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My main interest is analytic number theory and random matrix theory (especially the distribution of zeros
of 𝐿-functions and the eigenvalues of random matrix ensembles); I am also studying equidistribution problems in analysis and probability, and working on applied problems in probability, statistics, graph theory,
cryptography, sabermetrics and linear programming where the tools and techniques of number theory can
successfully be applied. These have led me to study computational and numerical methods, and I have written numerous programs to investigate and solve the above projects, ranging from zeros of 𝐿-functions to
constructing elliptic curves with rank to linear programming problems. Papers and talks are available at
http://www.williams.edu/Mathematics/sjmiller/

I have worked on many of these projects with students in high school (20), college (over 150) and graduate
school (over 10). In many instances I ran guided vertically research groups, where the graduate students had
their own projects and also helped mentor the undergraduates and high school students. I have been able to
maintain my active research program while at a liberal arts college which prides itself on its commitment to
teaching.
My research has also been continuously supported by two NSF grants for the past several years.
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1 Research Interests: Summary
While my primary training is in analysis and number theory (and I do love working on problems in these
fields), I have collaborated with numerous people outside of pure mathematics, writing papers in Accounting,
Computer Science, Economics, Engineering, Geology, Marketing and Sabermetrics. I enjoy these projects
for many reasons. Frequently these are interesting problems which lead to interesting theoretical issues. Further, I am often able to use these papers in classes I teach, and I find these projects are a great way to interest
and excite students.
Since Riemann’s investigations 150 years ago, zeros of 𝐿-functions have been known to be intimately
connected to solutions to many problems in number theory. In the last few decades finer properties of the
zeros have helped understand problems such as the observed preponderance of primes congruent to 3 mod 4
over 1 mod 4 as well as the growth of the class number. Random Matrix Theory has become a powerful tool to
1

model the behavior of these zeros, suggesting both the answers as well as new questions to ask. My primary
interest is in the distribution of zeros near the central point for families of 𝐿-functions, especially families of
elliptic curves with rank over ℚ(𝑇 ). Related to this, I am also investigating constructions for moderate to high
rank one-parameter families of elliptic curves, lower order corrections to 𝑛-level densities of elliptic curves,
and the influence of forced zeros at the central point on the distribution of the first zero above the central
point. Additionally, I am studying the low zeros of Dirichlet characters with square-free modulus (which
have applications to how primes are distributed in arithmetic progressions) and Rankin-Selberg convolutions
of GL𝑛 and GL𝑚 families of 𝐿-functions (which highlights how the behavior of complex families can be
understood in terms of the behavior of the building blocks). Finally, much of my recent work involves
determining lower order terms in the behavior of zeros of 𝐿-functions. These terms are sadly inaccessible
through standard random matrix theory, which misses arithmetic; however, through recent bold conjectures
such as the 𝐿-functions Ratios Conjecture we have an excellent predictive method. I have studied these
lower order terms in a variety of interesting families; the most exciting recent application (joint with several
colleagues) a model which explains the observed repulsion of zeros near the central point in families of
quadratic twists of elliptic curve 𝐿-functions, which we are currently extending to more general families.
I am investigating numerous problems in Random Matrix Theory and Random Graphs, especially ensembles with few degrees of freedom (order 𝑁 independent matrix elements, instead of order 𝑁 2 ). These
provide fascinating windows to see new behavior and have numerous applications (𝑘-regular graphs are used
to construct cheap and efficient networks). Along these lines, I am also studying several problems on the
boundary of Probability Theory, Number Theory and Analysis, such as proving that the distribution of the
first digits of ∣𝐿(𝑠, 𝑓 )∣ near the critical line and iterates of the 3𝑥 + 1 map follows Benford’s Law of digit bias
(the first digit is a 1 about 30% of the time). These problems have led to results ranging from the distribution
of digits of order statistics to a generalization of the central limit theorem for random variables modulo 1.
With some colleagues and students I am extending these results and working on applications (I have been in
contact with the Criminal Investigative Division of the IRS, helped organize the first conference on Benford’s
law, and am currently editing the first book on the theory and applications of the law). Using recent strong
concentration results I have just proved a conjecture on the size of the sumset to the difference set in additive
number theory / probability theory, with fascinating behavior at the critical threshold which I am continuing
to explore.
I have also worked on and am pursuing several applied projects in Probability, Statistics, Linear Algebra
and Cryptography, such as closed-form Bayesian inferences for the multinomial logit model, a binary integer
linear programming problem for movie distributors, bounding incomplete multiple exponential sums arising
in Computer Science, extreme cases of the Cramer-Rao inequality, modeling baseball games, and determining
the security of certain signature schemes in cryptography, as well as studying the propagation of viruses in
networks. I am also interested in computational aspects of these problems, writing algorithms to investigate
many of these topics, from zeros of elliptic curve 𝐿-functions and moments of Dirichlet 𝐿-functions over
function fields to random matrix theory and graph theory to Bayesian inference and linear programming.

2 Summary of Thesis Results
Following Brumer-Heath-Brown [BH-B], Iwaniec-Luo-Sarnak [ILS], Katz-Sarnak [KaSa1, KaSa2], Rubinstein [Rub] and Silverman [Si], I used the 1- and 2-level densities to study the distribution of low-lying zeros
for one-parameter rational families of elliptic curves of rank 𝑟 over ℚ(𝑇 ); these densities are defined by
summing test functions at scaled zeros of the 𝐿-functions. Katz and Sarnak [KaSa1, KaSa2] predict that,
to each family of 𝐿-functions ℱ, there is an associated symmetry group 𝐺(ℱ) (a classical compact group)
which governs the distribution of the low-lying zeros. In other words, the behavior of zeros in a family
of 𝐿-functions near the central point is well modeled by the behavior of eigenvalues near 1 of a classical
compact group. For families of elliptic curves of rank 0 over ℚ(𝑇 ), we expect 𝐺(ℱ) to be 𝑆𝑂(even) if all
curves have even functional equation, 𝑂 if half are even, half odd, and 𝑆𝑂(odd) if all are odd. If the family
has rank 𝑟 over ℚ(𝑇 ), the densities are trivially modified to take into account the 𝑟 expected zeros at the
central point, and we will still refer to these as 𝑂, 𝑆𝑂(even), 𝑆𝑂(odd). The 1-level densities for the Unitary
and Symplectic are distinguishable from the three Orthogonal groups for test functions of arbitrary small
support; unfortunately, the three orthogonal groups all agree for functions supported in (−1, 1). The 2-level
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densities for the orthogonal groups, however, are distinguishable for functions supported in arbitrarily small
neighborhoods of the origin.
Modulo standard conjectures (which can be verified for many specific cases), for small support I showed
the densities agree with Katz and Sarnak’s predictions [Mil1]. The difficulty is that the logarithm of the
analytic conductors must be extremely well controlled or oscillatory behavior drowns out the main term. In
particular, it is not enough to confine the logarithms of the conductors to lie in [log 𝑁 𝑑 , log 2𝑁 𝑑 ] as 𝑁 → ∞.
The conductors are controlled by careful sieving and deriving explicit formulas via Tate’s algorithm. Further,
the densities confirm that the curves’ 𝐿-functions behave in a manner consistent with having 𝑟 zeros at the
central point, as predicted by the Birch and Swinnerton-Dyer conjecture. By studying the 2-level densities of
some constant sign families, we find the first examples of families of elliptic curves where we can distinguish
𝑆𝑂(even) from 𝑆𝑂(odd) symmetry.
Similar to the GUE universality Rudnick and Sarnak [RS] found in studying 𝑛-level correlations of 𝐿functions, our universality follows from the sums of 𝑎2𝑡 (𝑝) in our families. For non-constant 𝑗(𝑇 ), this follows
from a Sato-Tate law proved by Michel [Mic]; however, for many of our families we are able to show this by
a direct calculation. The effect of the rank over ℚ(𝑇 ) surfaces through sums of 𝑎𝑡 (𝑝).
Finally, while the 𝑛-level densities for these families are universal, potential lower order correction terms
have been observed in several families. These family dependent corrections are of size 1/ log 𝑁 ; unfortunately, trivial estimation of the errors lead to terms of size log log 𝑁/ log 𝑁 . I have recently completed a
detailed analysis for many families [Mil5], where these corrections can be isolated. These corrections show
how the arithmetic of the family enters as lower order corrections; in particular, families with and without
complex multiplication behave differently. I am currently exploring the relation between these lower order
terms and finer properties of the behavior of low zeros for small conductors.

3 Representative Subset of Previous and Current Research
3.1 Previous Research.
Below is a representative sample of some of my previous work. Please see my CV or my publication list for
all previously completed projects.
(i) Elliptic curves and additive number theory
(a) While most of my work in elliptic curves is related to the behavior of zeros near the central point,
with graduate students Scott Arms and Alvaro Lozano-Robledo [ALM] I also proved results on the geometric
side. Specifically, generalizing an idea from my thesis, we gave a new, novel construction of one-parameter
families of elliptic curves of moderate rank over ℚ(𝑇 ). The key idea is to use Rosen and Silverman’s [RSi]
proof of Nagao’s conjecture for rational surfaces to interpret averages of the Fourier coefficients as the rank.
These averages are sums of Legendre sums; while these are impossible to evaluate in general, by careful
construction these can be determined for special families. One interesting consequence is that families of
moderate rank are constructed without having to enumerate rational solutions and showing that they are linearly independent (in other words, no height matrices are needed). The families constructed here are of great
use in other investigations, as their Legendre sums are more tractable than the general family, and thus it is
possible to isolate lower order correction terms (which depend on the arithmetic).
(b, c) Let 𝐴 be a finite set of integers, and set 𝐴 + 𝐴 and 𝐴 − 𝐴 to be the set of all sums (respectively
differences) of elements in 𝐴. As addition is commutative but subtraction is not, it was believed that ‘most’
of the time ∣𝐴 + 𝐴∣ < ∣𝐴 − 𝐴∣. It thus came as a surprise when Martin and O’Bryant [MO] proved that if
each element from {0, 1, . . . , 𝑁 } is in 𝐴 with positive probability 𝑝 then as 𝑁 → ∞ a positive percentage
of 𝐴 are sum dominated (i.e., ∣𝐴 + 𝐴∣ > ∣𝐴 − 𝐴∣). I and Peter Hegarty [HeMi] investigated the relationship
between the sizes of the sum and difference sets attached to a subset of {0, 1, ..., 𝑁 } chosen randomly according to a binomial model with parameter 𝑝(𝑁 ), with 𝑁 −1 = 𝑜(𝑝(𝑁 )). We showed that the random subset
is almost surely difference dominated, as 𝑁 → ∞, for any choice of 𝑝(𝑁 ) tending to zero, thus confirming
a conjecture of Martin and O’Bryant. The proofs involve applying recent strong concentration results to our
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situation. It is worth noting that interesting transitional behavior is observed when 𝑝(𝑁 ) crosses the threshold
of 𝑁 1/2 . More precisely, the main result is
Theorem Let 𝑝 : ℕ → (0, 1) be any function such that 𝑁 −1 = 𝑜(𝑝(𝑁 )) and 𝑝(𝑁 ) = 𝑜(1). For each 𝑁 ∈ ℕ
let 𝐴 be a random subset of 𝐼𝑁 chosen according to a binomial distribution with parameter 𝑝(𝑁 ). Then,
as 𝑁 → ∞, the probability that 𝐴 is difference dominated tends to one. More precisely, let S , D denote
respectively the random variables ∣𝐴 + 𝐴∣ and ∣𝐴 − 𝐴∣. Then the following three situations arise:
))2
(i) 𝑝(𝑁 ) = 𝑜(𝑁 −1/2 ) : Then S ∼ (𝑁 ⋅𝑝(𝑁
and D ∼ 2S ∼ (𝑁 ⋅ 𝑝(𝑁 ))2 .
2
(ii)
) = )𝑐 ⋅ 𝑁 −1/2 for some
( 𝑝(𝑁
( 2 ) 𝑐 ∈ (0, ∞) : Define the function 𝑔 : (0, ∞) → (0, 2) by 𝑔(𝑥) :=
𝑒−𝑥 −(1−𝑥)
2
. Then S ∼ 𝑔 𝑐2 𝑁 and D ∼ 𝑔(𝑐2 )𝑁 .
𝑥
(iii) 𝑁 −1/2 = 𝑜(𝑝(𝑁 )) : Let S 𝑐 := (2𝑁 + 1) − S , D 𝑐 := (2𝑁 + 1) − D. Then S 𝑐 ∼ 2 ⋅ D 𝑐 ∼ 𝑝(𝑁4 )2 .
In a related project, with my undergraduate student Dan Scheinerman I developed a new construction for
families of more sum than difference sets; at the time of their construction, they were the densest known. The
construction is currently being generalized to more general linear combinations of 𝐴 with Brooke Orvosz
and David Newman, as well as two students in my number theory class (Sean Pegado and Luc Robinson) at
Williams.

(d) A beautiful theorem of Zeckendorf states that every positive integer can be written uniquely as a
sum of non-consecutive Fibonacci numbers. Once this has been shown, it is natural to ask how many Fibonacci numbers are needed. Lekkerkerker proved that the average number of such summands needed for
integers in [𝐹𝑛 , 𝐹𝑛+1 ) is 𝑛/(𝜙2 + 1), where 𝜙 is the golden mean. With summer students Murat Kologlu,
Gene Kopp and Yinghui Wang [KKMW, MW], we showed that the fluctuation about the mean is Gaussian
for the Fibonacci numbers. Unlike previous number-theoretic approaches, we attack the problem through
combinatorics and generating functions. Our techniques can be generalized to apply to a large class of linear
recurrence relations.

(ii) 𝐿-functions and the Ratios Conjecture
Much of my previous research on 𝐿-functions splits naturally into two cases, determining the main term
and determining lower order corrections for the 1-level density, defined by:
1 ∑ ∑
𝜙 (˜
𝛾𝑗;𝑓 ) .
𝑁 →∞ ∣ℱ𝑁 ∣
lim

𝑓 ∈ℱ𝑁

𝑗

Here 𝜙 is an even Schwartz function, ℱ = ∪ℱ𝑁 is a family of 𝐿-functions ordered by conductor, and (assuming GRH) we may write the zeros of 𝐿(𝑠, 𝑓 ) as 1/2 + 𝑖𝛾𝑗;𝑓 (the 𝛾
˜𝑗;𝑓 are the normalized imaginary parts
of the non-trivial zeros). The Katz and Sarnak conjectures [KaSa1], [KaSa2] state that as the conductors
tend to infinity, the behavior of the zeros near the central point agree with the scaling limit of normalized
eigenvalues of a classical compact group.
(a) For families where the signs of the functional equations are all even and there is no corresponding
family with odd functional equations, a “folklore” conjecture (for example, see page 2877 of [KeSn1]) states
that the symmetry is symplectic, presumably based on the observation that SO(even) and SO(odd) symmetries in the examples known to date arise from splitting orthogonal families according to the sign of the
functional equations. A priori the symmetry type of a family with all functional equations even is either
symplectic or SO(even). Let 𝜙 be a fixed Maass form and let 𝐻𝑘 denote the space of cusp forms of full level.
All 𝐿-functions in the families (formed by Rankin-Selberg convolution) {𝜙 × 𝐻𝑘 } and {𝜙 × sym2 𝐻𝑘 } (by
sym2 𝐻𝑘 we mean the set sym2 𝑓 for 𝑓 ∈ 𝐻𝑘 ) have even functional equations, and neither family seems
to naturally arise from splitting sign within a full orthogonal family. By calculating the 1-level density I
and Dueñez proved in [DM1] that the symmetry of the first is symplectic (as predicted); however, the second family has orthogonal symmetry (we cannot distinguish between SO(even), O and SO(odd) due to the
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small-support restriction on the allowable test functions; however, analyzing the 2-level density allowed us
to discard O and SO(odd)). Thus our calculations are only consistent with the symmetry being SO(even). In
particular, this work proved that the theory of low-lying zeros is more than just a theory of the distribution of
signs of functional equations.
(b) Building on this work, I and Dueñez in [DM2] considered the Rankin-Selberg convolution of more
general families. They define a NT-good family of 𝐿-functions to be a family where there is good control over
the conductors, the cardinality of the family, and a good enough averaging formula to evaluate the needed
prime sums to compute the 1-level density; known examples include Dirichlet 𝐿-functions, cuspidal newforms, as well as twists and symmetric powers of these. The main result relates how the zeros of compound
families formed by Rankin-Selberg convolution are distributed in terms of how the constituent families are
distributed. Explicitly,
Thereom. Let ℱ and 𝒢 be NT-good families of unitary automorphic cuspidal representations of GL𝑛 (𝔸ℚ )
and GL𝑚 (𝔸ℚ ) with trivial central character, with symmetry constants 𝑐ℱ and 𝑐𝒢 . Assume ℱ × 𝒢 is an
NT-good family. Then the family ℱ × 𝒢 (which is the limit of ℱ𝑁 × 𝒢𝑀 , where 𝑁 and 𝑀 tend to infinity
together) has symmetry constant 𝑐ℱ ×𝒢 = 𝑐ℱ ⋅ 𝑐𝒢 .
The proof follows from understanding the moments of the Satake parameters, with the main terms determined from the first and second moments. It is the universality of these moments that is responsible for
the universality of the results. Numerous specific examples are given, in particular families of elliptic curves
with rank. The difficulty there is in controlling the conductors.
(c) The last result involving the main term of the zeros near the central point is for the family of cuspidal newforms of prime level 𝑁 split by sign of the functional equation. Iwaniec, Luo and Sarnak [ILS]
showed that the main term of the 1-level density in these families agrees with random matrix theory when
the Fourier transform of the test function is supported in (−2, 2). This impressive calculation depends on a
difficult analysis of the non-diagonal term in the Petersson formula, namely the Bessel-Kloosterman sums.
With Chris Hughes [HuMi] generalized these results to the 𝑛-level density (which improves estimates of
high order of vanishing), avoiding analyzing 𝑛-dimensional analogues of the Bessel-Kloosterman piece by
cleverly changing variables. The cost of this switch was difficult combinatorics needed to show agreement
with random matrix theory; this is because random matrix theory was expecting an 𝑛-dimensional integral
whereas we changed test functions to a one-dimensional integral which can be evaluated by the techniques
in [ILS]. (It is not the case that the combinatorics can always be analyzed; in Gao’s thesis [Gao] the number theory computations are thought to agree with random matrix theory throughout his range, but this can
only be shown for a restricted window.) This led to the discovery of a new formula for the 𝑛-level density, which after some combinatorics was shown to agree with the determinantal expansions of Katz-Sarnak
[KaSa1, KaSa2]. This formula is significantly easier for comparison purposes in restricted ranges. We proved
ˆ ⊂ (− 1 , 1 ), and define
Theorem Let 𝑛 ≥ 2, supp(𝜙)
𝑛−1 𝑛−1
𝑛−1 𝑛−1

𝑅𝑛 (𝜙) = (−1)

2

[∫

∞

−∞

𝑛 sin 2𝜋𝑥

𝜙(𝑥)

2𝜋𝑥

]
1
𝑛
d𝑥 − 𝜙(0) ,
2

𝜎𝜙2

= 2

∫

1
−1

ˆ 2 d𝑦.
∣𝑦∣𝜙(𝑦)

Assume GRH for 𝐿(𝑠, 𝑓 ) and for all Dirichlet 𝐿-functions. As 𝑁 → ∞ through the primes, the centered
𝑛th moment for 𝐻𝑘± (𝑁 ) (the family of weight 𝑘 cuspidal newforms of level 𝑁 and functional equation either
even or odd) agrees with RMT and equals (2𝑚 − 1)!!𝜎𝜙2𝑚 ± 𝑅2𝑚 (𝜙) if 𝑛 = 2𝑚 is even and ±𝑅2𝑚+1 (𝜙) if
𝑛 = 2𝑚 + 1 is odd. One application of these results (where it is essential that we are able to evaluate the
relevant sums without using the Petersson weights) is to bound high vanishing in the family. Specifically, we
prove the following (which for large 𝑟 provides better bounds than the previous records):
Theorem: Consider the families of weight 𝑘 cuspidal newforms split by sign, 𝐻𝑘± (𝑁 ). Assume GRH for all
Dirichlet 𝐿-functions and all 𝐿(𝑠, 𝑓 ). For each 𝑛 there are constants 𝑟𝑛 and 𝑐𝑛 such that as 𝑁 → ∞ through
the primes, for 𝑟 ≥ 𝑟𝑛 the probability of at least 𝑟 zeros at the central point is at most 𝑐𝑛 𝑟 −𝑛 ; equivalently,
5

the probability of fewer than 𝑟 zeros at the central point is at least 1 − 𝑐𝑛 𝑟 −𝑛 .
(d) In addition to studying the main term, I’ve also investigated the arithmetic dependence of lower order
terms in various families. These investigations are important as the main term is independent of the arithmetic. In [Mil3] I studied families of elliptic curves (using many of the families constructed in [ALM] and
discussed earlier). By isolating the first correction term to the 1-level density, we csn see differences depending on whether or not the families had complex multiplication or what the torsion group was.
(e, f) Building on analogies with Random Matrix Theory and previous number theory conjectures, recently Conrey, Farmer and Zirnbauer [CFZ1], [CFZ2] created the 𝐿-functions Ratios Conjecture (or recipe)
to predict sums of ratios of 𝐿-functions in a family. These quantities allow us to compute almost any desired
statistic, from 𝑛-level correlations and densities to mollifiers and moments, to name a few. The predictions
are believed to be correct to square-root cancelation in the family’s cardinality. To put this in context, a typical family of one-parameter elliptic curves over ℚ(𝑇 ) with 𝑇 specialized to be in [𝑁, 2𝑁 ] has an error term
of size 𝑂(log log 𝑁/ log 𝑁 ), much larger than 𝑁 −1/2+𝜖 ! There is little basis for such a small conjectured
error term, other than the philosophy of square-root cancelation. The recipe is as follows: let
𝑅ℱ𝑁 (𝛼, 𝛾) :=

∑ 𝐿(1/2 + 𝛼, 𝑓 )
.
𝐿(1/2 + 𝛾, 𝑓 )

𝑓 ∈ℱ𝑁

1. Use the approximate functional equation to expand the numerator into two sums plus a remainder. The
first sum is over 𝑚 up to 𝑥 and the second over 𝑛 up to 𝑦, where 𝑥𝑦 is of the same size as the analytic
conductor (typically one takes 𝑥 ∼ 𝑦). We ignore the remainder term.
2. Expand the denominator by using the generalized Mobius function.
3. Execute the sum over ℱ𝑁 , keeping only main (diagonal) terms; however, before executing these sums
replace any product over epsilon factors (arising from the signs of the functional equations) with the
average value of the sign of the functional equation in the family.
4. Extend the 𝑚 and 𝑛 sums to infinity (i.e., complete the products).
5. Differentiate with respect to the parameters, and note that the size of the error term does not significantly change upon differentiating.
6. A contour integral involving

∂
∂𝛼 𝑅ℱ𝑁 (𝛼, 𝛾) 𝛼=𝛾=𝑠

yields the 1-level density.

What is remarkable is that in many of the steps above we throw away error terms that are the same size
as main terms, yet at the end we obtain (conjecturally) perfect agreement! I’ve studied families of quadratic
characters, cuspidal newforms (not split by sign) and number field 𝐿-funtions; for suitably restricted test
functions, we’ve [GJMMNPP, Mil1, Mil4, MilMo, MilPe] proved the Ratios’ prediction (complete with
square-root cancelation) is correct. For example, for quadratic characters the Ratios Conjecture predicts one
of the lower order terms is
(
)
∫ ∞
2
𝜁′
4𝜋𝑖𝜏
𝜙(𝜏 )
1+
𝑑𝜏 ;
log 𝑋 −∞
𝜁
log 𝑋
which implies that the lower order term depends on the zeros of the Riemann zeta function. This was numerically observed by Rubinstein, and the improvement in the fit by incorporating these terms was powerfully
demonstrated by Stopple’s computations. Additional applications of knowing these lower order terms is to
finding 𝑁eﬀective , the optimal size matrices to model behavior of zeros at a finite conductor (and not in the
limit).

6

(iii) Random Graphs and Random Matrix Ensembles
Let 𝐴 be a real 𝑁 × 𝑁 symmetric matrix with eigenvalues 𝜆𝑖 (𝐴). We can form a measure by placing a
mass of size 1/𝑁 at each (normalized) eigenvalue. If our ensemble is large enough, we can average over the
family and a generic matrix will have behavior close to the system average. While these ensembles typically
do not directly correspond to families of 𝐿-functions, they are nevertheless useful in building intuition as to
how small sub-families can behave, as well as being interesting in their own right.
(a) Building on joint work with Chris Hammond [HaMi], I studied the distribution of eigenvalues of real
symmetric palindromic Toeplitz matrices with undergraduates John Sinsheimer and Adam Massey, both of
whom have continued to graduate school. Many authors had noticed that the density of normalized eigenvalues of real symmetric Toeplitz matrices was close to, but not equal to, the standard normal. In [HaMi]
we interpreted the discrepancy in terms of Diophantine obstructions to systems of equations, and conjectured
that forcing the first row to be a palindrome would remove these obstructions. We proved this in [MMS].
The difficulty in this project, as is frequently the case in studying random matrix ensembles, was developing
the combinatorics to obtain closed form expressions for the moments. Similar to many other problems in
the field, it is straightforward to show the averages of the moments of the measures converge; however, it is
quite difficult to determine the precise value of the average moments. One reason this ensemble is so difficult
to study is that it has of the order 𝑁 degrees of freedom, far less than the full family of all real symmetric
matrices (which is of order 𝑁 2 /2). Through Cauchy’s interlacing formula, there are explicit formulas for the
eigenvalues of these matrices, and as one application we obtain a central limit theorem for weighted sums of
random variables.
(b) Joint with undergraduates Tim Novikoff and Anthony Sabelli [MNS] (who are now graduate students
in applied math at Cornell), I studied the distribution of the second largest eigenvalue in families of 𝑑-regular
graphs. Recently Friedman [Fr] proved Alon’s conjecture [Al] for many families of 𝑑-regular
graphs, namely
√
that given any 𝜖 > 0 “most” graphs have their largest non-trivial eigenvalue √
at most 2 𝑑 − 1 + 𝜖 in absolute
value; if the absolute value of the largest non-trivial eigenvalue is at most 2 𝑑 − 1 then the graph is said to
be Ramanujan. These graphs have important applications in communication network theory, allowing the
construction of superconcentrators and nonblocking networks, coding theory and cryptography. As many of
these applications depend on the size of the largest non-trivial positive and negative eigenvalues, it is natural
to investigate their distributions. We showed these are well-modeled by the 𝛽 = 1 Tracy-Widom distribution
for several families. If the observed growth rates of the mean and standard deviation as a function of the
number of vertices holds in the limit, then in the limit approximately 52% of 𝑑-regular graphs from bipartite
families should be Ramanujan, and about 27% from non-bipartite families (assuming the largest positive
and negative eigenvalues are independent). The key difficulty in interpreting the numerical investigations is
that, appropriately normalized, the three Tracy-Widom distributions and the standard normal are very close
to each other; the best test was looking at the percentage of eigenvalues to the right of the mean.

(iv) Benford’s law
Many mathematical and natural phenomena satisfy Benford’s law (or a close approximation), where the
probability of a leading digit of 𝑑 is log10 (1 + 𝑑1 ). While the proofs are typically related to equidistribution
theory, and thus fall in the province of standard number theoretic investigations, the numerous applications
(especially for fraud detection and data integrity tests) ensure that the subject is of interest to many.
(a) Funded in part by NSF Grant DMS0753043, I helped organize the Conference on the Theory and
Applications of Benford’s Law in 2007, and am currently editing an introductory book on the subject with
the participants. The first conference on the subject, participants came from mathematics, statistics, biology,
engineering, computer science, accounting and industry, to name a few. The discussions there have led to
many projects.
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(b, c) One of the most important questions is why Benford’s law is so prevalent, and how rapidly it sets
in (such estimates are essential in prosecuting fraud). In [JKKKM, MN1] we answer these questions for data
that is the product of a growing number of independent random variables. The key ingredients are Fourier
analysis and the Mellin transform, which allow us to prove a version of the Central Limit Theorem for sums
of independent random variables modulo 1 with (at times) exponentially decaying error term. For example,
if we consider a product of 𝑛 independent uniform random variables on [0, 𝑘], the difference between the
cumulative distribution function here and that of Benford’s law is bounded by
(
)
𝑘 (log 𝑘)𝑛−1
1
𝜁(𝑛) − 1
+
+
2 log10 𝑠,
𝑠 Γ(𝑛)
2.9𝑛
2.7𝑛
where 𝜁(𝑛) is the Riemann zeta function and log10 𝑠 is the probability of a Benford random variable having
mantissa of 𝑠 or less. These results have been converted to new tests for fraud by Nigrini and Miller [MN2],
[NM2], which have been shared at an invited address at the Boston headquarters of the IRS.

(v) Applied Projects
(a: Incomplete Exponential Sums) Exponential sums have a rich history, and estimates of their size
have numerous applications, ranging from uniform distribution to solutions to Diophantine equations to 𝐿functions to the Circle Method, to name a few. Consider the following incomplete exponential sum:
∑
∑
𝑆(𝑓, 𝑛, 𝑞) =
⋅⋅⋅
𝑥1 ⋅ ⋅ ⋅ 𝑥𝑛 𝑒2𝜋𝑖𝑓 (𝑥1 ,...,𝑥𝑛 )/𝑞 ,
𝑥1 =±1

𝑥𝑛 =±1

with 𝑓 a non-homogenous quadratic. Proving non-trivial exponentially decreasing upper bounds for 𝑆(𝑓, 𝑛, 𝑚)
will provide insight into the computational complexity of a class of boolean circuits needed to compute the
parity of n binary inputs. A theorem that shows that the norm of 𝑆(𝑓, 𝑛, 𝑚) is 𝑐𝑛 , where 𝑐 < 1 will show that
the size (number of binary gates) of these circuits computing parity has to grow exponentially fast. These
lower bound results are of great interest to the theoretical computer science community. Using Ramseytheoretic techniques, Alon and Beigel [AB] proved that for each fixed 𝑛, 𝑑 and 𝑚 there exists a positive
constant 𝑏𝑑,𝑚,𝑛 such that ∣𝑆(𝑓, 𝑛, 𝑚)∣ < 𝑏𝑑,𝑚,𝑛 and lim𝑛→∞ 𝑏𝑑,𝑚,𝑛 = 0; note the resulting sequences converge very slowly to 0. In terms of computational complexity, this only tells us that the minimum circuit size
required to compute parity of 𝑛 bits tends to infinity with 𝑛. It is of far more interest, from the computational
point of view, to show exponentially fast growth in minimum circuit size. This is generally interpreted as
showing that parity circuits of the required kind cannot feasibly be built. We have currently obtained sharp
bounds on average, and have solved the problem for 𝑛 small; this project is joint with Eduardo Dueñez and
Amitabha Roy and Howard Straubing [DMRS].
(b: Empirical Bayes Inference in the Multinomial Logit Model) Whether it’s the 20,000+ hits based on a
www.google.com search or the 1000+ hits on www.jstor.org, the multinomial logit (MNL) model plays a very
prominent role in many literatures as a basis for probabilistic inferences. One of the recent advances regarding
the MNL model is the ability to incorporate heterogeneity into the response coefficients; unfortunately, this
leads to increased numerical computation. Once one combines the MNL kernel, a Bernoulli random variable
with logit link function, with a heterogeneity distribution, closed-form inference is unavailable due to the
non-conjugacy of the product Bernoulli likelihood and the heterogeneity distribution (prior).
Eric Bradlow (professor of marketing and statistics, University of Pennsylvania). Kevin Dayaratna (graduate student in marketing at the University of Maryland) and I [MBD] derived a closed-form solution to the
heterogeneous MNL problem; unfortunately, the closed-form expansion requires too many terms to be computationally feasible at present. We reduce the number of computations by several orders of magnitude by
rewriting the expansion in terms of the number of solutions to systems of Diophantine equations. This allows
us to have one very long initial calculation, with all subsequent calculations involving only 10 or 20 terms
(instead of 108 and higher), and is now applicable for some problems.
(c: Binary Integer Linear Programming) With Joshua Eliashberg (professor, Wharton), Sanjeev Swami
(professor, India Institute of Technology Kanpur) Chuck Weinberg (professor, University of British Columbia)
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and Berend Wierenga (professor, Erasmus University Rotterdam), I solved a binary integer linear programming problem to allow movie theaters to optimally schedule movies each day, taking into account a variety of
managerial constraints in reel time. We are currently expanding our model to include additional constraints,
and it is being implemented at movie theaters in Amsterdam. This work [EHHHMSWW] won the best paper
award for 2009 for the International J. of Research in Marketing.
(d: Dynamical Systems) Leo Kontorovich (postdoc, Weizmann Institute), Amitabha Roy and I are studying various models for the propagation of viruses in different systems. We are primarily concerned with
how infections are transmitted in various networks. For certain configurations we have derived a differential
equation whose fixed points answer the problem, and numerical and theoretical investigations suggest what
the limiting behavior should be. We have developed techniques to analyze the resulting equations and can
determine the limiting behavior in most cases.
(e: Sabermetrics) Sabermetrics is the application of mathematical tools to analyze baseball. The field
really took off with Bill James’ (who later helped build the Red Sox championship teams of ’04 and ’08)
work in the 70’s and 80’s, and has since become an major force in the baseball industry [Le]. The subject
poses numerous questions of both theoretical and practical interest, and it is often highly non-trivial to derive
a mathematically tractable model for a baseball event which captures the essential features. It has been noted
that in many professional sports leagues a good predictor of a team’s end of season won-loss percentage is
Bill James’ Pythagorean Formula RSobs 𝛾 /(RSobs 𝛾 + RAobs 𝛾 ), where RSobs (resp. RAobs ) is the observed
average number of runs scored (allowed) per game and 𝛾 is a constant for the league; for baseball the best
agreement is when 𝛾 is about 1.82. This formula is often used in the middle of a season to determine if a
team is performing above or below expectations, and estimate their future standings (the principles involved,
however, have enormous application, as the question could just as easily be asked about which mutual funds
or stocks are over- or underperforming, and thus determine when to buy or sell). In [Mil4] I showed how this
formula is a consequence of a reasonable model of a baseball game. I have presented this result at numerous
conferences, discussed my model with Bill James at the Boston Red Sox, and am running an undergraduate
research class on improving the model (and related questions) in the Spring of 2008.

3.2 Current Work.
Below is a representative sample of some work in progress.
Zeros of Elliptic Curve 𝐿-functions
My main ongoing research project involves the observed repulsion of zeros near the central point by zeros
at the central point. By the Birch and Swinnerton-Dyer Conjecture, if an elliptic curve has geometric rank 𝑟,
its 𝐿-function should vanish to order 𝑟 at the central point, and these curves offer an exciting laboratory to
test the conjectures of Random Matrix Theory. I have introduced two ‘natural’ models for the random matrix
analogues into the literature, what I call the independent model (where the forced zeros do not interact with
the remaining zeros) and the interaction model (where they do) [Mil3]. In my thesis I proved that as the
conductors tend to infinity the distribution of zeros agrees with the independent model (which is the same as
the interaction model with no forced zeros). The interaction model is related to the classical Bessel kernels
of RMT, and gives a very different prediction as to the behavior of the first few zeros when there are forced
zeros. I and my students (at Princeton, AIM and Ohio State) wrote code to construct large numbers of elliptic
curves and study the effect on the location of the first zero above the central point. Extensive calculations and
theoretical modeling are in progress; this project is joint with Eduardo Dueñez, Jon Keating and Nina Snaith
(professors, University of Bristol) and their student Duc Khiem Huynh (in fact, work related to this become
Duc Khiem’s thesis). Unlike the excess rank investigations, however, as we increase the conductor we see
a marked change in data; specifically, the repulsion decreases. The detailed numerical investigations I have
run [Mil3] provide several promising clues as to what the correct theory is. In particular, we observe that the
repulsion increases with rank, decreases with the size of the conductor, and all the zeros are shifted by the
same amount. This suggests the right model for finite conductors is the interaction model, with parameters a
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Figure 1: (left) Distribution of lowest zeros for 𝐿𝐸11 (𝑠, 𝜒𝑑 ) with 0 < 𝑑 < 400, 000 (bar chart), distribution
of lowest eigenvalue of SO(2N) with 𝑁eﬀ (solid), standard 𝑁0 (dashed). (right) Distribution of lowest zeros
for 𝐿𝐸11 (𝑠, 𝜒𝑑 ) with 0 < 𝑑 < 400, 000 (bar chart), distribution of lowest eigenvalue of SO(2N) effective 𝑁
of 𝑁eﬀ = 2 (solid) with discretisation, distribution of lowest eigenvalue of SO(2N) effective 𝑁 of 𝑁eﬀ = 2.32
(dashed) without discretisation.

function of the average rank for conductors of a given size. As excess rank has long been observed for finite
conductors, this explains how we can have repulsion in rank 0 families over ℚ(𝑇 ) (where there are no zeros
at the central point to repel other zeros!).
Amazingly, all the zeros appear to be repelled equally. There is a random matrix ensemble (Jacobi
ensembles) with very similar properties, namely there is a variable parameter (which may be thought of as
corresponding to the number of zeros at the central point), and as that parameter is increased the remaining
zeros are all equally repelled. We call this the interaction model, and expect it to model the low-lying zeros for
small conductors. We need two pieces of information for the analysis. The first is related to discretizing the
random matrix ensemble. The second is the matrix size. This corresponds to the problem of finding 𝑁eﬀective
for modeling zeros of 𝜁(𝑠) at finite heights, done by Keating-Snaith and others. We are constructing a rigorous
theory of these low-lying zeros, especially the first zero above the central point. There are numerous technical
difficulties, ranging from the fact that values of elliptic curve 𝐿-functions are discretized at the central point
(with the discretization depending on arithmetic) to the difficulty in determining the lower-order terms in the
one-level density to determine 𝑁eﬀective . We are using the Ratios Conjecture to predict these terms, and then
using that as a guide for the number theory computations. Much progress has been made (including writing
code to solve a Painleve VI equation that arises), and our prediction does an outstanding job of describing the
data for the family of quadratic twists (see Figure 1). In particular, incorporating discretization and the lower
order arithmetic terms captures the repulsion. We are extending our theory to general families of elliptic
curve 𝐿-functions.
Using these observations, we are currently working on finding the correct model for finite conductors.
This is similar to Keating and Snaith’s observation [KeSn1, KeSn2] that zeros of 𝐿-functions at height 𝑇
should not be modeled by the infinite scaling limits of matrices, but by 𝑁 × 𝑁 matrices with 𝑁 ≈ log 𝑇 . (I
am also working on the analogous problem for function fields with Salman Butt (graduate student, University
of Texas at Austin) and Chris Hall (postdoc, Michigan)). To date we have written one paper on the algorithms
needed to solve related Painleve VI differential equations [DHKMS], and are finishing up two others related
to the number theory.

Random Matrix Ensembles
(a) Given an ensemble of 𝑁 × 𝑁 random matrices, the first question to ask is whether or not the empirical
spectral measures of typical matrices converge to a limiting spectral measure as 𝑁 → ∞. While this has
been proved in many thin patterned ensembles sitting inside all real symmetric matrices, frequently there is
no nice closed form expression for the limiting measure. Further, current theorems provide few pictures of
transitions between ensembles. Building on earlier work with my students [HaMi, MMS, JMP], I continued
to explore highly patterned matrices this past summer with two REU students, Murat Kologlu and Gene Kopp
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[KKM]. We considered the ensemble of symmetric period 𝑚–circulant matrices with entries i.i.d.r.v. These
matrices have toroidal diagonals periodic of period 𝑚. We view 𝑚 as a “dial” we can “turn” from the highly
structured symmetric circulant matrices, whose limiting eigenvalue density is a Gaussian, to the ensemble
of all real symmetric matrices, whose limiting eigenvalue density is a semi-circle. The limiting eigenvalue
densities 𝑓𝑚 show a visually stunning convergence to the semi-circle as 𝑚 → ∞, which we prove.
In contrast to most studies of patterned matrix ensembles, we find explicit closed form expressions for
the densities. We prove that 𝑓𝑚 is the product of a Gaussian and a certain even polynomial of degree 2𝑚 − 2.
The proof is by derivation of the moments from the eigenvalue trace formula. The new feature, which
allows us to obtain closed form expressions, is converting the central combinatorial problem in the moment
calculation into an equivalent counting problem in algebraic topology. The explicit formula is then obtained
using topology (especially Euler characteristic), generating functions, and complex analysis.
I am currently exploring the effect of changing the structure on the answer with one of my thesis students,
Wentao Xiong, who is also being mentored by Murat and Gene.
(b) Continuing the work I did with Chris Hughes, one of my thesis students (Jake Levinson) and I are
trying to extend that analysis to derive alternatives to the determinantal formuls of Katz and Sarnak for the
𝑛-level densities for larger support than done in [HuMi]. The motivation for this is Peng Gao’s thesis [Gao].
Gao was able to determine the number theory for the 𝑛-level density for families of Dirichlet 𝐿-functions,
unfortunately, due to the difficulty of the combinatorics, he was not able to show that his answer always
agrees with the random matrix theory prediction (though we do believe they always agree). We are currently
attempting to derive more tractable formulas for these expansions to facilitate these comparisons.
Random Graphs
I hope to continue investigations begun with Leo Goldmakher years ago at AIM and extended with
undergraduate Eve Ninsuwan at Williams on the density of eigenvalues of weighted d-regular graphs. McKay
[McK] computed the density of normalized eigenvalues (it is different from the semi-circle seen for the GOE
ensemble, but does converge to the semi-circle as 𝑑 → ∞). Goldmakher and I noticed that if the adjacency
matrix elements are weighted by multiplying by independent identically distributed random variables, then if
the resulting distribution is to be the semi-circle then the first 9 moments of the weighting distribution must
agree with the semi-circleŠs distribution. This suggests that the semi-circle is a fixed point of this weighting
procedure. The combinatorics become quite involved, and we are currently unable to handle the general case
(and thus have had to resort to brute force computation). I plan on developing combinatorial results in graph
theory to extend the analysis to the general case.

Benford’s Law
I am currently editing the first book on Benford’s law. In addition to survey articles, this includes some
new research. I am writing chapters on some new results in various number-theoretic situations. Further,
with some engineering colleagues I am writing a chapter on applying Benford’s law to detect image fraud.
This past summer I worked with two summer students on three projects on Benford’s law. One involves
a new test for tax fraud, which the IRS is currently reviewing. Another project was trying to detect fraud in
some of the ClimateGate data sets as well as the Iranian election. The final result concerns quantifying how
close various Weibull distributions are to Benford’s law.
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