENDIXA. b, IS BOUNDED IN LEMMA [Z.4
Sinces; , = 5; + O(y"), there existy;, as > 0,1y € N such that, for alh > ng + i,

()
> (5 +0(")bn—i + O(y")
i=1
10
<) B+ 0y [bni| + a2y
=1

‘bn’ =

+ ay"

max | 1, max b,_;
1<i<io

< (1+dpa1v"™) ‘g.ax bn—i

<i<ig

< (14 (ipag + c2)¥™)

< plivartaz)y" 1 .
<e max <1, 11%1;22;0 bn_z> (A.1)
Let B = maxo<i<i, |bn+i|- We prove by induction that
b, < (B+ 1)e(i()a1+a2)(’yno+'Y”0+1+~--+’Yn)‘ (A.2)
Forn < ng + g, we have
|bn| < (B+1) < (B + 1)elocataz)(ymo4ymoTi4oiq™) (A.3)
Now assumer > ng + ig, and suppose the assertion is true;fox: n. Then, by[(A.1),
|bn| < elioontaa)y™ 1y <1, max bn_i> ‘
1<i<ig
< elioentez™ Imax (1, max (B 4 1)elioar+az)(3m0 4770 4497
- " 1<i<ig
= elomta2)y" (g 4 1)elloaataz)(y™0 0 4y
< (B + 1)elioontaz)(ano4m0 i) (A.4)
completing the induction. Thus we have
. 70
Ibn| < (B + 1)eliontea)iz (A.5)
so the sequencg,, } is bounded.
APPENDIX B. DECOMPOSITION OFb,, INTO SIMILAR SEQUENCESZ.4
We prove by induction that
o0
bp = b 4+ > b, (B.1)
m=ig
Forn < ig, we have
(o]
bn — b1(1|n|t) _ b1(1|n|t) + Z bglm) (BZ)

m=ig
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Suppose the statement is true fdr< n. Using the fact thaff (n) = b,&") and the recursive
definitions forb!™ ands™ , we obtain

i=1

+§: ( |n|t + i b;m)l>

m=ig
+Z b(lnlt + f: i slb(m
i=1 m=ig
n—1 1
TS SRS 35 SHTaRS 5 ST
m=1g 1=1 m=n =1
= p{™ 4 pint) 4 z_: ™) i f:g,--o
m=1ig m=n i=1
— bgnit) + zn: bglm)
m=1ig
N SN G ST
m=ig m=n+1
— pinit) | i b, (B.3)
m=ig

completing the induction.

APPENDIX C. COMPUTING b,, IN LEMMA 2.5

Our goal this section is to simpliff (2.1.7) using the sulogiin a,, — b, = C - nP*! where

ﬁ We compute a recursive formula foy to obtain a linear combination of
i=1 "5

smallerd,,_;s plus a polynomial im. For any choice of”, the resulting coefficient of,”+!
in this polynomial is 0, but for our specific choice 6f, then” term also disappears, so the
remaining polynomial has degree at mﬁl;t— 1.

Letyy € (max(yy,7s),1). Sincea, = > 1% Sinan—i + ZJ 0T}, a0, we can write

b, = a, —C -nPt!

70 D
= Z si,nan_i + Z ijnj . (Cl)
=1 7=0

Substitutinga,, — b, = C' - nP*1! gives

) 0
- (Z Sim (bni + C(n —i)PTh) ) + Z rinn = Csignt. (C.2)
i=1 =1
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We now expandn — )P+ to get

J

0 D+1 D + 1 D i0
Z Sim | bn—i +C - Z(— b= J< > ndiPH1= + ermn] — Z CsipnP T
=1 Jj=0 j=0 i=1
) D+1 19 D+1 i0
P ICTUSEN D OD SN L] G e £ 3 g = 3 O

Jj=0 i=1 7=0 i=1
(C.3)

As Y | Cs,, is the coefficient o, ”+1 in the binomial expansion, we can cancel to get

10

D o D1\ o per | &
b, = g si,nbn—i+ E E CSi,n(_ D+1 ]< >n3iD+1_3 + E ’I”jm’l’L]. (C4)
i=1 =0

=0 i=1 J j=0

We can also pull out the” terms of the binomial expansions to get

7=0 =1
D 0
+ Zr]mn] — Z Csin(D+ 1)nDz
7=0 i=1

I
O
S
3
_|_
i{nghi
gy
Q
>
3
b
t
K:
7 N\
S
+
—_
\_/
Q
S
s
<

+ T, W’ 47D nn -C(D+1) DZS, ni. (C.5)
7=0 i=1

Now we substitute the value 6fin. Note that”' is chosen so that the coefficient:of becomes
O(y%). This will happen as% and 2 are of the forml + O(y7) and1 + O(y}")

1v8i
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respectively. We find
0 D—1 1o
D+1\ . :
S P S (O
i=1 j=0 i=1 J
D—1 ‘ fD nD 10
j=0 i=1%" Si i=1
D—1 19
D+1\ -
:Zsmn . S Csin(—1)PH ]< + >nJZ~D+1—J
7=0 i=1 ‘7
D—-1 i -
. 18 r
+ Z Tj,nn] B fDTlD <szl : in D,n)
= Yot D
D—1 1o
= Z Si n n—i + CSZ n D+1 —J <D + 1>nJZD+1_J
7=0 i=1 ‘7
D—1
+ Z rjnn? —Fpn? - O(max(v,,vs)™)
7=0
10 D—1 19
D+1\ -
= ZSi,nbn—i + Z Osin(—1)PT1= ]< N >n3iD+1_3
i=1 j=0 i=1 J
D-1
+ Z rinn’ +O0()
j=0
0 D—1 10
D+1
= Sinbnit+ »_n KZ Csip(—1)PH1 J< ) ) b J) +7jn| +O00E)
=1 7=0 =1 J
(C.6)
APPENDIX D. RECURSIVE FORMULA FORP,, ,,(z) (EQUATION (2.38))
We wish to prove
_ 10 ]0 _ )
P Z Z tl’j Z ( > J+ Hn—i — /‘n)zpn—i,m—ﬁ(x) I T hn, (D-l)

i=1 j=0 /=0

The base case = 0 is given by [2.3b). Now letn > 1, and suppose

> 0 1 . - y PR—
Pn,m—l(l') Z Zt 0] Z < >(«7 + Hn—i — Nn)epn—i,m—l—f(l') . g THn—i=Hn,

=1 j=0

(D.2)
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Then

PIPILY

t;
0
t;

1=

PIPILY

0

1=

=

=
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= (:Eﬁ)n,m—l(l‘))/

10
-1y, - L
e 330 S (7)) Par )

i=1 j=0 /=0

10

10

)

m—1
=2 th > (mg_ 1) (J + tn—i — tn) P m—g(x)ad THni=n

0

7

1=

)

ZE:EE:tuJ

0

1j=

1j=

1j=

0

1

1j=

7

1=

0

Jo

Jo

Jj=

Y

1=

m—1
1 ~ . /
Z ( >(] + Hn—i — ,un)é <xPn—i,m—l—£($) . x]+ﬂvl—i_un)

(=0

+ (xpn—i,m—l—€($) ’ (] + pn—i — /Ln)l‘j—i_mki_ml_l) :|

/=0

m—1 m—1 ) .
< i >(] + i — ) T Py 1 () T

(=0

m—1

0

m— - ) B
< / > J = Hn—i — :u'n)é] n—i,m—é(x)xj—i_u”*l Hn
=

m—1 . -
+ Z Z b < /-1 > (] + pn—i ,Un)épn—i,m—é(x)x]—i_u"ﬂ Hn (D.3)
(=1
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Taking out theZ = 0 term from the first sum and thie= m term from the latter one, and pairing
the remaining terms by commdnwe obtain

f: th Z <<WZ__11> + <m£_ 1>> (G + fini — pin) P m—o(x)ad tHn—i—n

i=1 j=0

10
m — ~ i .
+zz%< ) s Pl

zle

io
T Z Z tij <’I’)’L 1> J T+ Pn—i — ;un)mPn—i,m—m(l'):L'J"'“n*i—Hn

i=1 j=0

3

i0  Jo m—1 ~ ‘
=22t ( ) ( + i — ) Pacign—s(@)a? Hin=i=10n

io  Jo
m D y PR—
305 ()54 s ) sl e
i=1 j=0
io  Jo m ) |
" Z Z i <m> (J 4 tn—i = pn) " Poim—m ()27 THn=i=Hn
=1 j=0
io  Jo mo i |

as desired. This completes the induction.

APPENDIX E. DETAILS FOR RECURSIVELY COUNTING GAPS IN.EMMA [3.]]

E.1. Computing [{m € [Hy; + jGn—i, Hni + (j + 1)G i)t kg(m) = k}|. In this section,
we compute a recursive formula fofm € I,,;; : k,(m) = k}|. Note that the number of
sizeg gaps inanm = H,; + jGp_i + m' € I,;; is simply the number of size gaps in
H,;+ jGn—; plus the number of size gaps inm’ plus possibly one more gap between the two
decompositions. This observation gives a clean way to m®the desired recursions. We need
to be careful in our case work as the number of giz@mps inH,,; + jG,—; varies depending
on whethery is 0, 1, or at least 2, and the the existence of the gap betweesnallest term in
the decomposition off,, ; + jG,,—; and the largest term in the decompositiomdfdepends on
whether;j is nonzero.

Forj > 0, the decomposition of any element®f; ; = [Hy; + jGn—i, Hni+ (§ +1)Gn—s)
begins with the decomposition &f,, ;+;jG,,—;, and the decomposition (Hn,ZﬂG n—; contains
only gaps of sizes 0 and 1 by definition B, ;. In particular, whery = 0, the decomposition of
H, ; containsd; — ¢ gaps of size 0 andl— 1 gaps of size 1. Whep > 1, the decomposition of
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H, ;+ jG,—_; containsd; — i+ (j — 1) gaps of size 0 anflgaps of size 1. Far> 1, this gives

{m € [Hyi, Hyi + Gn—i) : ko(m) = k}|
= |{m € [Gni1-i; Gny1-i + Gn—i) t ko(m) =k — (d; — 1)}
H{m € [Hyi, Hyi + Gn—i) : ki(m) = k}|
= {m € [Gnt1-is Gn1—i + Gni) 1 ka(m) =k — (i = 1)}
{m € [Hyi, Hyi + Gnoi) : kg(m) =k}
= [{m € [Gnt1-is Gni1-i + Gn—i) : kg(m) = K}, (E.1)

and for: > 0,5 > 1, we have

Hm € [Hy;i + jGn—i, Hn i+ (j +1)Gr—i)  ko(m) = k}|
= [{m € [Gn-i,2Gn—;) : ko(m) =k — (d; —i+ (j — 1)) }|
H{m € [Hy;+ jGn—i, Hni+ (j +1)Gri) : ki(m) = k}|
= [{m € [Gn—i,2Gn—;) : ki(m) = k — i}|
H{m € [Hy;i+ jGn—i, Hni+ (J +1)Gri)  kg(m) = k}|
= |{m € [Gp—i,2G,—;) : kg(m) = k}|. (E.2)

We can further pusH.(B.1) by noting that, fare [G,+1—i, Gn+1—i+Gn—i), the decomposition
of m begins withG,,1_;, and furthermoréx,, .1 _; is not a part of a gap of size 0 or 1. Thus

H{m € 1,0 : ko(m) = k}|
= {m € [Hpi,Hpi + Gn—i) : ko(m) = k}|
= [{m € [Gny1-is Gny1—i + Gn—i) : ko(m) =k — (d; — i)}
= [{m € [0,Gn—i) : ko(m) = k — (d; — )}
= q0,n—i,k—(d;—1)
H{m €10 ki(m) = k}|
= |{m € [Gnt1-i; Gni1—i + Gni)  kai(m) =k — (i = 1)}
= {m € [0,Gni) s ki(m) =k — (i = 1)}
= N,n—ik—(i—1)- (E-3)

Similarly, the decomposition of any. € [G,,—;, 2G,,—;) begins withG,,—;, andG,,—; is not a
part of a gap of size 0, so we have

{m €L : ko(m) =k}
= {m € [Hn; + jGn—i, Hni + (5 + 1)Gn—i) : ko(m) = k}|
= {m € [Gn-i,2Gp—i) : ko(m) =k — (d; —i+ ( — 1)}
= {m €10,Gni) : ko(m) =k — (di =i+ (j — 1))}|
= Qon—ik—(di—it+(j—1))- (E.4)
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Forg > 2 we have
{m €1Lnio: kg(m) = k}|

= |{m € [Hpi, Hni + Gni) : kg(m) = k}|

= {melG n1—i + Gni) : kg(m) = k}|

= [{m € [Gny1—i, Gny1—i + Grny1-i—g) : kg(m) = k}|
+{m € [Gny1—i + Gni1—i—g, Gn1—i + Guaa—i—y) : ky(m) = k}|
+ [{m € [Gni1-i + Gnyo—i—g, Gny1-i + Gni) : kg(m) = k}|

= (€ 0, Gretig) + Kglm) =}
+ {m € [Gni1i—g, Gnyo—i—g) : kg(m) =k — 1}
+ {m € [Gnioiog, Gni) : kg(m) = k}|

= |{m €10,Gn—) : kg(m) = k}|
+ {m € [Gni1-i—g, Gnyz—i—g) : kg(m) =k — 1}
—{m € [Gni1-i—g, Gnia-i—g) : kg(m) = K}

= Qgn—ik T Pgntl—i—gk—1 — Pgnt+l—i—gks (E.5)

n+1—1i,

G
G

where the third equality comes from noting that forc [G,,+1—i, Gn+1—i + Gn—i), Gny1—i IS
part of a gap of sizg in the decomposition of: ifand only it m € [Gy41—i+Gnyi—i—g, Gny1—i+
Ghn42-i—g). Using the same argument, we obtain, jor 1 andj > 1,
H{m € [Gn—i,2Gn—;) : kg(m) = k}|
= |{m € [Gn—i,Gnoi+ Gn_i—g) : kg(m) = k}|
+{m € [Gnoi+ Gnoi—g,Gnoi+ Gnyi—i—g) : kg(m) = k}|
+ {m € [Gn—i + Gnyi—i—g,2Gn—i) : kg(m) = k}|
= {m € [0,Gn—i—g) : kg(m) = k}|
+ {m € [Gn-i—g, Gni1-i—g) : kg(m) =k — 1}
+ {m € [Gni1-ig, Gni) : kg(m) = k}|
= {m €10,Gn—i) : kg(m) = k}|
+ {m € [Gn-i—g, Gni1-i—g) : kg(m) =k — 1}|
—{m € [Gn—i—g, Gn+1—i—g) : kg(m) = k}|
= Qgn—ik T Pgn—i—gk—1 = Pgn—i—g,k- (E.6)
Combining with [E:2), we have, fay > 2,
{m €lnij: ki(m) = k}|
= {m e [Hp;+jGn_i,Hni+ (j +1)Gpi) : ki(m) = k}|
= |{m € [Gn—-i,2Gp—;) : ki(m) =k — i}]
= Qin—ik—i T Pln—i—1,k—i—1 — Plin—i—1k—i
{m € Inij: kg(m) = ki
= {m € [Hp;+ jGni, Hni + (j + 1)Gn—i) : kg(m) = k}|
= |{m € [Gn—i,2Gn—;) : kg(m) = k}|
= Qgn—ik T Pgn—i—gk—1 — Pgn—i—g,k- (E.7)
This establishes all six equalities that we desire.
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E.2. Computing p, ,, . This section uses careful bookkeeping to produce homogetvoni

dimensional recursive formulas fpy, ,, ;. using [3.6).
Recall that forg > 0 we have

ok = D [{m € Lngj: ko(m) =k}

(i,j)GZ
—1ciy1—1
= Z > {m € [Hui+ jGn i, Hui+ (§ + 1)Gni) : kg(m) = k}|
i=0 j=1
L-1
=1

Substituting from[(316), we have (fgr> 2)

L— 1Ci+1— 1
pO,n,k:Z Z 40,n—i,k—(d;—i+(j—1) +ZQO7L i,k—(d;—1)
=0 j=1
L-1c¢i+1—1
Plnk = Z (q1,n—ik—i + P1n—im1k—im1 — Pln—i—1,k—i) + Z Q1 n—ik—(i—1)
i=0 j=1 =1
L-1
:Z(Ci-l—l 1)(q1n ik— 2+p1n21k21_p1nzlk +ZQ1n i,k—(i—1)
1=0
L—-1c¢i+1—1
Pgnk = (QQ,n—i,k + Pgn—i—gk—1 — pg,n—i—g,k)
i=0 j=1
L-1
+ Z (QQ,n i,k +pg,n+1 i—g,k—1 — Pgn+1—i gk)
=1
L-1
= Z(Ci-l—l - 1) (QQ,n—i,k + Pgn—i—gk—1 — pg,n—i—g,k)
1=0
L—-1
+ (Qg,n—i,k + Pgn+1—i—gk—1 — pg,n-{—l—i—g,k) . (Eg)
=1

Substituting forp, ,, 1. andpg 1 and usingqy n k. — Ggn—1,k = Pgn—1,k» We obtain for
g=0

L-1cit+1—1 L—1
Po,nk — Pon—1,k = Z Z Po,n—i—1,k—(d;—i+(j—1)) +Zp0,n—i—1,k—(di—i)
i=0 j=1 i=1
L—1¢it1—1
Ponk = Z Z Pon—i—1,k—(d;—i+(5—1) +Zp0n i—1,k—(d;—1)*
=0 j=1
L c¢;i—1

= ZZPOn t,k—(di—1—(i—1)+(j—1)) +Zp()n i k—(di—1—(i—1)) (ElO)

=1 5=1
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Similarly for g = 1 we obtain
L-1

Pink —Pin—-1k = Z(Ci+1 - 1) |:p1,n—i—1,k—i + (pl,n—i—l,k—i—l - pl,n—i—l,k—i)
i=0

L—1
— (P1p—i—2,k—im1 — pl,n—i—2,k—i)} + Zpl,n—i—l,k—(i—l)-
i=1

(E.11)
Thus
L-1 L-1
Plnk = Plp-1k T Z(Ci+1 — Dp1n—i—1k—i + Zpl,n—i—l,k—(i—l)
i=0 1=1
L—1
+ Z(Ci-i-l - 1) ((pl,n—i—l,k—i—l - pl,n—i—l,k—i) - (pl,n—i—2,k—i—1 - pl,n—i—2,k—i))
i=0
L L
= Pin-1k T Z(Ci = DP1n—ik—(i—1) + Zpl,n—i,k—(i—2)
i=1 i=2
L
+ Z(Ci —1) ((pl,n—i,k—i - pl,n—i,k—(i—l)) - (pl,n—i—l,k—i - pl,n—i—l,k—(i—l))) )
i=1
(E.12)
and forg > 2 we have
L—1
Pgnk —Pgn—1k = Z(Ci-i-l - 1) [pg,n—i—l,k + (pg,n—i—g,k—l - pg,n—i—g,k)
i=0
L—1
- (pg,n—i—g—l,k—l - pg,n—i—g—l,k):| + [pg,n—i—l,k
i=1

+ (pg,n-i—l—i—g,k—l - pg,n—i—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k) .
(E.13)
Thus

L—-1
Pgnk = E Ci+1Pgn—i—1,k
=0

L—1
+ Y (cirt = 1) ((Pgn—i—g k-1 = Pgn—i—gk) — (Pon—i—g—1 k1 = Pgn—i—g—1))
=0

L—-1
+ Z ((pg,n—l—l—i—g,k—l - pg,n—i—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k))
=1
L L
= Z CiPgn—ik + Z C: ((pg,n-l-l—i—g,k—l - pg,n-{—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k))
=1 =1

(E.14)
as desired.
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APPENDIXF. PROVING C, > 0 AND C, > 0 IN SECTION[3.2

In this section we prov€’, > 0 andC, > 0in @3.11). We first verify that the denominators
of C, andC, are positive. Because the numeratorg’gfandC, are linear in the; ;, we obtain
expressions for their numerators directly from the gapmences in[(313). As the recurrences
for the caseg = 0, g = 1, andg > 2 are different, we check that the numerator€£gfandC,
are positive for each case separately. Each case is delaltiswig standard methods.

Recall

Zlo jo tigJ
i=122j=0 "I
Zio jo  ligt
J=0 X{
10 Jo  tig . -\ 2
Z J=0"X! ’ (] - CMZ)

Cy = SIS e . (F.2)
i=1 245=0 "\

Oy =

Let

=) ’;—J (j — Ci)? (F.2)

be the numerators @), C,, in (E), respectively. Note that the denomatator§’pandC,, are
both always positive as

io  Jo 7

> Z Z tAlz > 0 (F.3)

=1 j=0 i=1

sincet; = ¢; > 0for1 <i < Landt; = 0for L < i < ig. Thus it suffices to prové?;j >0
andCj; > 0 whenK, ,, is nontrivial.

We first proveC’; > 0. SinceC); is linear int; j, (EJ) tells us we can obtaifi;, by replacing
every instance of, ,— x—, in the recurrence relations ¢ (B.3) withi \{.

Supposey = 0. If ¢; = 1forall 1 <i < Landcg is 1 or 2, then non has gaps of size 0 in
the decomposition, so the random variahlg,, is trivial. Otherwiseg; > 2 for somei < L. In
this cased—1 — (L — 1) > 0. Thus, evaluating’;; gives

L c¢;—1
Pon,k = Zpon i,k—(di—1—(—1)+(j—1) +Zp0n i,k—(di—1—(i—1))> (F4)
=1 j=1
SO
L k= (die— (= 1)+ (—1) k= (diey— (i —1))
Z . +Z ‘
A ; Al
=1 j=1 1 =1 1
L c¢;—1 0 L 0
- Y — 0. F5
22y - (F5)

=1 j=1
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Now supposgy = 1. If ¢; = ¢; =1 andL = 2 (i.e., {G,, } is the Fibonaccis), thef{’; ,, = 0
is trivial, so we can assume otherwise. Recall

L
Pink = Pln— 1k+z _1p1n i,k— 21+Zp1n i,k—(i—2)
=2
L
+ Z(Ci - 1) ((pl,n—i,k—i - pl,n—i,k—(i—l)) - (p1,n—z'—1,k—z' - pl,n—i—l,k—(i—l))) .
=1
(F.6)
Note, when we perform the substitution to obtélj), any expression of the form
(pl,n—(gc—l),k—y - pl,n—(m—l),k—(y—l)) - (pl,n—ac,k—y + pl,n—gc,k—(y—l)) (F7)
becomes
—(y—1 —(y—1 A —1
Y (xy—l ) _y (yx ) _ M —— > 0. (F.8)
Al A M
Thus [E.6) gives that whep= 1,
L . L . L
0 -1 -2 A —1
Ch = —1+Z(ci—1)(Z Z. )+ZZ =Y (@ -DE > 0. (F9)
AL i=1 AL i=2 Ay i=1 Al

To see that the sum is in fact positive, note first that evemyrsand is nonnegative. Furthermore,
if any ¢; is greater than 1, the last sum is strictly positive. Othseyall thec;’s are 1, in which
casel > 3 since the sequence is not the Fibonaccis. Then the secomst &uim will be strictly
positive.

Lastly, assumeg > 2. Recall

L L
Pgnk = Z CiPgn—ik + Z C;'k ((pg,n+1—i—g,k—1 - pg,n—l—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k)) .

=1 i=1
(F.10)

Performing the same substitution gives

Zc, O+Z A;;gl >0 (F.11)

asc; > 0 for somei by definition. This proves that for any we haveC}; > 0, so for anyg we
also haveC,, > 0.

We can similarly casework on to proveC; > 0 when K, ,, is nontrivial. As beforeC);
linear in thet; j, so by [EJl) we can obtait} by replacing every instance @f ,,_, ;—, in
B3) with (y — Cux)z /A{. This produces an expression 0} that we prove is positive using
standard techniques.

First supposg = 0. Recall

L c¢;—1

Pon.k = Zpon t,k—(di—1—(i—1)+(j—1)) +Zp0n t,k—(di—1—(i—1))" (F12)

=1 j=1

By consideringi = 1 and;j = 1 in the double sum of (E12), we havg, = 1. Sincet; ; > 0
for all 4, j, we haveC; = O ifand only if j — C,,i = 0 for all 7, j satisfyingt; ; # 0. But this is
impossible ag; o = 1 impliesC,, = 0, and we already showed, > 0 whenkK, ,, is nontrivial.
ThusC}; > 0 wheng = 0 and K, is nontrivial.
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Now supposey = 1. Recall

Pink = Pln— 1k+z pln i,k—(i— 1+Zp1n i,k—(i—2)
=2
L
+ Z(Ci - 1) ((pl,n—i,k—i - pl,n—i,k—(i—l)) - (p1,n—z'—1,k—z' - pl,n—i—l,k—(i—l))) .
i=1

(F.13)

Again, if¢; = ¢ = 1 andL = 2 (i.e., {G,,} is the Fibonaccis), theK; ,, = 0 is trivial, so we
can assume otherwise. Substituting €¢r gives

L . . L . .
. (0—C,)? (i—1—Ci)? (i —2—Cui)?
Co = —F—+) (ci—1)——F——""—+) —F—""—
L (i—Cui)?2 (i—1—Cui)> (i—Culi+1)2 (i—1—C,(i+1))>
+D (e —1) ( - - T + & >
i=1 )‘1 )‘1 )\1 )\1
2 Li-2-0i2 & (i—Cui)?  2i—1-20,6+1)
I B B I
D S A Y (-0 S caaa)
> N N
(F.14)
By an earlier argumer@, > 0, so we simplify to get
L . . . .
. i—Cui)?  2i—1-20,>G+1
Cr > (a—1) <( )\i“ A”lﬂ( )> . (F.15)
i=1 1 1
Now we show that for all > 1 we have
(i — Ciy? — 21 _icﬂ(z LY (F.16)
1
If 20 — 1 —2C,(i + 1) > 0, then since\; > 1, we obtain
(i — Ci? — 2% —1—20,(i + 1)
A1
> (i — Cpi)®> — (20 — 1 — 20, (i + 1))
= (i—1-Cui)*+20C, > 0. (F.17)
Otherwise, we havei — 1 —2C,(i + 1) < 0so
(i — CLiy? - 21 _ic“(z LR Cyi)? > 0. (F.18)
1
These two cases allow us to conclude
. ¢ , o 2i—1-2C,(i+1)
C>Z/\Z <z— Cpi)” — N
L1
> =0 =0 F.19
; X (F.19)

as desired.
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Finally supposey = 2. Recall

Pgn,k = Z CiPgn—ik + Z C? ((pg,n-l-l—i—g,k—l - pg,n-{—l—i—g,k) - (pg,n—i—g,k—l - pg,n—i—g,k)) .
=1 =1
(F.20)

Substituting forC’; as before gives
(0— C’uz
ZC’ /\2
+§L: ((1 ~Culitg =1~ (0-Culi+g—1? ([1-Cyuli+g))*—(0-Cyli +g>2>>

iTg—1 7
i=1 A AT
Loi)? &L (1-2C,(i+g—1) 1-2C,(i+g)
- Z Gi- \l + Z G i+g—1 B i+g
i=1 1 i=1 A A

D> G -(A{(C,ﬂ‘)z+Z—€(A1(1—2Cu(i+g— 1))—(1—2Cu(z'+g)))>. (F.21)

Since\; > 1, the coefficient of in Ay (1 —2C,(i + g — 1)) — (1 — 2C,(i + g)) is negative, SO
it is minimized wheni = L. Thus iftA; (1 —2C,(L +g—1)) — (1 —2C,(L + g)) > 0, (E21)

tells usC > 0. Thus we may assumg (1 —2C,(L+g—1))— (1 -2C,(L+g)) <0, Since

cf /ei < 1 with equality if and only ifi # L, we can simplify [[E.211) to get

cr o> Z x*g Cui)? + (M1 = 20,6 +g—1) —(1—-2C,(i+9)). (F22)

Using standard techniques (such as plugging into Matheajatbne can show that' (zw)? +
(z(1 = 22(w+y—1) — (1 —22(w+y)) >0forallz > 1,y > 2,z > 0,w > 1, and
substitutingr = A1,y = g,z = C,,,w = i gives

L
cr > Z T S(M(Cui)* + (M1 —2Cu(i+g—1)) — (1 —2C,(i + 9))))

L
>y “%_ 9 =o. (F.23)

as desired.
For everyg and every sequence for whidky, ,, is nontrivial, we've proverC; > 0, so we
can conclude’, > 0 is all of these cases.
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