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ABsTrRACT. Zeckendorf’s Theorem states that any positive integer can be uniquely decom-
posed into a sum of distinct, non-adjacent Fibonacci numbers. There are many generaliza-
tions, including results on existence of decompositions using only even indexed Fibonacci
numbers. We extend these further and prove that similar results hold when only using in-
dices in a given arithmetic progression. As part of our proofs, we generate a range of new
recurrences for the Fibonacci numbers that are of interest in their own right.
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1. INTRODUCTION

The Fibonacci sequence is defined via the recurrence relation

F, = Fh1+Fy 2 (11)

for n > 2, where we need two initial conditions; often these are Fy = 0 and F; = 1. We can
use Binet’s Formula to jump to the n'® term:

_L (1B (1=vE)T) | e (o)
Fn_\/5 5 5 = v (1.2)

where ¢ is the Golden ratio 1+72\/5
There are many interesting properties of the Fibonacci numbers; see for example [Kos|.
We focus on Zeckendorf’s Theorem; it turns out that if we change the initial conditions, the

Fibonacci numbers are equivalent to a decomposition property of the integersE]

This work was supported in part by NSF Grant DMS1561945. We thank the referee for a careful reading.
Hf we began with Fyp = 0,F7 = 1 then F> = 1 and we lose uniqueness of decomposition, both because we
can add an Fp as well as we have two ways to represent 1.
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Theorem 1.1. (Zeckendorf’s Theorem) Consider the Fibonacci recurrence with initial condi-
tions Fy = 1, F1 = 2. Any positive integer n can be expressed uniquely as a sum of non-adjacent
Fibonacci numbers:

oo
N = ) bpF, where by € {0,1} and by - by = 0. (1.3)
k=0
Further, the Fibonacci numbers are the unique sequence of positive numbers such that every
integer can be expressed uniquely as o sum of non-adjacent terms. Note we could also choose
mnitial conditions Fy = 0, F} = 1 if we only use indices k > 2.

The classical proof is by induction on N, but other proofs have been developed as well; see
[Br, KKMW! Lenll [Ostl, [Ze]. There is an extensive literature on generalizations and variations
of Theorem see for instance [Al, BM, Br, (CHHMPYV] DDKMMV! [Frl Hol [Kel Luol ML
MW1, MW?2]|. Zeckendorf decompositions have also been studied in a combinatorial framework
in numerous places, including [BCCFLMX| [CCGIMSY! [FJLLLMSS, KKMW! Lenl]. The
combinatorial approach initiated in [KKMW] is very useful for studying related problems, such
as the distribution of the number of summands and the gaps between them in decompositions.

Previous work derived decomposition results when we can only use Fibonacci numbers whose
indices have the same parity. For example, there is the even Fibonacci representation of N (see
[CG1) ICG2]): every positive integer has a unique decomposition of the form

oo
Zbkng with b, € {0,1,2} and if b; = b; = 2 then 3k with i < k < j and by =0, (1.4)
k=1
where we use the initial conditions Fy = 1,F3 = 2 to ensure that the decompositions are
uniqueﬂ The Fibonacci recurrence decomposes a summand into two terms: one whose index

has the same parity as the original summand, and one whose index has the opposite parity.
Thus the existence of decomposition ([1.4]) is to be expected.

Example 1.2. As an example, here are the Zeckendorf and even Fibonacci representations of
83 respectively:

83 = 55+21+5+2 = Fy9+ Fs+ F5+ F3
8 = 1-5541-214+42-3+1-1 = 1-Fig+1-Fs+0-Fs+2-F+1-F. (1.5

As stated in Theorem[I.1], the initial conditions for Zeckendorf Decompositions are Fy = 0, F1 =
1. On the other hand, the even Fibonacci Representation (1.4) uses the initial conditions Fy = 1

and F5 = 2 to maintain uniqueness of decompositions. For precisely this reason, unlike the
decomposition (1.3]), we begin summing terms in (1.4) when k = 1.

Given the decomposition result, it is natural to ask whether other subsequences of the
Fibonacci numbers also yield unique decompositions, and if so what they are. We prove there
are such decompositions when we restrict our indices to be in an arithmetic progression. Before
stating our results we first establish some notation.

Definition 1.3. (n-gap Fibonacci numbers) Forn,m € N with0 < m < n+1, let F(k;n,m) =
Fi(ny1)+m equal the Fibonacci numbers whose indices are congruent to m modulo n+ 1. We
call m the offset, and call F(k;n,m) an n-gap subsequence. Note the Fibonacci numbers are a
0-gap subsequence, and the even and odd index results concern 1-gap subsequences.

2If we were to allow k = 0, then the Fy = 0 term from the Fibonacci Sequence would be allowed in our
decompositions and we would lose the uniqueness property of Zeckendort Decompositions.
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ZECKENDORF’S THEOREM USING INDICES IN AN ARITHMETIC PROGRESSION

As we will see, the construction of n-gap Fibonacci subsequences is based on the theory of
Positive Linear Recurrence Sequences (PLRS).

Definition 1.4. (PLRS) A Positive Linear Recurrence Sequence is a sequence of integers
{H,}32, with the following properties.
(1) There are non-negative integers L,cy, ..., cr such that
H, = ciHy_1+cH, o+ - +crH,_1 (16)

where L, cqy,cp, > 0.
(2) Hi =1 and for 1 <n < L, we have

H, = c1Hy 1+ cyHy g+ +cp 1 Hy + 1. (1.7)

The study of PLRS is foundational in many papers relating to Zeckendorf Decompositions;
see for instance [BCCFLMX! BM.| (CFHMN, (CFHMNPX| DEFHMPP! Hal, ML]. There is an
extensive literature on when there is a unique decomposition arising from a given recurrence re-
lation, as well as a host of other properties (such as the distribution of the number of summands
in a decomposition, gaps between summands, and digital expansions of these sequences). In
particular, if the recurrence relation is a PLRS, then Miller and Wang [MW1, MW2] proved
that there exists a unique legal decomposition; for more on these sequences see [BM, [Brl, Day],
DG, [Frl [GTNP) Hal, [HW. Hol, [Kel, KKMW! [LT! Lenll [PT! [Stell [Ste2], and for other types of de-
compositions see [Al, [CFHMN| [(CFHMNPX| I(CCGJIMSY, DDKMMYV), DDKMV, DFFHMPP].

Theorem 1.5. (n-gap Fibonaccis as PLRS) If n = 2 orn > 3 is odd, then the n-gap Fibonacci
sequence {F(k;n,m)}32, is a PLRS for any 0 < m < n+ 1. If n = 2 then there is a
unique decomposition of every positive integer taking the form , with initial conditions
Fy =1,F3 = 2. On the other hand, if n > 3 is odd then the decomposition is still unique for
every positive integer, but it takes the form

[e.9]
Zbka(nH)er with |bg] < a, forall k > 1, (1.8)
k=0
again with initial conditions Fo = 1, F3 = 2. Here a,, refers to ¢™ rounded to the nearest integer
(one of the Lucas numbers).

Just like the even Fibonacci decomposition, we use the initial conditions Fb = 1, F3 = 2
for the odd n-gap Fibonacci decomposition because we want to ensure all decompositions are
unique. Here is an example of what these decompositions look like for specific values of n and
m.

Example 1.6. This is the 2-gap decomposition of 143 when n =2, m = 1:

143 = 2-55+2-13+2-341-1 = 2-Fg+2-F+2-F4+1-F. (1.9)
Stmilarly, this is the 2-gap decomposition of 143 when n = 2,m = 2:
143 = 1-89+2-21+2-5+2-1 = 1-F1+2-Fy+2-Fs+2- F. (1.10)
We can also list 3-gap decompositions for 143. Here is the decomposition when n =3, m = 1:
143 = 4-34+1-5+2-1 = 4-Fg+1-F5+2-Fy. (1.11)
Here is the decomposition when n =3, m = 2:
143 = 2-55+4-8+1-1 = 2-Fyg+4-Fsg+1-F>. (1.12)
Finally, here is the decomposition when n =3, m = 3:
143 = 1-8944-13+1-2 = 1-Fi1+4-F+1-F. (1.13)
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In Section 2] we examine some recurrences for n-gap Fibonacci numbers and discuss how these
relate to the more general theory of PLRS. Then in Section [8| we prove Theorem [I.5] Finally,
in Section 4] we give some concluding remarks and possible directions for future research.

2. LINEAR RECURRENCES WITH FIBONACCI NUMBERS

We began by looking at decompositions using only every third Fibonacci number; in our
notation this would be a 2-gap Fibonacci sequence with an offset of 2. We choose this offset
so that our first term is F5 = 1, consistent with the initial conditions in . This allows us
to begin finding patterns for the general n-gap Fibonacci sequence. In this case, we define

{Fk;2,2¥2, = {1, 5, 21, 89, 377, 1597, ...}. (2.1)
The sequence in (2.1)) can itself be defined recursively.

Lemma 2.1. For k > 2,

Fapro = 4- F3p—1)42 + F3p—2)42- (2.2)
Proof. We repeatedly use the recursion I} = F;_1 + Fj_2 to calculate
Fapyo = Fapp1 + F3p
= I3+ Fap—1 + F3p—1 + F3—2
= Fsp—1+ F3p—2+ Fap—1 + Fap—1 + F3p—3 + Fa—a
= 3 F3k—1+ F3p—2 + F3r—3 + F35—4
4-Fyp1+ F3p-4
4 F34-1)12 + F3k-2)42- (2.3)
O

By a procedure analogous to (2.3) we can also generate the following identities, which hold
for all £ > 2:

Fipro = T Fyp-1)+2 — Fag-2)+2
Fspyo = 11- F5r_1)42 + F5r—2)12
Fopto = 18- Fop—1)1+2 — Fo—2)+2
Frepo = 29 Frge—1y42 + Fre—2)12- (2.4)

Notice that 3,4,7,11,18,29, ... are the Lucas numbers, which have the closed form ¢* +
(—¢)7*. Since the golden ratio is defined as ¢ = (1 + v/5)/2, the Lucas numbers are the
closest integer to ¢* for each k > 1, because ‘(—cb)_k’ < 1/2 for k > 1. This motivates the
question of whether every n-gap Fibonacci subsequence can be defined recursively, and then
what decomposition properties they have. Using Binet’s formula for Fibonacci numbers,

we can generalize the formulas (2.2)) and (2.4).
Lemma 2.2. For any n > 2 we have the following generalization of (2.2)):

F(kin,m) = ap-F(k—Lin,m)+ (=1D)" 1 Fk - 1;n,m), (2.5)
where a,, henceforth will denote ¢™ rounded to the nearest integer (the Lucas numbers).
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Proof. We take advantage of the Lucas numbers and Binet’s formula (1.2]) to rewrite each term
on the right hand side of (2.5)):

ap - ]:(k —1; n7m) _ <(¢n + (_¢)—n> . \}g<¢nk—n+m _ (_(b)n—nk—m))
(_1)n—1 . ]:(k, o 2;n,m) _ (_1)n—1 . \}S (¢nk—2n+m _ (_¢)—nk+2n—m> _ (2.6)

We simplify each component algebraically:

ap - F(k—1;n,m) =

and

(=)t F(k —2;n,m)

TBD

1

5

— 15 <¢TL . ¢nk—n+m — - (_¢)n—nk—m

()" prk—ntm _ (—g)™ - (_¢)n—nk—m>

1
- = <¢nk+m _ ¢n . (_1>n—nk’—m . ¢n—nk—m

(¢n + (7¢)—n)(¢nk—n+m _ (7¢)n—nk—m))

=SS

S

(~1)7 - (g) - g ()

1
- <¢nk+m + (_1)n7nk i ¢2nfnkfm

_l’_

B

+ (_1)—n . ¢nk—2n+m _ (_¢)—nk—m> ’ (27)

= ((Cayigrimmim - (gpnoniom)

= (e grieamm _ qynet (qypnonkom gannkom)

= (e griesamm _ (qyton (oqypnonkom gannkom)
5

(_1)n71 . ¢nk72n+m _ (_1)nfnk . ¢2nfnkfm> ) (28)



We now sum and simplify the above, and obtain

an - F(k—1;n,m) + (=1)""1 - F(k — 1;n,m)

_ i <¢nk+m + (_1)n—nk . ¢2n—nk—m + (_1)—71 . d)nk—2n+m _ (_¢)—nk—m

V5

+ (_1)n—1 . ¢nk—2n+m _ (_1>n—nkz i ¢2n—nk¢—m>
— \}5 <¢nk+m + (_1 n—nk -m oy (_1)fn . ¢nk72n+m _ (_gb)fnkfm

+ (_1)1171 . ¢nk72n+m _ (_1 n—nk —m
— \}5 <¢nk+m + (_1)—n . ¢nk—2n+m _ (_¢)—nk—m + (_1)n—1 X ¢nk—2n+m>
— \}5 <¢nk+m + (71 -n m (7¢)—nk—1 + (71 n—1 m

1
— % <¢nk+m o (7¢)—nk—m)
= F(k;n,m), (2.9)
which is the desired result. 0

We can generalize Lemma to all n-gap subsequences of the recurrence relation
G, = Gpo1+ Gp_o, (2.10)

where G and Go are positive integers; to do this we first prove a recurrence relating {F,}72,
to {Ge}i2;.

Lemma 2.3. If {G¢}7°, satisfies (2.10) then for n > 3,
G, = Fh_9-G1+ F,—1-Gs. (2.11)

Proof. We proceed by strong induction. The base case will be n = 3, which is verified as
follows:

Gs = Ga+G1 = Ga-1+G1-1 = Go-Fo+Gy - . (2.12)
As for the inductive step, we assume for all 3 < j < k that
Gj = Fja G+ Fj_1 Gy, (2.13)
and we can finish the proof by demonstrating that
Gri1 = Fr_1-G1+ Fy - Go. (2.14)

We can show by using for j =k and j = k — 1, along with the recurrence :
Git1 = Gip+ Gi—1
Fyp o -G+ Fr1-Go+ Frp3-G1+ Fy2-Ga
= (Fr—o+ Frp-3) - G1+ (Fr—1 + Fr2) - G2
= Fj_1 -Gy + F, - Ga, (2.15)
as desired. ([

Now we can prove our generalization of Lemma
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Lemma 2.4. For k > 2, if {G¢}72, satisfies (2.10) then
Gnk-‘,—m = Qn- Gn(k—1)+m + (_1)n—1 ) Gn(k—2)+ma (216)

where n, k, m, and a, are defined as before, regardless of the initial conditions.

Proof. We can use in conjunction with to compute
an  Gotypm + (1" Gug—2)em = an - (Fuge—1)1m—2 - G1 + Fyg—1)1m-1 - G2)
+ (=)™ N Fugh—2)+m—2 - G1 + Fy—2)+m—1 - G2)
= (an - Fag-1)tm—2 + (=1)" - Fye_2)4m—2) - G1
+ (an - Foygem1)4m—1+ (=D)" " Fyg—2)4m—1) - Go
= Foktm—2 - G1+ Fagym—1- G2
= Gpktm- (2.17)
U

Remark 2.5. It turns out there are alternative proofs to Lemmas [2.9 and [2.4) that rely on the
established generating function theory of multisections . We provide the details in Appendiz[A]

For convenience, we restate the definition of Positive Linear Recurrence Sequences (Defini-
tion [1.4) so that we can solidify the framework to be used in Section

Definition A Positive Linear Recurrence Sequence is a sequence of integers {Hp}o2 4
with the following properties.

(1) There are non-negative integers L, cy, ..., cr such that
H, = ca¢Hy, 1+cH, o+ ---+crH, | (2.18)

where L, cy,cp, > 0.
(2) Hy = 1 and for 1 <n < L, we have:

H, = c1H,_1+cH, o+ - +cp_1Hy + 1. (219)

Here is a simple example demonstrating how to prove that a sequence is a PLRS, particularly
the 2-gap sequence.

Example 2.6. We can show directly that
{F(k;2,2)}72, = {1, 5, 21, 89, 377, ...} (2.20)
is a PLRS. Define
{Gk}iz, = {1, 5, 21, 89, 377, ...}, (2.21)

and we check each condition in Definition [1.4].

(1) The first condition is true, because we can take L = 2,c1 = 4, and ca = 1; then our
recurrence 1s G = 4Gr_1 + Gp_o.

(2) The second condition also holds; since 5 =4 -1+ 1, we conclude G1 = 1, and Gy =
4G4 + 1.

In the next section we generalize Example
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3. DECOMPOSITION RESULTS

In this section we restate and prove the main result of the paper, building on the intuition
developed in Section . We quote a primary result from [MWT] that yields the uniqueness of
decompositions for the sequences in Section

Theorem 3.1. (Generalized Zeckendorf’s Theorem for PLRS) Let {H;}72 be a Positive Lin-
ear Recurrence Sequence. Then

(1) there is a unique legal decomposition for each positive integer N > 0, and
(2) there is a bijection between the set Sj of integers in [Hj, Hj11) and the set D; of legal
decompositions Y _; bi - Hjy1-;.
We now generalize the result from Example to the n-gap Fibonacci sequences, using
Theorem . Notably, this generalization only extends to odd n due to the (—1)"*! factor
of the second term in each recurrence relation amongst the list . Thus the sequences we

study in the next theorem are of the form {F,,ym}7,, where n > 3 is a fixed positive odd
integer.

Theorem 3.2. (n-gap Fibonaccis as PLRS) If n > 3 is odd, then the n-gap Fibonacci sequence
{F(k;n,m)}2, is a PLRS.
Proof. We consider each condition of Definition [I.4] individually:

(1) The first condition holds via the recurrence relation (2.5). Since Fp1 = anFy(e—1)41+
—D)" " B (k—2)+1, We have the following relation for odd n:
1)1 F,(,_5)41, we have the following relation for odd

Fok+1 = an - Fpg-1)41 + Fag—2)+1- (3.1)
Since ay, is a power of a positive number rounded to the nearest integer, we may satisfy
the first condition of Definition with the following parameters:
L=2n, ci=ay, co=-=cop_1=0, cop = 1. (3.2)
(2) Since L = 2, we only need to check the condition for m = 3. For this condition
to hold, the following needs to be true for all such sequences of odd n:
Gs = a, -Gy + Gp+ 1. (3.3)
We can rewrite with Fibonacci numbers as follows:
Fopyr = ap-Fppn +F+1=
Fopv1 = ap - Foy1 + 2. (3.4)
The existence of this representation of G5 assures that the proof is complete.
O

Ultimately, this result links together two seemingly unrelated properties: the coefficients
of certain PLRS and the necessary conditions for uniqueness of decompositions. We see that
an acts both as the coefficient of the first term of the n-gap Fibonacci recurrence and as the
highest coefficient necessary for an integer decomposition using the terms generated by the
recurrence. The sign of the second term of the recurrence in turn determines whether the
integer decompositions are unique, and where a positive term corresponds to uniqueness. This
naturally extends to linear combinations of n-gap Fibonaccis, i.e. the recurrences of the form

Gr = Gip_1+ Gp_os, (3.5)
where G1,Gs € AR
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4. CONCLUSION AND FUTURE WORK

Our method of looking specifically at n-gap Fibonacci sequences has lead us to several gen-
eralizations of Zeckendorf’s theorem. We were able to connect these problems to the literature
on PLRS by concluding that odd gap Fibonacci sequences are PLRS, and by utilizing results
on the number of decompositions of natural numbers that exist using the elements of said
sequences. The natural open problem to investigate is to determine whether these results can
be extended to even integers n > 4.

Aside from the even integers case, there are also natural enumeration questions to consider.
We could study the number of decompositions that arise if we remove the restriction placed
by the recursive relationship, but still including the restriction on the number of copies of
each summand. Alternatively, we could remove the restriction on the number of copies and
investigate how to count the resulting decompositions.

Another possible direction is exploring different types of sequences beyond the Fibonnaci
numbers, such as Skiponaccis (Sy = Sk_1 + Sk_3), Tribonaccis (T = Tx—1+ Tx—2+ Tk_3), and
so on, and seeing if we can find potential positive linear recursive sequences by changing the
values of the coefficients. We could also explore trying to extend our work to cover sequences
of the form G, = aG,,—1 + BG,_2, where a and [ are arbitrary integers.

APPENDIX A. ALTERNATIVE PROOFS OF LEMMAS AND

One can use multisection techniques [GLL [Len2| for the generating functions to obtain alter-
native proofs of Lemmas [2.2 and The steps are as follows.

The following generating function expansions for Fibonacci Numbers and Lucas Numbers
are well-known.

f(wa 17 0) = ZZO:() kak = 1_wx_m2
U(,1,0) = Y52 Lyak = 122 (A1)

1—z—22°

Then by invoking the multisection technique on (A.1I]) we obtain

_ o0 k Fm+(F 4+ _Fan)x
f(xa n, m) - Zk:(] Fk”+mx - 1—L:x—i7-n(—1)”x2

LTIL Ln m_L'an
l(z,n,m) = leio le—i—mxk = 1t(Ln;+(fl)":z:2 )a: (A.2)

For the special case n = 1 and m = 0 [Len2|, we have that

F,x 2—Lyx
f(xz,n,0) = .
1—Lyx+ (—1)"a? 1— Lz + (—1)"a?
The key realization is that the generating extend to negative integer values for the parameters
m and n.

and {(z,n,0) = (A.3)
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