THE n-LEVEL DENSITIES OF LOW-LYING ZEROS OF QUADRATIC
DIRICHLET L-FUNCTIONS
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ABSTRACT. Previous work by Rubinstein [Rub] and Gao [Gao] computed:thevel den-
sities for families of quadratic Dirichldt-functions for test function@l, ceey qASn supported
in >" , Ju;| < 2, and showed agreement with random matrix theory predistiorthis
range forn < 3 but only in a restricted range for larger We extend these results and
show agreement fat < 7, and reduce higher to a Fourier transform identity. The proof
involves adopting a new combinatorial perspective to caraleterms to a canonical form,
which facilitates the comparison of the two sides.
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1. INTRODUCTION

Assuming the Generalized Riemann Hypothesis (GRH), thetraal zeros ofL-functions
lie on the lineRs = 1/2. The distribution of these zeros govern the behavior of eetyaof
problems, ranging from the distribution of primes in ariéftin progressions to the size of
the class number to the geometric rank of the Mordell-Weiligrof elliptic curves, among
others [CI, Da, Go, GZ, RubSa]. In many instances we need @éavknore than just the
fact that the zeros lie on the line, but additionally how they distributed on the line.

One of the most successful approaches to modeling thesg isdtoough Random Ma-
trix Theory. Originally arising in statistical investigahs [Wis], the subject flourished in
the 1950s and 1960s with the work of Wigner [Wig1, Wig2, Wiy@g4, Wig5], Dyson
[Dy1, Dy2] and others, who applied it to describe the enesyels of heavy nuclei. In
the 1970s, Montgomery and Dyson [Mon] noticed that the 2llearrelation of zeros of
the Riemann zeta function matched those of the Gaussiamatyriinsemble (GUE); see
[Ha, FirMi] for more on the history. Since then Random Matffixeory has made precise
statements about the main term in the behavior of numeratistits involving zeros of
L-functions [Con, KeSn1, KeSn2, KeSn3].

While the limiting behavior ofn-level correlations of a singlé-function have been
shown to agree (for suitable test functions) with the scglimit of the GUE [Hej, Mon,
RS], the behavior near the central point is different fofedtént L-functions, and depends
on the arithmetic of the form (for example, the order of vamg of L-functions attached
to elliptic curves is conjecturally equal to the rank of thendell-Weil group). To study
these low-lying zeros, Katz and Sarnak [KaSal, KaSaz2] duited then-level density.
Assuming GRH, the non-trivial zeros of drfunction L(s, f) are1/2 + mj(ﬂ) with %(3)

real, where - - < 772 <47V < 4V <4 < .. if the sign of the functional equation

is even (if it is odd, there is an extra zer@?) = 0). Then-level density for a finite family
of L-functionsF is

1 : 1 ;
DU(F; |Z Z ¢1(OgR “”) ---%(O;Rv}“)), (1.1)

fth -----

where theg; are even Schwartz functions whose Fourier transforms hargact sup-
port andlog R is a normalization parameter (essentially the averageeofdparithms of
the analytic conductors) so that the scaled zeros near tlieatpoint have mean spacing
1. The Katz-Sarnak Density Conjecture states that as théuctors tend to infinity the
distribution of the scaled zeros near the central point eayes to the same limiting distri-
bution as the normalized eigenvalues near 1 of a subgroupeafinitary groug/(N) as

N — oo. The corresponding group is typically unitary, sympleaticorthogonal matrices
(or a trivial modification to take into account forced zeroghee central point). There is
strong evidence for this conjecture. First, in the funcfiefd case the correspondence is
clear as the subgroup is the monodromy group. Second, themoay many families of
L-functions where we can prove agreement for suitably sttitest functions, includ-
ing Dirichlet L-functions, elliptic curves, cuspidal newforms, Maassfsy number field
L-functions, symmetric powers @kL, automorphic representations and Rankin-Selberg
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convolutions of the above, to name a few [AILMZ, DM1, DM2, Mg FI, Gao, GU, HM,
HR, ILS, KaSal, KaSa2, Mil, MilPe, OS1, OS2, RR, Ro, Rub, Yal, Y

In this paper we study the low-lying zeros (i.e., those nearcentral point) of quadratic
Dirichlet L-functions via thex-level density. In his thesis Rubinstein [Rub] showed these
agree with the scaling limit of symplectic matrices whernegg'ie. e qASn are supported in
>, Juil < 1. Gao [Gao] extended this result in his thesis. It is impdrtarave as large
support as possible, as frequently extending the suppoetated to finer questions about
the arithmetic of the family. Interestingly, while Gao wddeato compute the number the-
ory side for test functions supportedji’_, |u;| < 2, he was only able to show agreement
with the Katz-Sarnak determinantal expansion for the sgetpd ensemble fon < 3.

This created an annoying situation in the literature, witeth number theory and ran-
dom matrix theory had been computed in the regimeé | |u;| < 2, but could only be
shown to agree in this full range far < 3. Gao’s proof involved using ad hoc Fourier
transform identities to match the manageable number ofggnmasent for such smalil.
Unfortunately, the number of summands grows very rapidiypwj and this approach be-
comes impractical for higher.

In this paper, we further extend the agreement between nutinéery and random ma-
trix theory. Our proof is in two steps. First, we resolve a bamatorial obstruction by
rewriting both densities using the same combinatorialgeztve: we express the terms of
the densities in terms of certain pairs of set partitionsis Htlows us to show agreement
between most of the terms arising in the densities, forrangecond, we reduce the Den-
sity Conjecture (in the rangg ", |u;| < 2) to showing that a term arising in the random
matrix theory is the Mobius transform (over the lattice dfgs&rtitions) of a corresponding
term from number theory. We cannot prove this identity foralbut we use Mobius in-
version and properties of Fourier transforms to give it aocécal form that is possible to
check with a computation. As an application, we verify itfoK 7:

Theorem 1.1.Leté,, . . ., ¢, be even Schwartz functions with thesupported il
< 2. Forn < 7, the Katz-Sarnak Density Conjecture holds for the lowgyneros of
quadratic DirichletL-functions{ L(s, xs4) }, Whered € N is odd and square-free.

In the above theorem, following Gao [Gao] we restricted #mify of quadratic char-
acters. This simplifies the analysis by excluding and facilitates applications of Poisson
summation in Gao’s thesis [Gao]. Note thay, is a real primitive character with even sign
(i.e., xsa(—1) = 1).

We briefly sketch the proof. Both sides are known¥of_, |u;| < 2 by [Rub, Gao]; the
difficulty is showing that the two expressions are equal. VWeged as follows.

(1) We regroup the terms in the random matrix theory in terfios of set partitions
F. G, such thatF’ refinesG and each block ofr is a union of at most two blocks
of F.

(2) We do the same to the number theory; this step is morevaddiecause the count-
ing is naturally ‘backwards’ there, so the main step is tacwthe order in which
the pairs of partitions are counted.
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(3) We separate the remaining non-matching terms from tteofehe sum, and show
that they are all instances of a single Mobius inversiontitien

(4) We (Mobius-)invert the identity and use properties ofiff@r transforms to convert
all the terms to integrals ovék’,. We reduce to showing that the integrands are
identically equal in the region; > 0, > | u; < 2.

(5) We reduce to a formal polynomial over the subset§lof .., n}, modulo two re-
lations that encode the support restriction: this giveslgorahm for showing the
Fourier identity, which we use to verify up to= 7.

Remark 1.2. This work is an extension of the first-named author’s 201icsdhesis at
Williams College [Lev]. There agreement was shown/oK 6 through a more compu-
tational approach. In the course of extending these reanttpreparing this manuscript,
we learned of the work of Entin, Roddity-Gershon and RudijielR-GR], who are able

to show agreement for all. Instead of taking a combinatorial approach, they procged b
going through a function field analogue and using the limiagde finite fields where the
hyperelliptic ensemble is shown to have USp statistics. drtigular, their results imply
that our identity holds for alh; it would be interesting to complete the ideas of this paper
and derive a purely combinatorial proof of this fact.

The paper is organized as follows. We assume the readeriissiawith [Rub, Gao], and
we will just quote the number theory and random matrix exjwarssfrom these works. In
82 we review some notation and derive some combinatorialtsashich allow us to recast
our problem as a related Fourier transform identity. Weflyridiscuss the obstruction
which restricts our theorem to < 7, and see why the two sides at first look so different. We
continue in the next section by recasting the random matrikreumber theory expansions
to a more amenable form, reducing the problem to the aforgéored Fourier transform
identity, which we analyze in 84. There we rewrite everytiima more tractable canonical
form, and discuss the verification far< 7, which completes the proof of Theorem 1.1.

2. COMBINATORIAL PRELIMINARIES

The purpose of this section is to set the notation for theeosnt combinatorial analy-
sis, and highlight the technical issues.

2.1. Set partitions. We recall some basic properties of set partitionspaktition F' of
a finite setS is a collection of subsets' = {F},..., F,} C P(S), such that the; are
nonempty and pairwise disjoint, atd= Ule F;. The F; are called thélocks of F' and
the numbelt = v(F') of blocks is thelength of . The set of all partitions of a sét is
denotedI(S); whenn € N, by abuse of notation we writé(n) for II({1,...,n}).

We partially-ordefd1(.S) by partition refinementt’ < G if each block ofF’ is contained
in some block ofG (equivalently, each block af is a union of blocks oft"). We write
O ={{1},....{n}}andN = {{1,...,n}} for the minimal and maximal partitions.

We associate to any partially ordered sethe incidence algebra

A={f:PxP—C|f(x,y) =0unlessr < y}, (2.1)
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with pointwise addition and multiplication defined by thengolution x:

(fxg)(zy) = Y. flz.2)9(zy), (2.2)
z€[z,y]
where
[z, y] = {z:2 22y} (2.3)
is the segment from to y. The multiplicative identity is denoted by where
1 ifx=y
o = 2.4
() {0 otherwise. (24)
We have the zeta function
1 ifx=<y
= - 2.5
¢(@y) {0 otherwise. (2:5)
We think of multiplication by( as ‘integration’ since
(Cxf Z f(z ). (2.6)
z€[z,y]
The convolution inverse af is the Mobius function:, which satisfies the identity
1 ifx=y
) = = = 2.7
(@,y) = (nxQ)(z,y) Ze%:y}u(x, z) {0 otherwise. (2.7)

We will use Mobius inversion on functions from to C. The incidence algebra acts on
functions (on the left) as follows. Fg‘re Aandg : P — C, we define

(fxg)(x) = Y flx.y)g (2.8)
yrx
and the Mobius inversion formula is given by
[ = (Cxg) < g = (ux[); (2.9)
or, more explicitly,
=) 9) & (Vo) gx) = > plx,y)f () (2.10)
yrx yrx

The Mobius function of1(n) is known (see for example [Rot]): # < G and thei-th
block of G is a union of; blocks of ', then

v(G)
wE Q) = (=)@ (b — 1) (2.11)
=1
The coefficients.(O, F) andu(F, V) will often show up in our sums and are given by
v(F)
WO, F) = (~1) O T[(F - 1), (2.12)

i=1

pE,N) = (1" (w(E) - 1) (2.13)
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We make extensive use of the following definition.

Definition 2.1. If F < G € II(n) are partitions, we say’ is a 2-refinementof G (or G is
2-coarserthan F) if every block of5 is a union of at most 2 blocks &f. If only one block
decomposes, we séycoversF.

Covers and 2-refinements arise in our sums, and we note ttfase cases the Mobius
function simplifies tqu(F, G) = (—1)"®~—+&) Also, if G coversF via the decomposition
F; U F; = G, it's easy to see that

| D(IE] — 1)
w0, G) (IGk| = !
More generally, for a 2-refinemedt < G, let I € [F, G| be the partition obtained by
only decomposing théth block of G into blocks fromF, sayG, = F;, U F},. Then

MOF) Q) e 7 (Ful = DI(IF, - 1)
w00 e a =Y e @

wherel runs over the blocké&:, that decompose if'.

Definition 2.2. If F'is a 2-refinement of7, we define the sets

S(F,G) = {l: G,decomposes if'},

F.,G) = {l:G,isablock off'},

F.G) = {l: F;joins with another block of” in G},

F.,G) = {l: F,remains a block irG}, (2.16)
soSuUS ={l,...,v(G)}andW U We={1,...,v(F)}.

~—

Remark 2.3. GivenG € II(n), a 2-refinement’ is uniquely specified by a choice of blocks
S C{l,...,v(G)}, and, for eachl € S, a choice of decompositio, = H, U Hf. (If
|G| = 1 for somel € S, there are no valid decompositions@f.)

Conversely, givett’, a partition G 2-coarser thar¥ is uniquely specified by a choice of
blocksW C {1,...,v(F)} with |IW| even, and a way of pairing up the elements$lof

2.2. The combinatorial obstruction. We can now clarify some of the obstacles we need
to address.

The first reason the random matrix theory and number theongities in [Gao] ap-
pear different is as follows. In the random matrix theory sign for each partitiont” =
{Fi,..., F,} we at one point consider all ways of decomposing each of thekbIF; into
exactly two proper nonempty subsets. That is, we considénaR-refinementg” of F.
On the number theory side, we instead consider all the wapaiohg up (some or all of)
the blocksF;. In other words, we consider all the partitioc@®f which F' is a 2-refinement.

Because the counting is ‘backwards’ here, the terms appagrdifferent from those
encountered on the other side. By reindexing these sumeagely, we are able to match
up the parts of the random matrix and number theory densdiated to 2-refinements. We
then reduce the remaining difference to a Fourier transfdemtity.
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We verify this remaining Fourier transform identity up teetbasen = 7 by breaking
down the remaining combinatorics. The difference betwagrapproach and Gao’s is as
follows. Gao verified the cases = 1, 2,3 by using various ad hoc Fourier Transform
identities, and explicitly computing formulas for (sum$ iotegrals over certain regions in
R™ (n < 3), such as (equation 5.11 from [Gao]) :

[e'e) up—1 up—ug2—1 3 .
/ RS filug)du; = / / / 11 /i(ui)dus,
>0 1 Jo 0 il

uy>1+ugtuz *
. [e%e) o) uz—u1—1 3 .
filwi)du; = / / / Hfi(ui)dui, (2.17)
0 1+u; JO i=1

[ e
us>1+ui+ug

and showed that these sums yielded zero over various suimsegf the support region

|ur| + Juz| + |us] < 2. In contrast, we will write

/ ., Fiu)dus = /R

ur>1+ustusz 20

/ o

up>14ugtus *

’:]w

Il
,_.

‘:w

1

3
X(ur — uz — ug H (us)dus,

—

1

3
fz(uz)duz = / X(—ur + ug — u3) H (u;)dus, (2.18)
RY, i1

—.

1

wherey is the indicator function of the intervél, oo), and show equality by analyzing the
combinatorics of various sums of products of indicator fiorts.

3. RECASTING THE EXPANSIONS

In this section we rewrite both sides to facilitate the corgma, and reduce the problem
to a Fourier transform identity. To state the random matreory expansion we need the
following definition.

Definition 3.1 (x*). For an integerk > 1, the sum of indicator functiong; on R* is
defined by

k
X, w) = ) (HX(UW(U+"'+uﬂ(i)_u7r(i+1)_"'_Uw(k))>a (3.1)

TESE i=1
w(1)=1

where Sy is the symmetric group ofll, ..., k}, we sum over thék — 1)! permutations
fixing 1, andy is the indicator function oF—l 1].

We occasionally refer tg;,, whereG is a set (generally a block of a partitiche I1(n));
the definition is the same as above (with= |G|) andG is understood the set of indices
for the variables:;.
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3.1. Recasting the random matrix side. The n-level eigenvalue density for USp (see
equation (4.12) in [Gao]) is

v(G)
/ Hfz W @de = 3 (2O [[(R+ @+ R), (3.2)
" GETl(n) I=1
where
P = <|Gl —1 ( /Gl du+/Gl dl’) (33)
@ = = 3 (=0 = 1) [ Jul) T (3.4)
(1)
Rio= 5 [ (060 =0t o)) T A @5)
| = B e 1 . XGL ull,...,u”G” 12 i\Uq ) AUy, .

with G = {Gy, ..., GV(Q_)} ar!dGl(x) = [licq, fi(x). Also, t_h_e _sumZ[Hﬂcl ranges over
the ways nid\ecomposm@l into two proper, nonempty disjoint subsei#sand H¢, and
H(u) = [Licy fi(w) and similarly for H¢. Except for Lemma 3.4, we do not need the
expansion ofyg, until 84.

In this section we alter this expression in two ways. Firs,re@arrange the formula so
that the@), terms (involving decompositions of the blocks@¥ are put in a form described
by 2-refinements ofs. When we work with the number theory side, we perform a simila
rearrangement that makes it easy to see the correspondetween these terms. The
second improvement is to reduce the numbeRaferms we must analyze by showing that
many (in fact most) of these terms vanish due to supporticéstrs.

3.1.1. Reindexing the RMT sidé\e first recast the above formula in terms of 2-refinements
of G.

Lemma 3.1. Equation(3.2)is equivalent to

2ref
/ [L@Wi, @i = 3 3 2 @u0.npE.c) [[(4+C). @8
R

" =1 Gell(n) F=G lese

whereZif;fG runs over all the 2-refinements 6f(including G itself) and

pre = I [ Wi (3.7)
leS(E,G)
A = —%/RGl(u)du+/Gl(x)dx, (3.8)

1 X*Gl (u217 .- UZ‘G |
= — 1 _ 1 d .
C 2 /RGI ( (|Gy| — 1)! H fl u;)du;, (3.9)
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and H, U Hf = @ is the decomposition @, in F, with Hl H fi(u) and similarly
i€H;
for Hf(u) (note empty products are 1).

Proof. We view the sund_,, ;. in (3.2) as a surrz‘gvigl over all strictly finer partitions

F < @ that are covered by via a decomposition ofs; into # U H¢. Note that ifG,
is a singleton set, then we take the empty sum to be 0. Also,uNehe (|G| — 1)! and
(—1)"¥(@ factors to the front, to makea O, F) coefficient. From (2.14) we have

_ (A =D\(HET =D (O, E)

= : (3.10)
(1] = 1)! 10, G)
The new RMT formula is then
v(G)
/ Hfz YW, (@)d Z 2@(0,6) [[(A+ K +C), (3.11)
" Gell(n =1
whereA,; andC; are as in equations (3.8) and (3.9), and
cvr Gl
K, = (3.12)
F-<G
whereH (u H f;(w), and similarly forH<(u).

fieH
Now, we begin expanding the produdi(4; + K; + ;) to work directly with thek;
term. The goal is to re-express these terms as sums ovengsednts ofy. We have

/RHﬂ Usp de = Z Qn—u(G)M(Q,Q)( Z HKZH(Al+Cl)).

" =1 GeIl(n) SC{l,..v(G)} leS  lese
(3.13)

We first have the following lemma, which converts thgterm from a sum over parti-
tions covered by~ into a sum over 2-refinements 6f

Lemma 3.2.LetG € II(n) and letS C {1,...,v(G)} be afixed subset (i.e., a fixed choice
of blocks of7). Then

2ref,S

wO,&) [[ K = > wO,E)D(E,G), (3.14)
les G

WhereZ?iféS runs over all the 2-refinements of G such thatS(F, G) = S is the set of

blocks ofG that decompose ifi. The termD(F, G) is as in(3.7)and K] is as in(3.12)

Remark 3.3. In order to have any 2-refinemenisof G in the right-hand side 0{3.14)
above, each of the blocKs, (I € S) must not be a singleton set. Nq&14)holds either
way. If G, is a singleton set for somec S, the K; factor on the left-hand side and the
entire right-hand side are both empty sums, hence zero.
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Proof of Lemma 3.2Expanding the left-hand side, we have

cvr,Gp

OGHKl—uOGHZM /||H VHe(u (3.15)
les les F-<G
When we expand this sum, we obtain a sum of terms, each of the fo
l
10, Q) - H“O £) /| | Hy (u) H (w)du, (3.16)
leS _

whereF is the partition covered b by decomposing the blogk, = H,U H{ and leaving
the other blocks ofz unchanged.

Let /' < G be the partition obtained by decomposing all thethis way. Then each
summand corresponds to a unigue ségta 2-refinement of; with S(F,G) = S. By the
identity (2.15), theu coefficient becomes

wo.6) [ASE - oo B85 —wor. )

les =
so the term simplifies to

1(O, F) H/ |u|H, (u)H (w)du = p(O, F)D(F,Q), (3.18)
les
as desired.
Conversely, every 2-refinemeht < G with S(F,G) = S arises (once) this way, so the
two sides of (3.14) match. O

We now return to the proof of Lemma 3.1. Next, when we sum (3dr all S C
{1,...,v(G)}, we get a sum over all the 2-refinemetitof G (including G itself, from
S = @). We have

n 2ref

/ N H@wig@de = 5 2@ w0, F)DE,G) [[ (4 +C). (3.19)

i=1 Gell(n) F=G leSe

wherer;fG runs over all the 2-refinements @f(includingG itself), completing the proof

of Lemma 3.1. O

3.1.2. Expanding the”; terms. We expand and simplify thg[,(4; + C;) term. The fol-
lowing lemma drastically reduces the number of terms we haamalyze.

Lemma 3.4. LetG,; andG), be disjoint subsets dfl,...,n}. Then

_ o XGL B Xck
Ci-Ci = /]RGZ (1 (1G] — 1)! ) I RECOEE /Gk (1 (1G] — 1)! ) [1 #tedu

i€ 1€Gy
~ 0, (3.20)

wherexg, (u) is shorthand forg, (u,, - . . ’“iwcw)’ as defined in equatiof3.1).
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Proof. SinceG; andG,, are disjoint, we must have either
Z supp(fi) <1 or Z supp(f;) < 1, (3.21)
i€G JEGK

since the total support is less than 2. Without loss of gditgrassume’,’s total support
is less than 1. Then

|§i1ui1+ +52ku2k| < Z|uz| <1 (322)
Gi

ZJEGI
in the region of support, sQ(>_, c;u;) = 1 foranye; = +1. Sincexg, is a sum of
(|G| — 1)! products ofy’s, the G, integrand is identically O. O

To emphasize the significance of this lemma, we note thagaalsdf having to expand a
product of the forn{ ), (4; + C;) into 2* terms

k
[TAa+cy = > JJAa]]c (3.23)
=1

UC{l,...n} lEU  1¢U

we only end up withk + 1 nonvanishing terms:

k
[JA+c) H A+ Z on | 2 (3.24)
=1

=1 141
Combining Lemmas 3.4 and 3.1 yields the following.

Lemma 3.5. With notation as in Lemma 3.(3.2)is equivalent to

[ TTsemis, e -
) 2er2” ne )D(E>Q><HA1+ZCZ‘HAN). (3.25)

Gell(n) F=G lese lese U'#l

The expression (3.25) is the one we use when we start mattning with the number
theory (NT) side.

3.2. Recasting the NT formula. We now recast the NT density as a sum over 2-refinements
of partitions, bringing it closer to the RMT formula estaibled in Lemma.1. This allows
us to fully match one set of terms appearing on both sides. Rafke &lter each formula
slightly to reduce the problem to a Fourier transform idgntelating the termg’; on the
RMT side (equation (3.9)) to the integrals oW, on the number theory side (equation
(3.32)).

Gao’s expression for the-level density of zeros of quadratic Dirichlet L-functigns

which we abbreviate awcg"), is (adapted from equation (2.16) in [Gao]):
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n v(F)
(n) _ n—v(F
/ani(l")WQ (z)dx )}gﬂwﬁ > Z 2 O.F) ] (A+By),

i=1 deD(X) Fell(n =1

(3.26)
where
1 [ -
A = /Fl(x)dx—Q/Fl(u)du, (3.27)
R
2 logp (8d log p

B = — F 3.28
: logXZp: VP (p) (10gX (3.28)

Hered is the conductorf” = {F}, ..., F,p)} and Fi(x) = [[,cp fi(z), >_, is over the
primes and®?) is the Legendre symbol.

Note that the4, terms are independent@fand.X . Hence, if we expand the products, the
A; terms can be pulled palitn x _, ZdeD(X), making their contributions easy to analyze:

)}i&ﬁ > (HAl)<1;[Bl,) — (HAl)(gnwﬁde; HB,). (3.29)
The main difficulty comes from the expressions

i S e o0

deD(X)leWw

wherelV C {1,...,v(F)}, since the Legendre symb@pil) in the series (3.28) introduces
a dependence ahand X.
For these, Gao develops the following formula (see equ&8drB) in [Gao]):

Lemma 3.6. Let F' = {F},..., F,(r)} be as above, and Ié¥’ C {1,...,v(F)}. Then

Jim RdeDZ(X lngl = (3.31)
<1+( ) olW| Z fo/ wi By, () Fy, (u;)du; + (—2)W1=1 Z (Z Vi‘[
i WacWw \(CiD) im1
|W2[ even
/0 i () B (ui)dui) . < /R » <1§;(_1)1X(; v Zl:u)> lvgﬁ(ui)dui),

whereWs = W\ W», and the notation$ _ , ;) and}_ .., run over the ways of pairing
up the elements o and W, respectively. Alsoy is the indicator function of the interval
(1, 00). Empty products are 1.
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We now obtain the general formula for thelevel density by combining expressions
(3.26) and (3.31) and using the expansion

v(£)
[[Aa+B) = > HAZHBI (3.32)
i=1 WC{L,.v(F)} We

3.2.1. Reindexing the NT sidaNVe put the NT formula in a form closer to the RMT for-
mula, as a sum indexed by 2-refinements of partitions. Wéksitathe following.

Lemma 3.7. Gao’s expressiof3.26)for the NT density is equivalent to

[ st =
"i=1
2ref
S S 290, F)D (HAI—— S EGT) [] Al), (3.33)
Gell(n) F=G lesSe TCSe lese-T

WherezfmrfG runs over the 2-refinemenisof G, the setsS(F, G) andS¢ = S¢(F, G) are
as in Definition 2.2, and

D6 = I [ Wl (3.3
1€5(E,G)
A = 7/RG1(U)CZU+/RG1($)CZ$, (3.35)
E@G,T) = 2" / . (Z(—l)'”i(Zui—Zuo) [[Gu)du,  (3.36)
R>o Nicr I Ic leT

where forl € S(F,G), G, = H, U Hf is the decomposition of the block into blocks
of F, andy is the indicator function of1, co). Empty products are 1 and empty sums, in
particular £(G, @), are 0.

In order to prove Lemma 3.7, we first alter formula (3.31) feg f[ B, terms.

Lemma 3.8.Let F' € II(n) andW C {1,...,v(F)}. The following formula is equivalent
to Gao's Lemma 3.31:

e S e = (G (S reeng)

deD(X) leW GrF
1 2cor,Wa
-5 D ( > 2”<F>—”<G>D<E,Q>)E<E,W;>, (3.37)
WeCW GrF
|W2| even

where> %" and Y52 run over the partitiongs 2-coarser than with W(E, G) =

W and W5, respectively, and the other notation is as in Lemma 3.7.
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Proof. If || is even, we claim

Wiz 2cor,W
2!Vl Z H / u Fy, (u) By, (u)du = Z DG D(F, G), (3.38)
(A;B) =1 0 G-F

where the left-hand side is as in Gao’s formula, (3.31). (S&me identity holds withl
replaced byil,.) To see this, first note that by Rematk, each way of pairing up the
elements of an even subsét C {1, ..., v(F)} corresponds to a unique partitichthat is
2-coarser thai’, with W (FE, G) = W. This correspondence is one of the key ingredients,
as it allows us to begin expressing the sum in terms of 2-eog@rtitions. Later we will
switch orders of summation, converting sums over 2-cogragitions into sums over 2-
refinements, which is what we have on the RMT side.

Thus
W12 2cor,W [W[/2 .o
S| / u BBy (wydu = 2% S T / w By (u)F), (u)du. (3.39)
(4;B) i=1 /0 G-F i=1 V0

For the integrands, observe that pairifigwith F;, to form a blockG, of G is equivalent
to decomposing-; into two subsetsy, = H, U Hf with H, = F;, andH} = Fj,. Since
eachf;, is an even function, we can repla¢€” with 3 [, andu F}, (u)F},(u) becomes
|u|F, (u) F,(u), as in the definition of the ter® (F, G):

2cor,W |W|/2 2cor, W

| /muﬁai(u)ﬁbi(u)du = 2" N o WI2D(F, G). (3.40)
0

Gr-F i=1 G-F

Finally, for the2!"!/2 coefficient, observe that(F) — v(G) = |W|/2, since each pairing
reduces the total number of blocks by 1. We apply identitg&Bto both theZ(A;B) and
Z(C;D) terms in Gao’s expression (3.31) to obtain the desired f&&V. O

We return to the proof of Lemma 3.7. Applying Lemma 3.8 to GaeXpression (3.26) for
the NT density gives

n

/R H fi(x)ch")(x)dx

n
=1

2

= > rtwon 50 ([1a)(m 7y X T15)

Fell(n) WC{l,..v(E)} 1¢gW deD(X) leW
= 51+ 9, (3.41)
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where

S = S @) Y <HA1)(2(§:W2V(F 1O p (E,Q)),

Fell(n) WC{l,.v(E)} 1¢W G-F
\W|even
(3.42)
Sy = —= Z Oy, F) Y (HAQ
FEH(n WC{l,..n(E)} 1¢W
2cor,Wa
> ( > 2”(F"”(G’D(E,Q))E(E, ws). (3.43)
W CW GrF
|W2| even

We work with S; and S, separately, sincé, includes an extra summation. F6y, we
have

2cor,W

S, = Z on—v(E (O F) Z <HA1)< Z V(B)-v(G) ) FG))
FeTl(n) WC{l,..v(E)} 1¢W G-F
|W | even
2cor,W
= > > Y 9o, F)DEG) [] A (3.44)
Fell(n) WC{L,...v(F)} G-F 1gw
|W| even
2cor,W
Now the double sum ) is equivalent to summing over all the partitions
WC{l,...m(F)} GrF
|W| even

G that are 2-coarser thah, i.e., ZZQCQYE since every sucly’ arises exactly once this way
(includingG = F, from the casél = o). Note that the sefl ¢ W} is just the list of
blocks that are common to bofh andG, so it is the same aS°(F, G). By switching the

order of summation of’ andG, we obtain

2cor

O S I A

Fell(n) G=F lESC(F G)
2ref

- Y S o npEe [ A (3.45)

Gell(n) F=G lESC(F G)



16 JAKE LEVINSON AND STEVEN J. MILLER

The termS; is more delicate, since it includes an extra summation:

52:——22"” roY (I14)

Fell(n WC{l(E)}  I¢W
2cor,Wo
> (Z rE) =G FG)) (E,W¢)
WoCW G-F
|W2| even
2cor,Wa
= — Z SN N 290, F)DE, GV E(E W\ W) [] A
FeH YWC{L,...v(E)} WoCW G>F lgw
|W2| even

(3.46)

We switch the choice of subséis W, C {1,...,v(F)}. In particular, the choices of
W andW, effectively partition{1, ..., v(F)} into three disjoint subsets:

Wy (with |1V,| even):  lists the blocks af’ merged to form blocks off in the D(E, G) term
W — Wiy lists the blocks to go in th&' term,
{1,...,v(F)} — W: lists the blocks to go in thg[ A, term.

We switch this so thal; is chosen first, which allows us to pull tH€>2"* to the

front. In other words, we choos&, followed by a disjoint sef” C {1,...,v(F)} — Wy,
which lists the blocks to go in the term. With this change, the(£, W \ W,) is replaced

by E(E, T), and] [y, A becomeqd [y, A1 Now we can pull thezggiw2 outward:

2cor,Wa
S2=—— Yoo > > 29uO R)DIEGEET) | A
FeH (n) Wal{l,...v(F)} TCW§ G>F 1¢TUW,
|LV§|even
2cor,Wo
= - Ly Z > > 290, F)DE,GEET) [[ A
FeH (n) Wal{l,...v(F)} G-F TCW§ 1¢TUW,
|LV§|even
(3.47)
2cor,Wa

Now the summatio} -, even?_g is the same as what we encountered in our analysis
of S;, a sum oveall partitionsG that are 2-coarser thaf (includingG = F, from the
caselV, = ©). The setiVy is the same as“(F’, G), the list of blocks common to both
partitions, SO we rewrit® ;.. 8S) 1 ge(p ¢y @NA[ [igruw, With [,cs._1- We obtain

2cor

= Y Yo npEG Y BED ] A4 @49)

Fen(n )G-F TCS<(F,G) leSe—T
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Now we switch the) .. and)  ,, convertingS, into a sum over 2-refinements:

2ref

= = Z d @O, F)D(E,G) > EET) [[ A (3.49)

GeH ) F=G TCSe(F,G) leSe—T

Finally, we rewriteE(F,T) = E(G,T). This is just a relabeling, sincé C S¢, the
set of blocksF; € F that are unchanged ifi, and the integral oveR!; in the definition

of £ (equation (3.36)) only involves the functioﬁ%s(ul) wherel € T. Nonetheless, it is
important as it expresses tleterm in terms of the outermost summatipiy..

Putting together our expressions (3.45) fyrand (3.49) forS, yields an NT formula
expressed in terms of 2-refinements:

[ T -

" =1

S S 290, F)D [[4-.3 een I1 Al). (3.50)

2ref <
Gell(n) F=G lese TCSe lesSe-T
This completes the proof of Lemma 3.7. O

Remark 3.9. The key step in the proof of Lemma 3.7 was to switch the ordstgamation

of F andG in the NT density, replacing a sum over 2-coarser partitibgs sum over 2-
refinements. On the RMT side, 2-refinements already appeatedally as products of the
terms@),; (equation(3.4)), and thus no switch was necessary.

3.3. Reducing to the Fourier identity. Lemmas 3.5 and 3.7 establish the following forms
for the RMT and NT density expressioﬁ@ég)p andWé”):

n

RMT - / T1 £:WE ()de =
Al

> > 290, F)D Ha+> a- HAl/) (3.51)

2ref <
Gell(n) F=G lese lese I'#l

NT: /n Hfl(x)WgL) (v)dx =
> 2i2" "Ou(0, F)D (HAz——ZE(Q,T) 11 Al), (3.52)

Gell(n) FXG lese TCSe leSe-T
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Wherezzﬁr;fg runs over the 2-refinementsof GG, and

pre = I [ Wi (3.53)
leS(E,G)
A = 21 [ Giuyau+ /R Gi(x)da, (3.54)
1 Xa(una-- Uiy
C, = §/RGI (1— A )g fiw;)du;, (3.55)
E(G,T) = 2 / . (Z(—l)%(Zui—Zun) [[Ciw)du,  (356)
R>o NrcT I Ic leT

where forl € S(F,G), G, = H, U Hf is the decomposition of the bloak; into blocks
of F, andy is the indicator function of1, co). Empty products are 1 and empty sums, in
particularE (G, @), are 0.

We have some cancelation right away: namely, the tdims. A; withoutC; or E(G, T')
factors match, since the new expressions count all2hg, G) factors the same way on
both sides. Compare this with the original density expmess(3.2) and (3.26), which only
make it easy to see equality between the terms witld afactors (without any of the’;,
E(G,T) or D(F,G) factors). Those terms show up in the new expressions asivie tr
2-refinements wheré' = G.

Unfortunately, with the expressions above, the sdmsotmatch term-by-term: th&
terms combine across many different 2-refinement géirg"). The goal of this section is
to reduce the Density Conjecture to an identity relating i€, T') to the C; terms. We
use Mobius inversion to express the identity in a fairly dempay. We then verify the
identity forn < 7 by breaking down the remaining combinatorics.

3.3.1. Isolating theC; and E terms. By canceling the matching terms in the two densities,
we are reduced to showing equality between

2ref

RMT = Y > 2""9u0,F)D(E,G)Y C-[]Ar. (3.57)

Gell(n) F=G lese VAl
2ref
NT = 0 S S @0 ppEE) Y EET) [ A (359
GGH(n ) PG TCSe leSe-T

with notation as in (3.53)-(3.56). Note that these expmasarenot the same as the-level
density expressions, (3.51) and (3.52): all the matchingdehave been removed.

In this section, we rewrite th€ and £ terms to depend only ofi, notG. This allows
us to pull them outside the summatidr, > .. We show the following.



n-LEVEL DENSITIES OF DIRICHLETL-FUNCTIONS 19

Lemma 3.10. Equationg3.57)and (3.58)are equivalent to

RMT :% > <2|”C(Qu))~Rest(Z/lC), (3.59)
UC{1,...,n}
1
V= S (2 wonDED) Resr), (360)
Uc{l,...n} Tel)
where
2ref
Rest@) = Y Y 2"1Du(0,., F)D(E,G) [ A (3.61)
Gell(Ue) FRG lese
1 v(T)
c(r) = 5/ @ <u(1,ﬁ)+(—1)”(I)X§(T)(u1, )H (w)duy,
R¥(T =1
(3.62)
v(T)
E(T) = /Um< S EDMTRO Z )H (w)du;,  (3.63)
o N IC{L, (D)) 1 =1

and O,, is the minimal element dii(/) (all smgleton blocks), and the rest of the nota-
tion is as above. Note that(7,N) = (—1)*D~Y(x(T) — 1)! and sou(O,, N,,) =
(~1)H= (] - DL

Proof. We first work with the NT side. First of all, from the definitiam (3.56), £(G, T')
is an integral involving only the functions

= [ fitw (3.64)

i€Gy

from the blocksG,, | € T. We obtain theE term by choosing a partitioy € II(n),
followed by a 2-refinement’, followed by a choice of block$' C S°(F, G).

To isolate the’ term, we switch orders. We first choose a subset {1,...n} of test
functions and a partitioff’ € I1(&/), and then choose a partition of the remaining elements,
G’ € II(U°), and a 2-refinement’ of G'. We useF(T), as defined in (3.63). Note that
E(G,T)=(-1)-2DE(T). (Compare (3.63) and (3.56).)

So, for each term we have

EGT)DIEG [ A =-2PE@DE.G)]] A (3.65)

leSe(F.G)~T lese
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For the2" (@ (O, F) coefficient, we have to pull out a factor 8¢/=*D(0,,, T)
(whereQ,, is the minimal element afl (/)):
v(F)
2" (0, F) = 2" D) E (1R - 1)!
=1

_ (2“"”mu(Qu,I)) <2u (&40, C,F')) (3.66)

Note that the2=*@) will cancel with the2"™D coefficient onE(T) in (3.65).
This gives the desired expression for the number theory side

3 (5 o) ¥ $eonal

UC{l1,...n} ~TeIl(U) Gell(Ue) FXG lese
(3.67)
as desired.

We proceed similarly for the random matrix theory side. tFafsall, the C; term ap-
pearing in (3.55) always has the test functions arranggd,as, ﬁ-(ui)dui, for some block
G, of G, with each test function Fourier-transformed separat€hus with notation as in
(3.62), theC) term always takes the form

o - U coy L ooy (3.68)
LU= w0y, N) T |
whereld = G, C {1,...,n} andQO,, is the minimal element ofI(l{), with each test

function in its own (singleton) block. (It is nonethelessessary to defin€’(7) for any
partition7 € II(i/), in order to use Mobius inversion later.)

The argument is now similar to (in fact more straightforwtrdn) the NT side. Thé),
term in (3.58) arises choosing a partitiohe I1(n), a 2-refinement” of GG, and a single
block G, € S¢(F, G) to putin theC; term.

We switch orders. We first choose a suliget {1,...,n} (from which to get aC(O,,)
term), then choose a partitia’ € TI(/°) and a 2-refinement” of G’. As with the
RMT side, theD(F, G) and 4, terms are unaffected, but we have to break up the Mobius
coefficientu (O, F'). As the(|F;| — 1)! factor cancels thﬁw—1 factor on theC'(Q,,) term,
the coefficient becomes

v(F) \U-1
P OUO,F)- €1 = 2O (-1 T (A~ 1t 00
= (2“'—10@4)) (2'“C'-”<Q’>u<@4c,z>). (3.69)

So for a single term, we have

2" D0, F)D(E,G) C; [[ Ar = 247'C(0y) <2uc‘”(E’u(QuC,E)D(E,Q’) HAZ).
U'#l
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Thus the RMT side becomes
2ref

1
_ 4] e|-v(G
RMT = 3 YoM, Y > 2 F)DEG [ A 371
Uc{1,...,n} Gell(Ue) F=G leSe
which is the desired expression. U

3.3.2. The Fourier identity.Lemma 3.10 reduces the density conjecture to showing that
the two expressions (3.59) and (3.60) are equal. Thesessipns separate the and £
terms from the others, so the question is: how do they matéhWp believe the follow-

ing conjecture, which essentially says that they match-gyrerm in the form given by
Lemma 3.10.

Conjecture 3.11(Fourier Identity 1) With notation as in Lemma 3.10, arddenoting
(incidence algebra) convolutiod; is the Mobius transform af’:

C = pux E, orequivalently( «xC' = F, (3.72)
as functions ol ().

In particular, the identity we need, which we apply once factesubsel C {1,...,n},
is simply

Conjecture 3.12(Fourier Identity 2) With notation as in Lemma 3.10,

COy) = Y Oy, DE). (3.73)
TellU)

Equivalently, by Mobius inversion,

Y orT 0,). (3.74)

Tell(U)

It is clear that Conjecture 3.11 implies Conjecture 3.12 @odjecture 3.12 implies the
Density Conjecture. In fact, Conjecture 3.12 is equivaleri@onjecture 3.11 (and, as such,
it must be true by the results of [ER-GR], though there shdaalch purely combinatorial
proof of this fact). The equivalence stems from the fact thdt € I1(n) hask blocks
Fy, ..., Fy, thenC(F) andE(F) are the same as the integrélé0), E(O) for O € I1(k),
using theF;(z) as a new set of test functions. Thus, if the identity (3.74)i&dor & < n
(for all choices of test function), so does the identity 83.7

For our purposes, identity (3.74) is preferable since, imi@st to (3.73), all the sum-
mands are easy to convert to integrals over the same reBigy), (which we do in 84. We
summarize our results so far. -

Theorem 3.13(Reduction to Fourier Identity)Let f1, ..., f,, be even test functions with

fl, cee fn supported iny_""_, |u;| < 2. The Fourier |dent|t)(3 74) withitd = {1,...,n},
implies the Density Conjecture for quadratic Dirichletfunctions,

/RHfz (1) W4, (x)d /R Hfz YW (x)dz. (3.75)

" =1 " i=1
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In the next section, we study the Fourier identity furthed pat it in a ‘canonical’ form,
which we use to verify the cases< 7. We prove

Theorem 3.14(Density Conjecturey < 7). With notation and assumptions as in Theorem
3.13, the Fourier Identity3.74)holds forn < 7 (forall i/ C {1,...,n}).

The above immediately implies our main result, Theorem InJparticular, forn < 7
then-level density of zeros of quadratic DirichlBtfunctions{ L(s, xsq)} (with d € N odd
and square-free) is the same as thievel eigenvalue density of the Unitary Symplectic
Ensemble (for test functions where the sum of the suppodsnsost 2).

The remainder of the paper is devoted to the proof of the Eolnlentity and Theorem
3.14.

4. THE FOURIER IDENTITY

In this section we consider the Fourier Identity (3.74) fdixad n:

Z C(F) = E(0), (4.1)
Fell(n
where forF € I1(n),
1 v(E)
Rv(E

E(0) = /R ) ( S (—ptHig Zu —Zui)ﬁﬁ(ui)dui; (4.3)

20 N1C{l,.n)

see Definition 3.1 for the definition qf*

We first reduce the Fourier Identlty to a canonical form. Owtmod is to convert all
the summand€¢’(£) to integrals ovefRZ, and reduce to a sum of products of indicator
functions of the form -

X(glul +-+ Enun)a 5( = I[(1,<>0)7 (44)

with eache; = +1. We examine, for each term, the §ét ¢, = 41}, and use combinato-

rial arguments and the assumpt@lsupp(ﬁ-) < 2 to simplify some terms and show that
others are identically zero. We start by reducing to a carahorm:

Proposition 4.1 (Fourier identity, canonical form)With notation as above,

> orF / Colur, ... un) [ [ Filus)dus, (4.5)
Fell(n) o i=1
where
k
Colur, - yun) = > > ()" *[[(Raas + Xacas), (4.6)
i=1

JC{2,....,n} chalnS.A}
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where A ranges over the chaind; C --- C Ay, such thatd; = {1}, and for a subset
W C{l,...,n}, we write

we= X w—> w), X = i), (4.7)

and A denotes symmetric difference.

Hence, comparing (4.3) and (4.5), the identity of functions
Colur,...,uy) = Y (=D (4.8)

IC{1,...,n}

on the simpleX«; > 0; > u; < 2} C R™ implies the Fourier identity (3.74).

While we are unable to prove (4.8) for all we give a method for checking it for specific
values ofn. Our method is partly ad hoc, but suffices fox 7 (for largern, the computa-
tions are the same, but become intractable). We note that$ot, 2, 3, the identities (4.1)
appear in [Gao] as, respectively, the last (unnumberedteans on pages 57 and 58, and
equation (5.7).

4.1. The canonical form. We first reduce (4.1) to a sum of indicator functions by cotiver
ing all integrals to the regioR%,

Lemma 4.2. With notation as above, the Fourier Ident{®.1) for n > 1 follows from the
equality of indicator functions

Y. C'(F) = E0) (4.9)

on the region{0 < u; < supp(f;), i=1,...,n)} C R, where

! 1 v *
C'(F) = B) (M(E,ﬂ) +(=1) (E)XV(E)(Z Eillg, - - -, Z 5#%’))7 (4.10)
ei==1, i€ i€y
EO) = > DR wi—> w). (4.11)
IC{1,...,n} I Ic

(Note thatE’(O) is just the sum of indicator functions in the integrandtgD).)

Proof. Our test functionsf, . . ., f,, are all even, so we have two identities. First, for any
partition £ € II(n) havingk blocks,

Akg(ul,...,uk)nﬁ(ui)dui = /Rng(Zui,..., Z ui)H}"\(uZ)duz (4.12)

i€l iEFl/(E) 1=1

holds for any integrang via a linear change of variables. Second,

n

/ (ug, ..., ﬁ (ug)du; = Z / (1, ..., Eqly) H (u;)du; (4.13)
" = 5—:|:1 2o

-----
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holds for anyh. Applying these transformations gives, with notation agii0),

cw) = [ cw) TR (4.1)
Rgo i=1
which is the desired expression. 0J
We use the identity
x(u) = 1—=x(u) = x(—u) (4.15)

to rewrite the left-hand side as a sum of products of termeefarmy (> ¢;u;) with each

g; = 1. The advantage of usingthroughout comes from not being an even function: to
know whethery (> ;u;) = 0, we need to consider boh ¢;u; > 1 and)_ ¢u; < —1, but
with y only the first case matters. This will facilitate several giifications.

Definition 4.3 (Combinatorial notation)We adopt the following notation: given a term
X(e1us +- - -+e,u,), let A be the set of indices for whieh = +1 and A the set for which

g; = —1. We define
Xa = KO tta, — > ). (4.16)
A Ac

This notation reduces arguments about productg(df, c;u;) to combinatorial argu-
ments about subsets C {1,...,n}. Thex* integrand for a partitiod’ € I1(n) is thus, in
combinatorial notation,

v

(F)
X(E) = > ] (U= %mgueure — XU (4.17)

mES,(F) =1
m(1)=1
wheresS, ) is the group of permutations ¢, ..., v(F)}.

Changing the signs of some of then y 4 is equivalent to taking a symmetric difference,
replacingy 4 with x4a s, WwhereJ C {1,...,n} is the set of indices whose signs have been
changed. We note that(F', N) = (—1)"E~1(y(F) — 1)! is the same as the number of
permutations on the inner sum. We thus write

CE =5 Y (u(E,M)

JCA1,...,n}

+ (—]‘)V(E) Z (1 - X(FW(I)UWUFW(,L-))AJ - X(Fﬂ(l)UMUFﬂ(i))AJC))

+ H ()Z(F,r(l)UmUFﬂ.(i))AJ + X(Fﬂ(l)UMUFﬂ(i))AJC - 1)) . (4'18)

i=1
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In combinatorial notation, the right-hand side of (4.9)ust]
E©O) = > (-0 (4.19)
IC{1,..,n}

To shorten the notation, we write the summands in terms ahshather than partitions.
Given a partition” € 1I(n) and a permutation € S, r), such thatr(1) = 1, we obtain an
ascending chain

Fw(l) C Fw(l) U Fﬂ(g) C---C Fﬂ(l) U---u Fﬂ(k) = {1, o ,n}. (4.20)
Thus each choice af andr corresponds uniquely to a strictly ascending chain

of subsetsof1,...,n} suchthal € A; andA; = {1,...,n}. The corresponding product
of indicator functions is then

(Xasa7 + Xasas — 1) (Xapas + Xagags — 1) -+ (Xa,a0 + Xacas — 1). (4.22)
Thus we can write the left-hand side of (4.9) as

k

Z C'(F) = % Z Z ((—1)k_1+H(>ZAiAJ+>2AiAJc—1))7 (4.23)

Fell(n) JC{1,...,n} chainsA,1€ A, =1
A = {1,...,n}
where A ranges over all ascending chains of subset§lof. ., n} such thatl € A; and
A, ={1,...,n} is the last (largest) set in the chain.
Observe that a given product §fterms occurs many times in the sum (4.23) when the
(—1) factors are expanded. We account for this cancelation bafahgive the canonical
form of the Fourier Identity. We employ the following stamd#acts about chains.

Proposition 4.4(Sums over chains).et A and5 be chains. IfA = A; C --- C A, write
k = |A|, and if B is a subchain ofd, write A = 5. For a fixedB with 1 € By,

S g fC m=) .
A-B 1A, 0 otherwise
A;::{7l ..... n}

See appendix B for a proof.

Lemma 4.5(Fourier identity, canonical form)With notation as above,

lA|

Yom) = Y Y )T [Rans + Xacad), (4.25)

Fell(n) JC{2,...,n} X?ains{ﬁ\} i=1

whereA ranges over the chaind, C --- C A, (k = |.A]) such thatd; = {1}. (We do not
require A, = {1,...,n}.)
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Proof. Consider the expansion for, ...y, C'(£) in (4.23). Since the right hand side is
invariant under interchanging andJ¢, we replace} Yo,y With 2,00, oy thatis,
we may assume without loss of generality that .J.

Now we expand thé—1) factors in (4.23). Thé—1)* cancels with thé—1)"!, so we
are left with

> OB = ) > > (D)MW (Raas + Raiase)

Fell(n) JC{2,...,n} chainsA,1€ Ay WC{1,...,t} ieWw
A = {1 ..... n} W#£g

- Z Z Z lAl 151 H XB;ag + XBage), (4.26)

JC{2,...,n} cha|nsA 1€A; chainsB=A
A = {l ..... n} B;ﬁ@

where B ranges over the subchains 4f(excluding the ‘empty chain’ with no sets). We
switch orders of summation dsiand.4. We have

SIED VD SR S 27

-----

chainsA,1€ A; o#£B=<A B A>B,1€Aq,
A = {1,...,n} 1€B1 4, = {1 ..... n}
and so
SoE = > Y O [Rsar+xman)( Y (=DM
Fell(n) JC{2,...,n} chainsB B A-B,1€A;,
leBy A = {1 ..... n}
= Z Z (_1)”‘|B| H()ZBZ'AJ + XBZ'AJC> (428)
JC{2,...,n} chainsB B
By = {1}
by Proposition 4.4. O

4.2. Breaking down the combinatorics. We describe our approach to confirm the Fourier
identity (4.9) in the cases < 7. These arguments are impractical to do by handfor 4;
we ran them in Mathematica with code available at

e http://ww personal . um ch. edu/ ~j akel ev/
® http://web.willians.edu/ Mat hematics/sjmller/public_htm/math/papers/jakel/Fourierldentity.tar.

The simplifications we use are as follows.
Lemma 4.6(Simplifications) Let A, B C {1,...,n}. Then
XA XB = XaWheneverd C B. (4.29)

LetAq,..., A C{1,...,n},withk > 2. Foreachi € {1,...,n}, lete; be the number of
the A,’s that containi. Then

Xay - Xa, = O0if e; <32k foreachi e {1,...,n}. (4.30)

The first equation says, equivalently, that given a proguct - - x 4, , we need only keep
thex,’s for which the subsetd; C {1,...,n}’s are minimal with respect to containment,
l.e., they terms having few positive signs. The identity is essemntialformal sum of
antichains, with additional relations such as (4.30). Weakk also that fok = 2, (4.30)

Is just the statement, - xyg = 0whenA N B = &.
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Proof of (4.29) If A C B, thenB¢ C A°, so we have the inequalities
Z up, > Zuai and Zuai > Z Up, - (4.31)
B A Ac B¢
Combining these yields that whenevey, u,, — > 4 uq, > 1, we also have

Db =Y up =) e = Y ug = L. (4.32)
B Be A Ac

Soifys = 1,itfollows thatyg = 1 (if x4 = 0, then both sides of (4.29) are 0). [

Proof of (4.30) Add the inequalitiesZaeAj Uq — Y yeac Ua > 1 together. Thentu,
- - ‘] .
occurse; times and—u; occursk — e; times, so the result is

(2e; — k)ur + - -+ (2e,, — k)u, > k. (4.33)

The conditiore; < 2k is the same a§ > 2e¢; — £, yielding
g(ul + - tuy,) >k, (4.34)
thatis,u; + - - - + u,, > 2, violating the support restriction. O

Remark 4.7. For k < 4, the second conditio#.30)is equivalent tq\"_, A, = @. For
k > 4 itis a stronger condition.

In sum, our method of verifying the Fourier identity (4.9Yasapply the simplifications
above to the sum (4.25) to simplify and remove terms. We deetalverify the cases < 7
this way; forn = 8 the verification becomes intractable, since the numberroiden the
left-hand side of (4.9) becomes larg¥ (sequence A027882 in the Online Encylopedia of
Integer Sequences).

Although we cannot prove the identity for all we give one last conjecture that indicates
one way of grouping terms in the identity.

Conjecture 4.8. For fixedn and.J C {2,...,n}, let

simpy (Jin) — (Z<—1>'A>2Au{1})-( 3 <—1>'B'—J'—1>z3),

AC{J} B:JCBC{2,....n}
simpo(n) = Y (=D"xauqy. (4.35)
AC{2,...,n}
Then the inner sum of the Fourier ident{#.25)is
|A| . .
_ N . simp, (J; n) if J#{2,...,n}
(—1)" A (XaiastXasas) = 4 . . .
thA 211 ' simp, (J;n) + simpy(n) i J={2,...,n}.

(4.36)

It is easy to see, by summing ovér C {2,...,n}, that this conjecture implies the
Fourier identity. The identity is easily checked fo= @, {2}, {2, ..., n}; for the remain-
ing cases, it is sufficient (by relabeling) to consides {2, ... i} for3 <i <n — 1, but
we do not as yet have a proof.
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5. CONCLUDING REMARKS

By adopting an appropriate combinatorial perspective, rgeahle to unify the analysis
of the number theory and random matrix theory expansiong.edigce showing agreement
of the two expressions of the-level density to a combinatorial identity, which we can
verify for n < 7. As there should be a purely combinatorial proof of this tdgnwe
conclude with a few thoughts related to it; we welcome anyesgondence with people
interested in extending these arguments.

5.1. Verifying the identity formally. We can view the Fourier Identity as a formal iden-
tity: the indicator functiong 4 generate a subring(n) C £..(R") that is a quotient of a
polynomial ring in2™ variables,

Clza: ACAL,...,n}] = C(n), Ta > XA (5.2)

As aring of functions('(n) is certainly reduced, so it is sufficient to check that thentig
holds over every quotierit(n)/ P, whereP € Spec C(n) is a prime ideal.
By equation (4.29) of Lemma 4.6, this map factors throughgiinaients

, Clxa: ACAL,...,n}] " C(n)
C n)= ; C n)= )
(n) (xarp — x4 : AC B) (n) Y(zay - -za,)
where the second quotient is by the monomiafs- - - x4, such thaty4, - - - x4, Is identi-
cally zero as an indicator function in the supported regiamely

(5.2)

{ur >0, u, >0,) u; <2} CR™. (5.3)
(We remark that condition (4.30) does not describe all swobycts.)
ForC’(n), prime ideals are in one-to-one correspondence with aaitishif {11/, ... W;}
is an antichain, the corresponding prime ideal is
P = (x4 : foreachi, A2 W,)+ (za—1: forsomei, A D W;). (5.4)

Passing ta””(n) just removes ‘identically-zero’ antichains from consitéyn. For each
of the remaining antichaingy = {Wy, ..., Wy}, we consider the Fourier Identity under
the mapC'(n) — C that sends

1 ADW,f '
oy { D W for somei, (5.5)

0 otherwise

Verifying that the Fourier identity holds under each of #¢hesaps is sufficient to verify the
full Fourier identity. Assuming””(n) = C(n) (that is, assuming there are no additional
relations between thg,), this is also a necessary condition.

We express both sides of the Fourier identity in terms of Ecih@racteristics. Fix an
antichainy = {Wy,..., W} and let

k
S = SW) = {AC{l,....,n}: AC W/ forsomei} = | [z, W;]. (5.6)

i=1
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Thus S is a simplicial set; its vertices atg}_, Wy and its maximal faces are th&;. By
evaluating as in (5.5), the setswith A° € S evaluate to 1, so the right-hand side of the
Fourier identity becomes

D (=nHAF = YA = (=) g (9), (5.7)
A:AceS AeS

up to a sign, the Euler characteristic of the simplicial cter.

We now express the left-hand side in a related way. First, @erchine the value of
XAas + Xacas under the evaluation map. GivehW C {1,...,n}, letU(J, W) be the
union of segments fro®(1,...,n),

ULW) = [W—=JWeU (W —J)]U[WnJWeuWwnJ). (5.8)

It is easy to see the following:

(1) the two segments are disjointiif # &,
(2) AAJ DO Wifand only if A isin the first segment,
(3) A°AJ 2 W ifand only if A is in the second segment.

In particular, we conclude that, evaluated/gt

5 N 1 AeUr,u(,wy)
c = i 5.9
Xasy & Xacay {0 otherwise (59)
We are only interested in chains whete = {1}, so let
k
U, W) = U (5.10)
UJ; W) = ({1} {1,...,n}] NU;W). (5.11)

Evaluating the inner summand of the Fourier Identity fogives a sum over all chains in
U that begin withA,; = {1}. If {1} ¢ U, there are no such chainsif so the sum is 0;
otherwise, such chains are in bijection wa chainsA’ in U (with the length off by 1), so
that

> (D) = )t Y ()M = (=) wa (D), (5.12)
chainsA chains. A’

the Euler characteristic of the order compté&d(ﬁ).
In other words, the Fourier Identity now reads, with thel )" canceled ang g, denot-
ing the Euler characteristic,

> —xealU(1W)) = xBa(SW)). (5.13)
JC{2,....n}
{1}eU(J;W)
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APPENDIXA. WHICH PRODUCTS OF THE INDICATOR FUNCTIONS(4 ARE 07?

In addition to the approach using Euler characteristiceatisn 5.1, the authors are in-
terested in suggestions or answers to the problem of detergwhich products 4, - - - Xa
are identically zero in the integration region, whereC {1,... ,n} and

Xa=X()_mi—) ),

€A 1€AC

k

andy(z) is the indicator function of1, co).
In other words, we wish to solve the following linear progrdat M be ank x n matrix
with each entryt+1, and let
b=(1---1)T e R”, (A.1)
c=(1---1)T eR"™. (A.2)

Minimize ¢’z = ", z;, subject to

Mz >0, (A.3)
0. (A.4)
Forj =1,...,k letA; C {1,...,n} be the set of-1's in the j-th row of A/. Then the
producty 4, - - - X4, IS identically zero iff one of the following holds:

(1) the minimum oz is 2 or greater, or
(2) the problem is infeasible.

The product is nonzero iff the minimum. € [0,2). Note that the problem cannot be
unbounded since’z > 0. Of course, we could replace the objective function by the
inequality) ", z; < 2.

APPENDIX B. SUMS OVER CHAINS

We include a proof of Lemma 4.4 involving sums over chainse ahthors thank B.
Ullery for the proof of 6.1(1).

Lemma B.1. Given chainsA, B, we writeB < A if B is a subchain of4 (we include the
‘empty chain’ with no sets). [l = A; C --- C A, we writek = | A|. Then

(1) For anyn, Z (—M = {—1 n=1

Aea, 0 n > 1.
A = {1 7777 n}
(2) Foranyn, Y (-D)M = (—1)"".
A:A = o
A = {1 7777 n}
() ForfixedBwith1 € B;, Y (- = (=1 if By :_{1}’
AsBIeAL 0 otherwise

Ak = {1 7777 n}
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(1) Forn = 1 there is only one possible chain of the desired form, nafie}y Other-
wise, there is a bijection between chajdf the desired form wittd; = {1} and those
with A; D {1}, by deleting or prependinfl } from the beginning of the chain. Since this
reverses the parity 0f4|, the sum vanishes.

(2) Inductively, consider a chail’ : @ = A} Cc --- C A, = {l,...,n— 1} on
{1,...,n—1}. There are — 1 ways of inserting the elementinto the chain while keeping
A; = @ and the last set equafs, ..., n}: we can add it into one of thd;, i = 2,...,¢,
or we can insert it immediately aftet; asA; U {n},fori =1,... t.

The chainsA obtained this way contribute — 1) - (—1)M/| ¢ (—1)MAH = (=)

giving the recurrence
o= =— > (=l (B.1)

A:A1=0, A:A1=02,
A={1,om} Ay = -1}

Forn = 1, there is only one such chain, namelyc {1}, which has length 2.

(3) Write B = B; C --- C By. ChoosingA = B is the same as choosiigt 1 chains,
namely, a chain with € A; and A, = By; then, for eact2 < i < k — 1, a chain fromB;

to B, 1, and a chain fronBy, to {1, ..., n}. Thus, we factor our sum as
ST (M= (_1)IBI( 3 (_1)\A\>.( 3 (_1)\A\> ( 3 (_1)IAI)‘
AtB,leAl, A:le Ay A:A1=B1 .A:Alsz
Ak = {17,77/} Ak:Bl Ak:B2 Ak:{l,,n}

(B.2)
EachB; is double-counted in the lengths of the chains, so we mylipl(—1)* = (—1)/5.
By parts (1) and (2) above, this gives

_ (_1)\8\ (_1) By, = {1}

0 By # {1}

which is(—1)" whenB; = {1} and 0 otherwise, as desired.

} (=1)Be B gyl Bl (B.3)

REFERENCES

[AS] M. Abramowitz and I. A. Stegun (editorshlandbook of Mathematical Functions with Formulas,
Graphs, and Mathematical Tablgdational Bureau of Standards Applied Mathematics Sé&tes
tenth printing, 1972ht t p: / / peopl e. mat h. sf u. ca/ ~cbnl aands/ .

[AILMZ] N. Amersi, G. lyer, O. Lazarev, S. J. Miller and L. Zhg, Low-lying Zeros of Cuspidal Maass
Forms preprint.

[Con] J. B. Conrey,L-Functions and random matriceRPages 331-352 iMathematics unlimited —
2001 and Beyondspringer-Verlag, Berlin, 2001.

[CI] J. B. Conrey and H. IwaniecSpacing of Zeros of Hecke L-Functions and the Class Number
Problem Acta Arith.103(2002) no. 3, 259-312.

[Da] H. DavenportMultiplicative Number Theory2nd edition Graduate Texts in Mathemati@4,

Springer-Verlag, New Yorkl 980, revised by H. Montgomery.
[Dy1] F. Dyson, Statistical theory of the energy levels of complex systdms; 111 , J. Mathematical
Phys.3(1962) 140-156, 157-165, 166-175.



32
[Dy2]
[DM1]
[DM2]
[ER-GR]
[FioMi]
[FirMi]
[F1]
[Gao]
[Go]
[GZ]
(Gl

[Ha]
[Hej]

[HM]
[HR]
[IK]
[ILS]
[KaSal]

[KaSa2]
[KeSn1]

[KeSn2]
[KeSn3]
[Lev]
[Mil]
[MilPe]

[Mon]

JAKE LEVINSON AND STEVEN J. MILLER

F. Dyson,The threefold way. Algebraic structure of symmetry group @nsembles in quantum
mechanicsJ. Mathematical Phys3,(1962) 1199-1215.

E. Duefiez and S. J. MillefThe low lying zeros of a GU) and a GL(6) family of L-functions
Compositio Mathematica42(2006), no. 6, 1403-1425.

E. Duefiez and S. J. Miller;The effect of convolving families df-functions on the un-
derlying group symmetrieBroceedings of the London Mathematical Society, 2009;: doi
10.1112/plms/pdp018.

A. Entin, E. Roddity-Gershon and Z. Rudnick, prep(2012).

D. Fiorilli and S. J. Miller, Low-Lying Zeros of DirichletL-Functions preprint (2011).
http://arxiv.org/abs/1111. 3896
F. W. K. Firk and S. J. Miller,Nuclei, Primes and the Random Matrix ConnectiS8gmmetryl
(2009), 64—105; doi:10.3390/sym1010064.

E. Fouvry and H. Iwaniecl.ow-lying zeros of dihedral.-functions Duke Math. J116 (2003),
no. 2, 189-217.

P. Gao,N-level density of the low-lying zeros of quadratic Dirichle-functions Ph. D thesis,
University of Michigan, 2005.

D. Goldfeld, The class number of quadratic fields and the conjecturesrehBind Swinnerton-
Dyer, Ann. Scuola Norm. Sup. Pisa (81976), 623—-663.

B. Gross and D. Zagiettieegner points and derivatives @fseries Invent. Math84 (1986),
225-320.

A. Guloglu, Low-Lying Zeros of Symmetric Powé&rFunctions Internat. Math. Res. Notices
2005, no. 9, 517-550.

B. Hayes,The spectrum of Riemanniydmerican Scientis®1 (2003), no. 4, 296-300.

D. Hejhal, On the triple correlation of zeros of the zeta functidnternat. Math. Res. Notices
1994, no. 7, 294-302.

C. Hughes and S. J. Millet,ow-lying zeros of.-functions with orthogonal symmtripuke Math.
J.,136(2007), no. 1, 115-172.

C. Hughes and Z. Rudnickjnear Statistics of Low-Lying Zeros éffunctions Quart. J. Math.
Oxford 54 (2003), 309-333.
H. Iwaniec and E. KowalskiAnalytic Number TheonfAMS Colloquium Publications, Vo3,
AMS, Providence, RI, 2004.

H. lwaniec, W. Luo and P. Sarnakpw lying zeros of families df-functions Inst. Hautes Etudes
Sci. Publ. Math91, 2000, 55-131.

N. Katz and P. SarnaRandom Matrices, Frobenius Eigenvalues and MonodrohwS Collo-
quium Publicationg5, AMS, Providence]999.

N. Katz and P. Sarnakeros of zeta functions and symmetrigall. AMS 36, 1999, 1 — 26.

J. P. Keating and N. C. SnaifRandom matrix theory ang{1/2 + it), Comm. Math. Phys214
(2000), no. 1, 57-89.

J. P. Keating and N. C. SnaifRandom matrix theory an8-functions ats = 1/2, Comm. Math.
Phys.214(2000), no. 1, 91-110.

J. P. Keating and N. C. SnaifRandom matrices anb-functions Random matrix theory, J. Phys.
A 36(2003), no. 12, 2859-2881.

J. Levinson,n-level densities of the low-lying zeros of quadratic Ditethl.-functions senior
thesis (advisor S. J. Miller), Williams College, 2011.
S. J. Miller, 1- and2-level densities for families of elliptic curves: eviderioethe underlying
group symmetriesCompositio Mathematich40(2004), 952—-992.

S. J. Miller and R. Pecknekow-lying zeros of number fielb-functions to appear in the Journal
of Number Theoryht t p: / / ar xi v. or g/ pdf / 0909. 4916.

H. Montgomery, The pair correlation of zeros of the zeta functigdnalytic Number Theory,
Proc. Sympos. Pure MatB4, Amer. Math. Soc., Providenc&973, 181 — 193.



[0S1]
[0S2]
[RR]

[Ro]
[Rot]

[Rub]

[RubSa]
[RS]

[Wigl]
[Wig2]
[Wig3]
[Wig4]
[Wig5]
[Wis]

[Ya]
[Yo]

n-LEVEL DENSITIES OF DIRICHLETL-FUNCTIONS 33

A. E. Ozliik and C. Snydegmall zeros of quadrati€é-functions Bull. Austral. Math. Soc47
(1993), no. 2, 307-319.

A. E. Ozlilk and C. Snyde®)n the distribution of the nontrivial zeros of quadraficfunctions
close to the real axisActa Arith. 91 (1999), no. 3, 209-228.

G. Ricotta and E. RoyeS§tatistics for low-lying zeros of symmetric powefunctions in the level
aspectpreprint, to appear in Forum Mathematicum.

E. Royer Petits zéros de fonctiodsde formes modulaireé\cta Arith.99(2001), no. 2, 147-172.
G. Rota,0On the Foundations of Combinatorial Theory I. Theory of MidrunctionsZ. Wahrse-
heinlichkeitstheori@ (1964), 340-368.

M. Rubinstein Low-lying zeros ofLl—functions and random matrix theqgripuke Math. J.109,
(2001), 147-181.

M. Rubinstein and P. Sarn&ihebyshev’s biagExperiment. Math3 (1994), no. 3, 173-197.

Z. Rudnick and P. SarnaKeros of principalL-functions and random matrix theqripuke Math.
J.81, 1996, 269 — 322.

E. Wigner,On the statistical distribution of the widths and spacinfiaaclear resonance levels
Proc. Cambridge Philo. So47 (1951), 790-798.

E. Wigner,Characteristic vectors of bordered matrices with infinitmdnsionsAnn. of Math.2
(1955), no. 62, 548-564.

E. Wigner,Statistical Properties of real symmetric matric®ages 174—-184 i@anadian Mathe-
matical Congress Proceedingsniversity of Toronto Press, Toronto, 1957.

E. Wigner,Characteristic vectors of bordered matrices with infinitmdnsions. I Ann. of Math.
Ser. 265(1957), 203-207.

E. Wigner,On the distribution of the roots of certain symmetric mag®@nn. of Math. Ser. 57
(1958), 325-327.
J. Wishart,The generalized product moment distribution in sample® feonormal multivariate
population Biometrika20 A (1928), 32-52.
A. Yang, Low-lying zeros of Dedekind zeta functions attached tocobmber fieldspreprint.
M. Young, Low-lying zeros of families of elliptic curved. Amer. Math. Socl9 (2006), no. 1,
205-250.

E-mail addressj akel ev@mi ch. edu

DEPARTMENT OFMATHEMATICS, UNIVERSITY OF MICHIGAN, ANN ARBOR, M| 48109

E-mail addresssj nil@ | | i ans. edu, Steven.M || er. MC. 96@ya. yal e. edu

DEPARTMENT OF MATHEMATICS AND STATISTICS, WILLIAMS COLLEGE, WILLIAMSTOWN, MA

01267



	1. Introduction
	2. Combinatorial preliminaries
	2.1. Set partitions
	2.2. The combinatorial obstruction

	3. Recasting the expansions
	3.1. Recasting the random matrix side
	3.2. Recasting the NT formula
	3.3. Reducing to the Fourier identity

	4. The Fourier Identity
	4.1. The canonical form
	4.2. Breaking down the combinatorics

	5. Concluding remarks
	5.1. Verifying the identity formally

	Appendix A. Which products of the indicator functions A are 0?
	Appendix B. Sums over chains
	References

