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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1
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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1,2
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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1,2,3
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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1,2,3,5
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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1,2,3,5,8
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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1,2,3,5,8,13...

Zeckendorf’s Theorem

Every positive integer can be written uniquely as a sum of one
or more non-consecutive Fibonacci numbers.
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Zeckendorf Decomposition

Fibonaccis: Fo =1,F =1,Fpi0 = Fpy1 + Fo.
1,2,3,5,8,13...

Zeckendorf’s Theorem

Every positive integer can be written uniquely as a sum of one
or more non-consecutive Fibonacci numbers.

.

@ 18 = 18 + 5= Fg + F4, legal decomposition, two
summands.

@18 = 183 + 3 + 2=F¢ + F3+ Fp, non-legal
decomposition, three summands.

.
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Zeckendorf Decomposition: Greedy Algorithm

Greedy Algorithm
@ Start with n > 0.
@ Subtract off the largest Fibbonacci number less than n.
@ Repeat.

Example:
2023 =1597 + 377 +34 +13+2 = F15+F13+F8+F6+F2.
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Zeckendorf Decomposition: Greedy Algorithm

Greedy Algorithm
@ Start with n > 0.
@ Subtract off the largest Fibbonacci number less than n.
@ Repeat.

Example:
2023:1597+377+34+13+2:F15+F13+F8+F6+F2.

@ We will never subtract off consecutive Fibonacci numbers
(say Fj and then F;_1) because we could have subtracted
off their sum F; 1 = F; + F;_4 to begin with.

@ We will never subtract off the same Fibonacci number
twice because Fj 1 <2 F;.
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Zeckendorf Decomposition: Uniqueness

Uniqueness of Zeckendorf Decomposition:
Proof by Contradiction
@ Exercise.

@ Use Lemma: The sum of distinct, non-consecutive
Fibonacci numbers all less than F; is less than £ 1.

@ Prove Lemma by induction.
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The Zeckendorf Game

Zeckendorf Game
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The Zeckendorf Game: Rules

@ Two player game, alternate turns, last to move wins.
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The Zeckendorf Game: Rules

@ Two player game, alternate turns, last to move wins.

@ Bins F4, F», F3, ..., start with N pieces in F and others
empty.
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The Zeckendorf Game: Rules

@ Two player game, alternate turns, last to move wins.

@ Bins F4, F», F3, ..., start with N pieces in F and others
empty.

@ Aturn is one of the following moves:
o If have two pieces on F, can remove and put one
piece at Fx,1 and one at Fx_»
(if Kk =1 then 2F; becomes 1F,)
(if Kk = 2 then 2F; becomes 1F3 + 1F;)
o If pieces at Fx and Fx 4 remove and add one at Fyx .
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Questions

Questions:
@ Does the game end? How long?
@ For each N who has the winning strategy?
@ What is the winning strategy?
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Sample Game

Start with 10 pieces at Fy, rest empty.

10 0 0 0 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 1: F1 + F1 = F»
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Sample Game

Start with 10 pieces at Fy, rest empty.

8 1 0 0 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 2: F1 + F1 = F»
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Sample Game

Start with 10 pieces at Fy, rest empty.

6 2 0 0 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 1: 2F, = F3 + F;
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Sample Game

Start with 10 pieces at Fy, rest empty.

7 0 1 0 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 2: F1 + F1 = F»
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Sample Game

Start with 10 pieces at Fy, rest empty.

5 1 1 0 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 1: Fo + F3 = F4.
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Sample Game

Start with 10 pieces at Fy, rest empty.

5 0 0 1 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 2: F; + F{ = Fo.
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Sample Game

Start with 10 pieces at Fy, rest empty.

3 1 0 1 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 1: F; + F = Fo.
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Sample Game

Start with 10 pieces at Fy, rest empty.

1 2 0 1 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 2: F; + F> = F3.
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Sample Game

Start with 10 pieces at Fy, rest empty.

0 1 1 1 0
[F1 =1] [Fo = 2] [F3 = 3] [F4 = 5] [F5 = 8]

Next move: Player 1: F3 + F4 = Fs.
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Sample Game

Start with 10 pieces at F4, rest empty.

0 1 0 0 1
[Fr=11 [Fo=2] [FR=3] [F=5 [F=28

No moves left, Player One wins.
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Sample Game

Player One won in 9 moves.

10 0 0 0 0

8 1 0 0 0

6 2 0 0 0

7 0 1 0 0

5 1 1 0 0

5 0 0 1 0

3 1 0 1 0

1 2 0 1 0

0 1 1 1 0

0 1 0 0 1
[Fr=11 [FR=2] [FR=3] [F=5 I[Ff=28
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Sample Game

Player Two won in 10 moves.

—_
o

COMN—_ WU UIN O ®
4“2 oMM, OO0 N2 O
O 1200022000
O 224100000
~“0O0O0OO0OO0OO0COOCOOO

[F1 =1] [F2 = 2] [Fs = 3] [F4=15] [Fs = 8]

D
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Games end

Theorem (Baird-Smith, Epstein, Flynt and Miller)
All games end in finitely many moves.
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Games end

Theorem (Baird-Smith, Epstein, Flynt and Miller)

All games end in finitely many moves.

Proof: The sum of the square roots of the indices is a strict
monovariant.

@ Adding consecutive terms: —vk —2 — vk — 1+ vk < 0.
@ Splitting: —2vk + vk —2+vk +1 < 0.

@ Adding 1’s: —2v/1 +v2 < 0.

@ Splitting 2's: —2v2 + /3 + V1 < 0.
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Games end

Theorem (Baird-Smith, Epstein, Flynt and Miller)
All games end at the Zeckendorf decomposition.
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Games end

Theorem (Baird-Smith, Epstein, Flynt and Miller)
All games end at the Zeckendorf decomposition.

If it terminated elsewhere, there would either be duplicate terms
or the recurrence would apply, by definition. So, there would still
be a valid move and the game would not have terminated. [
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Games Lengths: |

Theorem (Baird-Smith, Epstein, Flynt and Miller)
Upper bound: At most nlog,, (nv/5 + 1/2) moves.

Fastest game: n — Z(n) moves (Z(n) is the number of
summands in n’s Zeckendorf decomposition).
From always moving on the largest summand possible
(deterministic).

ey EEETTSTSTSTSLSSSSSSSSSSSSEESSEEEEESEEEEEEEEEEEE S




Zeckendorf Game
0000000000800

Games Lengths: II

Frequency

0.12
010/
008
0.06/
0.04

002/

0.007 s 2 s 4 o Moves
70

0 .5.5.. .6.0....6.5

Frequency graph of the number of moves in 9,999 simulations of the
Zeckendorf Game with random moves when n = 60 vs a Gaussian.
Natural conjecture....
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Winning Strategy

Theorem (Baird-Smith, Epstein, Flynt and Miller)
Player Two Has a Winning Strategy

Idea is to show if not, Player Two could steal Player One’s
strategy.

Non-constructive!
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Sketch of Proof for Player Two’s Winning Strategy
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Further Questions

@ What if p > 3 people play the Fibonacci game?

@ Does the number of moves in random games converge to
a Gaussian?

@ Define k-nacci numbersby S; 1 = Si+ Sj_ 1+ -+ Sj_x;
game terminates but who has the winning strategy?

BO)
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The Accelerated Zeckendorf Game

Accelerated Zeckendorf Game
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The Zeckendorf Game

Definition (The two player Zeckendorf Game)

@ Game states are represented (ax, ak_1, @-—2,---,a1)
where g; is the current number of copies of F;.

N ST




Accelerated Zeckendorf Game
O@00000000000

The Zeckendorf Game

Definition (The two player Zeckendorf Game)

@ Game states are represented (ax, ak_1, @-—2,---,a1)
where g; is the current number of copies of F;.

@ Initial game state (0,...,0,0,n).

eSS
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The Zeckendorf Game

Definition (The two player Zeckendorf Game)

@ Game states are represented (ax, ak_1, @-—2,---,a1)
where g; is the current number of copies of F;.

@ Initial game state (0,...,0,0,n).
On each turn, a player can make one of the following moves.

@ If the list contains two consecutive Fibonacci numbers,
Fi_1, Fi, then a player can change these to F;, 1. We
denote this move C;.

BA




Accelerated Zeckendorf Game
O@00000000000

The Zeckendorf Game

Definition (The two player Zeckendorf Game)

@ Game states are represented (ax, ak_1, @-—2,---,a1)
where g; is the current number of copies of F;.
@ Initial game state (0,...,0,0,n).
On each turn, a player can make one of the following moves.
@ If the list contains two consecutive Fibonacci numbers,
Fi_1, Fi, then a player can change these to F;, 1. We
denote this move C;.
@ If the list has two identical Fibonacci numbers, F;, F;, then

@ ifi =1, aplayer can change F1, Fy to F», denoted Cy,
@ ifi =2, a player can change F,, F, to Fi, F3, denoted S,
© ifi > 3, a player can change F;, F; to F;_», Fi. 1, denoted S;.

L
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The Zeckendorf Game

Definition (The two player Zeckendorf Game)

@ Game states are represented (ax, ak_1, @-—2,---,a1)
where g; is the current number of copies of F;.
@ Initial game state (0,...,0,0,n).
On each turn, a player can make one of the following moves.
@ If the list contains two consecutive Fibonacci numbers,
Fi_1, Fi, then a player can change these to F;, 1. We
denote this move C;.
@ If the list has two identical Fibonacci numbers, F;, F;, then
@ ifi =1, aplayer can change F1, Fy to F», denoted Cy,
@ ifi =2, a player can change F,, F, to Fi, F3, denoted S,
© ifi > 3, a player can change F;, F; to F;_», Fi. 1, denoted S;.
The players alternative moving. The game ends when no more
moves can be made. The last player to move wins.

;




Accelerated Zeckendorf Game
OO@0000000000

Accelerated Zeckendorf Game

Definition (The two player Accelerated Zeckendorf Game)

@ Same rules as Zeckendorf game except players may play
as many moves of the same type as possible on their turn.

OGS -
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Accelerated Zeckendorf Game

Definition (The two player Accelerated Zeckendorf Game)

@ Same rules as Zeckendorf game except players may play
as many moves of the same type as possible on their turn.

On each turn, a player can make one of the following moves.

@ If the list contains at least m > 0 copies of both F;_; and F;,
then a player can change m copies of F;_4 and m copies of
Fi to m copies of F;, 1. We denote this move m - C;.

~N-UEOSTSTSTSTSTSSSSSSSSSE—
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Accelerated Zeckendorf Game

Definition (The two player Accelerated Zeckendorf Game)

@ Same rules as Zeckendorf game except players may play
as many moves of the same type as possible on their turn.

On each turn, a player can make one of the following moves.
@ If the list contains at least m > 0 copies of both F;_; and F;,

then a player can change m copies of F;_4 and m copies of
Fi to m copies of F;, 1. We denote this move m - C;.

© If the list contains at least 2m > 0 copies of F; then

@ ifi =1, a player can change 2m copies of F; to m copies of
F2, denoted by m - C;.

;
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Accelerated Zeckendorf Game

Definition (The two player Accelerated Zeckendorf Game)

@ Same rules as Zeckendorf game except players may play
as many moves of the same type as possible on their turn.

On each turn, a player can make one of the following moves.

@ If the list contains at least m > 0 copies of both F;_; and F;,
then a player can change m copies of F;_4 and m copies of
Fi to m copies of F;, 1. We denote this move m - C;.

© If the list contains at least 2m > 0 copies of F; then
@ ifi =1, aplayer can change 2m copies of F; to m copies of
F2, denoted by m - C;.
@ if i =2, a player can change 2m copies of F, to m copies of
F; and m copies of F3, denoted by m - S,
@ if i > 3, a player can change 2m copies of F; to m copies of
Fi_» and m copies of F; 4, denoted by m - S;.

v




Accelerated Zeckendorf Game
[e]e]e] lelelele]elele]e]e]

Research Questions

Questions:
@ Does the game end? How long?
@ For each N who has the winning strategy?
@ What is the winning strategy?
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (0,0,0,0,10)

0 0 0 0 10
[Fs=8] [Fa=5] [FR=3] [FR=2] [A=1]

Next move: Player 1: 5 - C;.
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (0,0,0,5,0)

0 0 0 5 0
[Fs=8] [Fa=5] [FR=3] [FR=2] [A=1]

Next move: Player 2: 2 - S,
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (0,0,2,1,2)

0 0 2 1 2
[Fs = 8] [Fa = 5] [Fs = 3] [Fo=2] [F=1]

Next move: Player 1: 1 - S3
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (0,1,0,1,3)

0 1 0 1 3
[Fs=8] [Fa=5] [FR=3] [FR=2] [A=1]

Next move: Player 2: 1 - C»
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (0,1,1,0,2)

0 1 1 0 2
[Fs = 8] [Fa = 9] [Fs=3] [FR=2] [F1 =1]

Next move: Player 1: 1 - Cy.
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (1,0,0,0,2)

1 0 0 0 2
[Fs=8] [Fa=5] [FR=3] [FR=2] [A=1]

Next move: Player 2: 1 - C;.
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Sample Game

Start with 10 pieces at Fy, rest empty.
Game state: (1,0,0,1,0)

1 0 0 1 0
[Fs = 8] [Fa = 5] [Fs = 3] [Fo=2] [F=1]

No moves left, Player Two wins.
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Sample Game

Player Two won in 6 moves.

0 0 0 0 10

0 0 0 5 0

0 0 2 1 2

0 1 0 1 3

0 1 1 0 2

1 0 0 0 2

1 0 0 1 0
[Fs = 8] [Fa = 3] [Fs = 3] [F2 =2] [F1=1]
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Upper bound on Game Length

@ Each game of the Accelerated Zeckendorf Game can be
associated to a game of the Zeckendorf Game in which
each m- Cjand n- S; is replaced by m instances of a C;
move and n instances of a S; move, respectively.

T0)
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Upper bound on Game Length

@ Each game of the Accelerated Zeckendorf Game can be
associated to a game of the Zeckendorf Game in which
each m- Cjand n- S; is replaced by m instances of a C;
move and n instances of a S; move, respectively.

Theorem (Garcia, Miller, Rascon, Vandegrift, Y.)

Every game terminates after a finite number of moves at the
Zeckendorf decomposition of n.

y
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Upper bound on Game Length

@ Each game of the Accelerated Zeckendorf Game can be
associated to a game of the Zeckendorf Game in which
each m- Cjand n- S; is replaced by m instances of a C;
move and n instances of a S; move, respectively.

Theorem (Garcia, Miller, Rascon, Vandegrift, Y.)

Every game terminates after a finite number of moves at the
Zeckendorf decomposition of n.

@ Moreover, the same reasoning shows that the maximum
number of moves in the Accelerated Zeckendorf Game on
nis exactly equal to the maximum number of moves in the
Zeckendorf Game on n.

y
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Shortest Game

@ Recall that the shortest Zeckendorf Game on n takes
n— Z(n) moves.

v TTSTSTSLSLSLSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSSEEEEEEEEE
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Shortest Game

@ Recall that the shortest Zeckendorf Game on n takes
n— Z(n) moves.

Theorem (Garcia, Miller, Rascon, Vandegrift, Y.)

If k is the index of the greatest Fibonacci number in the
Zeckendorf decomposition of n, then k — 1 is a sharp lower
bound on the number of moves in the Accelerated Zeckendorf
Game on n.

Thus the shortest Accelerated Zeckendorf Game on nis much
shorter than the shortest Zeckendorf Game on n.

TA
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Winning Strategies

Theorem (Garcia, Miller, Rascon, Vandegrift, Y.)

If Player 1 has the winning strategy, Player 1 has only one
correct first move. In other words, there exists only one move
that will maintain Player 1'’s winning strategy.
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Conjecture on Winning Strategies

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

If n > 9, Player 1 has the winning strategy.

@ To determine which player has the winning strategy for
specific values of n, we created a program (see
https://github.com/ThomasRascon/
Accelerated-Zeckendorf—-Game).

@ We tested all games up to n = 140, and found that for all
n > 9 Player 1 had the winning strategy.
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Conjecture on Winning Strategies

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

If n > 9, Player 1 has the winning strategy.

@ To determine which player has the winning strategy for
specific values of n, we created a program (see
https://github.com/ThomasRascon/
Accelerated-Zeckendorf—-Game).

@ We tested all games up to n = 140, and found that for all
n > 9 Player 1 had the winning strategy.

@ Note that Conjecture 1 is in stark contrast with the classical
situation, as Player 2 always has the winning strategy in
the Zeckendorf Game on nwhen n > 2.
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Progress Towards Proving the Winning Strategies Conjecture

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

If Player 2 has the winning strateqgy, then all game states of the
form (0, ...,0,k,0,n— 3k) are losing states.
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Progress Towards Proving the Winning Strategies Conjecture

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

If Player 2 has the winning strateqgy, then all game states of the
form (0, ...,0,k,0,n— 3k) are losing states. |

Theorem (Garcia, Miller, Rascon, Vandegrift, Y.)

Conjecture 2 implies Conjecture 1. )
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Progress Towards Proving the Winning Strategies Conjecture

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

If Player 2 has the winning strateqgy, then all game states of the
form (0, ...,0,k,0,n— 3k) are losing states.

Theorem (Garcia, Miller, Rascon, Vandegrift, Y.)

Conjecture 2 implies Conjecture 1.

Lemma (Garcia, Miller, Rascon, Vandegrift, Y.)

Conjecture 2 is true for k € {1,2,3,4,5}.
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Game Length Data
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Graph of the frequency of the number of moves in 9,999 simulations
of the Accelerated Zeckendorf Game with random moves where each
legal move has a uniform probability for n = 100 with the best fitting
Gaussian (mean ~ 39.6, STD ~ 5.8).
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Conjectures on Average Game Length

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

As n goes to infinity, the number of moves in a random
Accelerated Zeckendorf Game on n, when all legal moves are
equally likely, converges to a Gaussian.

@ Same conjecture was made for the Zeckendorf Game.
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Conjectures on Average Game Length

Conjecture (Garcia, Miller, Rascon, Vandegrift, Y.)

As n goes to infinity, the number of moves in a random
Accelerated Zeckendorf Game on n, when all legal moves are
equally likely, converges to a Gaussian.

@ Same conjecture was made for the Zeckendorf Game.

The average game length grows at a sub-linear rate with n.

@ Contrast with the Zeckendorf Game, where the average
game length appears to grow at a linear rate with n.
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Average Game Length Data
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Graph of the average number of moves in the Accelerated Zeck-
endorf Game with random uniform moves with 9,999 simulations with
n varying from 1 to 99.
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@ Prove Player One has a winning strategy for n > 9.
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@ Find winning strategies.

@ Assuming the Conjecture on Winning Strategies, there is a
unique move Player One can make to preserve their
winning state. Itis m- C; for some m.
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Future Work

About Winning Strategies
@ Prove Player One has a winning strategy for n > 9.
@ Find winning strategies.

@ Assuming the Conjecture on Winning Strategies, there is a
unique move Player One can make to preserve their
winning state. Itis m- C; for some m. What is m?
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About Average Game Lengths

@ We conjectures that the average length of the Accelerated
Zeckendorf Game grows at a sub-linear rate.
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@ We conjectures that the average length of the Accelerated
Zeckendorf Game grows at a sub-linear rate.

@ Investigate the type of sub-linear growth, such as
logarithmic versus n° for § < 1.
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Future Work

About Average Game Lengths

@ We conjectures that the average length of the Accelerated
Zeckendorf Game grows at a sub-linear rate.

@ Investigate the type of sub-linear growth, such as
logarithmic versus n° for § < 1.

@ Can the conjectured “Gaussianity of Random Zeckendorf
Games” be related to the conjectured “Gaussianity of
Random Accelerated Zeckendorf Games™?

@ Does one imply the other?
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Other Variants

@ We only looked at the Accelerated two Player Zeckendorf
Game for the standard Fibonacci sequence.
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Other Variants

@ We only looked at the Accelerated two Player Zeckendorf
Game for the standard Fibonacci sequence.

@ Study accelerated versions of other variants of the
Zeckendorf Game, such as

o the Generalized Zeckendorf Game
@ the Fibonacci Quilt Game
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Future Work

Other Variants

@ We only looked at the Accelerated two Player Zeckendorf
Game for the standard Fibonacci sequence.

@ Study accelerated versions of other variants of the
Zeckendorf Game, such as

o the Generalized Zeckendorf Game
@ the Fibonacci Quilt Game
o the Multi-player Zeckendorf Game
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Future Work

Other Variants

@ We only looked at the Accelerated two Player Zeckendorf
Game for the standard Fibonacci sequence.

@ Study accelerated versions of other variants of the
Zeckendorf Game, such as

o the Generalized Zeckendorf Game
@ the Fibonacci Quilt Game
o the Multi-player Zeckendorf Game

@ Come up with your own variant and study it!
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