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ABSTRACT. We study low-lying zeroes of L-functions and their n-level density, which relies on a
smooth test function ¢ whose Fourier transform qAS has compact support. Assuming the generalized
Riemann hypothesis, we compute the n'" centered moments of the 1-level density of low-lying
zeroes of L-functions associated with weight k, prime level N cuspidal newforms as N — oo, where
supp(a;) C (—=2/n,2/n). The Katz-Sarnak density conjecture predicts that the n-level density of
certain families of L-functions is the same as the distribution of eigenvalues of corresponding families
of orthogonal random matrices. We prove that the Katz-Sarnak density conjecture holds for the
n*™ centered moment of the 1-level density for test functions with q? supported in (—2/n,2/n), for
families of cuspidal newforms split by the sign of their functional equations. Our work provides
better bounds on the percent of forms vanishing to a certain order at the central point. Previous
work handled the 1-level for support up to 2 and the n-level up to min(2/n,1/(n —1)); we are able
to remove the second restriction on the support and extend the result to what one would expect,
based on the 1-level, by finding a tractable vantage to evaluate the combinatorial zoo of terms which
emerge.
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Since Montgomery and Dyson’s discovery that the two point correlation of the zeros of the
Riemann zeta function agree with the pair correlation function for eigenvalues of the Gaussian
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Unitary Ensemble (see [MonT73]), the connection between the zeros of L-functions and the zeros
of random matrices has been a major area of study. It is now widely believed that the statistical
behavior of families of L-functions can be modeled by ensembles of random matrices. Based on
the observation that the spacing statistics of high zeros associated with cuspidal L-functions agree
with the corresponding statistics for eigenvalues of random unitary matrices under Haar measure
(see [RS96], for example), it was originally believed that only the unitary ensemble was important
to number theory. However, Katz and Sarnak [KS99al, [KS99b] showed that these statistics are the
same for all classical compact groups. These statistics, the n-level correlations, are unaffected by
finite numbers of zeros. In particular, they fail to identify differences in behavior near s = 1/2.

The n-level density statistic was introduced to distinguish the behavior of families of L-functions
close to this central point. Based partially on an analogy with the function field setting, Katz and
Sarnak conjectured that the low-lying zeros of families of L-functions behave like the eigenvalues
near 1 of classical compact groups (unitary, symplectic, and orthogonal). The behavior of the
eigenvalues near 1 is different for each matrix group. A growing body of evidence has shown that
this conjecture holds for test functions with suitably restricted support for a wide range of families
of L-functions. For a non-exhaustive list, see [AMI3] |AAI"15, [DMO05, [DMO06, [ERGR12, [FM11],
Gaol3| [Gul05, HMO7, TS99, Milo4, MP10L [0S93, [0S06, RRO7, Roy01], Rub01) [ST12, You04].
Much of the previous work is focused on the n = 1 case. We study the n'® centered moment of
the 1-level density; see Remark for comments on how our resulted may be generalized to the
n-level density.

Here, we consider the family of L-functions associated with holomorphic automorphic forms,
and split this family according to the sign of the functional equation of the L-function. We prove
that the Katz-Sarnak conjecture holds for the n'" centered moment of the 1-level density for test
functions ¢ with Fourier transform ¢ supported in (—% 2). Hughes and Miller [HMO07] looked at

‘n

the same family, and proved that the conjecture holds for gg supported in (—ﬁ, ﬁ) for n > 2.
However, new terms emerge on both the number theory and random matrix theory side which
obstructed calculations beyond this support, though based on the 1-level result it was thought that
one should be able to go up to 2/n for the n-level. Our main result is to develop an approach to
handle all the combinatorial terms which emerge for support up to 2/n, thus extending the support
to what the 1-level suggests. Thus, though our calculations are long and technical, the final result
matches expectations.

We first introduce some standard notation and definitions. Let H}(IV) be the set of holomorphic
cusp forms of weight k which are newforms of level N. Every f € Hj(N) has a Fourier expansion

f(2) = Y as(m)e™ (1.1)
n=1
where ¢ = €2, Set Af(n) = af(n)n~*=1/2. The L-function associated to f is

L(s, f) = > Apn)n™". (1.2)
n=1

The completed L-function is

VN k1

Als, f) = | 5| T|s+—5—)L(s[), (1.3)

27 2
and it satisfies the functional equation A(s, f) = efA(1 — s, f) with e; = +1. Therefore, H}(N)
splits into two disjoint subsets, H," (N) := {f € Hf(N) : ¢ = +1} and H, (N) == {f € Hf(N) :
ef = —1}. Each L-function has a set of non-trivial zeros ps = % +i7yy. The Generalized Riemann
Hypothesis is the statement that all v € R for all f.
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Let ¢ be an even Schwartz function such that its Fourier transform has compact support. We are
interested in moments of the smooth counting function (also called the one-level density or linear

statistic)
Z(b(logR ) (1.4)

when averaged over H, (N) or H, (N) (the split cases) as N — oo through the primes, with k&
held fixed. Here s runs through the non-trivial zeros of L(s, f), and R is its analytic conductor
(R = k2N for these families). We rescale the zeros by log R as this is the order of the number of
zeros with imaginary part less than a large absolute constantﬂ Because of the rapid decay of ¢,
most of the contribution in is from zeros near the central point. We use the uniform average
over f € H7(N) (for o one of 4 or —), in the sense that if Q is a function defined on f € HY(NV),
then the average of Q) over HY (N) is

(Q(f))o = U( QU (1.5)

k feH" N)

The corresponding statistic to D(f;¢) in random matrix theory, denoted Z4(U), is defined as
follows. First, for a Schwartz function ¢ on the real line, define

o

Fy(0) = Y ¢<2M7T(9+2wj)>, (1.6)

j==oc

which is 27-periodic and localized on a scale of 1/M. For U an M x M unitary matrix with
eigenvalues €', set

Zy(U) = Y _ Fu(0n). (1.7)

Note that going from e to 6, is well defined, since Fy;(f) is 2m-periodic. We often consider U
to be a special orthogonal matrix when the eigenvalues occur in complex-conjugate pairs, and thus
are doubly counted.

We show that the random matrix moments of Z, correctly model the moments of D(f;¢), in
the sense that the n'" centered moment of D(f;¢) averaged over H;f (N) equals the n'l' centered
moment of Z, averaged over SO(even), and H, (N) similarly corresponds to SO(odd). Our main
result is the following.

Theorem 1.1. Assume GRH for L(s, f) and Dirichlet L-functions. Letn > 2,k > 2 and Supp(a) -

(f2 %) Then the n* centered moment of D(f; ) averaged over H,;t(N) converges as N — oo

n?’

through the primes to the n'® centered moment of Z4(U) averaged over SO(even/odd).

Theorem [I.]] follows immediately from Theorems [I.2] and [I.3] below. It is conjectured that the
n'™ centered moments from number theory agree with random matrix theory for any Schwartz test
function; our results above may be interpreted as providing additional evidence for this conjecture.
We find closed form expressions for the n't centered moments of both D(f,¢) and Z,(U) for

test functions supported in Supp(a) - (—L —) for some fixed positive integer a, with the

n—a’ n—a

additional condition that Supp(q/b\) C (=2, 2). To this end, we define 0¢, R(m,i;¢) and S(n,a; @)

n’n

Lour analysis is greatly simplified by all forms in the family having the same analytic conductor. Varying con-
ductors are easily handled in 1-level calculations, but cause technical difficulties through cross terms once n > 2, see
[Mi104].
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for an even Schwartz function ¢ and integers m and ¢ < m:

of = 2/_ lylo(y)* dy (1.8)
and
R(m,i;¢) — 9gm— 1 m+1z ( ) <_;¢m(o)
/ / (wa) - wm)/_ ¢m_e(x1)sin(2ﬂx1(1+lm2+~-+\xm\))dmmdxm)

27‘('.731

and
a 1
2

o\ ¢
S(n,a;¢) Z n—2£'€' R(n —2€,a—2£;¢)<02¢> : (1.10)

Our main result is the following.

(1.4), aé be as in (L.8), S(n,a;¢) be as in (1.10)), and Ly, eveny be the indicator function supported
at the even integers. Assume GRH for L(s, f) and for all Dirichlet L-functions. As N — oo
through the primes,

lim ((D(f;¢) = (D(f:9)+)" )+ = Lineven) - (n — D! 0 £ S(n,a;9). (1.11)

N—o00
N prime

Theorem 1.2. Let n > 2,k > 2, supp(gg) C (— L1 ), supp(qg) C (—2 7) D(f;¢) be as in

To prove Theorem we show that the n*" centered moment of Z4(U) is the same as the above
for the corresponding families. Our main random matrix theory result is as follows.

Theorem 1.3. When supp(ngb) C [-1,1], the means of Z4(U) when averaged with respect to Haar
measure over SO(even) or SO(odd) are

: ~ Lt
pe =l Bsoun Zew)] = 30)+ 5 [ 3 dy (112)
—00 -1
M even/odd
Let ¢ be a Schwartz class test function such that supp(¢) C [ L ﬂ} and supp(¢) C [—2,2]

Let 035 be as in ([1.8), S(n,a;¢) be as in (L.10), and 1, eveny e the indicator function supported at
the even integers. Then the n'"' centered moment of Z4(U) averaged over SO(even/odd) is

]\}l—r>noo IE’SO(M) [(Z¢(U) - M:I:)n] = ]l{neven} ’ (n - 1)” O—g + S(nv a; ¢) (113)
M even/odd

When not splitting by sign, Hughes and Miller [HMQ7] study the n'" centered moment of D(f; ¢)
averaged over H}(N), and prove the following.

Theorem 1.4 (Theorem E.1 of [HMOT]). Assume GRH for L(s, ) and Dirichlet L-functions. For
n > 1 an integer and 2k > n, if supp(¢) C (—2,2) then the n'™™ centered moment of D(f; )

n’n
averaged over H}(N) converges as N — oo through the primes to the n'™ centered moment of

Zy(U) averaged over the memﬂ of SO(even) and SO(odd).

2By the mean of SO(even) and SO(odd) we mean the ensemble where half the matrices are SO(even) and the
other half SO(odd).
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The condition 2k > n arises from controlling error terms, in Appendix [C] we show how to remove
this condition so that Theorem [L.4] holds for all k.

Remark 1.5. Since the families of L-functions we study here are of constant sign, we have a better
understanding of the number of zeros at the central point than for many other families. Hence, our
arguments can be easily translated to give the n-level density, defined as

logR j1 log R ()
‘Hi( zi: Z b1 < SRZ e A (1.14)
f EHE(N) 1+
Ji #ijk
where the ¢; are even Schwartz functions whose Fourier transforms have compact support. We

study the n'™™ centered moments to make it easier to compare our number theory and random
matrix theory results.

As noted in [HMOT7] and [Mil09], another application of centered moments is in bounding the order
of vanishing of L-functions at the central point. In Appendix [D} we show how to use Theorem
to bound the probability that a newform with negative sign will have order of vanishing exceeding
some r at the central point. Similar calculations may be done for the positive sign family. Our
results provide the best known bounds (conditional on GRH) for order of vanishing at the central
point when r > 5, surpassing [ILS99, [HMO07, BCD*20, [LM22]. The test function used in these
calculations is not optimal for bounding order of vanishing; see [DM22] for a more developed
analysis with optimized test functions which give sharper bounds.

The primary obstacle which prevents the extension of support past the ﬁ proven in [HMO7]

is the emergence of more complicated terms as the support of $ increases. The main insight
which allows us to extend support is the observation that many of these terms vanish in the limit
(see Proposition . This allows us to mostly ignore their difficult combinatorics. The terms
which do contribute in the limit exhibit nicer symmetries, which allows us to handle their delicate
combinatorics and find closed form integrals for them (see Proposition [3.9). Our work also involves
many combinatorial simplifications so that our results may be compared with those from random
matrix theory. As with number theory, the key result which allows us to obtain greater support in
random matrix theory is the vanishing of many of the complicated terms which emerge at larger
supports (see Lemma .

The ability to extend the support of ¢ up to 2/n for the n'® centered moment of Hli((N ) is ex-
pected from the work of [ILS99], who showed that the density conjecture holds for the first moment
of Hz(N) with supp((z;) C (—2,2) under GRH for Dirichlet L-functions, though the later work of
[HMOT] showed that actually reaching this would require handling challenging combinatorics. Note
2/n is a natural barrier, appearing in and Lemmas and Proving the density conjec-
ture past this support likely requires new ideas or stronger hypotheses such as the “Hypothesis S”
discussed in Section 10 of [ILS99] (or more likely its generalizations).

The structure of this paper is as follows. In Section [2] we review notation and state some needed
estimates. In Section [3] we state the main lemmas that assist in calculating the relevant number
theory quantities, concentrating on the new terms that did not arise in the computations of [ILS99]
and [HMOT7]. Using these, we prove Theorem |1.2|in Section In Section 4} we evaluate the terms
which arise in the number theory calculations, proving the two key propositions in Section In
Section [5| we go over random matrix theory preliminaries and prove Theorem In Appendix
[A] we prove the lemmas stated in Section [3] and Section 4] In Appendix [B] we prove some of
the remnant lemmas from Section 5] In Appendix [C] we show how to use the tools developed in
Section [3| to remove the condition 2k > n from Theorem In Appendix [D] we use Theorem
in order to bound the percent of newforms vanishing to a certain order at the central point.



6 Cohen, Dell, Gonzélez, Iyer, Khunger, Kwan, Miller, Shashkov, Smith Reina, Sprunger, Triantafillou, Truong, Van Peski, Willis, Yang

2. PRELIMINARIES

As we are extending the results of [HMO07], we have the same preliminaries as they do, which we
reproduce with permission.

2.1. Notation.

Definition 2.1 (Gauss Sums). For x a character modulo q and e(x) = *™¢

Gy(n) = Y x(a)e(an/q), (2.1)

a mod ¢

and |Gy (n)| < /4.

Definition 2.2 (Ramanujan Sums). If x = xo (the principal character modulo q) in (2.1), then
Gy, (n) becomes the Ramanujan sum

R(n.q) = Y elan/q) = Y ulg/d)d, (2.2)

amod g d|(n.q)

where x restricts the summation to be over all a relatively prime to q.

The Ramanujan sum satisfies the following identity:

oo -5)

Definition 2.3 (Kloosterman Sums). For integers m and n,

S(mniq) = > e (md + ”d> : (2.4)

q q

d mod q
where dd =1 mod ¢q. We have

S(m,n;q)| < (m,n,q) \/min{q q} 7(q), (2.5)

(m,q)" (n,q)
where 7(q) is the number of divisors of q; see Equation 2.13 of [ILS99).

Definition 2.4 (Fourier Transform). We use the following normalization:

o) = [ owe o) = [ Gwetay (2.6
Definition 2.5 (Characteristic Function). For A C R, let
1 ifxeA
1 = 2.7
(=} {0 otherwise. 2.7)

Throughout, we suppress the argument of a characteristic function when it is clear from context.
Definition 2.6 (Delta Function). For xz,y € R, let
1 ifx=y
S(z,y) = { (2.8)

0 otherwise.

Definition 2.7 ((Infinite) GCD). For z,y € Z, let (x,y) denote the greatest common divisor of
and y. Set (z,y>) = maxpen(z,y") and (2°°,y) = maxnen(z",y).

The Bessel function of the first kind occurs frequently in this paper, and so we collect here some
standard bounds for it (see, for example, [GR65, (Wat66] ).
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Lemma 2.8. Let k > 2 be an integer. The Bessel function satisfies

(1) Jp—1(z) <1,

(2) Ji—1(x) < z,

(3) Ji-r(w) < a1,

1

(4) Jg—1(x) < z”2.
We also utilize the Mellin transform of Ji_1(z), which we denote by Gy_1(s). By (6.561.14) of
[GR63) it is

Gr-1(s) :/ Jp_1(z)x* rdx
0

= 257l <k"_21+8> /F <k+21_5> (2.9)

where 1 — k < Re(s) < 3. We take k > 2 so that we may take Re(s) € (—1,3/2). The inverse
transform is

Jr—1(x) = 5 me(s):ch_l(S)x ds (2.10)

Wherel—k<c<%.

2.2. Fourier coefficients. Let k and N be positive integers with k£ even and N prime. We denote
by Sk(NN) the space of all cusp forms of weight k for the Hecke congruence subgroup I'g(N) of level
N. That is, f belongs to Si(N) if and only if f is holomorphic in the upper half-plane, satisfies

f (“”b) — ez + d)F£(2) (2.11)

cz+d
for all (¢%) € To(N) == {(: g) : v=0mod N}, and vanishes at each cusp of I'g(NV).

Let f € Sk(N) be a cuspidal newform of weight k and level N; in our case this means f is a cusp
form of level N but not of level 1. It has a Fourier expansion

f(z) = Y ag(n)e(nz), (2.12)
n=1

with f normalized so that ay(1) = 1. We normalize the coefficients by defining
Ap(n) = ag(n)n~ kD72, (2.13)

H}(N) is the set of all f € Si(N) which are newforms of level N. We split this set into two subsets,
H,"(N) and H, (N), depending on whether the sign of the functional equation of the associated
L-function (see Section |1|for details) is 1 or -1. From Equation (2.73) of [ILS99] we have for N > 1
that

k—1
HEN)| = N +0 ((kN)5/6> . (2.14)
This combined with Equation (1.16) of [ILS99], we have that for N # 1
k—1
Hi(N)| = S =N +0 ((kN)5/6>. (2.15)

For simplicity we shall deal only with the case when N is prime, a fact which we will occasionally
remind the reader of (though, as in [ILS99], similar arguments work for N square-free). For a
newform of level N, A¢(IN) is related to the sign of the form ([ILS99], Equation 3.5).

Lemma 2.9. If f € H(N) and N is prime, then
ef = —iFAH(N)VN. (2.16)
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As ey = £1, (2.16) implies |Af(N)| = 1/v N. Essential in our investigations are the multiplicative
properties of the Fourier coefficients.

Lemma 2.10. Let f € H;(N). Then
A(mrsn) = S N (%) (2.17)

d|(m,n)
(d,N)=1
In particular, if (m,n) =1 then
Ar(m)Af(n) = Ap(mn). (2.18)
From [Guy00] we have the following expansion for A¢(p)":
n/2 n n
)\ no_ _ )\ n—2o . 21
or =3 {(0) = ()| e (2.19)
Note that for a prime p{ N,
M) = Ap(p?) + 1. (2.20)
Now, consider
7 () = A(n), o€ {5} (2.21)
feHY(N)

Note we are not dividing by the cardinality of the family, which is of order N. Splitting by sign
and using Lemma [2.9| we have that if N is prime and (N,n) = 1,

1
Ay = Y i)
FEHL(N)

1., i*VN
) k,N(n) + TAk,N(nN)' (2.22)

Thus, to execute sums over f € H,;t(N ), it suffices to understand sums over all f € H}(N).
Propositions 2.1, 2.11 and 2.15 of [ILS99| yield a useful form of the Petersson formula.
Lemma 2.11 ([ILS99)). If N is prime and (n, N?)|N then

A n(n) = Af n(n) + Ay (n), (2.23)

where

(k—1)N
;{:,N(n) = 12\/ﬁ 6TL,DY

+u Z 2mri® Z S(Tnivn;c)JkI <4W@>, (2.24)

12 m
(m,N)=1 ¢=0 mod N
m<Y c2N
where 0,00, = 1 only if n = m? with m <Y and 0 otherwise. The remaining piece, Ay (n),
is called the complementary sum. By Lemma A.1 of [HMO7], the complementary sum does not
contribute in all cases appearing in this paper.

In the applications we take Y = N€ and write ¢ = bN for ¢ = 0 mod N. Using the estimate
on Kloosterman sums, (2.5)), the bound on the Bessel function Ji_1(z) < x from Lemma and
(2.14)), we can trivially estimate A} y(n)/|H(NN)|. We obtain the following lemma.

Lemma 2.12. Assume (n,N) =1. Then

1 _3.4.
TH (V)] pn(Nn) < /nN 2t (2.25)
k
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2.3. Density and moment sums. Let f € H}(N), and let A(s, f) be its associated completed
L-function, . The Generalized Riemann Hypothesis states that all the zeros of A(s, f) (i.e.,
the non-trivial zeros of L(s, f)) are of the form p; = % + iy with vy € R. The analytic conductor
of A(s, f) is R = k?N, and its smooth counting function (also called the 1-level density) is

Z ¢ <logR > , (2.26)

where ¢ is an even Schwartz function whose Fourler transform has compact support and the sum is
over all zeros of A(s, f). Because ¢ decays rapidly, the main contribution to ([2.26]) is from zeros near
the central point. The explicit formula applied to D(f; ¢) gives (see Equation (4.25) of [ILS99])

D(fi6) = 3(0) + 50(0) — P(i0) + 0 (“E ), (2.27)
where | o1
. _ -~ (1logp ogp
P(f;¢) = MZ]; Ar(p)o (logR> Jrlog k' (2.28)

While the derivation of (2.27) in [ILS99] uses GRH for L(s,sym?f), as they remark this formula
can be established on average over f by an analysis of the Petersson formula or from properties of
L(s,sym? f @sym? f) (see page 88 of [ILS99]). As in [FIM07] we shall assume GRH for L(s, f) below

for ease of exposition. If supp(a) C (—1,1), ILS99] show the P(f,¢) term does not contribute,
and hence imy_,0(D(f; ¢))o = ¢(0) + 3¢(0) for any o € {+, —, *}. Thus it is enough to evaluate:

(D(F30) — (D(Fs0, = ((~PUrso)+ 0 (FEET))T)

- n Can loglog R
= (=D)"P(f;9)")s + O<logR ) (2.29)
As in [HMO7], we split by sign and use Lemma [2.9] W to obtain
1+
S P = Y —LP(fie)r
fEHE(N) fEH(N)
=5 X PG F 5 Y WEANMP(G (230)
fEH; (N) feH(N)
Since [H,"(N)| ~ |H, (N)| ~ 3|H;(N)|, as N — oo by we have
(P(f;0)")x ~ (P(£;0)")e F VNAN)P(f;0)") (2.31)
In conclusion, if supp(¢) C (—1,1), we have
lim (D(f;0) = (D(f:)2)"s = (~D)" lim ${" £ (-1)™" lim 55" (2.32)

(assuming all limits exist), where

= 5 EE) () (D) e

and

s = ivv S T (6(E) (;;E)Z]R>><)\f(]v)ﬂ/\f(m)> e

P1IN,...,pntN j=1 Jj=1 "
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Now, Lemma 3.1 and Theorem E.1 of [HMOT7] prove under GRH for L(s, f) that for supp(qg) C
(—%, %) with 2k > n,

n 2m — DNe?2™  if n = 2m i
A}im S£ ) _ {(() m — 1)llog %fn. szls even (2.35)
oo if nis o
where
o = 2/ lyl6(y)? dy. (2.36)

In Appendix |C| we show how to remove the condition 2k > n so ([2.35)) holds for all k. Hence, to
find the n*® moment of D(f, ), for ¢ with supp$ C (_g 2), it suffices to compute the value of

n’n

Sén). We begin this calculation in the following section.

3. EXTENDING SUPPORT FOR THE MOMENTS OF THE 1-LEVEL DENSITY

In this section, we calculate the n'" centered moment of D(f;$) with supp(qAS) C (-2,2) Note

n’n
that expresses this value in terms of Sén) and S%n). We break Sé") into subterms and first
show that certain subterms vanish in the limit. Then we apply various lemmas to the remaining
subterms before calculating them exactly in Section @l The proofs of these lemmas are mostly
standard and can be found in Appendix [A]

3.1. Eliminating subterms of Sén). As in [HMO07], we evaluate

s = v Y 16 (;;i{;é))<w<zv>jljxf<pj>>*. (3.)

P1tN,...,pntN j=1

We rewrite this sum over primes as a sum over powers of distinct primes. Suppose p;---pp, =
gt q;”, where q1,...,q; are distinct. We now have a way to write Sén) as a sum over some

{—tuple of distinct primes (q1,...,qe), given a fixed {—tuple of multiplicities (nq,...,ny). Hence,
Sén) can be written as a sum of terms of the form

¢ n "
- . ~(logg; \"7 ( 2logg; \"
E'(i,m) = i*V N <¢< ]) < J > ><)\f(NqI”1-~qZ”)> . (3.2)
m’rNgflﬁN ]1_{ log Vi log R '
q; distinct
Here, the m;’s arise from the multiplicative properties of the Fourier coefficients given by .
We have that m; < n; and m; = n; (mod 2). Observe that in the sum, there is a distinctness
condition attached. It is advantageous to remove this distinctness condition, and we likewise define
terms of the form

¢ . N

RN . ~ Iqu- J 210ng j -

E(n,m) = zk\/ﬁ Z H <¢< ]) < <)‘f(NqIn1”'qZ /Z)>*' (33)
QUiN,....qetN j=1 log R VGjlog R

In the expansion of Sén), the terms of the form have an attached combinatorial coefficient
arising from choosing the indices of the primes, expanding the Fourier coefficients using Lemma|2.10]
and inclusion-exclusion from removing the distinctness condition in the sum. In general these
combinatorial coefficients are very difficult to calculate, however we are able to determine them in
the particular cases where they contribute in the limit. First we have the following property.
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Lemma 3.1. In a term of the form E(it,m) suppose there is some j for which nj = m; and n; > 1.

(n)

Then this term has combinatorial coefficient 0 in the expansion of Sy, and does not contribute.

Since terms in the expansion of Sén) must have m; < n;, it suffices in the expansion of Sén) to

only consider terms E(7, ) which satisfy n; > m; or n; = m; = 1 for each 1 < j < ¢. For each
term E(7,m), we henceforth may reindex the sums so that n; > m; for 1 < j <wandn; =m; =1
for w41 < j </ for some 0 < w < £. Noting that £ —w < n, we define n’ == ¢ —w (so 0 <n' <n)

and can write ¢ui1 = P1,qGwt2 = D2y---,q¢ = Pn_n/- Thus each E(7i,m) appearing in Sén) has the
form

P ol logqj>f<210g%>"j)
E(it, m) VN Y H<¢<logR V4jlog R

(111'N, 7‘]0.)1’N =
= log pi 2log p; -

Npq--- —n! 1...g"w 4

’ 2 I;I (logR) (\/EIOgR Ar(Npr- P @™ - q))), (3.4)

PUN,..;ppy 1IN L

with each n; > m; and n; > 1. We next have the following result.
Lemma 3.2. Let E(7l,m) be as in (3.4). If supp(gg) C (—ﬁ, n;) and n' > a then E(ii,m) is
O(N~°).

This result states that E(7i,m) contributes in the limit only if “most” of the indices satisfy
n; = m;. The next section of our work involves explicitly calculates E(7i,m) as expressed in (3.4)).

<

3.2. Simplifying the subterms Next we apply the Petersson formula to (3.4). Since [H}(N)| ~
N(k—1)/12 from , applying (2.24)) to gives

ontin log q logg, \" non' log p; log p;
E(i. ) — j j i i
mm = 5 2 Il < <logR> @bgR) 2 e (bgR) Vpilog R

q1IN,...,qutN j=1 PUN,...,p, 1 tN @

> S(m? NQ,Nb) ; 47m~/Q L O (N
1| = . (3.5)
< o o () o (v

where Q = p1 -+ pp_n g™ -+ - 7. Note that since R = kN and supp(g) - (—2 2) C (-1,1), for

n’n
sufficiently large N the condition that ¢; { N and p; t N in (3.5) is automatically satisfied so it can
be removed. We restrict the sum over b in (3.5)) with the following two lemmas.

Lemma 3.3. Suppose supp(é) (—ﬁ, ﬁ) Then the subterms of E(ii,mi) in . for
which (b,N) > 1 are O (N~°).

Lemma 3.4. Suppose supp(qg) C (—%, %). Then, the subterms of E(7i,m) in . for which
b> N2922 gre O(N—12).

Applying these to (3.5)) gives

ontln log q logg;, \" non' log p; log p;
s - T 5 T1(6(i2g) ) T(0) 2
o j log R \/qjlogR ey, log R \/ElogR
m NQ,Nb) 47T7n\/© _
<y L ) ai O (N, (36)
m<NE b\/ﬁ

b<N2022
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Next, we convert the Kloosterman sums in (3.6 to Gauss sums with the following lemma.

Lemma 3.5. Let N be a prime not dividing b,QQ,m. Then

S(m?, NQ; Nb) = ZG (@)X ((Qim)) x(N). (3.7)

Applying Lemma E to gives

2’”rl log q log q i nn log p; log p;
E(f. ) — j j i i
(17, 1m) N E:q ]1_[1< <logR> \/@logR) . zp: i (logR) \/Dilog R
1 4rm/Q _
3w T S GG @) ¥ (g ) ¥ () 0 ().
e ™ e BP0 (@b bW/ N
b<N2022

(3.8)

The subterms involving non-principal characters in (3.8]) are negligible in the limit. This leaves
only subterms involving x¢ = Xo modulo b for each b, and G,,(z) = R(z,b), a Ramanujan sum,
definition. Additionally, note that xo(N) =1 since (b, N) =

Lemma 3.6. Assume GRH for Dirichlet L-functions and suppose that supp(qg) C (— n_Qn,, #)
Then the sum over all non-principal characters in (3.8) is O (N~°).

Remark 3.7. Lemma is the only place in our calculation of Sén) where GRH for Dirchlet

L-functions or the restriction supp(qg) C (_g 2) is necessary. Additionally, Lemma corrects

n’n
an error made in Lemma 4.7 of [HMOQ7], thus making their work unconditional on this result.

Applying Lemma to (3.8]) gives

o (- (logg; logg; \"™
E(i,m) = — JN Z H<¢<log}%> @10;R>

q1,--qw j=1

nﬁ (ﬁ log p; log p;
paley log R/ \/pilog R

P1y--sPp !

|« RHR(QE).D [ Q - .
P oo (g ) o () o v,

(3.9)

In Section {4} we explicitly calculate E(7,m) in two different cases starting from (3.9). Our first
result characterizes when E(7i, m) vanishes.

Proposition 3.8. Let E(7i,m) be defined as in (3.3)) with n; +m; > 2 for some 1 < j < (. Under
GRH for L(s, f) and all Dirichlet L-functions, if supp(¢) C (—2,2), then E(ii,m) = O(log~' N)

n’n
and vanishes in the limit.

The second result is the explicit calculation of the “main term,” when n; = m; for all j where
1 < j < n. In this case, we arrive at the following result.
Proposition 3.9. Let E(7i, ) be defined as in (3.3) with £ =n and nj =mj; =1 for 1 <j <n.
Under GRH for L(s, f) and all Dirichlet L-functions, if supp(QAﬁ) - (— 1 L) and supp(gg) -

n—a’ n—a
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(~2.2), then

i, M ' T (log g 2log ¢
E(Tl,m) 7,k\/ﬁ Z H¢< J> < J ) <)‘f(NQ1qn)>*
@IN,....qntN j=1 logR/ \ \/qjlog R

3.10
log N ( )

= (=1)""'R(n,a;¢) + O <

where R(n,a; @) is defined as in (|1.9)).

Next we show how to use Propositions and M to complete the calculation of Sén) and prove
Theorem
3.3. Evaluating Sén). In this section we evaluate Sén) by proving the following lemma. By doing
so, we complete the proof of Theorem

Lemma 3.10. Let S(n,a;¢) be as in (1.10). Under GRH for L(s, f) and all Dirichlet L-functions,
if supp(9) € (— ks, 755 ) ond supp(6) © (—2,2), then

(3.11)

S = (=18 (n, a5 ) + O (1°g log IV ) .

log N

Proof. By Propositionm, Sén) may be written as the sum of terms of the form with n;+m; <
2 for each j with an error of O(log™* N). Since n; = m; (mod 2), then n; = mj = 1 or n; = 2
and m; = 0 for each j. Let Ey denote the term E(7,71) in which n; = 2 and m; = 0 for exactly ¢
values of j. By Lemma if £ > a/2, then Ey will vanish in the limit. Thus we have that

1%+

|
s = — __E,+0(og™ N). 3.12
The combinatorial factor Mnfi!%)!ﬂ arises from choosing the indices of the primes for which n; =

m; =1, or nj = 2 and m; = 0. We choose the primes for which n; = m; =1 in (;}) ways, and put
the remaining primes into pairs in (2¢ — 1)!! = (20)!/(£!2%) ways. Multiplying and simplifying gives
the desired combinatorial coefficient. Now, to evaluate Fy, we write

log ¢ 2log q; 2
se > () (
QUIN,...,qetN j=1 log R Vajlog i

lo 21og p;
kN H < gpz>< g Pi )
<iFVNY é = Af(Np1---pn-20)), (3.13)
plsz “Pn— ZMVN =1 log \/ElOgR

asin (3.4). By Proposition the second line of the product in (3.13) equals (—1)" "' R(n—2¢,a —

20;9) 4+ O (loig)]gVN) as defined in (|1.9)). We factor the remaining prime sums to get

4

log log N log ¢ 2 4log? q
E, = (-1t — 20, a — 20; § . 14

Similar to Lemma B.4 of [Mil02], we have by RlemannfStleltl]es integration that

+ (logq\? 4log’ ¢ /°° ~ 2
q%N(ﬁ(logR) Jog’ R . lylo(y)“dy = o, (3.15)
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where a(% is given by ((1.8). Applying (3.15)) to (3.14]) we have that

loglog N

Ey = (—1)" (62) R(n — 20,0 — 2¢; 8981 1

y (—1) (0¢) R(n —20,a —20;¢) + O log N (3.16)

Applying this to (3.12]) and comparing with ((1.10)) completes the proof of the lemma. O
Combining Lemma with (2.32) and (2.35) completes the proof of Theorem O

4. EXPLICIT CALCULATIONS OF E\(i,m)

We continue the calculation of the terms E(7i,m) starting from in order to prove Propo-
sitions [3.8 and [3:9] In Section [4.1] we convert our sums over primes into integrals by applying the
argument principle to ((s). We use these results to complete the proof of Proposition in Section
by breaking up E(7,m) into subterms which we show vanish. Then, we prove Proposition
by finding a closed form integral for E(7i,7) in Section and doing combinatorial simplification

in Section Throughout this section, we will assume that supp(qg) C < nl - a) for some
nonnegative integer a. Additionally, we assume supp(g) C (—%, %), so we may without loss of

generality take a < [n/2].

We begin by casing on the value of r := (Q, b*) in . Recall that Q = p1 -+ - pp—ngi™ - - ¢
and reindex the prime sums so that r = (Q,b>°) =p1 - pagi™ -+~ gy for some « <n—n', 0 < w.
Thus E(7i,m) can be written as a sum of terms of the form

2’”rl log q logg, \" jpom
Z H( <log]%> \/qjlog]R) Z ,

Hqw j=1 PlsesPp_p! @

3

¢ <logpz> log p;
N logR /) \/pilog R

R(m?,b)R(r,b) Arm/Q .
T X Ty e@naa () roe. e
be N2022

D1ye-5Pasq1 5540 |

In the expansion of E(ii,m), the terms in (4.1)) have a combinatorial coefficient attached from
choosing the indices of the primes which divide . In the “main term,” where w = 0 and so
nj =m; = 1 for all 1 < j < n, this coefficient is (Z) and we simplify to get the explicit formula

A = E(, )
a—1
log p log p;
— 21’L+17T d)< ]> J m2,bRp~~pa,b
a=0 Pl,z,:Pajl_{ logR \/pijlongZJ:\/6 (b%: ) ( 1 )
b<N2022
P1,-ey pa‘b
_ drm PP\ 11 2 (logp; xo(p))logp; _
1/2 j j j c
x N > Jk1< Wi ) 11 qs(lo i ot HO(NT) L (42)
Pa+1;--5Pn N Jj=o+1 g \/E &

In the sum over « in ., the value of a ranges from 0 to a —1lasif a > a— 1 the term is
O (N~¢), which follows by applying Jp_1(z) < =, R(m?,b) < m* and R(p1---pa,b) < p(b). We
denote the term above by A for the remainder of the section.

4.1. Converting from sums to integrals. Now we focus on the inner sum on the second line of
(4.2), which we denote by B(«):

B(a) o N_1/2 Z Jr 1 <4ﬂm\/0pa+1 : ) H ¢ (10gpj> XO(pj) logpj (4'3)

VN logR) pi210gR

Pa+1;---Pn
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where c is some fixed constant. In the context of , we take ¢ = p1 -+ po. We evaluate B(«) by
first converting from sums over primes to sums over integers through inclusion-exclusion. Then we
apply Lemma [4.4] to convert the sums over integers into integrals, and finish by doing combinatorial
simplification. Our main result is the following.

Lemma 4.1. Let B(a) be as in (&.3)), set ®p_q_s(z) = ¢(x)"~*?, and suppose supp $C (—nia, ni@)
Under the Riemann Hypothesis for ((s), as N tends to infinity,

a—a—1 n— o a—a—6—1 n— o — logp. XO(p')lngj
mo = () 5 (T e, T ()

></oo o <210g(b$ N/(Cpl“']% /47rm> +O(N_e) (44)

Jk—l(x)q)n—a—é logR logR

First, we want to convert the sums over primes in (4.3) into sums over integers. Define

> 4 (0% n
C/(Oé,,B) — N—1/2 Z Z Jk 7-‘—Tn\/cp +8+1 " Y

La+1 +8
Pat1sHPn tatl,-tatp=2 b\/N/ paa+1 aa+g)

a+p

tjlogp;\ xo(p;) logp; logp; ) xo(p;)logp;

x H ( logR > t/21 x H ¢ logR 1/21 (4'5)
j=a+1 gk j=a+B+1 og R

This is a remainder term when we convert § of the sums over primes in B(«) to sums over integers.

Note that B(«) = C’'(a,0). Next, define

Cla, B) = N7/2 2: Si 53 4., /04 B1 - Un

+1 +8
Pa+t1sePatp latlslatB=2 VatB41,-0n=1 b\/N/ panrl ’ Oca+ﬁ)

+8
7 tjlogp;\ xop)logp; 17 5 (logu;) xo(u)A(v))
< 1 o(Fogr P *\logk) 172 )
& log R Jj=oa+B+1 & Yj log It
This is the result of converting the inner prime sums in C’(«, ) to sums over integers (which

are expressed as Un4g,...,n). The following relation between C' and C’ holds via a partitioning
argument.

Jj=a+1

Property 4.2. For any e > 0,

a—1

—a—B

Clas) = clap)- 3 ("7 F)cap i 0w, (17)
i=1

We are able to restrict the sum over i in (4.7) up to a — 1 —a—pfaswheni>a—1—a— [ the

term is O (N~°) (which be seen by taking Ji_1(z) < 1 in ) We repeatedly apply Property-
to B(a) to get the following relation between B and C'.

Property 4.3. For any e > 0,
a—1—a n—o
B(a) = )(—1)" N79). 4.
@ =3 ("o son (4.8
Proof of Property[{.3. We proceed by induction. Define the sum

B'(a,n) = f: <” . “) Cla,i)(~1) — a_ia <” . O‘) C'(a, i) i(—l)j <;> +O(NT9). (49)

i=0 i=n+1 J=0
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Our inductive hypothesis is that B’(a,n) = B(«). The base case n = 0 holds by Property and
the fact that B(«) = C'(«,0). For the inductive step, we assume that B'(«, k) = B(«) for some
non-negative integer k and show that under this assumption, B'(«, k+1) = B(«a). By the inductive
hypothesis we have

Bla) = Zk: <n;a>0(a,i)(—1)i—azl:a (” Z )C” Qi zi:o ( ) O(N™9).  (4.10)

1=0 i=k+1

We examine the ¢ = k+ 1 term in the second sum and simplify it using the fact (from the binomial
theorem) that ZkH( 1)7 (k;rl) =0:

k

() eer ey () < () eveer . @

=0 J

Applying Property (and reindexing the sum using a change of variables ¢ = k + 1 4 j) gives

(Z 1 i‘) (—DC (o, ke + 1)

a—a—k

_ (z;ﬁ(_l)m (an+1)— 3 (”_O‘_ _1>C”(a,k+1+j) +0 (N7

J=1

- (e E ()T e oo

j=1
n—a &t n—a 14
= (. )=D"C(ak+1) - - ~ 1) (@, €) + O(N7O). 4.12
(1o )enrcarsn = 3 ("0)( 1)o@ row.
(=k+2
Substituting this term back into (4.10]) gives B(«) = B'(«, k+ 1), proving the inductive hypothesis
and completing the proof of the property. O

Property allows us to convert the prime sums in B(«a) to sums over integers in C(«, ), with
[ of the sums being over higher powers of primes which are “left over” from this conversion. We
convert from sums to integrals using the following lemma, which generalizes Lemma 4.9 of [HMO07]
and is proven in Appendix [A.7]

Lemma 4.4. Set &, , () = ¢(x)""7. Under the Riemann Hypothesis for ((s), if supp(¢) C
( 1 ) then, as N tends to infinity,

n—a’ n—a

3 n[ﬁé(iii?é) ()

dmm, /Cu1 - Up_y)
Tt bV N

U1,. =1
—n— ) 00 ¥
-n\(i\ bWN 2 (log i\ xo(vi)A(vy)
Z z_: < J ><’Y> 27rm\ﬁv1 2;1 Ll;Il¢<logR> vilog R
oo —— [ 2log(bx+/N/(cvy ---vy)/4mm) 1/2—e
X /xo Ji—1(2)Pp—y—y ( log R ) log + 0 (N ) . (4.13)

We apply Lemma in order to convert the sums in C(«, ) into integrals (see (4.6|) for the

definition of C'(«, 8)). To do so, we first define the following term which emerges from applying
Lemma (4.4t
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o0 o0

D(o,B,7) = %m 7 > > > (4.14)

Pot1soPat Bty Lat 1 otat B=2 batB+1smbatfty=1
X/‘X’ J ()<I>/\ 2log(bzv/ N" [dwm) \ dx aﬁw 2 (tilogp;\ xo(p;)logp;
()P
(@) ®nasy log R log R logR ) pUlogR
(4.15)

j=at+p+1

Here, N” = N/ (cpa‘ﬁfl1 pf;fg_m) The three sums in (4.15)) can be interpreted as follows: the first

« primes are those that divide b; the next two sums involving § powers of primes are those left
over from converting to sums over integers; and the last sums over ~ integers are those left over
from applying Lemma, We have the following relation between C'(«, 8) and D(«, 3,7).

Property 4.5. We have

GRETE zjl D(a. 5.7) [a_af7_1<—1>i A Tl T )]

+O0(N79). (4.16)
Proof. Carefully applying Lemma to C(«, 1) using the definition in (4.6) gives

a—a—p—1 a—a—p—1

n—a n—a - o (n—a— ] e
(" ewsn = (") X pasa| X cw (") () ro .
b s 5=0 = J v
(4.17)
The property follows from reindexing the sum by setting ¢ = j — v and simplifying. 0
We apply Property to our formula for B(«) given by Property
Property 4.6. We have
a—a—1 n— o a—a—06—1 n— o —§ 8 5
Bla) = ) < 5 > > (—1)2< , > Z(—1)M< >D(a,5 —7,7)+0 (N79).
: i v
§=0 i=0 =0
(4.18)

Proof. The proof follows from applying Property-to 4.8]) and collecting terms with § = S+v. O

We want to eliminate the remaining sums over powers of primes in D by recombining terms.
First we define the following term.

o 21og(bx\/N/(cpy -+ - ps)/4mm) \ da
G (5 = J n a—90
(a,9) 27””\[1,12135/ e—1( < log R log R
a+d
. ﬁ 5 logp;\ Xxo(p;) logp; (4.19)
g logR/ pjlogR |

D(a, 8,7v) and G(«, d) (where 6 = 5 + v, as above) satisfy the following relation:
Property 4.7. We have

G(a,d) = Z(—l)‘SV(j)D(a,é—%y). (4.20)
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To prove this, we first prove an intermediate result.

Lemma 4.8. Let f(t1,...,t,) be a symmetric function which takes as an input a finite sequence
ti,...,ty of arbitrary length and define the following transform T (i,j) on f:

[e.e] o0

TaH) = > > ftl,...,ti,sl,...,sj). (4.21)

t1,.. 7t_2 S1ye.385=

Then
> ()Tt =) = s (1.22)
=0

where [1]" is a sequence of n 1s.

Proof. We proceed by induction on n. The base case n = 1 holds immediately. Assume the result
holds up to n and define a new function g(¢1,...,t,) = f(t1,...,tn,1). Then

Q) = g(]™
0

() Z Z Fltr, . tis sty Snei1)

=251,.,8p—i=1

21
Z (n> (D) T(i,n+1=0)()+ (D)™ TE+Ln+1-(i+1)(f)]

7

1

=0
n+1

= YT i-amn ("7, (423)
=0

proving the inductive hypothesis and the result. ([l
Proof of Property[{.7 This is just a special case of Lemma It follows from setting f([1]°) =
G(a,9) and T (4,j) = D(o, 1, 7). O

Applying Property to (4.18) gives the following relation between B(«a) and G(a, d).

Property 4.9. We have

a—a—1 n—a a—a—0—1 P
z ( ) Z ( , )G(a, ). (4.24)
— )
Applying the definition of G(«,d) from (4.19) to (4.24]) completes the proof of Lemma O

4.2. Vanishing off the diagonal. In this section we complete the proof of Proposition using
Lemma First we apply Lemma to [ .1)) with ¢ = p1 -+ pag™ -+ - ¢~. Since E(71,m) is a
sum of a fixed number of terms of the form , in order to prove Proposition it suffices to
show that these terms vanish when n; +m; > 2 for some j. We do so in Lemma which relies
on eliminating the sum over b using Lemma followed by careful bounding of the result. Since
we eventually show that these terms vanish, we omit the combinatorial coefficients. Recall that
Q=p1 Pp-wdi" g and r = (Q,0°) = p1---pagy™ ---qy°. Then, E(i,m) can be written
as a sum of terms of the form
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i logg; \"™ log"7 g; logp;\ logp;
Z H¢<logR> q(nﬁm] /2 Z H logR ) pjlog R
- J
1
m2

q1,.-,qw j=1 lo gn] Rpl» Pa+s =1
R(m* b)R(p1- - paai™ -~ g4, b)
x > @(b)a 1 8 X0 (Pat1 - Pavstpir -+ )
m<Ne (b,N)=1
b<N2022
P1ye-5Pa G150 |b
00 P 210g(bx\/N/(p1...pa+5q7lnl...ng“’)/llﬂm) dx -
Ji_ D, O(N79.
X/mzokl(x)nOzé( o R logR+ (N7

(4.25)

We simplify this term in a few ways. First, we extend the b sum by removing the condition
b < N?922_ a5 the integral decays rapidly with respect to b. Next, the principal character modulo

b equals 1 when (b, pa+1 - Patsqo+1 - Gu) = 1 and 0 otherwise, so we may add this condition to
the sum over b and remove the character. Thus (4.25]) equals

© . (logq;i\" 1 0 ogpi\ logp;
Z HQAS 0g q; og" ' qj Z H 0g Di ogpj
log R q(”J +m;)/24 g™ logR ) pjlog R

q1;--5qw j=1 j Pats i=1

1 R(m JO)R(p1- - padi™ -+ gy, b)
X Z 2 Z o(b)

mINe (b,Npa+1-Patsdo+1qw)=1
D1yesPasqtye,q0 |b

> —— (2108(ba/NI (1 - Pased™ - 77) /4 p
x/ Jkl(x)(bna(;( og( :U\/ /(1 Patsdy a5/ Wm)) ~

o log R logR—i-O(N_).

(4.26)
We break up the term (4.26) in two ways. First, we convert the sums over ¢; and p; into sums
over distinct primes, requiring us to case on when some of the primes in the sum are equal. Next,

we case on the multiplicity of the primes dividing b. Thus we see that E(ii,m) can be written as a
sum of terms of the form

L logg; \*  log®™ gj 1 R(m?, b)R(g" - - g, b
Fahedd = 3 Hqﬁ(logé) o 2 R 2 : )si@) =
..... j=1 4q; og" R m<Ne¢ (V' ,Ngi...qr)=1
q; dlstmct b=b'q;1-"q£f"

Jk—1(2)Pry
—0 k1) log R log R

o0 [ 2log(t/z\/Ngqi* -+ q;* JAwm)
X / S de (4.27)

with an error term of O (N~¢), where a;, b;, ¢;, and d; are positive integers, and the e;’s are integers.
Additionally, we have that > a; = v and b; > 1 for some i since n; + m; > 2 for some j. Lastly,

we have that b; > d; for all j, since n; > m; in ({4.26]). Since E(7,m) is the sum of terms of the

form (4.27)) with some b; > 1, proving the following lemma completes the proof of Proposition
The next lemma is also useful in Section 4.3

Lemma 4.10. Let F(d, g, E’,J; €) be defined as in ({4.27) with a;j,bj, c;,d; positive integers, e; inte-
gers, by > dj for all1 < j < k. Ifb; > 1 ord; < c¢; for some i, then F(d, 5,5,&;6’) < O(log™ ' N).

In order to prove this lemma, we need the following integral identity, which generalizes Section
7 of [ILS99] and is proven in Appendix
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Lemma 4.11. Let ¢ be an even Schwartz class function such that the Fourier transform qg has
compact support. Then

m? o° N 0 ™

(b 3= ©(b) log R log R
B m p(M) (1 /°° . log(k2Q/16m2m?)\ dx 1
=9 <(m, Moo)’1> M ( 5 ) elw)sin| 2me log R omz T 190
log log M
40, (me L), (428)

where the implied constant depends on €.

While the error term limits the effectiveness of this bound in the m aspect, in practice we only
need to take ¢ < 1/n. To prove Lemma we only need the above lemma to show that the sum
over b is bounded by m¢. We use the full result in Section to prove Proposition

Proof of Lemmal[{.10. We begin by expanding the fraction in the sum over b in (4.27) using

the multiplicative properties of Ramanujan sums and ¢ and the fact that b = Vq* -+ - ¢% with
(/,Ngq1---q) = 1. Doing so gives

R(mQa b)R(qill e qfcqlﬁv b) — XR(m2a bI)R(m27 Q? tU q’C{n)R(L b/)

©(b) (b’) ’

where X = R(qil1 coege S qe) Jo(gft -+ - qeF). Applying (4.29) to gives

0 @i .
L 2 (log g\ log® g; ,q1 )
raieds = % 16 ( Py Xt ﬂ
Q0 j=1 log It q;" log™ R ;e
q; distinct

R(m? b YR(1,b) [ 2log(Vz/Q/4mm)\ dz
2 p(b) /xo Tt ()0 ”( log R >logR’

(4.30)

where Q = N¢i* - - - ¢;*. By Lemma we have that the sum over ¥’ in (4.30]) is < m€. Applying
this bound to (4.30) gives

(4.29)

X

(b',Nq1...q¢)=1

ib. logq; \ % log® g ‘R(mz, q - qgmﬂ
F(a,b,¢, é’) < E | | < ‘ Z D 7 ‘
Qu,de j=1 log R q?J log" R, “ne m2—¢ (4.31)

q; distinct” <

We bound the sum over m using the multiplicative properties of Ramanujan sums as

R(m?, ¢ - &) 1 |R(q? ,ql IIR(CJ?,Q?)I
> X! m12_6 | < 3 T HZ . (4.32)

m<Ne (m/\q1--pr)=1 i=1t>0 go(ql- )

The sum over m’ converges absolutely. Now we analyze the sum over ¢, primarily relying on ([2.3)
to bound the Ramanujan sums. When 2¢t < ¢; — 1, then R(g?,¢{") = 0. When 2t = ¢; — 1, then
R(¢?, ¢") = ¢?. When 2t > ¢;, we have that R(¢?*,¢}") = o(¢f") < ¢

When d; > ¢;, we may apply the bound |R(q§1i,qfi)| < ¢(g;*) to find that the sum over ¢ is
O(quc"/zJ). When d; < ¢;, we use the bound |R(¢¥,¢5")] < ¢% to find that the sum over ¢ is

O(q; Lelei/2l) © Applying these bounds to (A31) gives
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¢ a; .
b.e.d. 2 (logg; "V log® q;
F(d,béde) < ¢< J) __log g, 7
q1,--5q¢ ]]:[1 IOgR q?J'H’J_e\_CJ/QJ logaj R (433)
q; distinct

where 7; = 1 if d; < ¢j and 0 otherwise. Removing distinctness from (4.33|) and factoring gives

L + (logp\“ log® p
F(a,b,c.d,e) < H [Zp:d) <logR> plitni—elei/2l 1og®% R | (4.34)

Set x; = bj +n; — €|cj/2]. If ; > 1, the sum over p in is O(log™% R). If z; = 1, then the
sum is O(1). First suppose that d; > ¢;. By assumption we have that b; > d; so b; > ¢j soif b; =1
then x; = 1 and if b; > 1 then z; > 1. If d; < ¢;, then we have x; > 1. We have shown that each
xj > 1, so each term in the product in is at most O(1). By assumption there exists some i
for which either d; < ¢; or b; > 1. By the above arguments, we have that z; > 1, so the ith factor

in (4.34)) is then O(log™% R) < O(log™! N), since a; > 0 by assumption. Taking the product over
all j, we then have that F(d@,b,¢,d, &) < O(log™' N), completing the proof of the lemma. O

By the above lemma and the arguments preceding (4.27), E(7,m) can be written as the sum of
finitely many terms, the number of which is independent of N and each of which is O(log™! N) if
n; +mj > 2 for some j. This completes the proof of Proposition

4.3. Converting to closed form integrals. Now we resume proving Proposition by first

applying Lemma to (4.2). Then we apply Lemma to the result before simplifying by
carefully bounding error terms. Applying Lemma to (4.2) and simplifying gives

T (91 SN Gl I SRS (R EOD ol ol

a=0 §=0 i=0 P1se-Pats mMSNE

2 e atd N B .
LT )
(b,NPat1-Pats)=1 ¥ j=1 0g pjlog
D1y--sPa|b

o —— ([ 2log(bx\/N/(p1- - Pars)/dmm) \ da e
X/a;oJk_l(x)CI)n_a_(;( e + >logR+O(N ), (4.35)

where we eliminate the character and modify the sum over b as in the beginning of Section Let
H(a, ) denote the sum over primes in (4.35)) for some fixed «, d so that

Oé+6 2
~ (logp;\ logp; 1 R(m*,b)R(p1 -+ Pa, b)
(a,9) ¢ <logR> pjlog R m2 ©(b)

P1-sPats j=1 mIN€ (0,Npat1--Pats)=1
plv---vpalb
o0 —— ([ 2log(bzv N /(4 P d
X/ o) P og(bxv N /(4mm\/P1 - Da+s)) z (4.36)
=0 log R log R

Our main result is the following.
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Lemma 4.12. Let H(a,d) be defined as above. Then

H(a,8) = —2717279( / / H(w2) - D(Tassi1)

[ et R e el el == ressnl
_ 27‘(’%1
L nas loglog N
- = 0)| dxgy---d Ol ———|. 4.37
300 doy - daisi + 0 (SR (4.37)
First, we transform the sum over the primes py, ..., pa+s in H(a, d) to a sum over distinct primes.

Property 4.13. A distinctness condition may be added to (4.36)), introducing an error of O(log™* N).

Proof. To introduce the distinctness condition, we apply inclusion-exclusion by casing on which
primes are equal. If p; = p; for some 1 < ¢ < a and a4+ 1 < j < a + 9, then the corresponding
term of H(«,d) is zero due to the condition on the sum over b. Thus, without loss of generality,
we let p1 -+ pa = qi" -+ qZ?' and poi1- - Patrs = qof“ﬁl e qz?_;_g‘f/, where the primes ¢; are distinct
and at least one u; > 1. Thus, when adding a distinctness condition to H(«a,d), we add additional

terms of the form

+4' . . of
S Ta(l) ey Ly ARy
Uj U j 2
q15elal 50 j=1 log 1t ¢;" log™ R m<Ne " (O.NGor 1d0r 451)=1 #(0)
q; distinct g qua’ b

1 oy

- _[2005(baV R /(mmy g i D) a
x / Jea(@) B s L e g (4.38)
=0

log R log R’

After breakmg up - ) based on the multiplicities of the primes dividing b, we may appeal to
Lemma 4.10| to find that the these terms are O(log™ N ) since at least one u; > 1, completing the
proof of the property. O

Now that we have introduced a distinctness condition, we case on the multiplicities of the
primes dividing b. Suppose we take the b sum in (4.36) over all b satisfying b = b'p{'--- pSe
with (b',p1---pa) = 1. Then, again utilizing Lemm we find that if any ¢; > 1 then the
corresponding term is O(log™! N). Thus, the only case which contributes is when each ¢; = 1, so
we find that

a+d
2 (logp;\ logp; 1 R(m* b)R(p1 - - - pa, b)
H(w,6) = = : — ’ :
o=, 2 (k) i S 2 o0
p; distinct - (V' ,Np1--pats)=1

x/oo —— (210g(b$\/ﬁ/<4”m\/m)>> L 0@og™ ).

J— D,
—0 k-1(@) o log R log R

(4.39)

We simplify the fraction in the b sum using the multiplicative properties of Ramanujan sums
and ¢ and the fact that b = b'py - - - po with (', Npy -+ pars) = 1. Doing so gives

R(m?, 0)R(p - pasb) _ R(m? V) R(m? pr - pa) R(LY) (4.40)

©(b) o(V) ’
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where we use the fact that R(z,x) = ¢(x) from (2.3). Applying this to (4.39)) and setting @ =
Np1 -+ Pa/(Pat1:** Pats) gives

a+6
~ (logp;\ logp; 1 2
H(o) = Y H¢( ) LN R i)
P1y+Pats j=1 log it ) pjlog I m<N¢ m
p; distinct

X

R(m?,0R(1,b") [ ——— (2log(t/z/Q/(4mm))\ dz
2 p(V) / Th-1(2)8n—a-s ( log R > log R
(U, Np1-+pats)=1 v
+ O(log™ ' N). (4.41)
Now we are ready to apply Lemma to the sum over b in . First we show that
the resulting error term, which arises from the error term in , is O (bg lOgN). Using the

log N
multiplicativity of Ramanujan sums, we find that the sum over m in the error term is

=0

«

R(m?,p1 -+ pa) loglog N loglog N 1 R(p2, pi)
’ O (me-22-81 ) 08087 R(p', pi)
Z m? " log N < log N Z (m/)2—¢ H Z (2—)t
mEN¢ (m/ ,p1+-pa)=1 i=1 |t>0 P;

(4.42)
The sum over m/ converges absolutely. When t = 0, R(p?,p;) = R(1,p;) = 1. When ¢t > 0,

R(pz2 t7pz‘) = ¢(pi) < p;. From this it is clear that the sum over t is bounded above by an absolute

log log N
log N

constant independent of p; so the sum over m is O ( ) Introducing this into the sum over

log log N

Tog N ) Thus, after applying Lemma [4.11| to

primes, we find that in all the error term is O (

(4.41]), we have that

a+d
2 (logp;\ logp; 1 > m o(M)
Hiod) = Y m( ) S LRy pa)s 1
pl’a."porHS j=1 log R Pj log R m<Ne€ m? (mv M ) M
p; distinct

1 > n—a—=6 . log(kQQ/167T2m2) dx 1 n—a—=4§ IOg IOgN
X ( 5 /_OO o(x) sin (27?93 los R Y. + 4qb(O) +0 log N ,
(4.43)

where M = Npj - - pars. We must have that m = p’il o -pz;ajg, since otherwise ¢ ((mmT”)’ 1) =0,

as N does not divide m. Additionally, we use that ¢(p;)/p;i = 1 — 1/p; and note that as N grows
large, o(N)/N — 1, as N is prime. Lastly, we recall that Q@ = Np1 - pa/(Pa+1 - Pars) allowing

us to simplify (4.43) as

a+d 2t 2t
~ (logp;\ logp; 1 R(py™ - pa*sp1- - pa)
mes = 3 TT6(ih) s (o) X M
PLy--sPats j=1 J T/ 0<ty, . tars<clog N D1 Pots
p; distinct
L nas log p1 logpa  logpati logpats ) dv
_Z 9 1 .. _ I
x ( 2 /Oo ¢() s | s { L log R teet log R log R log R 2rx
1 o loglog N
o)) o = ). 4.44
+o0r?) o (R (1.44)
We show that the only term in (4.44)) which contributes is when ¢t; = -+ = t,45 = 0. We chose

some i and sum over t; > 1 and t, > 0 for £ # i:
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+4
Z Oii[&(long) 1ngj (1_1) Z ‘R(p?tl,pﬂ’""R(pat&,pa)’
; : 2t 2t
Priopass jo1 N8 T/ pilog R Pi) ety ficclonN pe - pllere
p; distinct £:£0
1 [* —ae§ log p1 logpa  logpa+t1 log pa+ts dx
< [ == n—a—4 2 1 _ e
< 2 /_oo ¢(x) Sm( my( * log R teet log R log R log R 2mx
1 o log log N
200" ) 10— ). 4.45
o0 >+ ( log N ) (4.45)

Noting that the integral above is bounded and qAS is bounded, we take absolute values and remove
distinctness over the prime sum to bound (4.45)) by

+5

Z (i—[ 10gpg Z ‘R(p%tlvpl)’ ) ’R(pgf&vl)a)’

2t1 2ot5 (446)
1y Pass j=1 P 0<t1,...,ta+5§elogN b1 Pags
pJ<R t;#0
We factor (4.46) into sums over primes as
45 2t;  s;
Iy ey o oy
D log R 2tj ) :

j=1 |pj<R ™7 8(ij)<t;<elogN  Pj

where 6(i,j) = 1 if j =i and 0 otherwise, and s; =1 for 1 < j<aand 0fora+1<j < a+d.
When t; =0, |[R(1,p%)| = 1. When t; > 1, we bound the summand by l/pitjfsj so the sum over

t; > 11is O(1/p;). Thus when j # i, the sum over t; is O(1) and we find that the sum of p; is O(1)
as well. When j = ¢, the sum over ¢; is O(l/pi) as there is no t; = 0 term. Thus, we have that

log pi R(p; '7 Di _
pi<

i 1o
7 Pi gRlStigelogN pl pi<R P

Taking a product over all j in we find that the entire term is O(log™' N). For each choice
of 4, summing over t; > 1 yields similar results, so the the only term in not absorbed by the
error term is the one for which each t; = 0, so m = 1. We further simplify in two ways.
First, since R(1,p) = —1, we may eliminate the Ramanujan sums and introduce a factor of (—1)?.
Additionally, note that we may multiply out by (1 —1/p;) in the product in to get a sum

involving gjp 2 and a sum involving Igjp i, In the latter case, we bound the sum by O(log™! N) and
it is absorbed by the error term. Thus we have from ) that

a+d
~ (logp; log p;
H(a,8) = (-1)* = :
(@0) =1 2 1I¢ (logR>pjlogR

P1y--5Pa+s j=1

p; distinct
1 [ oS . log p1 logpa  logpa+1 log pa+s dx
- 9 1 e _ e
% < 2 /_OO #(@) e S log R ot log R log R log R 21z
1 e loglog N
—p(0)rad O|——. 4.49
o0yt 4o (PR (4.49)

We wish to remove the distinctness condition from (4.49)).

Property 4.14. Equation (4.49)) holds with the distinctness condition in the prime sum removed.
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Proof. When removing the distinctness condition, we use inclusion-exclusion to eliminate terms
where some p; = p;. Suppose p1 - DPays = ¢ - q?‘, where ¢; # ¢j when 7 # j and where some

a; > 1. Noting that the integral and ngﬁ in (4.49) are bounded, we bound these terms by

] £ log® g ¢ log®
Z H og® qJ & Z H‘;)gi(gj‘R < H Z ]Olg()g‘g]}f . (4.50)

q1;--90  5=1 qJJ log q1;---,9¢ j=1 qJJ log j=1|q¢;<R qJ
g; distinct ;<
<R
When a; = 1 the sum is O(1). When a; > 1 the sum is O(log™ R). Since some a; > 1, taking
the product over j in ([#.50) we find that the term is O(log~2 R), completing the proof. O

To complete the proof of Lemma we apply Riemann—Stieltjes integration to each of the
prime sums in (4.49) without the distinctness condition to find that

H(a,0) = —2717979(— / / O(x2) - D(Tarsr1)

y [/ Fd (g )Sm 2rz1(1 + |z2| 4+ - + [Tag1] — [Tage| — - — %+5+1D)d$1
—00 271'%'1
1 e loglog N
_ §¢n 5(()):| dxo - - dxa+5+1 + 0 (m) (451)
as desired. 0

4.4. Simplifying the main term. In this section we finish the proof of Proposition 3.9 by applying
Lemma to (4.35) and simplifying. This step is mostly combinatorial, although we need the
following lemma.

Lemma 4.15. We have
/ d(y) (sin(z + 2wzly|) + sin(z — 2mzly|)) dy = 2sin(z)p(xy). (4.52)
Proof. Using that sin(z + 27z|y|) + sin(z — 27mz|y|) = 2sin(z) cos(2mxy) we have that

/ " 3(y) (sin(z + 2mzly]) + sin(z — 2naly))) dy = 2sin(z) / " 3(y) cos@my)dy

= 2sin(z) /00 g/i;(y)ﬂfie(exp@mxy))dy

= 2sin(2)¢(zy). (4.53)
O

Applying Lemma to (4.35)) gives

-5 () (O‘Z‘S) B I e T

a=0 =0 i=0
/ / D(22) - D(Tarsin)
o [/ ¢”*a*5(x1)sm (2mx1 (1 + [2o| + - + [Tat1| — [Tato] — - — $a+6+1|))dx1
_ 2mxy
1 .. loglog N
_ §¢n o 6(0)] dry---droisi1 + O (lgj)g]g\f> . (4.54)
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Our first step is to eliminate the integral over ¢"~*~°(0) in (&.54) when a + & > 0. We fix some
v < a and collect the terms of (4.54) for which o + § = v:

5 (0] () z(>

/ / Swa) - Blavs) [—;w"(m] des - dzy s, (4.55)

By the binomial theorem, Y% _ (¥)(=1)® = (1 —1)” = 0 for v > 0, so the sum over « in ([L.55) is
0 unless ¥ = 0. Thus, the terms where o + § = v cancel when v > 0. When v = 0, we pull out the
—2¢"(0) term and find that

| (122—1 a—zocj—l (a Z 5) (a ;— 5) a_of_l(—l)i (n _ (; - 5) y1-1-0-5(_1)2 (a1, 0)

a=0 §6=0 1=0

where

I(a,8) = /Z . /Z 5(332) : "$($a+6+1)/o; ¢" 0 (1)

in (2 1 . - e
" sin (2rxy (1 + |22 + -+ + ’:E;;;J |T a2l |$a+5+1|))d$1 cdrgrser.  (457)

We want to simplify the first sum over a in (4.56]), which we denote by A’. By Lemma we
have that I(a,d) = 2I(a,0 — 1) — I(a + 1,0 — 1). We want to express A’ in terms of I(«,0). We
do so with the following result:
Lemma 4.16. Let I(a,d) be defined as above. Then

1

I(a,0) = 225*1(—1)1 (j)l(a+j,0). (4.58)

J=0

Proof. We prove the following claim holds by induction, after which setting k = § completes the
proof of the lemma:

k
I(a,6) = ) 2F9(-1) (k> I(a+37,6 — k). (4.59)
; J
7=0
The base case k = 0 holds immediately. Suppose the result holds up to k. Then using that
I(a,0) =2I(a,6 — 1) — I(ax+ 1,6 — 1) we have that
k

I(a,8) = > 2579(=1) <k>(21(a+j,5 k—1)—I(a+j+1,6—k—1))
=0 J

e[

=0
k+1

— ngﬂ J (kj )I(a+j,5—k—1) (4.60)

completing the inductlve hypothesis and the proof of the lemma. O
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Applying Lemma to (4.56) gives
a—1la—a— a—a—o6—1
B n a+d ok —a—=0\ 10 ,
SDOB b SN TC I ol "o (a0

a=0 6=0 3=0
(4.61)

We group terms in the above with fixed w = a + j. Doing so and simplifying gives

v S £ T )N
(4.62)

We set § = ¢ + w — « to change variables in the sum over ¢, giving

w a—l-wa—~l—w—1
A — on—1 —w w Ry n l+w\(n—t—w\{+w—a«
-7 22 IWOEZ: — (=1) <€+w>< e >< i >< w—a )

1=
(4.63)
We rewrite the binomial coefficients in (4.63)) as

a—1 w a—l-wa—f—w—1 . .
C+w+1i\ (w\ ({41
! n—1 fw_
w=rreeenreod S (L) (0 6T
(4.64)

Grouping terms with fixed m = £ 4+ ¢ and rearranging gives

A = 2”‘122‘“(—1)”(%0) i: (Z) :21:_: (rniw) (m; w)

a=0

m

Z(—1)i<?>. (4.65)
i=0

As a consequence of the binomial theoremm, the sum over 7 is zero unless m = 0 as it is the
binomial expansion of (1 —1)™. Thus, summing over « yields ()2“ so we simplify the entire term
as

A = ol g <n>(—1)“’l(w,0). (4.66)

Applying this to (4.56)), we find that A = (—1)"*'R(n,a;¢) + O (loﬁ)lgojng), where R(n,a;¢) is
defined as in ([1.9)). This completes the calculation of the main term and the proof of Proposition

5. EXTENDING SUPPORT FOR RANDOM MATRIX THEORY

In this section, we compute the n'" centered moment of Z4(U) for test functions ¢ with supp gg C
¢

[—%, %] This computation plays a crucial role in the proof of Theorem We focus on the case

where n > 3 as [HMO07] have proved the n = 1,2 case.

5.1. Introduction. If U is an M x M unitary matrix, all of the eigenvalues of U have norm
1, which we denote by €1, ... e, Then for any test function ¢ (¢ is even, real-valued, and
integrable) with suitable decay so that the following sums converge, define the 27 periodic function

Fu(@) = 3 ¢(§i<e+2m’>)

j=—o0

— % i 5(]\]2) ekl (5.1)
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Note that this function corresponds to gy in [HR03]. Since ¢ decays rapidly, this function measures
the closeness of the input point to the angle 0 in some sense. Define

M
Zy(U) =Y Fr(n). (5.2)
n=1

The function Zy is well-defined since Fy is 2m-periodic. Moreover, since Fj;(#) measures how close
6 is to the “central point” 0, the function Zj measures how close the eigenvalues of U are to the
“central point” 1 on the unit circle.

In this section, we focus on studying the centered moments of Z,(U) averaging over the SO(even)
and SO(odd) groups as they correspond to H, (N) and H, (N) respectively. Weyl’s explicit rep-
resentation of Haar measure would allow us to compute the higher moments explicitly. However,
to facilitate the comparison with number theory, we first compute the cumulants as in [HR03] and

[HMOT7]. The cumulants CZS Odd) and Czso(even) are defined to satisfy the following equality of
formal power series:

. CSO(even) A . .

SO (@) T = i logBsoqn[exp(\ (1)) (53)
=1 ' MEs

o~ SO(dd), (A

2 G @) = lim logEsoquexp(AZs(U)]- (54)
=1 ' M550

Given the first n cumulants, one can compute the first n moments and vice-versa, as we now
explain. For n > 1, if 4/, is the n'" centered moment then

Cy\ *2 c\F  n
/o
= 3 (2!> (m) I (5.5)

2ko+3ks+---+nkn,=n
k>0
A similar formula recovers the C), from the fx),.
Set S(z) = 222 and define

T

(_1)m+1

n | 0 00
Qn((b) — gn—1 Z Z - /\ll.T.L: ™ /_OO.../_OO ¢($1)A1"'¢(xm)>\m

m=1 A1 +-+An=n
A;>1

X S(x1 —x2)S(xe —x3) - S(Tim—1 — Tm)S (T + x1)dx1 - - dTppy. (5.6)
We have the following result due to [HRO3].

Lemma 5.1. Let ¢ be a Schwartz test function such that supp(a) - [—2 2]. Forn > 3,

CSOEven)(g) = Qu(9)
CS0Ldd(4) = —Q,(¢). (5.7)

Moreover, for n > 4,

Czso(even) _ CSO(Odd) — 2/ ‘y|$(y)2dy = 0'3) (58)

where U(% is defined as in (1.8).

Thus, in order to prove Theorem it suffices to calculate @, (¢). The main result of this section
is Proposition 5.2
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n—a’ n—a

nonnegative integer a and supp(ngS) - [—f f] Let R(n,a; ) be as in . Then

n’'n
@n(d) = R(n,a;9). (5.9)
Assuming Proposition we now prove Theorem [I.3]
By [HMO07, Theorem 1.4], for supp(quS) - [—% f} then the first j moments (resp. cumulants)
of Z4(U) averaged with respect to Haar measure are equal to the moments (resp. cumulants) of a

Gaussian. In particular, for 5 > 3 we have Cso(even)(qb) = C’JSO(Odd)(qS) = 0. Recall that supp(qg) -

[—nla, — a} and supp(qﬁ) [—%, i] so we may without loss of generality take a < [n/2]. Hence,

Proposition 5.2. Let ¢ be a Schwartz test function such that supp(a) C [ L ] for some

restricting the sum in ) to those terms with k3 = --- = k,_, = 0 does not change its value.
Moreover, a < [n/2] and 22:2 lky = n imply that ky,kn—1,...,kn—atr1 € {0,1} and at most one
of kn, kn—1,...,kn_a+1 is equal to 1.

Thus, we can rewrite as

i1y = L oven) <C2> " (nT/L;)! + Y (gf)]@ <(filf)!) Z, (5.10)

2ka+(n—0)=n
0<f<a—1

Observing that 2ky + (n — ¢) = n forces £ = 2ky and specializing to SO(even), we have

o A\ %5 Soéiven) C,SO(even) k2
) B even — n 2 2
SO(even) n/2 nil
+ ﬂ{n even} <C2 > 2(”/2)(n/2)' (511)

The analogous equation holds for SO(odd). Now, applying Theorems Lemma and Proposi-
tion to the right hand side of and simplifying completes the proof of Theorem after
comparing with .

The remainder of the section is devoted to proving Proposition The section is structured
as follows. In Section we prove Lemma which allows us to express @, (¢) as the product
of a combinatorial term and an integral term. In Section we evaluate this combinatorial term,
and in Section we calculate the integral term.

5.2. Preliminaries. In this section, we work towards Proposition by evaluating @Q,(¢) as
defined in (5.6) when supp(cg) C [— — } and a < [n/2]. The main result of this subsection

n—a’n—a
is Lemma which splits @,,(¢) into a combinatorial term and an integral term which we will
then evaluate separately.
Equation (5.27) of [HMOQT] glves 1ndependent of the choice of support) that

where
K _y ()™ 1 5.13
Wi,y 9n) = Z Z m Al A Z HX{IZ?:M(M)qyj]Sl} (5.13)
m=1 X \i+.. 4+ \m=n €1, en€{E1} =1
A >1
and

. 1< A
n(t,j) = L Z? ! (5.14)
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Important in our evaluation of @, (¢) will be the following identity given by Soshnikov [Sos00]:

z = n S (_1>m+1 1
z = log(l+ (e —1)) = Zz Z Z e WIS (5.15)
n=1 m:

m=1A1+-+Am=n
A >1

5.2.1. Simplifying K(y1,...,yn). To evaluate @Q,(¢), we first discuss how we will interpret the
expression K (yi,...,yn) for y1,...,yn € [0, ﬁ} Throughout this paper, if I C {1,...,n}, we
write

XI = X{yi++yn>1425 v} (5.16)

Definition 5.3. A system of parameters (or s.0.p.) is an ordered tuple (m, Ai,..., A\, €1,...,€n)
withl<m<n, Mi+---+XAp=n, N\ >1 foralll <i<m, and ¢; = £1 for each 1 < j < n.

Given a system of parameters S, we may use ng(¢, j) to denote the function n(¥¢, j) where the A
are taken from .S. When it is clear from context that the A are taken from the s.o.p. S, we simply
denote this function n(¢,j). Fix n > 2a and a s.o.p. S = (m, A1,..., A, €1,...,€,). Consider the
product

[T xosm, nepeui<n (5.17)
/=1

from (5.13). Fix 1 < ¢y < m. In order to study (5.17), we study the complement of the indicator
functions in (5.17)), given by

XISy it )esvs1>1) (5.18)

For y1,...,yn € [O, ﬁ}, if Z?Zl n(Lo, j)ejy; > 1 then we cannot find yi,...,y), € [0, ﬁ] such

that 37, n(fo, j)€jy; < —1 because a < [n/2]. Thus the indicator function (5.18) is identical to

(5.16)) for a particular choice of I. Moreover, there exists y; € [0 L } such that ([5.18)) is nonzero

if and only if one of the following (mutually exclusive) conditions holds:
(i) H1<j<n:nlly,jlej =+1} <a—1,or
(ii) {1 <j<n:n(lo,je=-1} <a-1.
If case (i) holds, we define
Joy ={1<j<n:nl,j)e =+1} (5.19)
and say that Jy, has sign (g, = +1.
If case (ii) holds, we define
Jopo ={1<j<n:nlly,jle =—1} (5.20)
and say that .Jy, has sign (s, = —1.
If neither case holds, then Jj, is undefined.

Lemma 5.4. If S = (m,A1,..., A, €1,...,€n) s a system of parameters and J C [1,n] is any
subset, then there is at most one by € [1,m] and ¢ € {£1} such that n(lo,i)e; = ¢ fori € J and
n(lo, j)ej = —C for j & J.

Proof. Suppose ¢1 > £y and that both ¢y and ¢; have this property for some (g and ¢;. Without

loss of generality, we assume that J = {i : n({o,i)e; = —1}. It is clear that we cannot also have
I ={i:n(t,i)e; = —1}, so we may assume that I = {i : n(¢1,i)e; = +1}, but then we must have
n(lo,j) = —n(¢1,7) for all j, and this is clearly impossible. O

In particular, if Jy, and J;, are both defined, then J,, # Jy,.
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Definition 5.5. For a s.o.p. S = (m,A1,..., A\, €1,...,€n), let {l1,.... 0} C{1,...,m} be the
set of indices for which Iy; is defined. Define
J(S) = {ng,...,Jgt}. (5.21)
Define
I(S) = {hL,...,I.} (5.22)
to be the subset of elements of J(S) which are minimal with respect to inclusion. That is, I(S)

consists of those elements of J(S) which do not strictly contain any other elements of J(S). By
Lemma for each i € [1,r] there is a unique ¢; such that I; = Jy,. Finally, define the function

Sy, oum) = Y Y (=D X)W ), (5.23)

i=1 1<j1<--<ji<r

and the quantity

. (_1>m+1 n!
A(S) = o (5.24)
S

The next lemma provides a sort of “Mobius inversion formula” for o®.

Lemma 5.6. For any s.o.p. S, we have

o) = {—1 if x7(y1,-..,yn) =1 for some I € I(S)

a2y, .. (5.25)

0 otherwise.
Proof. Fix (yi1,...,yn). Suppose there are k elements in I(.S) whose support contains (y1,. .., yn).
If £ = 0 the result is immediate. Now, for £k > 1 and 1 < i < k, there are (]:) terms in the ¢th
summand of with coefficient (—1)? and all the other terms vanish. Thus we have

k
oWy yn) = Z(E)(—l)i: (1-1F —1=-1. (5.26)

7

i=1
O
We now have the following.
Lemma 5.7. For (y1,...,yn) € [O, nia}n’
K(y17"'7yn) = Z(_l)t Z (Xh'”XIt)(ylv'”?yn) Z A(S) (527)
t=1 (I, 14) s.0.p. S with

valid I1,...,It€I(S)

Proof. The product (5.17)) vanishes at (y1,...,y,) if and only if there is some J € J(S) such that
X is supported at (yi,...,yyn) if and only if there is some I € I(S) such that x; is supported at

(Y1,---,Yn). So, by Lemma

11 X{ S0 ntg)es <1y (YLs - yn) = 14 oy, yn)- (5.28)
(=1

Substituting ((5.28)) into (5.13)), we have that

n (—1)m+l n!
Ky oomm) = Y D T I 2 A ). (529)
m=1A1+...4+A\;m=n m s.0.p.’s S

Aj>1

Applying (5.15)), we find that the first sum is 0. Expanding the second sum using the definition of
o’ from (5.23)) and rearranging completes the proof. O
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5.2.2. Simplifying Qn(¢). In this section we simplify @, (¢) by applying Lemma to (5.12).
First we define further notation which allows us to express @, (¢) (through Lemma [5.11)) in terms

of combinatorial quantities which we then compute in Section and

The symmetric group S, acts naturally on sets of (unordered) t¢-tuples of subsets of [1,n] by
permuting the elements in each subset of each tuple. Take such a t-tuple (I3,...,I;) and some
I; = {i1,...,ix}. Given some 7 € S, we have that 7(I;) = {7(i1),...,7(ix)}. Let xr, ---xr, and
XJ; - - - XJ, be elements of {2 such that there exists a permutation 7 € .S,, so that for each 1 < /¢ <,
7(Iy) = Jp. Then

/0 /0 S(y1) - DY) (Xt -+ X1 = X+ X)W1, -5 Yn) s -+~ dy = 0. (5.30)

This motivates the following definition.

Definition 5.8. The symmetric group S, acts naturally on sets of (unordered) t-tuples of subsets
of [1,n], as described above. A t-class is an orbit of this action.

Now, for a t-class C, let

/Cdy = /Ooo~--/Oooé(yl%--é(yn)x(yl,-.-,yn) dyy - - dyp, (5.31)

where x = xp, - -+ x1, with (I1,...,I;) any element of C. (5.30) shows that [ Cdy is well defined.

Definition 5.9. We call an unordered tuple (I1,...,I;) of subsets of {1,...,n} valid if I1,...,I; €
1 n

' n—a

I(S) for some s.o.p. S and xp, --- X1, 1S supported at some point in [0

Definition 5.10. We call a t-class valid if it contains at least one valid tuple.
We are now ready to prove the main result of the section.
Lemma 5.11. For a s.o.p. S and a t-class C, set
T(S,C) = #{(1,....I;) e C: I1,.... I, € I(9)}. (5.32)
We have
Qu(¢) = 2"72> (=1)" Y Y T(S,C)A(S) / Cdy. (5.33)
t=1 valid t-classes C' \s.0.p.’s S

Proof. Given a valid t-class C, there is a valid tuple (I1,. .., I;) € C for which xp, - - - x1, is supported

at some point (y1,...,Yn) € [—L !

n—a’ n—a

]n. Therefore, if 7 € Sy, then x-(1,) - Xr(1,) is supported

at (Yr(1)s - - » Yr(n)). Since Sy, acts transitively on C, this means that every tuple in C is valid. Now,
applying Lemma to (5.12) and grouping tuples into t-classes completes the proof. O

Lemma shows that in order to calculate @, (¢) it suffices to calculate ) T'(S,C) A(S) and
[ Cdy for t-classes C. In Section we calculate Y T'(S,C) A(S) and then in Section we
calculate [ Cdy.

5.3. Computing the combinatorial piece. In this section, we calculate » T'(S,C) A(S) for
valid t-classes C, where T(S,C) and A(S) are defined as in (5.32) and (5.24)), respectively. In
Section we find a closed form for the case t = 1, and then in Section we show that when
t > 2 the quantity vanishes.
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5.3.1. Computing for valid 1-classes. In this section, we compute the terms in (5.33)) for which
t = 1. We first classify the valid 1-tuples.

Lemma 5.12. If I and J are subsets of [1,n] such that |I U J| > a, then x1- X7 is identically zero
1 n
on [0, nia} .
Proof. Let I and J be as in the hypotheses, and assume for contradiction that both y1 +---+y, >
n
1+2Y .y and yr+--+y, > 1 +2Zj€Jyj for some (y1,...,yn) € {0 ! ] . Since

' n—a

yp < —— for every h, Zh&IUJ yn < 1, so we must have that >,y < ZjEJ\I y; and similarly

n—a

> jesYi < Yic nJ Vi by our assumptions. Adding these inequalities gives

ZyH—Zyj < Z Yi + Z Yi (5.34)

iel jeJ icl\J FjeINI

which is a contradiction, as all the y;’s are nonnegative and the terms on the right are a subset of
those on the left. O

Lemma 5.13. If I is a subset of [1,n], then the 1-tuple (I) is valid if and only if |I| < a — 1.

Proof. If |I| > a — 1, then (I) is not valid by Lemma taking both subsets to be I.

Now suppose |I| < a—1. Let y; = 1/(n—a) for each j ¢ I and let y; = 0 for each ¢ € I. It is clear
that x7(y1,...,yn) = 1. Now consider the system of parameters S = (m,A1,..., Am, €1,...,€n),
where m = 1, \y = n, and ¢, = —1 if and only if ¢ € I. Clearly, I € I(S). Therefore, (I) is
valid. O

It follows from Lemma that the valid 1-classes are exactly the classes
Cpe={(I): 1 € [1,n), 1] = f} (5.35)
with0 < f <a-—1.

Lemma 5.14. Let 1 < f <a—1. Let S = (m,A1,..., A\, €1,...,€,) be a system of parameters
with m > 2 and suppose (I) € Cy is such that, for some 1 < £ < m, we have I = J, € J(S). Define
Ap =X+ -+ X . Then I € I(S) if and only if [Ap—1 + 1,Ae) € I and [Ag+ 1,Apq]) € 1. If
¢ =m, then we set [Ap, + 1, Appy1] to [1,A1] = [1, Aq].

Proof. Assume without loss of generality that J, has sign ¢, = —1, i.e. Jy={j:n({ j)e; = —1}.
For any ¢ < ¢, we have

—n(l,5)e; ifje[Ay+1A
77(£7])€j:{ n(ga])ej 1 ]E[ Y4 + 9 f]a (536)

G if j ¢ [Aw +1,A].

If [Ag—1 + 1, A¢] C Jp, then Jyp—y = Jp ~ [Ay—1 + 1, A¢] € Jp. In particular, J; is not minimal, so
Jy ¢ I1(S). Similarly, if [Ay + 1, Ap41] € Jp then Jpypq = Jp N [Ag+ 1, Agy1] so Jy is not minimal.

Now assume Jy is not minimal, so there exists some Jy C Jy.

First, suppose the sign of Jy is (4 = —1. Suppose that ¢/ < ¢. By , Jo N [Ae +1,Af) =
Jo~[Ap +1, Ay, while Jp N [Apy +1, Ag] and JyN[Apy +1, Ay] are disjoint with union [Ay 41, Ag]. So,
so Jp C Jp implies [Ag—1+1,A¢] C [Ap+1,A C Jp. Similarly, if ¢ > ¢, we have [Ay+1, A1) C Jp.

Next suppose that the sign {» = 1. Suppose that ¢ < ¢. By , Jo NV [Ay + 1,7 =
JeN[Ap+1, Ay, while Jp\[Ap+1, Ag] and Jp~[Ap+1, Ag] are disjoint with union [1, n]\[Ay+1, Agl.
Since Jy is not minimal, we must have [Ay + 1, Apiq] C [1,n] N [Ap—1 +1,A¢] C Jp. When ¢/ > £, by
the same reasoning we have that [Ay_1 + 1, Ay] C Jy.

[l
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Lemma 5.15. Fizx 1 < f <a—1. We have
1

T A(S) = 2nl(=1)" —1)ctd+t .
> T(S,CHAWS) = )" 3D ()G fed) o (537
s.0.p.’s S c+d<n

with m>2 c,d>0

where
coren = ()00 Gy o

Proof. Let S = (m,\1,..., Am,€1,...,€,) denote a variable system of parameters. By Lemma
we can rewrite T'(S, Cy) as

T(S,Cy) Z Liger(s) and #J,=1} - (5.39)

We sum over systems of parameters by first summing over all values of m, then summing over all
possible values of ¢, then summing over all possible values of ¢ = Ay and d = Ayy1, then summing

over all possible values of Aq,..., A\, and finally summing over all possible choices of €1, ..., €,. For
fixed m, A\1,..., A\, the €1,..., ¢, and Jp, {; uniquely determine each other, so we may rewrite the
innermost sum as
> A Lers) and aeg—ry = AS) Y D Lpgers)y- (5.40)
(e5)e{£1}m Cec{£1} #Jo=f

By Lemma the sum over Jy is G(n, f, ¢, d), since we can choose a general f element subset in
(’J}) ways, and we need to subtract off when the ¢ element subset [A\;+---+Xp_1+1, \1+---+X\J] C T
or when the d element subset [A; +---+ A+ 1,\1 + -+ Apy1] € I. Then, we add back in the case
when both subsets are contained in J; since we have double counted it. Finally, there are 2 choices

for (. We have

non —1)mtl n!
Y. T(S.CHAWS) = D > > > ( 1,31 Al;..TAmyzG(”’f’c’d)' (5.41)

s.0.p.’s S m=2 /(=1 c,d>1 A+ Am=n
with m>2 ctd<n \i>1, p=c, \py1=d

Noting that for each value of ¢ the inner summand is the same, we can set £ = m — 1 and write

G(n, f,c,d) (—1)m+t 1
> T(S,CpAWS) =20l ) T ad Zm > m Al Aol

s.0.p.’s S c,d>1 m=2 A+t Am—2=n—c—d
with m>2 c—i—dSn

(5.42)

The sum over m equals (—1)"F°t4+1/(n — ¢ — d)!, which follows from evaluating the coefficient of

2™ in

M8

P SRR S (1)
T e R P D B e W X

n=0 n=0 m=1A1+-+Ap=n
A>1
Applying this to (5.42]) gives
1
T(S,Cs) A(S) = 2n!(—1)" —1)etd+lg d .
2 T(SCAE) = 201" B (1) . - ) e dyteldl (5.44)

s.0.p.’s S ct+d<n
with m>2 c,d>1

Now, we can extend the sum to include when ¢ = 0 or d = 0 to complete the proof as in this case
G(n, f,e,d) = 0. d
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We complete our evaluation of the case when m > 2 with the following lemma, proven in
Appendix [B.]]
Lemma 5.16. Fizx 1 < f <a—1. We have

— 9" _1ynH ) '
;;%;:sff(s’cfmw 2<>(( e -1) (5.45)

Now we evaluate the case when m = 1.

Lemma 5.17. Fiz 1 < f <a—1. We have

S T(8,Cp) A(S) = 2(?) (5.46)

s.o.p.’s S
with m=1

Proof. We let S = (1, \1,¢€1,...,€,) denote a variable system of parameters. Since m = 1, we have
2

A1 =nand A(S) = %% =1 for all S. Now, as in (5.40)), we may rewrite the sum over i, ..., €,

as a sum over Ji, (. Since m = 1, any f-element J; € J(S) will be minimal. So,

Yo T,.CHAS) =AS) SN Lppensy = Y. Y 1= 2<7;> (5.47)

s.0.p.’s S G e{fl} #h=f Ge{x1} #I=f
with m>2

0

Adding equations ([5.45)) and ([5.46|) gives the main result of the section.

Lemma 5.18. Fix 1 < f <a—1. Then
3" T(S,CpA(S) = 2(-1)mHH (7;) (5.48)
s.0.p.’s S

5.3.2. The vanishing of valid t-classes for t > 2. In this section, we show that all terms with ¢ > 2
in (5.33) vanish. Our main result is the following.

Lemma 5.19. Let C be a valid t-class with t > 2. Then

> T(S,C)A(S) = 0. (5.49)
s.0.p.’s S
Throughout this section, let S = (m, A1,..., Am, €1,-..,€,) be a system of parameters, C a valid

class, and (I1,...,1;) € C a tuple of subsets of [1,n] such that for each 1 < i < ¢, there is some
¢; and (g, € {£1} such that I; = {j : n(¢;,j)e; = (o} Le., I; = Jy, with sign (,,. Reorder the I;
so that (1 < fy < --- < {; and set I| == I; — 02:1 I and j; = Ay, = Ziizl M. To begin, we prove
lemmas which characterize (Iy,..., ;).

Lemma 5.20. Set I} = J;, with sign (y, and suppose there is some minimal T such that IT = Jy,,
with sign (o, = —C¢,. Then, for all © > T', we have I; = (5, with sign (s, = —Cy, .

Proof. Assume WLOG that {,, = —1so I1 = {j : n(¢1,j)e; = —1} and let T' be the smallest value
such that I = {j : n(¢r, j)e; = 1}. Suppose there exists some s > T such that I, = {j : n({s, j)e; =
_1} If.] < jT—l or .] > jsa then U(ET,]) = n(zsaj)a SO ] € ITUIS S0 [LjT—l] U []s + 17”] c ITUIs-
Similarly, if j € [jr—1+1, js], then n(dr_1,7) = —n(ls, j),s0 j € Ir_1UIgs0 [jr—1+1,js] C Ir_1UIL.
Since [1, jp—1]U[js+1,n]U[jr—1+1,js] = [1,n] and a < n/2, we must have that either |IpUI| > a
or |Ip—1 U Ig| > a. Then, by Lemma C is not valid, a contradiction. Thus such an s cannot
exist so I; = {j : n(l;,j)ej = +1} for all i > T O
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The above lemma shows that the sign of (I, I,...,I;) can switch at most once. We call the
minimal T such that (p, = —(, the transition point of (I1,...,I;). If I, I>,...,I; all have the
same sign (so that no such T exists), then we set T' = 1.

Lemma 5.21. Let T be the transition point of (I1,...,1;). Then

t
UL = B0y = [Ln]~ [ro1 + L, jr], (5.50)
=1

I NI =0, and (5.51)

t
(L = Ir-iNIr € [jr—1+ 147, (5.52)
i=1
taking indices cyclically in [1,t] and intervals cyclically in [1,n] so that I, :== I} and Iy = I; and
[Jo+ 1,71) = [jt + 1,n] U [1, j1]. Additionally, if 1 <i <t withi#T — 1, then
(LN G + 1, i) U (Tign N [ + 1, Gia]) = [i + 1, Jia]  and (5.53)
(L O [ + 1, jia]) O (Liga N [ + 1, Gia]) = 0. (5.54)

In other words, the restriction of I; and Iy to the interval [j; + 1, ji+1] forms a partition of the
interval. If i =t and T # 1, again taking indices and intervals cyclically, we set I;111 = I and
[jt + 1)j1] = [jt + 17”] U [17j1]
Proof. We consider indices and intervals cyclically in [1,¢] and [1, n] respectively, as in Lemma

For j € [jr—1+1,j7], the value 1(¢;, j)e;Cp, is independent of i since for any i, 4" either (s, /., and
n(4i,7)/n(€y, j) are both 1 or both —1. So, for any j € [jr—1 + 1, Jr| either j € I; for all i of j ¢ I;
for all i. So, Ui_, I} € [Ln] \ [jr—1+ 1, j7) and (o_; LN [jr—1+ 1, j7] = Ir—1 N Ip O [jr—1 + 1, j7).

For j & [jr—1 + 1, jr], we have n(¢r—1, j) = n(lr, j) and so n(lr—1, j)ej, Cor_y = —n(lr, J)€j, Cor-
So, every j ¢ [jr—1 + 1,j7] belongs to exactly one of I/._; and I.. We conclude that U;l Il =
I N Ip C [L,n] N [r—1 + 1, jr] and Ip_y N Ir C [jr—1 + 1, j7]. So, Ir—1 N I7 N [jr—1 + 1, j7] =
Ir_1NIp = ﬂ;zl I;.

For i # T —1, we have n({;,j) = —n({i11,7) if and only if j € [j; + 1, jiy1] . Since (g, = (p, ., this
means 1(;, j)€;Ce, = —n(lig1,5)€Ce,,, if and only if j € [j; 4+ 1, ji1] . Hence, each j € [j; + 1, jit1]

is contained in exactly one of I; and I;41, as desired. ]
Definition 5.22. For each 1 <i <'t, set
ri = |LN[7i+1,7i41]] and (5.55)
si = |Lix1 0O [4i + 1, jix1]|- (5.56)
We call the ordered tuple (T,r1,81,...,7¢,8¢) the structure of (I1,...,1;) in S where T is the
transition point of (Iv,...,Iy). If (T,r1,81,...,7¢,8¢) 18 a structure for some (I1,...,I;) € C, we

call it a valid structure for C.

By Lemma TPl = S7_1] = ‘ﬂi;:l Ik}. Lemma m also shows that when i # T — 1,
ri + 8 = |[Ji + 1, Jiv1ll = Jiv1 — Ji = Aeyw1 + - 4+ Ae,, - The following lemma shows that the two
tuples with the same structure are in the same t-class.

Lemma 5.23. Let C be a valid t-class and let (I1,...,1;) € C such that (I1,...,I;) € 1(S) for some
s.o.p. S. Let (J1,...,J;) be another tuple such that (Ji,...,Jy) € I(P) for some s.o.p. P. If the
structure of (I1, ..., 1) in S is the same as the structure of (J1,...,J;) in P, then (J1,...,Jy) € C.

Proof. We first set notation. Set S = (m, A\1,..., A\, €1,...,6n) and P = (m, N[, ..., N €], ... €).

rtmo r n

Set {1 < -+ </lyand ¢ <--- < such that [; = {j : 9s(li, j) = G, } and J; = {j : np(€, 5) = (o}
. . . £l
Lastly, define j; = 221:1 Apand ji =30 L.
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Without loss of generality, we may assume (;, = Qfl or else we may replace each ¢; with —e;.

Since (Iy,...,I;) and (Ji,...,J;) have the same structure, for each i, we have
1T O [ + 1, il = [N (5 +1,5i]] and (5.57)
(L1 O [+ 1 giall = [ Jign O[5 + 1, il (5.58)

Let 7 € S,, be the permutation which maps the kth smallest element of |I; N [j; + 1, ji+1]| to the
kth smallest element of |.J; N [j; + 1,j;, ]| and the kth smallest element of [I; 11 N [j; 4 1, ji41]| to
the kth smallest element of |J;11 N [j; + 1, 5;, 4]/

Since 7([ji + 1, ji+1]) = [j; + 1, jix1], for all i € [1,¢] and j € [1,n] we have n(¢;, ) = n(€, 7(j)).
Since (I1,...,I;) and (J1,...,J;) have the same transition value T and we assumed (y, = Gy, We
have (, = (g for all i. Moreover, for j € [7i + 1, jit1] we have n(¢;, j)e;jCo, = n(fg,T(j))e’T(j)Q; SO
that €; = 6;'(j) . But this is true for all 7, so in fact €; = e’T(j) for all j € [1,n]. So, for all i € [1,t]
and j € [1,n] we have n(l;, j)ejCy, = n(ﬂg,T(j))e’T(j)Q/i. It follows that 7(I1,...,I;) = (Ji,...,J¢) so
(Jl,...,Jt)EC. ]

Lemma [5.23] shows that if a structure is valid for C, then all tuples with that structure are
in C. Thus in order to calculate > T'(S,C) A(S), we can first sum over all valid structures for
C and then count tuples and s.o.p.s with that structure. All that remains is to determine when

(Il,. ..,It) S I(S)

Lemma 5.24. Suppose I1,...,I; € J(S). Then, I,...,I; € I(S) if and only if for each 1 < i <t,
i = Ae; + 1,5:] € Ii and [ji + 1, ji + Ag1] € L

Proof. Note that I; € J(S) implies #I; < a — 1. So, this is an immediate corollary of Lemma
which says I; € I(S) if and only if [j; — Ag, + 1,7:] € I; and [j; + 1, ji + Ag,41] € L. O

Now we are ready to calculate > T'(S,C) A(S).
Lemma 5.25. Let C be a valid t-class with t > 2. Then
> T(S.C) A(S) (5.59)

s.0.p.’s S
18 a sum of terms of the form
! (-1
Yo Y L H(f g mpa), (5.60)
d=1 ji1+ =1 [ VA
pni>1

for some f and g, where

H(f,g:pu1,1a) = <£> - <£_Zi) - <f_g“d> + <f_g’“u_l“d>. (5.61)

Proof. Let C be a valid t-class. By Lemma [5.23] when summing over all s.0.p.s, we can first sum
over all valid structures, and then over all s.o.p.s and tuples with that structure. To do this, we
can sum over all m, then over all possible values of /1,...,#¢;, then over all A\{,..., )\, such that
A+t Ap=nand A\gy1+--+ A, =1+ 8; for each i =T — 1. Now we use Lemma [5.24] to
determine the summand. We can pick the elements of 02:1 Iy, which by Lemma is a subset of
[jr—1+1, jr], in G(jr — jr—1,7T, Mey_,, Aey.) Ways, where G is defined as in . Next, we choose
the r; elements of I; contained in the interval [j; + 1, jiy1] in H(r; + 54,73, A1, Mg, ) ways. Then,
there are two possible choices for the sign (s, of I; and then the signs for the rest of the I;’s follow
because the point of transition 7" is fixed. The choice of (s, and each r;-element set [j; + 1, ji+1]NI;
determines all €, so they determine exactly the same data as the I;.
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Lastly, we multiply by A(S). We have that

Y T(S.0)-A(S) = > zn: > >

s.0.p.’s S (T,r1,81,.,mt,5¢)  M=11<b1 <---<lr<m A1+ FAm=n
a valid structure for C )\Zi+1+'“+)\2i+1:Ti+1+3i+1 for each i # T
Ai>1

(_1)m+1 n!
Al Al

X ZG(uavv)\ép)‘ft-I—l) H H(ri+8iaria)\éi+l7)‘fi+1)
1<i<t
1#ET—1

(5.62)

For each structure, we can fix some i # T — 1, which exists since ¢ > 2, to see that this is a sum of
terms of the form

> (1)’
Z Z ﬁH(TZ + Si,Ti,Ml,Hd)- (563)

d=1 p1+-+pa=ri+s;
Hi>1

O
We finish the calculation with the following combinatorial lemma, proven in Appendix
Lemma 5.26. Fiz f,g and let H(f, g, u1, tq) be as in (5.61). Then

: (-1)°
Yo Y o H(f.gmpa) = 0. (5.64)

l...
d=1 p1+-+pa=f i Hd
piz1

Combining Lemmas [5.25] and [5.26] completes the proof of Lemma O

5.4. Computing the integral piece. In this section we complete the proof of Proposition by
calculating the integral [ C'dy appearing in (5.33). Applying Lemmas|5.19(and [5.18|to (5.11]) gives

a—1
Qn(d) = 2"_1(—1)" ( )/ / 1) SYn)Xfntr1,. mydy1 - dyn.  (5.65)

Next we define

/ / ¢ Y1) yn)X{y1+ A Yn——Yn—t41—" 7yn>1}dy1 ~dyn, (5.66)
and
/ / ¢ Y1) ngn)XﬂyH_ “FYn—e|=Yn— 4+1\—"'—|yn|>1}dy1 ~dyn. (5.67)
We have that (5.65) equals
a—1
_ n n
Qo) = 20 () et (5.68)
£=0

We express Qn(¢) in terms of &(¢) with the following lemma.

n—a’ n—a

Lemma 5.27. Let supp(g) - [— ! i} We have

a—1
Qu(@) = 272(-1)" <—1>t<”)a<¢>. (5.69)
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n—a’ n—a

Proof. Given supp(a) C { 1 —} and t <a—1,if |y1 + - + Yn—t| — [Yn—t41| — - — |yn| > 1,
then either at most ¢« < a —1 — ¢ of the y;’s in the first absolute value are nonnegative and the
rest are negative or at most ¢ < a — 1 —t of the y;’s in the first absolute value are nonpositive or
zero and the rest are positive. Moreover, the sign of y; + - - - y,—+ matches the second group. There
are ("i—t) ways to choose these indices and we introduce a factor of 2 from choosing the sign of
y1 + -+ + yn—¢. Lastly, since <$ is even, we multiply by a factor of 2! to account for changing the
limits of integration over y,—¢+1,...,Yyn. Thus we have

a—1—t
e o . n—t
5t(¢) - 2t+1/0 /0 ¢(y1). Z ( ; >X{y1+“'+ynitynit+1'“yn>1}] dy1 : "dyn
=0

a—1—t

-y (n_t)&+t(¢) (5.70)

Applying the identity

() - ()R () - (ow - Qe om

to (5.68)) gives

Quo) = 2"‘%—1)“2&(@2(—2)(?) (i20) (5.72)

Switching the order of summation and setting ¢ = ¢ — ¢ gives

Qu(6) = 21 S ()[2“21( )sm(@]. (573)

t=0
Applying (5.70]) gives the desired result. O

We complete the evaluation of Q,(¢) by computing & ().

Lemma 5.28. Let ¢ be an even Schwartz function with supp(qg) C {— ! L} Then, for £ <

n—a’ n—a

a— 1, we have
&l9) = ¢"(0)
B 2/00 N /OO $($£+1) o (Z(xz) /00 ¢n*f(m1)51n(2ﬂ-xl(1 + ‘$2| + -+ ’l‘£+1|))d$1 L. dmﬁ—i—l'

o 2mxy
(5.74)
Proof. We apply a change of variables given by
1 =11 Yy1=o1
T2 = Y1+ Y2 Y2 = T2 — T
Tp_g = Z?:_f Yi  Ynt=Tpg— Tnr-1 (5.75)

Tpn—t+1 = Yn—t+1 Yn—t+1 = Tp—i+1

In = Un Yn = Tn
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to (5.67), giving
)= [ bt — o) b — i)
X (b(.rn,”l) x '(b(wn)X{lxnfel—(lxnsz|+~~+|xn|)>1}dx1 - dxy,. (5.76)

Repeatedly applylng the identity f f )g(u —v)dv = f g( ) (which arises from the convolution

theorem) to gives

(o.9] [SORE . ~ ~
§(o) = / "N Tn—0)O(@n—t41) O Tn) X {2 g~ (o1 |+ tln)>1}Tn—p -+~ AT
—0oQ —0Q
(5.77)
We rename x,_¢ to 21, T—¢y1 to 22, and so on until z,, to xyy1. This and the identity
X{lz1 |~ (ol 4tz )>1} = 1= X{jz1| <1t oo+t zes |} (5.78)
gives
/ / oL (21)b(a2) - Plaesr)(1 — X{Jer| <1t [za |+ Haeer [} 21 - dTegr. (5.79)
Distributing and using the identity ¢(0 f gb )dx, we have that
(o) / / & (1) d(ws) o B(B01) X | <1+ ool 4oty [} A1 < - dep1. (5.80)

Fix xa,...,ze1 and set Sy(z1) = sin(2mz1 (1 + |x2| + - - + |xe+1]))/(2721). We have the identity
X{Jz1| 1+ foa [+ (F1) = 25¢(21), (5.81)
which follows from the Fourier pair

sin(2mAx) > 1
_ - 2miTu . 82
2rx /_ X{|u|<A}€ du (5.82)

Thus Plancherel’s theorem gives us that
&l(g) = o"(

_2/ / d(wesr) - o )/ 6"z )Sin (2m21 (1 + |2$;$;|-+ |33£+1D)d$1”_d$£+1
(5.83)

as desired. ]

Applying Lemma to (b.69)) and comparing with (1.9 completes the proof of Proposition
0.2l

APPENDIX A. PROOFS OF LEMMAS IN SECTIONS [3] AND [4]

In this section, we prove the lemmas stated in Sections [3| and [4
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A.1. Proof of Lemma [3.1]

Proof. We sum over n primes pq,...,p, in (3.1). Utilizing (2.19) we see that Sén) is made up of
terms of the form

¢
VN YT T a) (Vg - g), (A.1)

QN qefN 5=1
q; distinct

where m; < nj, mj =n; (mod 2) for each j and

~ (logq; 2log q;
)= : A2
¥las) (b(logR) <\/gleogR (A.2)
Additionally, we have that ?:1 n; = n. From (A.1)) we may write py ---p, = ¢{"* - - - ¢,*. With an

appropriate reindexing of the p;’s and g;’s, there exists some n’ < n, w < £ such that p,_,/11---pp =
@t g and py - pp = qw“:il -+ q,", where mj < njfor1 < j <wandm; =n;forw+l <j <L

Then we can write the summand in (A.1) as

u log q; 2log ¢; i og p; 21og p; .
)\ N c D! 1., 4,7 ,
1;[< <logR> <./qjlogR ]-;[1 ¢ log R /pilog R Ar(Npr---p 4 ).,
(A.3)

where each m; < n;. Combining this expression with , we see that S " i made up of terms
of the form

VS TG () T () (2

@ifN,...,qutN j=1 PN =1
q;j distinct pﬁéq]
X (Ap(Np1--po—wd™ - q)), - (A.4)

Notice Z _,n; =n/, and the inner sum is over n — n’ primes p;, where p; # g; for all ¢; and p;,
which do not divide N

We now remove the condition p; # ¢; through inclusion-exclusion. In order to do this, we
subtract off terms of the following form where we fix a constant 61 > 0 and values n; and mg for

j
each j so that for each ],n] > nj,n ] —n; = mj —mj and )7 =n'+ B:

, Z log g; 2log q; nj log p; 2log p;
1
QN qutN j=1 log 1 Vijlog R PloeePp_n/— g AN i=n/+B1+1 log It VPilog R
qj distinct pidds

X <>\f(Np1"'Pnfn'—ﬂ1q11nl"'CIZZZ“)>*- (A5)

These terms emerge when S of the p;’s in (A.4) are equal to some of the ¢;’s. These terms are
of the same form as in (A.4)), so we again apply inclusion-exclusion to them to remove the p; # ¢;
condition. We repeat this process until every term has the p; # ¢; condition removed. In particular,
since 31 > 0, this process may take at most n — n’ steps. Thus, Sén) can be written as the sum of
terms of the form

Ny H logq;\ [ 2loggq; \\™ 3 ”H_” - (logpi\ [ 2logp;

# ( < J ) < V4 j 4 Vi

qﬁNd W IN j log R qjlog R N i log R pilog R
q; distinct

X Af(Np1- - pway™ - 4¥)), - (A.6)

]1J
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We can remove the distinctness condition on the ¢;’s in (A.6) by using inclusion-exclusion. We
subtract off terms when some of the g;’s are equal, which have the following form:

lo 2log q; mj lo 2log s
*VN E H( ( gqﬂ)( g4j )) Z H ¢< gpz>< 8 Di >
qJ[N’ ’qw J(NJ 1 logR q] logR 1 ’p'n nJ[N Z 1 10gR szOgR
q; distinct

X <)\f(Np1...pn_n,q;n1...q:;“/)>*. (A?)

Here, we have some fixed ' < w and Z] 1 j = n’. These terms appear when some of the g;’s
in (A.6) are equal to each other. In particular, if ¢;; = ¢, for ji # jo, the exponent of g; in
this term will be n’; = nj, +nj, and m}, = mj, + my,. Notice that mj, +my, < nj +nj,, so
the condition m; < n; is preserved. Thus, the terms are of the same form as , SO we
may apply inclusion exclusion to them again. We repeat this process until all of the sums over g;
have the distinctness condition removed or sum over only one g;, in which case we can remove the
distinctness condition immediately.

Thus, Sén) can be written as the sum of terms of the form

w8 MCGR) (Fie) | 2

q11N,...,qutN j=1 D1yeesDpy— ! TN
n 10gp¢> ( 2log p; > m
X ¢ Ap(NpL- P @™ @), s A8
14 () (rroar) o0 P ) (A8
where each n; > m;. ]

A.2. Proof of Lemma [3.21

Proof. Let supp(¢) C (—o,0) with ¢ < 1/(n — a). Using Lemma we may use the prime
number theorem and partial summation to bound the sum over pi,...,p,_n in (3.4]) by

- 1/2 —n/
NI (g ) R, (A.9)
Next, since n; > m; for 1 < j < w and n; — m; is even, we have that n; — m; > 2 so we can
again use the prime number theorem and partial summation on the sums over ¢, ..., q, in (3.4) to

bound ([3.4) by N~1¢Ro(»=")  This is negligible when n’ > a, since in this case on—n')y<1. O
A.3. Proof of Lemma [3.3l
Proof. Let supp(¢) C (—0,0). We set b= cN and sum over all ¢ > 1. The sum over all such b in

(3.5) is then

» > H( (lo'gq]> log g >nj 3 H <logpz> log p;
VN QN qutN j=1 log £t/ /ajlog 1 PUN,...p, AN =1 log R/ \/pilog It

" Z Z S(m? NQ,N C)Jk—l (C?\;T\Z”LN> (A.10)

m<N6

We use the bound to find that S(m?, NQ; N?c) < m?(Nc¢)'/?*¢. Combining this with the
bounds J;_1(z) < x and m < N€, we find that the sum over ¢ in is bounded by N~2¢,/Q.
Using the fact that n; —m; > 2, applying the prime number theorem and partial summation to
with our bound on the sum over ¢, we find that is bounded by N*5/2+€R(”*”/)U,
which is negligible when o < Q(L . O

n—n')
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A.4. Proof of Lemma [3.4]
Proof. Let supp(g/i;) C (—0,0). The sum over all such b > N2022 ip ( is

Z H log q; log q; " Z H log p; log p;
logR /) \/qjlog R log R/ \/pilog R

QI*N QLL)*N] 1 le[N Prn_n /J[N =1

2 m™m
X Z Z NQ’ Vo) Jr1 <zi/ﬁ) : (A.11)

m<N¢e b>N2022

2n+1ﬂ.

VN

We use the bound (2.5) to find that S(m?, NQ; Nb) < m?b"/?*¢N€. Combining this with the
bounds J;_1(z) < x and m < N€¢, we find that the sum over b in (A.11]) is bounded by

N71/2+6 Z b73/2+6. (A12)
bZNQOQQ

Using the integral comparison test, we find that (A.12) is p—1011-1/2+€  We can use the fact that
n; —m; > 2 and apply the prime number theorem and partial summation to ({A.11]) with our bound

on the sum over b to find that (A.11)) is bounded by N—1012+¢R(n=n)o which is O(N~'2) when
1000
o< . U

A.5. Proof of Lemma [3.5l
Proof. Set r = (Q,b>) and Q' = Q/r Then (Q',b) = 1. Then we have that

S(m?,NQ;Nb) = Z Z S(m?, Nra; Nb)
x(b
g (05
B Nb Nb
X(b d(Nb)
_ « (m2d * rad
= > XQ)) el ) D x@)(—)- (A.13)
gp(b) Nb b
x(b) d(Nb) a(b)
As (d,b) = 1, we can do a change of variables from a to ad in the inner sum:
9 1 oy * m2d
S(m* NQ;Nb) = —=> " X(Q)Gx(r) Y x(d)e | = |- (A.14)
#0) & A(ND) b

In the inner sum, we rewrite d = u1 N 4 ugb with (u1,b) =1 and (ug, N) = 1 since (N,b) = 1. We
have that x(u1 N + u2b) = x(u1)x (V) which gives

Z N d€< d) -y Z*xmox(w)e(mjﬁN)€<mzzvlfb)

(75} (b) U2 (N)

2

= 3 xu)x(W)e (mZm) Y e (mN“2> . (A.15)

’U,l(b) U2(N)

Since (m?, N) = 1, the inner sum equals -1 so we have
* m2d * m-uy
> v () = 2002wt ()

= (V)G (m?). (A.16)
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Applying this to (A.14)) gives

S NQND) = ——— 3" G (m2)G(r)X (@) x(IV) (A.17)
w(b) <
as desired. (]

A.6. Proof of Lemma We first prove an auxiliary lemma.

Lemma A.1. Assuming GRH for Dirichlet L-functions, if x is a primitive character of modulus
b, then for real x and t we have that

ZA(n)X(n)n_it = O(z'?(bxt)"). (A.18)

n<x

Proof of Lemma[A.1l Let x be a primitive character modulo b and let L(s,x) be its L-function.
For ease of notation, define

b x,t) = Y An)x(n)n " (A.19)

n<x
By Proposition 5.54 of [IK04] and Mellin inversion,

) 3/24ix 11 s
S Am)x(r)nit = / %(s—kit,x)%derO(xlﬂ). (A.20)

n<z 3/2—ix

We evaluate the integral on the right hand side of . We complete the contour by integrating
counter-clockwise around a box with vertices at 3/2—ix,3/2+ix, —1/24 iz, —1/2—ix. In doing so,
we pick up residues at the nontrivial zeros of L(s+it, x). To bound the contribution from the three
sides, we use the following bound for %(s, X) from page 116 of [Dav80], valid for —1 < Re(s) < 2:

Ll
f(s,x) < (logb|s|)?. (A.21)
Applying this bound gives
p—it
A - ° V2 (bat)<) . A22
3 Amx(mn W_Zﬂ;mp_itw(x (bart)*) (A.22)

where the sum is over the nontrivial zeros p = f + ¢y of L(s,x). Assuming GRH for Dirichlet
L-functions we have that p = 1/2 + ivy. Taking absolute values in (A.22)) gives

1
v(x,z,t) < zb/? — 40 (1:1/2 bat > A.23
oot <08 2 i) ) 42)
y—t|<z
since |z977%| = 1. By equation (1) on page 101 of [Dav80], the number of zeros satisfying u <

v—t<u+1is < log(b(|u| + |t|). Thus we can bound (A.23) by
bl 1) < @2 log(b(|x| + [t]) log(|a] + [¢]) + O (/2 (bat)) (A.24)
< z?(bxt)e (A.25)
as desired. ]
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Proof of Lemma[3.6. We show that subterms involving non-principal characters do not contribute
to Sén) in the limit. Suppose ¢ has support in (—o,0). The sum of subterms over non-principal

characters in (3.8) is
2n+1 Z H < <log qj ) log ¢; )"J’ Z nl_—[n, 3 <log i ) log p;
logR ) \/gjlog R et logR /) \/pilog R

q1;--,9w j=1 PlysPp—m! 1=
) 4m/Q
mz;v 2 o) 2 GAmIG(@) (g )09 ()
b<N2022 X#XO
(A.26)

where Q = p1 -+ pp_wqi™" - - ¢'~. We case on the value of (Q,b>°). Without loss of generality, set
(Q,0°) =p1---pag™ - gy for some @ <n—n', § <w. Thus (A.26) can be written as a sum of
terms of the form

2’”rl log q log q; log p log p;
S — J J 1 (3
VN Z H( <logR> \/Q’jlogR> Z H <logR) Vpilog R

x Z = Y = j 3 GumIG(@ BT ) )
‘P
m<Ne (b,N)=1
b<N?2022 X#XO

P1se-5P0q15e-5q0 |

47rm\/@> . <1ogpi) log pix(pi)
x Joq [ 20V . A.27
W%/ k 1< /N g¢ logR) \/pilog R (A-27)

We first evaluate the sum over poi1,...,Ppn_n in (A.27), which we denote by T'. First, we write
Ji—1 as an integral along the line Re(s) = —1 + € using the inverse Mellin transform (2.10]):

1 47rm\/Q>s T (10gpz‘> log piX(pi)
T = — _— S | I¢ dS, A28
pa+1§,n_n/ 270 Jore(s)=—1+< < bV N >i:1 log /) /pilog ( :

where Gj_1(s) is the Mellin transform of the Bessel function. Now, we may swap the sum and
integral by Fubini’s theorem and set s = —1 + € + it to simplify (A.28)) as

L[ (damyQ@\' " : (logp\ logpx(p) |
T = — i e (l—etit :
o < /N > G 1( €+1 ) zp: ¢ log R p(EJr,Lt)/Z logR

where Q' = p1 -+ pagy" - - ¢'*. Using partial summation and Lemma we find that

2 (logp\ _ logpx(p) 02 Py e
Z ¢ <10g R) p(e+it)/2 log R < R (Rbt) . (A30)

dt, (A.29)

Applying this bound to (A.29) gives

m Q/)l—e (' o) /2 //OO ' ,
T K R\ = I2(Rb)* Gr—1(1 — e 4 it)t |dt. A.31
(5 @) [~ G- e ine] (A3

From (4.42) of [HMO7] we have that |G_1(1—e+it)| < (14t])>~¢. Applying this bound to (A.29)
we see that the integral converges and

m\/@ e o(n—n'—a)/2 ¢
T < <b\/ﬁ> R (Rb)”. (A.32)
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Now, applying (A.32)) to (A.27) and using the bound

Z|G y)| < b (A.33)
gives
e ol / T o (loggi\™ log™ g; log pi \ log p;
S N1 eRU(n n a)/2Re J J
< > 119 ogR) u-mii2y, 2 H¢ logR ) log R
q1;--5qw j=1 4a; p17 “Pa t=1
X > pltete, (A.34)
(b,N)=1
b<N2022

P1ye-5Pasq15e+5q0 |

The sum over b in (A.34) is N (p1 - - paqi - - - q9) . Applying this bound, partial summation and
the prime number theorem to (A.34) we finally have that

S « N gon=n'=e)/2 (A.35)

which is negligble if o < 2/(n —n’) since a > 0. O

A.7. Proof of Lemma [4.4l

Y

Proof. Given nonnegative integers -, n with v < n, define
1 "
0] < log R) ds

I Arma/e logv ) xo(v)A(v)
T(y,n) = i Re(s 1( bWN > Gl [Z¢<IOgR> v(1+9)/2log R A
(A.36)

where Gj_1(s) is the Mellin transform of the Bessel function (see (2.9). Via a change of variable
s = 1+ it and the definition of the Mellin transform,

N o0 —tlog R\"" > 2l log v; i) A (v;
Tl = oo t__oo<z>(4‘jf ) > m(lggg) xo(v)A()

V1,...,Vy=11=1 v;t/2+1 IOgR
4 —it oo ‘
x < ”m*ﬁ> / Jpo1(z)z dzdt. (A.37)
b\/]v =0

Setting ®x(x) = ¢(z)¥, applying Fubini, and then applying another change of variable u =
—tlog R/(47) gives

T(y,n) =

log v; ) xo(vi)A(v;)
H¢<logR) v;log R

i=1

27rmf Z

V1,-- 71}"/_1

X/OO Ji—1(2) Pn—y <2log(bx N/Cvl'”vw/émm)) e (A.38)

-0 log R log R’

We now consider the left hand side of the original statement in equation (4.13)), which we denote
by U. Using the Mellin transform of the Bessel function (2.9)) gives

_ logv\ xo(A@) | [drmye)
U= 2m [Z¢(logR> v+ log R () Gr—1(s)ds. (A.39)

VN
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By Equation (4.34) of [HMO07] we have that

logo xo@AW)  (1-s
Z ¢ (log R) (1+s)/2 log R o ¢ 471 log R+ 5(5)7 (A40)
where
1 (2z—1-s)logR\ L’
= Tom - - A4l
o 270 JRe(z)=3/4 ( 4ri > 7 (2, x0)dz (A.41)

We substitute this formula into (A.39)) to find

_ 1 l—s " Arma/e\ 0
VT m Re(s)=1 [¢( 4mi IOgR> +g(s)] < N ) Gr-1(s)ds

_ ni? <n ; 77> % /9R o (14;; log R) T ey (ﬁ%) CGi(9)ds. (AA2)

v=0

Equation (4.43) of [HMO07] gives the bound

1 l1—s e 47Tm\/> (n—n—7)o/2+€
5 me(s)=1¢< gy logR> 5( )7 ( N > Gi-1(s)ds < N . (A43)

Since we have o < when v > a —n — 1 the term is be O (Nl/Q_E). Thus we have that

na’

a—n—1 N .

B ") L n 47Tmﬁ 1/2—e
o ;) ( Y )27” /sm(s):l ¢ < 4ri - log R) E(s)” ( /N ) Gr-1(s)ds + O <N ) :
(A.44)

Using the formula for £(s) in (A.40) and the definition of T" in (A.36) gives

_ _Zn_1< >i: ( ) Gyn — )+O(N1/2_E). (A.45)

=0 J=0

Rearranging gives

a—n—1la—n—1 .
U= > > (7 (n : 77) <‘7>T(%n — ) +0 (N2, (A.46)
J Y
Now, applying (A.38)) to (A.46) completes the proof of the lemma. O

A.8. Proof of Lemma (4. 111

Proof of Lemma|4.11] Set

o . R(1,b)R(m?b) [ ~ (2log(by/Q/4mm)\ dy
o= bz; p(b) /0 Jk_l(yM)( log R >logR' (A-47)

(b,M)=1
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First, note that for € > 0 (and via the change of variable y = m—\\/ﬁﬁx),

R(1,b / 7 2log(by/Q/4mm)\ dy
k-1 log R log R
4

m /O"J (m\F ) - (210g(x\/§/47r)> mvVR dx
e ¢

<

o(b)be b/ Q log R bv/Q log R
< b2, (A.48)

where we use the estimates |R(1,b)] = 1, |[R(m2,b)| < m*, J(z) < 1 and ¢(b) < b. Since
Z(@ M)=1 b_3/ 2 converges, we have by the dominated convergence theorem that

S = lim Z R(m?,b) /0 Tor(y) (21°g(bifo\g/2/4m>> lo‘;yR. (A.49)

Using the Mellin transform of the Bessel function (2.9) gives

2log(byy/Q/4mm) > / ( )4”” (& - 2niz)
J, log R) dx.
/ k-1 < log R log R ¢z log bv/Q r (% + 2m'x) v

(A.50)
Thus after interchanging the sum and integral in (A.49)) using Fubini’s theorem, we have
s — 1m [~ ozlogR) <27rm>4m I (5 - 2miz) 3 R(L,b)R(m*b) Al
70 Ve [ (5 + 2mix) (b.M)=1 @(b)betamiz (A-51)
We now define )
R(1,b)R(m=,b)
x(s) = A .52
0= 3 T (A.52)
so that
o 2rm \ 7@ T (E — 2miz)
S = lim zlog R 2 + 4miz)dz. A.53
i [ oteton) (5] Lt e i) (.59

To evaluate this expression, we break the integral into two pieces: one for x close to 0 and one
for |z| large. We will show that the part with |z| large has insignificant contribution as a result of
the rapid decay of ¢ and then use Laurent expansions to handle the portion where |z| is small.

First, we note that our sum y can be expressed as a product over primes as

w = I > HLr )

=11t=0

= ]I _ (A.54)
(p M) =1 1-— 1%) if (p,m) > 1,
since R(l b) = u(b), R(m?,1) = 1, R(m?,p) = —1if (m,p) = 1, and R(m?,p) = p(p) = p — 1 if
(p,m) > 1. It is convenient to rewrite thls formula as
| ) () ()
- 14— — 14— — - =) (1+——) .
11 ( (p - l)ps) 11 < (p - 1)p5> 11 p® (p—1Dp*
p p|lM |(mijoo)

(A.55)
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We start by bounding the integral when |z| is large. In particular, we consider the portion of the
integral with |z| > X, where X is some function of R that we determine later. [Mil09] observed

that
11 <1+(p—11)p8) B H(prﬁ) (” <p—1><;1+s+1>>

p p

g (atalitc (1+ 5=+

1+s
. (1 _ #) pits +1)

 ((1+s) 1
- 4(2+23>1](1+ =TT (450

For Re(s) > —1, Equation (7) from page 32 of [Dav80)] gives that

1 [e.e]
C1+s) = " +1—-(1+s) / {y}y~ 2 *dy, (A.57)
1
where {y} denotes the fractional part of y. For s = € + 4miz, |x| > X, this gives us that
1
< — . .
IC(1+s)| < 4WX+2+13\ (A.58)
We also have that
1 1 p?+1 P2
—| = 1———| < < — | = ((2 A.
‘<(2+25) 1;[ e T 1;[< p? ) - 1;[<p2—1 ) (459
and
‘1 + = ‘ ‘1 P (A.60)
(p— D" +1) (p—1)2]" '
whence
11 <1+ 11 > <] (1+12> < 2]] <1+12> < 20(2).  (A.61)
. (p =1+ +1) p (p=1) S p

For the other products, it is useful to consider the p = 2 case separately, which gives us the
alternate bound of

I (1+ G 1)>| < |1+ ] < 62

p

Next we bound the product over p|M. Suppose M is the product of « primes. The magnitude

of each term is maximized when p® is a purely negative real. If p1,--- , po > 2, we get the bound
1 -1 1 -1 S pi—1
Mot ) e o) < her e
— S - —_ S - .
MM( (p—1)p iy (p = 1D)lp*| i =2

If p,, = 2, we can combine this term with our previous estimate and instead bound

1 L 11_1
Toamg1) Uy |

(A.64)
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Writing ¢ = 2° and noting that 1 < |¢| < 2, we have

(g ()] -

Finally, we bound the last product. We begin by noting that by our previous work and a trivial
estimate, for all primes p > 2 we have

(-3 (o)

For the case p = 2, we again proceed as in the product over p|M, this time getting the estimate

TPEER N B 1y
s o +21+s+1

In any case, grouping all of the terms together, we find that for s = € + 4miz with |z| > X,

1
1+20+1
141

2¢c _
2e+1] 2c+1

2¢2 + 2¢ ’ B

<2.
2¢2 43¢+ 1 ’

(A.65)

p—1
<2 — < 4. A.66
<2 < (A.66)

< 4. (A.67)

1 .
IX(s) < (M +3+ 47rya:|> 8C(22[[4 < (X7'+ 1+ af) 408 tmH (A.68)

plm

where p; is the ith prime number. We can get an arbitrarily small exponent for m at the expense
of a greater constant, so we have that

’

Ix(s)] < <47:X +3+ 47ra:|> O (m*). (A.69)

Letting X = (log R)~'/2, we apply (A.69) and use the decay of ¢ to get

o 2mm\ ™ T(& — 27ix)
¢(xlog R)x (e + 4mix ( > 2 —dx
<o m€ / (zlog )™ (X' +1+2)de
X
<o m€ (logR)™\. (A.70)

While [ILS99] gives an incorrect factorization for the Laurent expansion of x(s) near s = 0, their
result is still correct within the listed error terms. Specifically,

() - oo

p

-1
H <1+(1)p8> = (pgij)(l—i-()(]s]loglogBM))

p—1

11 (1—;> <1+(p_11)ps>1 _ 5 mTJT\LW)l) +O(|s|log m). (A.71)

m
Pl (m, M)

Thus, we have that for s < X = (log R)~'/?,

_ (M) m
x(s) = M ) ((m, Moo),1> + O (log(mlog M)), (A.72)
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where we simplify the error term using ¢(M) < M. (8.322) of [GR65] gives

() () foE)] em

We have for small x and € that

Tk —omiz)  o(M) m B\
x(e+ 47rzx)r(§ Tomin) M ] ((m, el 1> <2) + O (log(mlog M)) . (A.74)

In particular, after changing = to —x and noting the evenness of ¢, the “small z” integral is
Amix
k d 1 log M
/ b(zlog R) v _dr 5 (los(mlog M) (A.75)
€ — 4miz log R
To extend the integral again, we use the decay of ¢ to find that

/X ~ é(zlog R) <Z‘@>4m e

™ € — 4mix

>~ 1
< / —p(zlog R)dz < (XlogR)™2. (A.76)
X drx

Since X = (log R)~'/2, the contribution from this term is absorbed into our error term. Adding
both terms back in, keeping track of all of our error terms, and noting that ¢ is even, we have that

m ky/Q T gy m¢ loglog M
= 1 1 | —].
S 6<(m,M°°) ) 1m/ ¢(zlog R) < > e—4m’x+0€ ( log R
(A.TT)

Arguing as on page 100 of [ILS99], we find that this equals

B m o(M) [ 1 [ , log (k2Q/167*m?) \ dz 1
S =94 <(m, MOO),1> o (—2/_00 ¢(x) sin (27r:): og R ) Y- + 4¢(0)>

m¢ log log M
O | —————— A.78
* ( log R > ( )

as desired. O

APPENDIX B. PROOFS OF LEMMAS IN SECTION
B.1. Proof of Lemma [5.16l

Proof. We will consider each term appearing in ([5.38)) separately. First, define

gl(”?facad): <7‘;>7 92(n7f7cad): <7fliz>
ga(n. f.c.d) = (?:j) ga(n. f.e.d) = (?:Z:j) (B.1)
and p
Gi(n, f) = 2(~1)"n! g; (—1)ctd+t (ng"_(Z’f’;;!C)!d!. (B.2)
c,dz_(;z

We want to evaluate G1(n, f) — Ga(n, f) —Gs(n, f) + Ga(n, f). We set £ = c+d to rewrite ( as

- - (n, f,c, 0 —c)
Gi(n, f) =2(- ”+1nvz fzgl ’_c‘ (B.3)

cl’

c=
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To evaluate G1(n, f), we group the binomial coefficients to find that

o = () En()£(0

£=0

= 9(—1)"! (;) i(-z)(?) = -2 @) (B.4)

=0
Next, we note that Ga(n, f) = Gs(n, f). We have that

cunen = 2 () S5 ()70

/=0 c=0
= (-1 <;§> Z:; <£> ;";_1)@@ B z> (B.5)

We reindex the sum by setting ¢ = £ — c. Doing so, we see that sum over ¢ is zero unless n —c = 0.

However, in this case we have that (]Cc ) = 0 since f <n/2 < n. Thus each term vanishes and

Lastly, again grouping terms into binomial coefficients gives

o = () En()£(0

/=0 c=0
= 2(—1)"*! (;) ;(—2)5 (Jg) (B.7)

We may restrict the sum in the last line to 0 < ¢ < f since f < n and (Jg) = 0 when ¢ > f. Doing
so, we find the sum over £ is (—1)7 so

Ganof) = 2017771 (1). B
Combining (B.4)), (B.6)) and (B.8) completes the proof of the lemma. ([l

B.2. Proof of Lemma [5.26l

Proof. We consider each term appearing in (5.61]) separately. First, define

h(f, 9,1, 1a) = <£> ha(f, 9, 11, 1a) = (g:;ﬁ)
h3(fagmu'1>,ud) = (f_glud>a h2(f>gaﬂlmud) = <f_glilu_lud> (Bg)
and
: (-1)¢
d=1 #1+~"_+Md=f e d

piz1l

for i € {1,2,3,4}. We will show that H;(f,g) = (—=1)f/g!(f — g)! independent of i, so that
Hy — Hy — H3 + Hy = 0 as desired. For H; the result follows immediately from comparing
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coefficients of 2/ in the identity (5.43). For H,, we pull out the p; term to get

f f—m _\d—1
Hy(f,9) = — Z <f M) > > L (B.11)

| |
— !t \g—m T3 e oy M2l
i1

Applying (b.43]) and simplifying gives
f=m\ (=1)/
g - 32 (1m0
(:9) g:l 9 —m1) (f = p)!

(=1’

f g'z g—m) ~ g(f—g) (B.12)

where the last step comes from restricting the summation to 1 < p; < ¢ and using the binomial
expansion of (1 —1)9. We can show the result for Hs similarly. For Hy, we pull out the py and pgy
terms to get

;o= f—pu1— -
Z Zﬂd 1 <f — M1 ,Ud) Miud Z (_1)11 2 ( |
aa! - ol g (B3
pa=1 =1 HEHE g—m d=1 u2+~-+ud*1>:1f_ﬂl—ud Hat o Hd—10
wi>

Applying (5.43) and simplifying gives

f fom _ _ —1\f—H1—Ha
Hy(f,g) = ZZ 1 |<f Lil Md)((_l) ’i"‘

emled g ) (f - - pa)!
f f—wa
— (—1/ (=1)r (—1)m
Y ,;1 (f =9 = pa)uat £= mlg —m)!
(—p/+! ! (—1)Hd (-1)7

- 2 (f—g—pa)uad  g'(f—9) (B.14)

=1

where the last two steps come from restricting the summation to 1 < puj < gand 1 < pug < f—g
and using the binomial expansion of (1 —1)9 and (1 —1)/79. O

APPENDIX C. INCREASING SUPPORT FOR THE NON-SPLIT FAMILY

In this section, we show how to prove Theorem [T.4] without the condition 2k > n. Arguing as in
Appendix E of [HM07], we need to bound terms of the form

- s I (a(0) " (i) 3 S S (5)

q1;---,9¢ m<Ne€
q;j dlstlnct
(C.1)
where Q = ¢"* -+ - ¢,/ and n; = m; (mod 2) for all j. Showing that these terms vanish as N — oo
for ¢ with supp¢ C (—%, %) completes the proof of Theorem These terms are very similar

to the E(7i,m) terms introduced in Section [3[ (see (3.5)) for example), and we are able to evaluate
them in a similar fashion. We omit proofs as they are analogous to the proofs of the corresponding
lemmas in Section [3| which we refer to. We will eventually prove the following lemma.
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Lemma C.1. Let E be defined as in (C.1). Under GRH for Dirichlet L-functions, if supp(gg) C
( o 7) then E < N~ and thus does not contribute in the limit.

First we restrict the sum over b as in Lemmas and which are proven in Appendices
and [A4] respectively.

Lemma C.2. Suppose supp(ng) C (—%, %) Then the subterms of E in (C.1)) for which (b, N) > 1
are O (N~°).

Lemma C.3. Suppose supp 5) c —1000 "1000) * Thep, the subterms of E in (C.1) for which
n n
b > N222 gre O(N~12).

Applying Lemmas [C.2| and [C.3] to (C.1)) gives

-+ SHCE ()5

q1,--9¢  j=1 m<Ne€
q; distinct
,Q,Nb> 4rmy/Q .
—— 1 | ———— O(NT9). C.2
x Z 1 (g ) TO(NT) (C2)
b<N2022

We convert the Kloosterman sums to sums over Gauss sums as in Lemma which is proven in

Appendix

Lemma C.4. Let N be a prime not dividing b, Q,m. Then

S(m?, NQ: Nb) = —(p(}%) (Zb)GX<m2>GX(<Q,b°°>>x< °s) (©3)
(N

Applying Lemma m to gives

e £ GG () 5

a1,--,9¢  j=1 m<Ne€
q; distinct
1 9 _ 4rm/Q _
§ E o | —= N
(b,N)=1 X(Nb)
b<N2022

(C.4)

Next, it holds that subterms involving non-principal characters in (C.4)) are negligible in the limit.
This leaves only subterms involving xo = Xo (mod Nb) for each b. It holds that G, (z) = R(x, Nb),
a Ramanujan sum.

Lemma C.5. Assume GRH for Dirichlet L-functions and suppose that supp(cg) C (—2 %) Then
the sum over all non-principal characters in (C.4) is O (N~°).
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This lemma corresponds to Lemma proven in Appendix Applying Lemma to (C.4)
gives

Z nig ng
- . ~(logg;\"7 [ 2logg; I 1
E = 2" > ] : ! > =
m <¢ <logR> ( /qj log R) > m

q1yqe j=1 m<Ne
q; distinct
R(m* Nb)R((Q,b), Nb) Q drm/Q -
g — N7, .
’ bNZn Nbg(Nb) @) T ) O 09)
ey
Now, applying the bounds R(m?, Nb) < m*, R(x, Nb) < ¢(Nb), and Jj,_1(z) < = to (C.5) and
using the fact that supp ¢ C (—%, %), we find that the main term is absorbed by the error term,

completing the proof of Lemma

APPENDIX D. BOUNDING THE ORDER OF VANISHING AT THE CENTRAL POINT

In this section, we follow the arguments of Section 6 of [HMO07] in order to bound the proportion
of newforms with negative sign whose order of vanishing exceeds a certain threshold . While they
are conditional on GRH, our results surpass the best known conditional and unconditional bounds
established in [ILS99], [HMO7], and [BCD™20] when r > 5. We focus on the case r = 5, however
our results may be easily generalized the case when 7 > 5. Additionally, we study the 4*P-centered
moment as it provides the best bounds for the case » = 5, but utilizing higher moments provides
better bounds as r increases. Lastly, similar results may be obtained for the positive sign family.
See [DM22] for a more in-depth analysis, where the results of this paper are used to find excellent
bounds for vanishing to order r or more; specifically, for a fixed test function Dutta and Miller
determine what level density gives the best bound.

We utilize Theorem [[.2] with n = 4 and

sinroz 2 ~ 1y o
o) = (I7) L G { 7 W< (D.1)

Tox 0 lyl = o

This test function is likely not optimal in general for minimizing the n'"-centered moment, and
optimal test functions for the case n =1 and n = 2 are found in [ILS99] and [BCD™20]. However,
they are sufficient to surpass the bounds established in those papers. While Theorem requires
o < 0.5 when n = 4, we may utilize the bounds given by o = 0.5 by setting ¢ = 0.5 — € and letting

¢ — 0. Now, Theorem [I.2] gives
31
- SN . 4 _ g4 oy oo oL
Nprime
Now, if a newform f with negative sign has order of vanishing » > 5 at the central point, then by
Theorem [1.4]

~ 1 5 5
D(fi6) = (D(fs)- = 19(0) ~ (30)+ 300)) = r=5 = 3. (03)
Let Pr(r > 5) be the proportion of newforms with negative sign whose order of vanishing at the

central point is at least 5. Then (D.2) and (D.3|) give
Pr(r > 5) §4<3—1 (D.4)
- 2 — 105 ’
so Pr(r > 5) < (§)4% = &% ~ 0.00756. [ILS99] and [HMO7] obtain upper bounds of & =

0.03125 and ﬁ =~ 0.02040, respectively, our results surpass both of these. As the order of vanishing
increases, our results are even better. For instance, taking r = 19 and n = 20, we find the proportion
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of newforms with negative sign whose order of vanishing exceeds 19 is at most 2.86-107'%, improving
the upper bound 5.77-1076 given in [BCDT20] and the upper bound 3.29-10~3 implicit in [ILS99).
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