IRRATIONALITY FROM THE BOOK

STEVEN J. MILLER AND DAVID MONTAGUE

A right of passage to theoretical mathematics is often afpbthe irrationality of
V2, or at least this is where a lot of our engineering friendg pays, shaking their
heads that we spend our time on such pursuits. While theneuanerous applications
of irrational numbers (these occur all the time in dynamsgatems), the purpose of this
note is not to sing their praise, but to spread the word onlg temarkable geometric
proof and its generalizations.

Erdds used to say that G-d kept the most elegant proofs of eadiematical the-
orem in ‘The Book’, and while one does not have to believe id,G mathematician
should believe in The Book. We first review the standard poddhe irrationality of
/1. We then give the elegant geometric proof of the irratiagalf /2 by Stanley Ten-
nenbaum (discovered in the early 1950s [Te], and which fppeared in print in John
H. Conway’s article in Power [Co]), which is worthy of inciog in The Book. We then
generalize this proof t§/3 and+/5, and invite the reader to explore other numbers.

1. STANDARD PROOF THATv/2 IS IRRATIONAL

To say+/n is irrational means there are no integerandb such that,/n = a/b.
There are many proofs; see [Bo] for an extensive list. Ongqudarly nice one can be
interpreted as an origami construction (see proof 7 of [Bal the references there, and
pages 183-185 of [CG] for the origami interpretation). GailCw] has generalized
these origami arguments to yield the irrationality of othembers as well.

We give the most famous proof in the case- 2. Assume there are integerandb
with v/2 = a/b; note we may cancel any common factors:afndb and thus we may
assume they are relatively prime. Th#i = «* and hence|a?. We want to conclude
that 2|a. If we know unique factorizatioh the proof is immediate. If not, assume
a =2m + 1is odd. Them? = 4m? 4+ 4m + 1 is odd as well, and hence not divisible
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by two2 We therefore may write = 27 with 0 < r < a. Then2b? = a? = 42, which

when we divide by 2 gives® = 272. Arguing as before, we find thaty, so we may
write b = 2s. But now we have|a and2|b, which contradicts andb being relatively
prime. Thus,/2 is irrational.

2. TENNENBAUM’S PROOF

We now describe Tennenbaum’s wonderful geometric proohefitrationality of
V2. Suppose thata/b)> = 2 for some integers andb. Without loss of generality,
we might as well assume thatandb are the smallest such numbers. So far this looks
remarkably similar to the standard proof; here is where wa ddferent route. Again
we finda? = 2b%, but now we interpret this geometrically as the area of twasgs of
side lengthh equals the area of one square of side lengthhus, if we consider Figure
1, we see that the total area covered by the squares with exgghlb (counting the

a-b

a-b b

FIGURE 1. Geometric proof of the irrationality 6f2.

overlapping, pink region twice) is equal to the area of tmgdasquare with side length
a. Therefore the pink, doubly counted part, which is a squagde length2b — a,
has area equal to that of the two white, uncovered squarek (#aide lengthu — b)
combined. In other word$2b — a)? = 2(a — b)?> orv/2 = (2b — a)/(a — b). But this
is a smaller solutiof) contradiction!

3. THE SQUAREROOT OF3 IS IRRATIONAL

We generalize Tennenbaum’s geometric proof to shRéwis irrational. Suppose
not, sov/3 = a/b, and again we may assume thadndb are the smallest integers

2Some texts, such as [HW], state that the Greeks argued dlesg tines, which is why they stopped
their proofs at something like the irrationality ¢fL7, as they were looking at special cases and not using
unique factorization.

SWhile it is clear geometrically that this is a smaller sabati we can also see this algebraically by
observing tha2b — a < a. This follows fromb < a and writing2b — a asb — (a — b) < b < a. Similarly
one can show that — b < b (if not, a > 2b soa/b > 2 > V2).
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satisfying this. This time we hav& = 3b%, which we interpret as the arkaf one
equilateral triangle of side lengthequals the area of three equilateral triangles of side
lengthb. We represent this in Figure 2, , which consists of threelatgral triangles

\Zb—a

a

FIGURE 2. Geometric proof of the irrationality af'3

of side lengthb placed at the corners of an equilateral triangle of sidetteng Note
that the area of the three doubly covered, pink trianglesawhave side lengthb — a)
is therefore equal to that of the uncovered, equilaterahgie in the middle. This is
clearly a smaller solution, contradictian!

4. THE SQUAREROOT OF5) IS IRRATIONAL

For the irrationality ofy/5, we have to slightly modify our approach as the overlap-
ping regions are not so nicely shaped. As the proof is simil@ omit some of the
details. Similar to the case @f3 and triangles, there are proportionality constants re-
lating the area to the square of the side lengths of reguigons; however, as these
constants appear on both sides of the equations, we mayeitjmem.

Suppose:? = 5b% with, as alwaysg andb minimal. We place five regular pentagons
of side lengthb at the corners of a regular pentagon of side lengtsee Figure 3).
Note that this gives five small triangles on the edge of thgelapentagon which are
uncovered, one uncovered regular pentagon in the middleeoliarger pentagon, and
five kite-shaped doubly covered regions. As before, the jotdvered region must
have the same area as the uncovered region.

We now take the uncovered triangles from the edge and magch with the doubly
covered part at the “bottom” of the kite, and regard each asrenl once instead of
one covered twice and one uncovered (see Figure 4). Thisddaxe doubly covered

4Note that the area of an equilateral triangle is proporfitmthe square of its side specifically, the
areaiss® - /3/4.

SFor completeness, the length of the equilateral triangthémiddle is2a — 3b. To see this, note the
dark red triangles have sides of lengtleach pink triangle has sides of length— « and thus the middle
triangle has sides of length— 2(2b — a) = 2a — 3b. This leads t&(2b — a)? = (2a — 3b)?, which after
some algebra we see is a smaller solution.
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.a=2b
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FIGURE 3. Geometric proof of the irrationality of’5.
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FIGURE 4. Geometric proof of the irrationality af 5: the kites, trian-
gles and the small pentagons.

pentagons, and one larger pentagon uncovered. We shovhéhfate doubly covered
pentagons are all regular, with side length 2b. From this we get that the side lengths
of the middle pentagon are all equalte 2(a —2b) = 5b— 2a; later we’ll show that the
five angles of the middle pentagon are all equal, and thuitsa regular pentagon.
We now have a smaller solution, namély: — 2b)? = (5b — 2a)? (note thata — 2b < b,
asa = bv/5, and2 < /5 < 3), and thus we will have our contradiction.

To show the smaller pentagons are regular, we just need te st things: (1) all
the angles ar&r/5; (2) the lower left and lower right sides (which have equdkesi
length by symmetry, which we denote by in Figure 4 have length — 2b, which is
the length of the bottom side. If we can show these three sigeall equal, then since
all five angles are equal the remaining two sides must alse leagtha — 26 and thus
the pentagon is regulér.

5This is similar to the ASA, or angle-side-angle, principbe When two triangles are equal. There is
a unique pentagon once we specify all angles and three agtihaesides; as a regular pentagon satisfies
our conditions, it must be the only solution.
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FIGURE 5. Geometric proof of the irrationality 6f6.

For (1), the sum of the angles of a pentagimBr, and for a regular pentagon each
angle is37/5. The two base angles of the triangles are tbug5 (as they are supple-
mentary angles), and thus the two angles in the smaller gentaext to the triangle’s
base are alsdr /5. The two angles adjacent to these are just internal angkesagfular
pentagon, and thus alsar /5. As the sum of all the angles &r and we've already
accounted forl - 37/5, this forces the top angle to I3e-/5 as desired. The proof that
the angles in the middle pentagon are all equal proceedtaslyr(ior by symmetry).

We now turn to (2). The length of the left and right sides of dniginally uncov-
ered triangle at the bottom of Figure 4%; to see this, note the base angles
of the triangle arer — 3?” (as each angle of a regular pentagor3ig'5 and the tri-
angle’s base angles are supplementary), and by standgotharnetry ¢os(angle) =

adjacent /hypothenuse) we havex cos(m — 3?”) = a_22b. Usinga/b = /5, we see

r=>b— % =b(1— w;/gi;%)). Noting the formulacos(27/5) = +(—1+v/5), the
previous expression far simplifies tox = b(v/5 — 2) = a — 2b (as we are assuming

V5 = a/b), and the argument is done.

5. HOW FAR CAN WE GENERALIZE |IRRATIONALITY OF v/6

We conclude with a discussion of one generalization of ouhotethat allows us to
consider triangular numbers. Figure 5 shows the constmuédi the irrationality ofy/6.
Assume/6 = a/b soa® = 6b%. The large equilateral triangle has side lengtind the
six medium equilateral triangles have side lengtithe 7 smallest equilateral triangles
(6 double counted, one in the center triple counted) hawe Isidgtht = (3b — a)/2.
It's a little work, but not too bad, to show the triple countauk is the same size. For
the three omitted triangles, they are all equilateral (emglqual) and of side length=

To see this, connect each corner to the center. This formarigtes, each of which givesradians.
We must subtrackr for the sum of the angles around the center, which gBsesor the sum of the
pentagon’s angles.
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b—2(3b—a)/2 = a—2b. As the area of the smaller equilateral triangles is propoat
to t? and for the larger it is proportional t&#, we find 8> = 3s% or 16t> = 6s? so
(4t/s)* = 6. Note that although itself may not be an integetf = 2(3b — a) is an
integer. We claimit < a ands < b, so that this is a smaller solution. Cleady< b,
and as the ratio i§/6, the other claim now follows.

Can we continue this argument? We may interpret the arguhegatas adding three
more triangles to the argument for the irrationality\é8; thus the next step would be
adding four more triangles to this to prove the irrationyatif /10. Proceeding along
these lines lead us to study the square-roots of triangulabers We continue more
generally by producing images like Figure 5 witlequally spaced rows of side length
b triangles. This causes us to start with= @ b%, so we can attempt to show that

n(n + 1)/2 is irrational.

By similar reasoning to the above, we see that the smalletiphutovered equi-
lateral triangles all have the same side lengthnd that the uncovered triangles also
all have the same side length Furthert equals(nb — a)/(n — 1), and we have that
s =b—2t,50s =b—2(nb—a)/(n—1) = (2a— (n+1)b)/(n—1). To count the number
of side lengthy triangles, we note that there will he — 2)(n — 1)/2 triply covered
triangles (as there is a triangle-shaped configurationeshtivithn — 2 rows), and that
there will be3(n— 1) doubly covered triangles around the edge of the figure, foaad
total of2(n—2)(n—1)/24+3(n—1) = (n—1)(n+1) coverings of the smaller triangle.
Further, note that in general there will be— 1)n/2 smaller, uncovered triangles, so we
have that{n — 1)(n+ 1)t* = ((n — 1)n/2)s%. Writing out the formula fos, ¢ (to verify
that our final smaller solution is integral), we have—1)(n+1)((nb—a)/(n—1))* =
((n —1)n/2)((2a — (n + 1)b)/(n — 1))2. We now multiply both sides of the equation
by n — 1 to ensure integrality, givingn + 1)(nb — a)? = (n/2)(2a — (n + 1)b)%. We
multiply both sides by:/2 to achieve a smaller solutiontd = (n(n+ 1)/2)b?, giving
us(n(n+1)/2)(nb — a)* = (n(2a — (n + 1)b)/2)?. Note that this solution is integral,
asn odd implies thaa — (n+ 1)b is even. Finally, to show that this solution is smaller,
we just need thatb — a < b. This is equivalentte — \/n(n +1)/2 < 1.

We see that this inequality holds fer< 4, but not forn > 4. So, we have shown
that the method used above to prove tiftis irrational can also be used to show that
V10 (the square root of the fourth triangular number) is irnasilp but that this method
will not work for any further triangular numbers. It is gogoefhaps it is better to say,
‘it is not unexpected’) to have such a problem, as some tuEmgiumbers are perfect
squares. For example, when= 49 then we havel9 - 50/2 = 7% - 5%, and thus we
should not be able to prove that this has an irrational squzoe
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