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ABsTRACT. Zeckendorf proved that every integer can be written uniquely as a sum of non-
consecutive Fibonacci numbers {F,,}, with later researchers showing that the distribution of
the number of summands needed for such decompositions of integers in [F,,, Fr,+1) converges
to a Gaussian as n — co. Decomposition problems have been studied extensively for a variety
of different sequences and notions of legal decompositions; for the Fibonacci numbers, a legal
decomposition is one for which each summand is used at most once and no two consecutive
summands may be chosen. Recently, Chen et al. [CCGIMSY] generalized earlier work to
d-dimensional lattices of positive integers; there, a legal decomposition was defined as a path
such that every point chosen had each component strictly less than the same component of
the previous chosen point in the path. They were able to prove Gaussianity results despite
the lack of uniqueness of the decompositions; however, one would expect their results to
hold in the more general case where some components are identical. The strictly decreasing
assumption was needed in that work to obtain simple, closed form combinatorial expressions,
which could then be well approximated and led to the limiting behavior. In this work we
remove that assumption through inclusion-exclusion arguments. These lead to more involved
combinatorial sums; using generating functions and recurrence relations we obtain tractable
forms in 2 dimensions and prove Gaussianity again; a more involved analysis should work in
higher dimensions.
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1. INTRODUCTION
Among the many fascinating properties of the Fibonacci numbers is the following classical

observation, credited to Zeckendorf [Ze]: every positive integer admits a unique representation
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as a sum of non-adjacent Fibonacci numbers {F),}, Whereﬂ F, = 1,F, =2 and F,.q1 =
F,, + F,,—1. Interestingly we can treat this property as an equivalent definition of the Fibonacci
numbers: they are the only sequence from which every positive integer can be decomposed
uniquely as a sum of non-adjacent terms. It turns out that there is often a relationship
between rules for legal decompositions and sequences {G), }, and the literature is now filled with
many results on properties of the summands in legal decompositions of numbers in intervals
[Gr,Gpt1) as n — oco. These range from the mean number of summands growing linearly,
with the factor related to the roots of the characteristic polynomial of the recurrence, to the
distribution of the number of summands converging to a Gaussian, to the distribution of gaps
between summands; see for example [BDEMMTTW, BILMT| Brl, Day, DDKMMV], FGNPT,
Iyl IGTNPL, Hal, Hol HW, Kel Lek, LMI, LM2, MWI, MW?2, [Stell, [Ste2] and the references
therein. It is the notions of distributions of summands of positive integer decompositions
that most directly tie to our work in this paper, which introduces tools from enumerative
combinatorics to count the number of possible decompositions on a lattice.

Most of the sequences studied to date have been one-dimensional. Additional sequences,
such as those in [CFHMN2, [CFHMNPX], appear two-dimensional but can be converted into
one-dimensional sequences and attacked using existing techniques. The interest in truly higher-
dimensional sequences has been amplified by the ability to connect the counting of special
lattice paths to the number of ways to decompose positive integers as sums of smaller positive
integers with respect to the geometry of the lattice, not to mention the combinatorics that
arise, which are interesting in their own right. This underlying principle motivated Chen et.
al. [CCGJMSY] to consider a true multi-dimensional sequence by looking at paths among
lattice points with non-negative integer coefficients. They defined a legal decomposition in
d-dimensions to be a finite collection of lattice points for which

(1) each point is used at most once, and

(2) if the point (i1,12,...,4q) is included, then all subsequent points (i},%5,...,4;) have
z; < forall j € {1,2,...,d} (i.e., all coordinates must decrease between point in the
decomposition and the next one).

They called the path of chosen lattice points a simple jump path; at each step, every
component was strictly less than the corresponding component of the previous step. One
can construct a sequence on the lattice in many ways. For example, in two dimensions one
can go along diagonal paths parallel to the line y = —x, adding at each lattice point the
first number which cannot be legally represented. This situation is slightly more involved in
higher dimensions, though for most of the problems studied the values of the ordered points
do not matter; what matters is the geometry of the lattice walks. In we illustrate several
diagonals’ worth of entries for the given algorithm when d = 2. Unlike the one-dimensional case
where the Fibonacci sequence is used, we now find that uniqueness of integer decompositions

11f we started with Fo =0 and F1 =1, then F, = 1 and we trivially lose uniqueness.
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GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

fails (for example, 25 has two legal decompositions: 20 + 5 and 24 + 1).

280

157 263

84 155 259

50 82 139 230

28 48 74 123 198 .- aee el oo (1.1)

14 24 40 66 107 184

7T 12 20 33 59 100 171

3 5) 9 17 30 56 93 160

1 2 4 8§ 16 29 54 90 159

The restriction that every coordinate must decrease in a simple jump paths is a severe one.
For example, in (L.1), 5 had to be added at the location (2,2) since the sequence (3,1), (1,1)
resulting in the sum 4+ 1 only decreases horizontally and is hence invalid. However, this strict
decreasing condition was needed in [CCGJMSY] to obtain simple closed form combinatorial
expressions whose approximations led to a proof that the limiting behavior of the distribution
of the number of summands converges to a Gaussian. (The distribution of the gaps was recently
accomplished by Borade et. al. in [BCCFLMZX]; unlike other gap distribution results, for this
problem there is an interesting twist as the gaps are vectors and not integers.) Thus, it is
precisely the analysis of these decompositions that makes the enumeration of lattice paths a
worthwhile problem to study, both in the finite case, and also in the asymptotic case where we
look at how many terms are needed, on average, to decompose large integers.

Upon replacing the strict decreasing condition in [CCGJMSY] with the non-strict decreas-
ing condition, we obtain what we call a generalized jump path. Formally, we define a

generalized jump path of length n starting at (p1,p2,...,pq) to be a sequence of points
{(@ig, @i, ..., xiq)}i, such that:

® (20,1,202;---,%0,d) = (P1,P2;---,Pd),

e for all 4 and j we have x;; > x;41 5,

e for all 7 we have (ﬂ?i71, Ti2y .- ,xin) 75 (xi+1717 Lit1,25 -+ 13i+1,d) EI,

o if : <n,forall j, z; ; >0, and
[ ] ($n71, Tn,2y -+ xn,d) = (0,0, ey 0)

These conditions imply that for each point in the sequence, at least one coordinate must
decrease while the remaining coordinates cannot increase. For convenience we include the
requirement that all paths end at the origin outside of the lattice, meaning that the lattice
in has row and column indices starting at 1. Moreover, with this requirement, moving
directly to the origin is equivalent to not choosing any additional points in a path and is thus
considered a legal option. Below is the number of generalized jump paths in two dimensions
from the point (7, 7) to (0,0) for i,j < 4.

20 76 252

4

2 8 2 76 --- (1.2)
1 3 8 20

1 1 2 4

2A natural future question would be to remove this condition, which would allow the same point to be used
multiple times in a decomposition. See Section |5 for more information.
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We can now find a recursive formula which allows us to calculate the total number of
generalized jump paths starting at p = (p1,p2,...,pq). Letting S((p1,p2,...,pq)) represent
the total number of paths starting at p, we may do the following: partition all the generalized
jump paths from p by the location of their first step. Either the path goes directly from p to
the origin, or p first goes to some other lattice point a. Note that a must have at least one
coordinate, say a;, such that a; < p;, hence we know that a € {[0, p1] %[0, p2] X+ - - %[0, pa] }\{p},
where [0,p;] :== {0, 1,...,p;} for each i < d. By definition there are S(a) paths from the point
a to the origin. Hence, summing over all possible a we find a formula for S(p):

S(p) = > S(a). (1.3)
a#p,
a€[0,p1]x[0,p2] X+ [0,p4]
Using this formula and some further analysis, we are able to asymptotically analyze both
the total number of generalized jump paths and the number of such paths with a fixed length
k. Our main result is as follows.

Theorem 1.1. Let X, be the random variable denoting the number of generalized jump paths
starting at a point (p,q) € N? and ending at the origin. Suppose p := m and q := cm for
some m € N* and ¢ > 1 rational. Then X, , converges to a Gaussian as m — oo, with mean
q+p++/p*+6pg+q® (p+q)?

4 8v/p?+6pg+q>

In Section 2] we introduce some notation for our problem and prove some basic properties of
unrestricted generalized jump paths. In Section [3] we use these properties in conjunction with
various analytical and combinatorial methods to obtain a generating function for the number of
paths to a fixed point as a function of path length. Using that result, we prove the Gaussianity
in the limit of the number of summands in decompositions in Section [i] (Theorem [1.1]). We use
a method similar to that found in [CCGIMSY]; the difficulty in the argument is in determining
a good count of the number of paths and, from that, a good estimate for the number of paths
of a given length. We conclude with a brief discussion of future questions to study.

and variance p%;q +

2. PROPERTIES OF GENERALIZED JUMP PATHS

Recall that we define a generalized jump path of length n that starts at (p1,p2,...,paq)

to be a sequence of points {(x;1,%i2,...,%iq4)}i, such that:
e (201,702, >5U0,d) = (p1,p2,---,Pd);
o for all i and j we have x;; > x;41 5,
e for all i we have (l'i,la Li2y-- a$i,d) 7& ($i+1,1> Lit1,25 - xi-ﬁ-l,d)u
o If i <n, forall j, z; ; >0, and
o (Tn1,Tn2,.-,Tnaq) = (0,0,...,0).

Under these circumstances, a path can have a length as short as 1 or as long as nd. Let
9((p1,p2,---,pa),n) be the number of such paths of length n starting at (p1,p2,- .., Ppd)-
We also define an unrestricted generalized jump path of length n to be a sequence of
points {(z;1,%s2,...,%iq) }i—o such that:

e (201,702, - ,iﬁo,d) = (p1,p2,---,Pd);

o for all i and j we have x;; > x;41 5,

e for all 7 we have (l’i71, L§ 2y a$i,d) 7& ($i+1,1> Lit1,25 -+ xi-i-l,d)v and
e for all 4, j, Tij > 0,
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GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

Analogously to the definition of g, we let u((p1,p2,...,pq),n) be the number of unrestricted
generalized jump paths of length n starting from the point (p1,p2,...,pqs). Note that unre-
stricted generalized jump paths are simply generalized jump paths with the last restriction
lifted (i.e., the sequence does not need to end at the bottom left corner).

We now establish and prove two basic properties for g and u, the first of which was alluded
to in our definition of w.

Lemma 2.1 (Unrestricted-Restricted Relationship). Let v := (p1,p2,...,pq). For alln € N,

u(v,n) = g(v,n)+g(v,n+1). (2.1)

Proof. The set of unrestricted jump paths of length n that do not end at (0,0,...,0) bijects
to the set of restricted jump paths of length n + 1 that end at (0,0,...,0). In particular, any
path of length n not ending at the origin can have the origin appended to the end of the path;
likewise, any path of length n + 1 ending at the origin can have the origin removed from the
end of the path. This immediately implies the result. O

Theorem 2.2 (2-Dimensional Path Recurrence). For all p,q,n € N,

u((p,q);n) = u((p,qg—1),n) +u((p,g—1),n—1)
+u((p—1,9),n) +u((p—1,9),n — 1)
*U((]?*l,(]*1),71)*U((]9*1,Q*1),n*1). (22)

Proof. Let the functions ¢((p,q),n),d((p,q),n), and m((p,q),n) denote the number of unre-
stricted jump paths that take n jumps starting from the point (p,q), where the first jump
of these paths is directly left, directly down, and both left and down, respectively. With this
definition, we can partition the unrestricted jump paths with a fixed starting point based on
the direction of the first step in the N? lattice. From this we realize

((p,q);n) = Lp—1,9),n) +u((p—1,9),n—1)
d((p.q),n) = d((p,q—1),n)+ ((p,q 1),n—1)
m((p,q),n) = d((p—1,9),n) +m((p —1,9),n)
= U(p,qg—1),n) + ((p,q 1),n)
= u((p—1,g—1),n—1)+u((p—1,g—1),n). (2.3)

Notice by the definitions of the functions ¢((p, q),n),d((p,q),n), and m((p, q),n) that

u((p,q),n) = £(p,q),n) +d((p,q),n) + m((p,q),n). (2.4)
SEPTEMBER 2019 5



So by using the identity in we can rewrite u((p, q),n) as:
u((p,q),n) = U(p—1,9),n) +ullp—1,q),n—1)
+d((p.g—1),n) +u((p,g —1),n —1)
+d((p—1,9),n) +m((p—1,9),n)
+4((p,g—1),n) +m((p.q—1),n)
—(u((p—1g—1),n=1)+u((p—1,g—1),n))
= L(p—1,q9),n) +d((p—1,9),n) + m((p—1,9),n)
+d((p.g—1),n) +((p,q = 1),n) + m((p,q — 1),n)
+u(lp—1,q9),n—1) +u((p,g—1),n—1)
—(u((p—1g—1),n=1)+u((p—1,g—1),n))
= u((p—1,9),n) +u((p,q —1),n)
+u(lp—1,9),n—1) +u((p,g—1),n—1)
—u((p—1,g—-1),n—1) —u((p -1, - 1),n), (2.5)
which shows our desired result. ([
This new recurrence relation will serve as an agent in the creation of an explicit generating

function for the number of generalized jump paths starting at a fixed point (p,q) € N? and
ending at the origin.

3. 2-DIMENSIONAL GENERATING FUNCTION

For every lattice point in N? there is a 2-dimensional generating function for the lengths of
the paths starting at that point. Explicitly, we denote Fj, ;(x) to be

p+q
k
Fpg(z) = > ul(pq), k)z". (3.1)
k=0
Our main result in this section is an alternative form for F), , that is more readily studied
using asymptotic techniques.

Theorem 3.1. If p < q, then

Bt = eor > (1) (719 (52)

k=0
We will provide two proofs. The first is a pure generating function approach that only proves
the claim for the case p = ¢ = n, whereas the second is purely enumerative and proves the
theorem in generality. For technical convenience, one often analyzes all paths starting at a
point on the main diagonal; thus if we restrict our investigation to this case, the simpler first
proof suffices.

3.1. Pure Generating Functions Method. Consider the generating function

B(z,y,z) = Y ul(pq),k)ary’2:. (3.3)
p.qkELT
Using Theorem we immediately see that
B(z,y,z) = 1+ (1+2)(x+y—2y)B(x,y, 2), (3.4)
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GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

which implies that

1
1-(1+2)(z+y—zy)

B(z,y,z) = (3.5)

Now we use a method adapted from [Stan| to determine the central terms of the infinite
summation expansion of (3.5). The idea is to use a change of variables to make B(z,y, z)
easier to transform into a geometric series. To this end we define

D(z,s,u) = B(s,x/s,z), (3.6)
and let u := 1+ z; thus from (3.6) we compute

B 1 B —s/u
D(w, s,u) = l—u(s+az/s—x)  s2—s(x+1/u)+ax (87)

Our generating function for the central terms will be the s% coefficient of D(x, s, u). We denote
the two solutions for s in the denominator of D(z,s,u) as « and 3, where for ease of reading
we suppress the arguments of these functions as follows:

ur + 1 — Vu2x? — 42z + 2uxr + 1 uxr + 1+ Vu2e? — 4z + 2ux + 1

a = e , B o= 5 . (3.8)

Using the method of partial fractions on (3.7), we find that
1 Q@ B
D = — . 3.9
@) = ot (-2 (3.9

We expand each term in (3.9)) as a geometric series, which is applicable only within the radii of
convergence of the parameters; this ensures that the geometric series produced converge and
that the subsequent expressions we study are well-defined. In particular we obtain

D(z,s,u) = u(ﬁl—a) Zams_m—l-ZB_msm . (3.10)

m>1 m>0

The s° term in (3.10) is just m as B0s0 = 1. Since 8 — a = Yule-dwlrtdurtl g

u
generating function for the central terms will be the s° coefficient of D(z, s, u), we can substitute

into the n = 0 term of (3.10)) into (3.7):

1 1
B(z,z,z) = = , 3.11
( ) Vula? — 4ulx + 2ux + 1 \/(ux +1)? — 4ux ( )

where we used that u =z 4 1. '
We now represent 1/+/(ux + 1)2 — 4u%z as a power series of the form Y, b;(2)z’. Differ-
entiating with respect to x, we obtain the recurrence relation

1 i=0
(20 — 1)(1422) (1 + 2)bi—1 — (1 + 2)%(i — 1)b;_2
i
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For sake of brevity, we define a; such that a;(1 + 2)* = b;; then, this sequence satisfies the
recurrence

1 1=0
a; = 142z =1 (3.13)
(2i — 1)(1 + 22>CL.Z‘_1 — (Z — 1)CLZ‘_2 > 9.
i
The solution to this recurrence relation is a; = P;(2z 4+ 1), where P; is the ith Legendre

Polynomial (see [Kol).

o= S0 ()

ap = Pp(22+1) = n (Z) <”‘]:k)zk (3.15)

It follows that

Fun(z) = bp(z) = (1+42)"an(z) = (14 )" k; (Z) (”Z’“)ﬁ (3.16)

which proves Theorem in the p = ¢ = n case, as desired.

3.2. Combinatorial Method. We attempt to obtain a more compact formula for g(p,n) by
first relaxing our constraint to allow for paths with stationary points (where consecutive points
are allowed to be exactly the same) and then later correcting for the over-counting. We do this
as it is significantly easier to count the total number of paths with this relaxation in place.

Let r(p,n) denote the number of paths from p to the origin of length n with this relaxed
constraint. Arguing as in the Stars and Bars problemﬁ, it follows that

r(p,n) = ﬁ (p"ﬂ? 1>. (3.17)

i=1 b

By the principle of Inclusion-Exclusion, we have that the number of paths with no stationary
points is

n—1 n
oo = S (-1} )t = 1), (319

k=0

where each term in the sum represents the number of paths from p to the origin containing
at least k stationary points, for 0 < k < n — 1. Now, the following identity and its proof serve
as motivation for how to proceed in evaluating ([3.18).

3The number of ways to divide N identical items into G groups, where all that matters is how many items
are placed in a group, is (NJ’g*l). To see this, consider N 4+ G — 1 items in a line; choosing G — 1 of these
partitions the remaining N items into G sets. The first set is all the elements up to the first chosen one, and
so on. There is thus a one-to-one correspondence between the two counting problems. This method was first
used for Zeckendorf decomposition problems in [KKMW], and has been successfully used in many other works

since then.
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Lemma 3.2. For k,m,n € N,

Z:;(?) <ml—:fz’_i>(_1)i - <TZ> (3.19)

Recall that [n] is shorthand for the set {1,2,...,n}.

Proof. We view the inner term as counting the number of ordered pairs (S, T) such that S C [n],
T C [m+n]\S, and |S|+|T|= k. Let the set of all such valid ordered pairs be V. We consider
the sign-reversing involution f: V' \ E — V \ E (where E is the set of “exceptions,” for which
f is ill-defined) defined by toggling the smallest term in SUT between S and T'. For example,
when k = 5,

f({2,3,5},{7,8}) = ({3,5},{2,7,8}). (3.20)

Given this definition, we see that f is its own inverse (hence, an involution) and always

"flips" the parity of |S|, sending ordered pairs with a positive coefficient in our sum to pairs

with negative coefficients (and vice versa). Therefore, for all the ordered pairs on which f is
well-defined, our desired sum is 0. Thus, we have

" n\ (m+n—i

1) = . .
S (" e = e (3.21)
1=0
Proceeding, we also see that the only pairs (S,T) € FE are those where S = () and T C
[m+n]\[n]. There are clearly (') such choices for these sets, and the desired result follows. [

Viewed properly, our formula in (3.18) looks similar to the above lemma; we now re-write it
as

< (™ d (pe—1)+n—i 3.99

o) = S0 ()T 2 ) (3.22)
=0 k=1

We also note that when d = 1, the above formula agrees with , as expected. Although

similar methods may be applied in higher dimensions, we now consider the special case d = 2

since our eventual goal is a Gaussianity result in exactly two dimensions.

Theorem 3.3. For p,q € N, we can represent the number of generalized jump paths of length
n from (p,q) to (0,0) as

9((p,q),n) = nz_:l(p;l) <p_1;n_i) (n—3—1>' (3.23)

i=0
Proof. We first assume without loss of generality that p < ¢. This is a valid assumption because

there is an immediate bijection between generalized jump paths starting at (p,q) and those
starting at (g, p) : simply reverse the step sizes in the x and y-coordinates for each step in a

given path. By letting d = 2 in (3.22),
g(p,n) = Zn:(—l)" (ZL) <(p(; 1_);; t Z) <(q(; 1_>1—; t Z) (3.24)

i=0
We now proceed in a similar manner to the proof of Lemma [3.2l We view the inner term
as counting the number of ordered pairs (S,7T,U) such that S C [n], T C [p+n —1]\ S,
UClg+n—1]\S, and |S|+|T|= |S|+|U|=n—1 . Let the set of all such valid ordered triples
be V. We consider the sign-reversing involution f : V' \ E — V \ E (where E is the set of
“exceptions” for which f is ill-defined) defined by toggling the smallest term in S U (T'NU)

SEPTEMBER 2019 9



between all three sets. Given this definition, we see that f is its own inverse (hence, an
involution) and always flips the parity of |S|, sending ordered pairs with a positive coefficient
in our sum to pairs with negative coefficients (and vice versa). The ordered pairs with a
positive coefficient are precisely those where i is even; therefore, due to the factor of (—1)¢ in
the summand , the even-indexed terms and odd-indexed terms cancel each other. Thus,
for all the ordered pairs on which f is well-defined, our desired sum is 0, and we obtain

g(‘”i (T;) <(p<; %E Z) <(q(; 1_>1+)7: Z) = |E|, (3.25)

From here our problem reduces to counting |E|. For f to be ill-defined, it is necessary and
sufficient for S =0 and TNU N [n] = 0.

In order to prove our desired result, we begin by indexing every tuple (S,7T,U) by fixing
i :=|TNU|. With 7 fixed, we then choose the i terms that are common to both 7" and U, which

must be a subset of [p+n — 1]\ [n]. Consequently, there are exactly (pzl) ways to do this. We
+n—i—1
g
this) and the remaining n—i— 1 members of U (for which there are (nzl) valid configurations).
Multiplying these three terms (and simplifying the second term), we find exactly the desired

term, concluding the proof. O

may now freely choose the remaining n — i — 1 members of T' (there are ( ) ways to do

Using this new result, we now present an alternative proof of Theorem [3.1]

Proof (Theorem . We use (2.1)) combined with Theorem to obtain

u((p.q),n) = Zn: (f) <p+g - l) <nqi>. (3.26)

1=0

By the definition of F},, given in (3.1)) we know that

Rt = 53 ()0, 7))

k=0 =0

- <1+@Pi<z> P k)x’f (3.27)

which proves Theorem O

4. PROVING 2-DIMENSIONAL (GAUSSIANITY

We begin this section with a little bit of notation. Let X, ; be a random variable that counts
the length of a generalized jump path starting from the point (p, q) and ending at (0,0) when
this path is chosen uniformly at random from all such paths. From Theorem [3.1] we have

Xpg = Ap,q + By g, (4-1)

10 VOLUME, NUMBER



GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

where A and B are independent random variables proportional to a binomial coefficient and a
product of binomial coefficients respectively; in particular,

PA=k) <Z> P(B=Fk) (Z) (p Z k) (4.2)

Note that A is just the well-studied binomial random variable, which converges to a Gaussian
with mean p/2 and variance p/4 as p — oo.
In this light we restate Theorem by using the notation above:

Theorem 4.1. Suppose p :=m and q := cm for m € Nt and ¢ > 1 fixed. Then X, , converges

q+p++/p*+6pg+q° (pt+9)>
4 81/p?+6pg+q°

By our definition of X, in , it suffices to show B also converges to a Gaussian with
q—p++/P*+6pg+q? (p+q)?
4 84/p*+6pg+q*
g. The proof of this result will use similar techniques to those found in [CCGJMSY], although
in our case the algebra will be more involved due to the more complicated structure of the
formulas for the number of paths.
Firstly, we have that P(B = k) is proportional to a ratio of factorials:

to a Gaussian as m — oo, with mean

and variance % +

mean

and variance % + for the aforementioned choices of p and

¢ (p+k)! ¢ (m+k)

PB=k « & = Z_mrh
( ) X TR (=R~ p RTA (m — B!

(4.3)

Applying Stirling’s formula to approximate the factorials in (4.3), we find for p, ¢, k large that

q! (m+ k)m-&-k-l-%
Pl omk2k+l(om — k)em—k+s

P(B=k) x (4.4)

We now define

1
B (m+ k>m+k+5
M= k2k+l(cm _ k)cmfk+% (4'5)

(i.e., we remove the terms in (4.4) that are constant with respect to k). Taking the logarithm
of both sides of (4.5, we find

logM = (m +k+ %) log(m + k) — <2k: + 1) log(k) — (cm —k+ %) log(em — k). (4.6)

Now we write k as am + t\/m, where q := ¢=1=vctberl Vf%cﬂ. The factor of a is such that M is

maximized near the point k¥ = an, where this value of & is the positive solution to W%ﬂ =

1. This decomposition allows us to introduce a more natural variable for the number of steps
in a path, where this number is written in terms of its distance (in natural units) from the
mean. By the Taylor Expansion of log(1 + x), we have
3
x
— |- 4.7
(%) o

We do this expansion because later in Lemma we show that & = am is the center of the
distribution, and almost all (i.e., with probability 1 in the limit) the mass of the distribution

1 2
log(u+z) = log(u) +log (1 + %) = log(u) + g -3 (%) +0
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is located where t is small. We compute

logM = (m—l—k—k%) log (m(l—i—a%—\/tm))

— (2k+ l) log (m(a—i— \/t%)>
1 t
— (cm—k‘—l—§> log (m(c—a— ﬁ)>
= (m —cm — 1)log(m)

+(m+k+;>log(1+a+\;ﬁ)
— (2k+1> log <a+\/tm)
—(cm—k—l—é)log(c—a—\;ﬁ)

= (m —cm — 1)log(m)

* (m+k+%>(log(1+a) + (1—1—2)\/% B 2(1 an)Qm +O< i ))

— <2k+1>(10g(a)—|—m;m—2;;n+0<n§/2>>

~ (cm . ;) (log(c— ) - = 2)\% - tza)zm +0 (Wf:/z» (48)

After standard but tedious computations, the details of which are in Appendix[A] we obtain

3
logM = —xt* + f(m)+ O <\;ﬁ> , (4.9)
where
2¢2 +10c® — 10c* — 2¢® + 2c2\/1+ ¢(6 + ¢) + 4c3y/1 + c(6 + ¢) + 2ty /1 + ¢(6 + ¢)
- 8ct
(4.10)

and f(m) is independent of k£ and t. We also note that, since f(m) is independent of k and ¢,
it will necessarily be canceled when M is normalized to become a probability distribution, so
we may disregard it in our future analysis.

We now prove the following lemma, which demonstrates that the tails of this distribution
decay sufficiently quickly.

Lemma 4.2. As m — oo, P([t|>m%!) — 0.

Proof. We will demonstrate that P(t > m%!) goes to 0 as n — oo; the proof for P(t < —m®!)
proceeds similarly.
Notice that if we increase k by 1, then the number of paths of length k increases by a factor

of approximately @Jrk]z# (which is strictly decreasing in k). Plugging in k = am + ty/m, we
see that the proportion at which the number of paths increases is
. 8ve? 4+ 6c+1 t +O<t2)
(1424 (c— 1)V +6c+1vm m)

(4.11)
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GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

Let the coefficient of the ¢/ /m term be ¢’. Plugging in ¢ = 1, and ignoring the higher order
terms, for k > an+ /n, this ratio will be at most » = 1—¢//n. Let By be the number of paths
of length k when ¢ = 1. The number of paths with ¢ > m®! is bounded above by a geometric
series with first term By - pm”=m®® and ratio r, S0 we have

m

0.5 < C/ \/m /

r = (1 ~e <1 (4.12)
m)

_m0.5 _ BO- e_c
goes to infinity. Now note that the total number of paths of any length is strictly greater than
By, so the probability that ¢t > m%! is at most

mO1_1

¢ . where the last exponent, m%!t—1,

/

Thus as m goes to infinity, By pm®

, mO1_1
By (e) J(1=7) 1
_ym (e—C) , (4.13)
B() c
which goes to 0 as m grows. Thus, P(t > m%!) goes to 0 as m — 0o, as desired. O
Consequently, we know that ¢3/y/m — 0 as m — oo, so by sending p and ¢ to oo,
_(amfk)2
P(B=k) = Ce™X = Ce™ mix | (4.14)

where C is a real-valued constant. Furthermore, (4.14) is the equation for a Gaussian Distri-

bution with mean
_ 2 6 2
g—p+ \/p4+ Pq+q (115)

am =
and variance
mo <c—1 A +2c+1 > _q—p q® + 2pq + p? (4.16)
2x 8 8V1 + 6c+ 2 8 8v/P2 + 6pg + ¢ '

We conclude that X, ; is a Gaussian random variable with mean

p L a-pt VP +bpg+E  pta , VPE+6pgt+d®

ElXpql = ElApgl+ E[Bpg| = ) + 1 = + 1 ,

(4.17)
and variance

Var (Xpq) = Var(4,,) + Var (By,)
_ 2 2 2 2
_ b a—p ¢ t2pg+p-  _ pt4a (p+9q) C@1s)
I N e R N/ -E e
This completes the proof of Theorem [I.1] O

5. FURTHER WORK AND OPEN (QUESTIONS
We conclude with some suggestions of future continuations of the work done in this paper,
which are predominantly combinatorial in nature.

(1) Is it possible to generalize the generating function approach for points not on the
diagonal? Although empirical results suggest similar behavior, the associated Taylor
expansion becomes significantly harder to work with.
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(2) How do our results generalize to higher dimensions? Our combinatorial approach ad-
mits a natural extension to higher dimensions, although the casework becomes signif-
icantly more cumbersome. Furthermore, note that the generating function approach
cannot be used in three or more dimensions.

(3) How quickly does our distribution converge to a Gaussian?

(4) What is the behavior if we allow a point to be used more than once? Of course, if
we can use a point arbitrarily many times it is unclear how to define the terms of our
sequence; thus the natural question would be what happens if each point can be used
at most T times, for some fixed T'.

(5) There are even more combinatorial questions worth exploring. Many different addi-
tional restrictions can be put on the generalized jump paths. One such restriction is
prohibiting any path from visiting any points that lie above the line y = .

APPENDIX A. GAUSSIANITY CALCULATIONS

We give the simplification of log M from (4.5). We have that

t t t 2kt kt
avm T2l xavm | 2A—atom  aym (A +a)vm
kt N Vmt N cy/mt PP N ct?
(—a+c)ym 1+a —a+c 2(1+a)® 2(—a+c)?

logM = —

t? ¢ t? kt? kt?
+ - + b
2a’°m  4(14+a)*>m  4(—a+c)>m  a®?m  2(1+a)’m
kt? 1
T CatoEm log(a) — 2klog(a) + 3 log(1 4 a) + klog(1 + a)
1
+mlog(l+a)— 5 log(—a + ¢) 4+ klog(—a + ¢) — emlog(—a + ¢). (A.1)
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GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

c—14+vVc24+6c+1
4

Substituting a = , we find that this expression for log M is equal to

4t t
T (Cirervizead) v 2(c+d(l-e-vITeTd)) v
n t N c/mt
2(1+4(-14e+Vitoer))vim e+ (1-c-Vitoet )
N vmt N ct?
1+i(—1+c+\/m> 2<c+i<1_c—\/m)>2
B t2 N 82
2142 (-1t viter @) (Ltetrvithera) m
t2 12
N

i(e+3(1-c—viFeeT @) m 4(1+1(1+erviTErd)) m

1

4
B (tetvitoere)ym  (e+t(1-c-viteere))ym
L (1 et VIFGet ) mt ymt) 162 (5 (<14 e+ VIT 6ot @) m+ vimt)
(1+3 (14 e+ VItoet)) vim ! (_1+c+\/m>2m
t2<§(—1+c+\/m)m+\/7nt) t2(l(—1+c+\/m)m+\/ﬁt)

4
p) 2
2(0—1—%(1—0—\/1—1—66—1—02)) m 2(1+%(—1+c+\/1+6c+02>> m
1
— log < (—1+c—|— \/1+60+62)>

4

2<1 (1+c+\/1Jr60+02>m+\/ﬁt)log<3L <1+c+\/1+60+02)>

4

—1log(c+i<1—c—\/1+60+02)> —cmlog(c—ki(1—0—\/1+66+02>>

+

2

1 1
+ ( <—1+c+\/1+60+c2>m+\/7nt) log<c+4<1—c—\/1+6c+c2>>

4

1 1 1
+log<1+<—1—|—c—|—\/1+6c—|—c2)) +mlog<1+4(—1—1—0—1—\/1—1—66—1—02))

2 4

+ (1 (~1+e+ \/m)m\/at) log <1+i<—1+c+ \/1+6c+02)>. (A.2)

4
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Simplifying and collecting like terms, we have that log M equals

14 (t2 + 6¢t? + 7t + 437 — 3cM? — 66512 — O + \/th

ey /T 65 I + 22/ TF (6 1 Ot

23 TF a6+ O + 3T a6+ O + I+ a6+ o)t

(2c2t + 263 + 1064 + 265 + 262 /1 + ¢(6 + )t — 43\/T + c(6 + o)t

—2¢4 /14 ¢(6 4 o)t — 23 — 12¢t® — 6213 + 8313 — 6643 — 12643

— 26543 — 2\/1 4 ¢(6 + o)t® — 6¢v/1 + ¢(6 + o)t® + 4c¢2\/1 + ¢(6 + o)t

—4E\/1+ ¢(6 + )t® + 6¢*\/1 + c(6 + ¢)t* + 27 /1 + ¢(6 + c)t3>

+8—i4 (—202t2 — 1032 +10c¢*? + 2°12 — 2¢2\/1 + ¢(6 + &)t — 4¢3 \/1 + ¢(6 + )12
— 26 /TH (6 + ) + 8¢ log(8) — 4c* log (4 +12c — 4/ T+ (6 + o))
—8ctlog (—1 +c+ \/W) + 4c' log (3 +c+ \/1—1-0(76+c)>)

+\8/: (804tlog (1 +3c—+/1+c(6+ c)) — 16¢tlog (—1 +c+ \/m>
+8c*t log (3 te+ \/m)) .

+@ (—804 log(4) + 8¢° log(4) — 2¢*\/1 + ¢(6 + ¢) log(4) — 2¢* log (1 +3c—/1+¢(6+ c))
— 6¢° log (1+30— \/m> +2c¢*/1+¢(6 + ¢) log (1 + 3¢ — 1+c(6+c))
+dctlog (—1+ e+ V1+c(6+0)) — 4 log (—1+c+ /1 +c(6+0))
—4c*\/1+ ¢(6 + ¢) log (—1+c+ \/m) + 6¢* log <3+c+ \/m)
+2¢° log <3 +c+ \/m> +2¢*/1 4 ¢(6 + ¢) log (4 (3 +c+ JHC(TC)))) .

(A.3)

8c

1
teetym

We now verify that the ti/m term has coefficient 0. Our current coefficient is

10g<1—|—3c— 1~|—c(6+c)) —2log<—1~|—c—|— \/W)
+ log (3+c+ \/m> (A.4)

Exponentiating this expression, we obtain

(1438c— I+ e +0) (3+c+vI+c(6+0))

5 1 (A.5)
(~1+e+VT+eE+0)
as desired, completing the computations.
Consequently, as claimed, we have that log M is of the form
t3
logM = —xt* O A6
s 2 = —xi*+ jom) +0 (1)), (A8)
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GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

where y is defined as

2c2 4+ 103 — 10c* — 2¢° + (2¢2 + 4¢3 + 2¢*) /1 + ¢(6 + ¢)

.. . 1
and f(m) is independent of k or ¢ with f(m) = 0O (ﬁ) .
REFERENCES
[Al] H. Alpert, Differences of multiple Fibonacci numbers, Integers: Electronic Journal of Combi-

natorial Number Theory 9 (2009), 745-749.

[BBGILMT)] O. Beckwith, A. Bower, L. Gaudet, R. Insoft, S. Li, S. J. Miller and P. Tosteson, The Average
Gap Distribution for Generalized Zeckendorf Decompositions, Fibonacci Quarterly 51 (2013),
13-27.

[BM] I. Ben-Ari, S. Miller, A Probabilistic Approach to Generalized Zeckendorf Decompositions,
SIAM Journal on Discrete Mathematics, 30 (2016), no. 2, 1302-1332.

[BDEMMTTW] A. Best, P. Dynes, X. Edelsbrunner, B. McDonald, S. Miller, K. Tor, C. Turnage-Butterbaugh,
M. Weinstein, Gaussian Behavior of the Number of Summands in Zeckendorf Decompositions
in Small Intervals, Fibonacci Quarterly, 52 (2014), no. 5, 47-53.

[BCCFLMX] N. Borade, D. Cai, D. Z. Chang, B. Fang, A. Liang, S. J. Miller and W. Xu, Gaps of Summands
of the Zeckendorf Lattice, to appear in the Fibonacci Quarterly.

[BILMT] A. Bower, R. Insoft, S. Li, S. J. Miller and P. Tosteson, The Distribution of Gaps between
Summands in Generalized Zeckendorf Decompositions (and an appendix on Eztensions to
Initial Segments with Iddo Ben-Ari), Journal of Combinatorial Theory, Series A 135 (2015),

130-160.

[Br] J. L. Brown, Jr., Zeckendorf’s Theorem and Some Applications, The Fibonacci Quarterly, Vol.
2, No. 3 (Oct. 1964), pages 163-168.

[CFHMNT1] M. Catral, P. Ford, P. E. Harris, S. J. Miller, and D. Nelson, Generalizing Zeckendorf’s
Theorem: The Kentucky Sequence, Fibonacci Quarterly 52 (2014), no. 5, 68-90.

[CFHMNZ2| M. Catral, P. Ford, P. E. Harris, S. J. Miller, and D. Nelson, Legal Decompositions Arising

from Non-positive Linear Recurrences, preprint.

[CFHMNPX] M. Catral, P. Ford, P. E. Harris, S. J. Miller, D. Nelson, Z. Pan and H. Xu, New Behavior in
Legal Decompositions Arising from Non-positive Linear Recurrences, Fibonacci Quarterly 55
(2017), no. 3, 252-275.

[CCGIMSY] E. Chen, R. Chen, L. Guo, C. Jiang, S. J. Miller, J. M. Siktar and Peter Yu, Gaussian Behavior
in Zeckendorf Decompositions From Lattices, to appear in the Fibonacci Quarterly.

[Day] D. E. Daykin, Representation of Natural Numbers as Sums of Generalized Fibonacci Numbers,
J. London Mathematical Society 35 (1960), 143-160.

[DDKMMV] P. Demontigny, T. Do, A. Kulkarni, S. J. Miller, D. Moon and U. Varma, Generalizing Zeck-
endorf’s Theorem to f-decompositions, Journal of Number Theory 141 (2014), 136-158.

[DDKMV] P. Demontigny, T. Do, A. Kulkarni, S. J. Miller and U. Varma, A Generalization of Fibonacci
Far-Difference Representations and Gaussian Behavior, Fibonacci Quarterly 52 (2014), no. 3,
247-273.

[DFFHMPP1] R.Dorward, P. Ford, E. Fourakis, P. E. Harris, S. J. Miller, E. Palsson and H. Paugh, Individual
Gap Measures from Generalized Zeckendorf Decompositions, Uniform Distribution Theory 12
(2017), no. 1, 27-36. http://arxiv.org/pdf/1509.03029v1.pdf

[DFFHMPP2] R. Dorward, P. Ford, E. Fourakis, P. E. Harris, S. J. Miller, E. Palsson, H. Paugh, New
Behavior in Legal Decompositions Arising From Non-Positive Linear Recurrences, Fibonacci
Quarterly, 55 (2017), no. 3, 252-275.

[DG] M. Drmota and J. Gajdosik, The distribution of the sum-of-digits function, J. Théor. Nombrés
Bordeaux 10 (1998), no. 1, 17-32.

[Eg] S. Eger, Stirling’s Approzimation for Central Extended Binomial Coefficients, American Math-
ematical Monthly, 121 (2014), no. 4, 344-349, http://arxiv.org/pdf/1203.2122.pdf.

[FGNPT] P. Filipponi, P. J. Grabner, I. Nemes, A. Petho, and R. F. Tichy, Corrigendum to: “Generalized
Zeckendorf expansions”, Appl. Math. Lett., 7 (1994), no. 6, 25-26.

[Fr] A. S. Fraenkel, Systems of Numeration, Amer. Math. Monthly 92 (1985), no. 2, 105-114.

SEPTEMBER 2019 17


http://arxiv.org/pdf/1509.03029v1.pdf
http://arxiv.org/pdf/1203.2122.pdf

[GTNP|

[Hal

[HW]
[Hol

[Ke]
[KKMW]
[Ko]

ILT]
[Lek|
[Len|

[LM1]

[LM2]

[Mil]
[MW1]

[MW2]

[PT]
[Stan]

[Stel]
[Ste2]

[Ze]

P. J. Grabner, R. F. Tichy, I. Nemes, and A. Pethd, Generalized Zeckendorf expansions, Appl.
Math. Lett. 7 (1994), no. 2, 25-28.

N. Hamlin, Representing Positive Integers as a Sum of Linear Recurrence Sequences, Abstracts
of Talks, Fourteenth International Conference on Fibonacci Numbers and Their Applications
(2010), pages 2-3.

N. Hamlin and W. A. Webb, Representing positive integers as a sum of linear recurrence
sequences, Fibonacci Quarterly 50 (2012), no. 2, 99-105.

V. E. Hoggatt, Generalized Zeckendorf theorem, Fibonacci Quarterly 10 (1972), no. 1 (special
issue on representations), pages 89-93.

T. J. Keller, Generalizations of Zeckendorf’s theorem, Fibonacci Quarterly 10 (1972), no. 1
(special issue on representations), pages 95-102.

M. Kologlu, G. Kopp, S. J. Miller and Y. Wang, On the number of summands in Zeckendorf
decompositions, Fibonacci Quarterly 49 (2011), no. 2, 116-130.

Koepf, W. Hypergeometric Summation: An Algorithmic Approach to Summation and Special
Function Identities. Braunschweig, Germany: Vieweg, 1998.

M. Lamberger and J. M. Thuswaldner, Distribution properties of digital ezpansions arising
from linear recurrences, Math. Slovaca 53 (2003), no. 1, 1-20.

C. G. Lekkerkerker, Voorstelling van natuurlyke getallen door eem som van getallen van Fi-
bonacci, Simon Stevin 29 (1951-1952), 190-195.

T. Lengyel, A Counting Based Proof of the Generalized Zeckendorf’s Theorem, Fibonacci
Quarterly 44 (2006), no. 4, 324-325.

R. Li and S. J. Miller, A Collection of Central Limit Type results in Generalized Zeckendorf
Decompositions, the 17th International Fibonacci Conference, Fibonacci Quarterly 55 (2017),
no. 5, 105-114.

R. Li and S. J. Miller, Central Limit Theorems for Gaps of Generalized Zeckendorf Decompo-
sitions, to appear in the Fibonacci Quarterly. http://arxiv.org/abs/1606.08110v1.pdf

S. J. Miller, The Probability Lifesaver, Princeton University Press, 2017, 752 pages.

S. J. Miller and Y. Wang, From Fibonacci numbers to Central Limit Type Theorems, Journal
of Combinatorial Theory, Series A 119 (2012), no. 7, 1398-1413.

S. J. Miller and Y. Wang, Gaussian Behavior in Generalized Zeckendorf Decompositions, Com-
binatorial and Additive Number Theory, CANT 2011 and 2012 (Melvyn B. Nathanson, editor),
Springer Proceedings in Mathematics & Statistics (2014), 159-173.

A. Petho and R. F. Tichy, On digit expansions with respect to linear recurrences, J. Number
Theory 33 (1989), 243-256.

Stanley, R. P. Enumerative combinatorics (Vol. 2). Cambridge studies in advanced mathemat-
ics (2001).

W. Steiner, Parry expansions of polynomial sequences, Integers 2 (2002), Paper Al4.

W. Steiner, The Joint Distribution of Greedy and Lazy Fibonacci Expansions, Fibonacci Quar-
terly 43 (2005), 60-69.

E. Zeckendorf, Représentation des nombres naturels par une somme des nombres de Fibonacci
ou de nombres de Lucas, Bulletin de la Société Royale des Sciences de Liége 41 (1972), pages
179-182.

MSC2010: 11B01, 05A02, 60C02

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA 15213
Email address: evanfang@andrew.cmu.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PrrTsBuran, PA 15213
Email address: jtjenkin@andrew.cmu.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PrrTsBuran, PA 15213
Email address: ztlee@andrew.cmu.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PrTTsBurcH, PA 15213

Email address: drli@andrew.cmu.edu

18

VOLUME, NUMBER


http://arxiv.org/abs/1606.08110v1.pdf

GAUSSIAN BEHAVIOR IN ZECKENDORF DECOMPOSITIONS FROM LATTICES

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA 15213
Email address: ethanlu@andrew.cmu.edu

DEPARTMENT OF MATHEMATICAL ScCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA 15213, AND DEPARTMENT OF
MATHEMATICS AND STATISTICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MA 01267

Email address: sjml@williams.edu, Steven.Miller.MC.96Qaya.yale.edu

DEPARTMENT OF MATHEMATICAL SCIENCES, CARNEGIE MELLON UNIVERSITY, PITTSBURGH, PA 15213
Email address: dsalgado@andrew.cmu.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TENNESSEE-KNoOXVILLE, KNoxVILLE, TN 37916
Email address: jsiktar@vols.utk.edu

SEPTEMBER 2019 19



	1. Introduction
	2. Properties of Generalized Jump Paths
	3. 2-Dimensional Generating Function
	3.1. Pure Generating Functions Method
	3.2. Combinatorial Method

	4. Proving 2-Dimensional Gaussianity
	5. Further Work and Open Questions
	Appendix A. Gaussianity Calculations
	References

