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Summary

@ Review Benford’'s Law (statement, applications,
proofs).

@ Applications of Poisson Summation:
o L-functions, RMT, 3x + 1.
¢ Products Random Variables
(/) Fejér series
(if) Mellin transforms
o Sharp errors: X; ~ Exp(1), =, = X; - - - X,, error
<.057"log;, S.
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History
[ ]

Benford’s Law: Newcomb (1881), Benford (1938)

For many data sets, probability of observing a first digit of
d base Bis logg ().

First 60 values of 2" (only displaying 30)

1 1024 1048576 | digit # Obs Prob Benf Prob
2 2048 2097152 1 18 .300 301
4 4096 4194304 2 12 .200 176
8 8192 8388608 | 3 6 .100 125
16 16384 16777216 | 4 6 .100 .097
32 32768 33554432 | 5 6 .100 .079
64 65536 67108864 | 6 4 .067 .067
128 131072 134217728 7 2 .033 .058
256 262144 268435456 | 8 5 .083 .051
512 524288 536870912 | 9 1 .017 .046
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History
L]
Examples

@ recurrence relations

e special functions (such as n!)

e iterates of power, exponential, rational maps
e products of random variables

e L-functions, characteristic polynomials

o iterates of the 3x + 1 map

o differences of order statistics

e hydrology and financial data




History
Applications

e analyzing round-off errors

e determining the optimal way to store
numbers

e detecting tax fraud and data integrity
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Fundamental Equivalence

Data set {x;} is Benford base B if {y;} is
equidistributed mod 1, where y; = logg X;.
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Fundamental Equivalence

Data set {x;} is Benford base B if {y;} is
equidistributed mod 1, where y; = logg X;.
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N
o<d—o




History
Logarithms and Benford’s Law

Fundamental Equivalence

Data set {x;} is Benford base B if {y;} is
equidistributed mod 1, where y; = logg X;.

Proof:
o x = Mg(x) - B¥ for some k ¢ Z.
o FDg(x) = diff d < Mp(x) < d + 1.
e loggd <y <logg(d+1),y=Iloggx mod 1.
o If Y ~ Unif(0, 1) then above probability is
logg (2H1).




History
Logarithms and Benford’s Law

Fundamental Equivalence

Data set {x;} is Benford base B if {y;} is
equidistributed mod 1, where y; = logg X;.

Kronecker-Weyl Theorem

If 6 ¢ Q then nG mod 1 is equidistributed.
(Thus if logg a ¢ Q, then o is Benford.)




History
Logarithms and Benford’s Law

x? values for a”,1 < n < N (5% 15.5).
NE() x2(e) 1)
100 0 72 0.30 46.65
200 | 0.24 0.30 8.58
400 | 0.14 0.10 10.55
500| 0.08 0.07 2.69
700 | 0.19 0.04 0.05
800 | 0.04 0.03 6.19
900 | 0.09 0.09 1.71
1000 | 0.02 0.06 2.90

E- TS




History
[ ]

Logarithms and Benford’s Law: Base 10

log(x?) vs N for =" (red) and e" (blue),
ne{1,....N}. Note 7'75 ~ 1.0028 - 1087, (5%,
log(x?) ~ 2.74 :
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[ ]

Logarithms and Benford’s Law: Base 20

log(x?) vs N for 7" (red) and e” (blue),
ne {1,....N}. Note & ~ 20.0855, (5%,

log(x?) =~ 2.74).
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Benford Good Processes
@00

Poisson Summation and Benford’s Law: Definitions

o Feller, Pinkham (often exact processes)
—
e data Y7 g = logg X r (discrete/continuous):

P(A) — T”_rgo#{neAfng T}

o Poisson Summation Formula: f nice:

> f0) = X 1),
{=—00 V=—00
Fourier transform A(g) = f(x)e 2" dx.

—00




Benford Good Processes
oeo
Benford Good Process

X7 is Benford Good if there is a nice f st

CDFy_(y) = / ’ le< )dt +Er(y) = Gr(y)

—00

and monotonically increasing h (h(|T|) — o0):
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Benford Good Process

X7 is Benford Good if there is a nice f st

CDFy_(y) = / ’ le< )dt +Er(y) = Gr(y)

and monotonically increasing h (h(|T|) — o0):
o Small tails: Gr(o0) — Gr(Th(T)) = o(1),
Gr(=Th(T)) — Gr(—o0) = 0(1).




Benford Good Processes
oeo
Benford Good Process

X7 is Benford Good if there is a nice f st

CDFy_(y) = / ’ le< )dt +Er(y) = Gr(y)

and monotonically increasing h (h(|T|) — o0):
e Small tails: Gr(oc) — Gr(Th(T)) = o(1),
Gr(=Th(T)) — Gr(—o0) = 0(1).
e Decay of the Fourier Transform:

f(Te
D040 ‘%‘ = 0o(1).
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Benford Good Processes
oeo
Benford Good Process

X7 is Benford Good if there is a nice f st

CDFy_(y) = / ’ le< )dt +Er(y) = Gr(y)

and monotonically increasing h (h(|T|) — o0):
o Small tails: Gr(o0) — Gr(Th(T)) = o(1),
Gr(=Th(T)) — Gr(—o0) = 0(1).
e Decay of the Fourier Transform:
Y0 || = o(1).
e Small translated error: £(a,b, T)) =
> <tnry LET(b +£) — Er(a+ ()] = o(1).




Benford Good Processes
ooe
Main Theorem

Theorem (Kontorovich and M—, 2005)

Xt converging to X as T — oo (think spreading
Gaussian). If Xt is Benford good, then X is
Benford.
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Benford Good Processes
ooe

Main Theorem

Theorem (Kontorovich and M—, 2005)

Xt converging to X as T — oo (think spreading
Gaussian). If Xt is Benford good, then X is
Benford.

e Examples
¢ L-functions
¢ characteristic polynomials (RMT)
© 3x + 1 problem
© geometric Brownian motion.




Benford Good Processes
0

Sketch of the proof

e Structure Theorem:
© main term is something nice spreading out
¢ apply Poisson summation




Benford Good Processes
0

Sketch of the proof

e Structure Theorem:
© main term is something nice spreading out
¢ apply Poisson summation

e Control translated errors:
o hardest step
¢ techniques problem specific




Benford Good Processes
oce

Sketch of the proof (continued)

i P(a+(< Yrg<b+()

{=—00




Benford Good Processes
oce

Sketch of the proof (continued)

ad —
> IP’(a+€ < Yrpg< b+£>
f=—00
= Y [Gr(b+0) - Gr(a+ 0]+ o(1)
[¢|<Th(T)




Benford Good Processes
oce

Sketch of the proof (continued)

oo

> P(a+€§ Yrs< b+£>
f=—00

= Y [Gr(b+0) - Gr(a+ 0]+ o(1)
[¢|<Th(T)

:/a S —f( )dt+5(abT)+o(1)

[¢|<Th(T




Benford Good Processes
oce

Sketch of the proof (continued)

oo

> P(a+€§7r,s§b+£>
f=—00
= Y [Gr(b+0) - Gr(a+ 0]+ o(1)

O|<Th(T)

:/ S —f( )dt+5(abT)+o(1)
a <TH(T
2rwibl _ [2mial
_ f(O)-(b—a)+Zf(T€)e 27”.5 +o(1).
140




L-functions and RMT

[-functions
and
Random Matrix Theory
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Good L-functions (¢(s), full level cusp form)

L-function is good if:
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Good L-functions (¢(s), full level cusp form)

L-function is good if:
e Euler product:

n=1 P prime j:1

e meromorphic continuation to C, of finite
order, at most finitely many poles (all on the
line Re(s) = 1).




L-functions and RMT
000

Good L-functions (¢(s), full level cusp form)

L-function is good if:
e Euler product:

oo

d
= I TI( - artpp®) "

n=1 p prime j=1

L(s,f)=

e meromorphic continuation to C, of finite
order, at most finitely many poles (all on the
line Re(s) = 1).

e Functional equation: w € R, G(s) prod I-fns:

e“G(s)L(s,f) = e “G(1 —3)L(1 —35).




L-functions and RMT
oceo

Good L-functions

e Forsome X >0,cecC, x > 2:

Z\a,«p)| _Nloglogx+c+0( L )
p log x

p<x
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Good L-functions

e Forsome X >0,cecC, x > 2:

Z\a,«p)| _Nloglogx+c+0( L )
p log x

p<x

o The oy j(p) are (Ramanujan-Petersson)
tempered: |as;(p)| < 1.
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Good L-functions

e Forsome X >0,cecC, x > 2:

Z‘af’o)' _Nloglogx+c+0( L )
p log x

p<x

o The oy j(p) are (Ramanujan-Petersson)
tempered: |as;(p)| < 1.

o N(o, T)=#{p: L(p,f) =0,Re(p) >0
Im(p) € [0, T]}. 36> 0

N, T)= 0 (T1 -3(7-%) Jog T) .




L-functions and RMT
ooe

Log-Normal Law (Hejhal, Laurinéikas, Selberg

Log-Normal Law

p({te[T,2T]:log|L(c + it f)| € [a, b]})

T
1 S

— / e /YT duy 4 Error

V 77D(O-7 T) a

Y(o, T) = Nlog [min (Iog T, - 1 1)

2
g 3

+ O(1)

5 €(0,1).

N —




L-functions and RMT
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Values of L-functions and Benford’s Law

Theorem (Kontorovich and M-, 2005)
L(s, f) a good L-function, as T — oo,
L(or + it, f) is Benford.
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Values of L-functions and Benford’s Law

Theorem (Kontorovich and M-, 2005)
L(s, f) a good L-function, as T — oo,
L(or + it, f) is Benford.

Ingredients

o Approximate log L(or + it, f) with

3 c(nA(n) _ 1
nSX |og n na'TJr/t 0
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Values of L-functions and Benford’s Law

Theorem (Kontorovich and M-, 2005)
L(s, f) a good L-function, as T — oo,
L(or + it, f) is Benford.

Ingredients

o Approximate log L(or + it, f) with
$ c(mA(m) _ 1
n<x logn npertit:

o study moments fﬁT ], k <log" ™ T.
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Values of L-functions and Benford’s Law

Theorem (Kontorovich and M-, 2005)
L(s, f) a good L-function, as T — oo,
L(or + it, f) is Benford.

Ingredients

o Approximate log L(or + it, f) with
> c(mA(n) 1
n<x logn npoTtit:
o study moments fﬁT ], k <log" ™ T.

e Montgomery-Vaughan:
fT S apn " bpm-tdt = HY anby, +
O(1)v/>- nlanl? > niby 2.




L-functions and RMT
oce

Riemann Zeta Function

¢ (3 +i¥)], k € {0,1,...,65535}.




L-functions and RMT
®0

Random Matrices: Preliminaries

o N x N unitary matrices U (Haar measure):

1 i0; i0m
pN(U):W H |eel—e‘9 |

1<j<m<N
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Random Matrices: Preliminaries

;

o N x N unitary matrices U (Haar measure):

1 i0; i0m
pN(U):W H |eel—e‘9 |

1<j<m<N
e characteristic polynomial:
Z(U.0) = det(/ - Ue ™) =T (1 _ eiwn@)) .
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Random Matrices: Preliminaries

o N x N unitary matrices U (Haar measure):

1 i0; i0m
pN(U):W H |eel—e‘9 |

1<j<m<N
e characteristic polynomial:
Z(U.0) = det(/ - Ue ™) =T (1 _ eiwn@)) .

e pn(x) the probability density for log |Z(U, 0)|:

Pn(X) = /Qa(N) pn(v/ Q2(N) X)),

variance Qx(N) ~ (log N)/2.

;




L-functions and RMT
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Random Matrices and Benford’s Law

Theorem (Kontorovich and M-, 2005)

As N — oo, the distribution of digits of the
absolute values of the characteristic
polynomials of N x N unitary matrices (with
respect to Haar measure) converges to the
Benford probabilities.

[~0» IS
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Random Matrices and Benford’s Law

Theorem (Kontorovich and M-, 2005)

As N — oo, the distribution of digits of the
absolute values of the characteristic
polynomials of N x N unitary matrices (with
respect to Haar measure) converges to the
Benford probabilities.

e Key Ingredient: Keating-Snaith:

pn(x)dx = \/% e ¥ 2dx+0 ((Iog N)‘3/2dx> :
s

;




3x + 1 Problem

and

The 3x + 1 Problem
Benford’s Law J

A




3x + 1 Problem
®00

3x + 1 Problem

e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.
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3x + 1 Problem

e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.

e Conjecture: for some n= n(x), T"(x) = 1.
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e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.

e Conjecture: for some n= n(x), T"(x) = 1.
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e Conjecture: for some n= n(x), T"(x) = 1.
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3x + 1 Problem
®00

3x + 1 Problem

e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.

e Conjecture: for some n= n(x), T"(x) = 1.

o7 —111 —-117 —2183 —35




3x + 1 Problem
®00

3x + 1 Problem

e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.

e Conjecture: for some n= n(x), T"(x) = 1.

07—>1 11—>117—>213—>35—>41




3x + 1 Problem
®00

3x + 1 Problem

e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.

e Conjecture: for some n= n(x), T"(x) = 1.

o7 —111 =417 5213 =35 —>41 —5 1,




3x + 1 Problem
®00
3x + 1 Problem

e Kakutani (conspiracy), Erdds (not ready).

o x 0dd, T(x) = 251, 2K||3x + 1.

e Conjecture: for some n= n(x), T"(x) = 1.

o7 —111 —-117 -5 13 =35 =41 —5 1,
2-path (1,1), 5-path (1,1,2,3,4).
m-path: (K1, ..., Kn).

R4




3x + 1 Problem
o] To)

Heuristic Proof of 3x + 1 Conjecture

any1 = T(an)




3x + 1 Problem
o] To)

Heuristic Proof of 3x + 1 Conjecture

ani1 = T(an)
=1 3a,
Eflogan1] ~ »  orlog | 2
k=1




3x + 1 Problem
o] To)

Heuristic Proof of 3x + 1 Conjecture

any1 =

(a)
Ellog an1] ~ kilk 0(5)

3
= loga, + log (Z) .

Geometric Brownian Motion, drift log(3/4) < 1




3x + 1 Problem
ooe

Structure Theorem: Sinai, Kontorovich-Sinai

T #{n<N:n=1,5 mod 6,nc A}
P(A) - “mNHOO #{n<N:n=1,5 mod 6}
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Structure Theorem: Sinai, Kontorovich-Sinai

T #{n<N:n=1,5 mod 6,nc A}
P(A) - “mNHOO #{n<N:n=1,5 mod 6}

(K1, ..., Kmn): two full arithm progressions:
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[ele] J

Structure Theorem: Sinai, Kontorovich-Sinai

T #{n<N:n=1,5 mod 6,ncA}
P(A) - “mNHOO #{n<N:n=1,5 mod 6}

(K1, ..., Kmn): two full arithm progressions:
6 - 2k1+~~~+kmp +q.

Theorem (Sinai, Kontorovich-Sinai)
ki-values are i.i.d.r.v. (geometric, 1/2):

I092[ Xz

(2) X0:| (Sm —2m )

P <al=P|—/————< g
vam o vem oo

y
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Structure Theorem: Sinai, Kontorovich-Sinai

T #{n<N:n=1,5 mod 6,ncA}
P(A) - “mNHOO #{n<N:n=1,5 mod 6}

(K1, ..., Kmn): two full arithm progressions:
6 - 2k1+~~~+kmp +q.

Theorem (Sinai, Kontorovich-Sinai)
ki-values are i.i.d.r.v. (geometric, 1/2):
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3x + 1 Problem

[ele] J

Structure Theorem: Sinai, Kontorovich-Sinai

T #{n<N:n=1,5 mod 6,nc A}
P(A) - “mNHOO #{n<N:n=1,5 mod 6}

(K1, ..., Kmn): two full arithm progressions:
6 - 2k1+~~~+kmp +q.

Theorem (Sinai, Kontorovich-Sinai)
ki-values are i.i.d.r.v. (geometric, 1/2):

log [ X } (Sn—2m)
i (%) Xo <al =P log, B

|l Tvam S Vom

<a

y




y

3x + 1 Problem
3x + 1 and Benford

Theorem (Kontorovich and M-, 2005)

As m — oo, Xm/(3/4)"xq is Benford.

Theorem (Lagarias-Soundararajan 2006)

X > 2N, for all but at most ¢c(B)N~"/3¢ X initial
seeds the distribution of the first N iterates of
the 3x + 1 map are within 2N~"/38 of the
Benford probabilities.




3x + 1 Problem
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Sketch of the proof

o Failed Proof: lattices, bad errors.
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3x + 1 Problem

Sketch of the proof

o Failed Proof: lattices, bad errors.

o CLT: (Sp —2m)/v2m — N(0,1):
oy n(k/vm) 1
P(Sn—2m=k) = WJFO <W> :
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3x + 1 Problem

Sketch of the proof

o Failed Proof: lattices, bad errors.

o CLT: (Sp —2m)/v2m — N(0,1):
oy n(k/vm) 1
P(Sn—2m=k) = WJFO <W> :

e Quantified Equidistribution:
lh={M,....0+1)M—-1}, M=m°,c<1/2
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3x + 1 Problem

Sketch of the proof

o Failed Proof: lattices, bad errors.

o CLT: (Sy—2m)/v2m — N(0,1):
_ oy _ n(k/v/m) 1
P(Sn—2m=k) = WJFO <W> :

e Quantified Equidistribution:
lh={M,....0+1)M—-1}, M=m°,c<1/2

ki, ko € Iy ’77 (%) —n (%)‘ small

y




3x + 1 Problem

Sketch of the proof

o Failed Proof: lattices, bad errors.

o CLT: (Sp —2m)/v2m — N(0,1):
_om— k)= MEVM) o1
P(Sn—2m=k) = Jm +0 (g(m)ﬁ) :

e Quantified Equidistribution:
lh={M,....0+1)M—-1}, M=m°,c<1/2
ki, ko € Iy ’77 (%) —n (%)‘ small
C = logg 2 of irrationality type x < oo

#{k € I, kC € [a, b]} = M(b—a)+O(M'"<=1/%).

y




3x + 1 Problem

0O@000

Irrationality Type

Irrationality type

« has irrationality type « if x is the supremum of
all v with

lim,_...g@""" min

a—E‘:O.
q

e Algebraic irrationals: type 1 (Roth’s Thm).
e Theory of Linear Forms: logg 2 of finite type.

y




3x + 1 Problem

Linear Forms

Theorem (Baker)

ay, ..., ap algebraic numbers height A; > 4,
B1, ..., Bn € Q with height at most B > 4,

A= pilogay + -+ Bnlog an.

If A # 0 then |\| > B=¢099 wjth

d= [Q(a;,ﬁj) : @], C = (16nd)2°°”,
Q= [];log A;, ' = Q/log An.

Gives log,, 2 of finite type, with x < 1.2 - 10%%2;
logo2 — p/q| = |qlog2 — plog 10| /qlog 10.




3x + 1 Problem

Quantified Equidistribution

Theorem (Erdds-Turan)

o SUPEy IN(b—a) ~#{n< N:x€ab]}
N p—
N
There is a C such that for all m:
DN< C- l+ . 1 lzN:leihxn
a 1 h=1 N n=1




3x + 1 Problem
ooooe

Proof of Erdos-Turan

Consider special case x, = na, a € Q.

1

. 1
o Exponential sum < e < s

o Must control >°}" .
type enter.

- | o7+ See irrationality

° typen Sy g = O (m*=1+¢), take

— [NV




3x + 1 Problem
€000

3x + 1 Data: random 10,000 digit number, 2%||3x + 1

80,514 iterations ((4/3)" = a, predicts 80,319);
x? = 13.5 (5% 15.5).

Digit Number Observed Benford
1 24251 0.301 0.301
2 14156 0.176 0.176
3 10227 0.127 0.125
4 7931 0.099 0.097
5 6359 0.079 0.079

6 5372 0.067 0.067

7

8

9

4476 0.056 0.058
4092 0.051 0.051
3650 0.045 0.046




3x + 1 Problem
0®00

3x + 1 Data: random 10,000 digit number, 2|3x + 1

241,344 iterations, x< = 11.4 (5% 15.5).

Digit Number Observed Benford
72924 0.302 0.301
42357 0.176 0.176
30201 0.125 0.125
23507 0.097 0.097
18928 0.078 0.079
16296 0.068 0.067
13702 0.057 0.058
12356 0.051 0.051
11073 0.046 0.046

©CoNoOOOa~hWN =




3x + 1 Problem
fole] To)

5x + 1 Data: random 10,000 digit number, 2%||5x + 1

27,004 iterations, x- = 1.8 (5% 15.5).

Digit Number Observed Benford
8154 0.302 0.301
4770 0.177 0.176
3405 0.126 0.125
2634 0.098 0.097
2105 0.078 0.079
1787 0.066 0.067
1568 0.058 0.058
1357 0.050 0.051
1224 0.045 0.046

©CoNOoOOOa~WN =




3x + 1 Problem
oooe

5x + 1 Data: random 10,000 digit number, 2|5x + 1

241,344 iterations, x> = 3-107* (5% 15.5).

Digit Number Observed Benford
72652 0.301 0.301
42499 0.176 0.176
30153 0.125 0.125
23388 0.097 0.097
19110 0.079 0.079
16159 0.067 0.067
13995 0.058 0.058
12345 0.051 0.051
11043 0.046 0.046

©CoNoOOOa~hWN =
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Products F
e0

Preliminaries

o Xi--- Xp&e Yi+---+ Yymod 1, Y; =logg X
o Density Yjis g;, density Y; + Y;is

(9 g)y) = /0 g(Dgly — tat.

o hyp =gy % xgn 9(&) = 91(€) - - Gn(€).
o Dirac delta functional: [ d.(y)g(y)dy = g(«).




Products F
(o] ]

Fourier input

o Fejér kernel:

N
Fn(x)= > (1 — ‘—,’3,') e?minx.
n=—N
o Fejér series:
N
TNf(X) = (f*FN)(X) = Z (1 — |_;\7)> /f(n)e&rinx.
n=—N

o Lebesgue’s Theorem: f € L'([0, 1]). As
N — oo, Tyf converges to fin L'([0, 1]).
o Tn(f*g) = (Tnf) = g: convolution assoc.
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Modulo 1 Central Limit Theorem

Theorem (M- and Nigrini 2007)

{Ym} independent continuous random variables
on [0, 1) (not necc. i.i.d.), densities {gm}.

Yi +---+ Yy mod 1 converges to the uniform
distribution as M — oo in L'([0, 1]) iff¥n # 0,
limy_o g1(n)---gu(n) = 0.
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Generalizations

e Levy proved for i.i.d.r.v. just one year after
Benford’s paper.

o Generalized to other compact groups, with
estimates on the rate of convergence.
o Stromberg: n-fold convolution of a regular
probability measure on a compact Hausdorff
group G converges to normalized Haar
measure in weak-star topology iff support of
the distribution not contained in a coset of a
proper normal closed subgroup of G.
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Theorem (M- and Nigrini 2007)

{Ym} indep. discrete random variables on [0, 1),
not necc. identically distributed, densities

I'm I'm

Inm(x) = Z Wi, mOay m(X)s Wim > 0, Z Wikm = 1.
k=1 k=1

Assume that there is a finite set A C [0,1) such

that all ok m € A. Y1+ ---+ Yy mod 1 converges
weakly to the uniform distribution as M — oo iff
vn # 0, limy_. g1(n) - - - gu(n) = 0.
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Distribution of digits (base 10) of 1000 products
X1 -+ X000, Where giom = ¢11m.
om(x) = mif |x —1/8| < 1/2m (0 otherwise).
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Proof of Modulo 1 CLT

e Density of sumis hy = gy % --- % gy.
e Suffices show Ve:
iMoo fy [Am(x) — 1]dx < e.
e Lebesgue’s Theorem: N large,
€

1
1By — T |l :/ n(x) — Tui ()] <
0

o Claim: above holds for hy, for all M.
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Proof of claim

Tnhw1 = Tn(bv * gus1) = (Tvhw) * g1

1
[T / g (%) — Taohugr (x)
0

1
_ /0 (s # Guret) () — (Taehr) * Gret ()] 0x
1

/01

0
1
/0 () = Tuhu(y)lgus(x — y) ey

/ () — Tuhw(¥)) Guros (x — )| dyalx

IN

1
[ 1hu) = Tbutylay 1 < 5
0

C
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Proof of Modulo 1 CLT (continued)

Show IimM_,oo HhM — 1||1 =0.
Triangle inequality:

1A = 1[4 < [|hm = Tnvhwll1 + |[ v — 1[4
Choices of N and e:
| — Tnbml1 < €/2.
Show || Tnhw — 1|1 < /2.
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hu(n) = Gi(n) -~ gm(n) — m—x 0.
Fgr fixed N and ¢, choose M large so that
|\hm(n)| < ¢/4N whenever n# 0 and |n| < N.

C
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Where’s the Poisson Summation?

o Mellin transform and Fourier transform
related by logarithmic change of variable.

e Poisson summation from collapsing to
modulo 1 random variables.
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Preliminaries

® =1,...,=p nice independent r.v’s on [0, ).
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Preliminaries

® =1,...,=p nice independent r.v’s on [0, ).
e Density =¢ - =»:

/OOO 6 (%) nnS
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Preliminaries

® =1,...,=p nice independent r.v’s on [0, ).
e Density =¢ - =»:

[ e () nof
o Proof: Prob(Z; - = € [0, x]):
/toz Prob (52 e [o, ﬂ) f(t)at
_ /t e (%) Ao,

differentiate.




Mellin Transform

(M) = [ oo
R
a(s) = (MN(8). [(x) = (M) x)

(hxk)(x) =
(M(fixR))(s) =

/Ooofz () S

(MHA)(s) - (ME)(s).
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Mellin Transform Formulation: Products Random Variables

Xi’s independent, densities fi. =, = X1 --- X,
ho(xn) = (fi x---xf)(Xn)
n
(Mhp)(s) = []MEn)(s)
m=1

As n — oo, =, becomes Benford: Y, = logg =,
|Prob(Y, mod 1 € [a,b]) — (b— a)| <

(b—a)- i ﬁMf)( Zg’g).

m=1
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Proof of Mellin formulation of product

Y, =logg=n:
Prob(Y, < y) = Prob(Z, < BY) = Hy(B)
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Proof of Mellin formulation of product

Y, =logg=n:
Prob(Y, < y) = Prob(Z, < BY) = Hy(B)

Differentiate: g,(y) = hn,(B”)BY log B.
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Proof of Mellin formulation of product

Y, =logg=n:
Prob( Y, < y) = Prob(=, < BY) = H,(B)

Differentiate: g,(y) = hn,(B”)BY log B.
Poisson summation'

Z On y_i_g Z eZ?TI}/Zgn

f=—00 f=—00

where f denotes the Fourier transform of f:

o

(e) = / F(x)e 2" gix.

o
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Proof of the Mellin formulation for the product (continued)

Prob(Y, mod 1 € [a, b]) is

S b+¢

> gn(y)dy
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Proof of the Mellin formulation for the product (continued)

Prob(Y, mod 1 € [a, b]) is

b oo -
= / > &' Ga(0)dy
a

f=—00
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Proof of the Mellin formulation for the product (continued)

Prob(Y, mod 1 € [a, b]) is

b oo -
= / > &' Ga(0)dy
a

f=—00

= b—a+(b- a)Z|§n(€)|

140
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Proof of the Mellin formulation for the product (continued)

Must show sum over ¢ tends to zero as n — oo.

Gn(€) = / gn(y)e 2 ¥edy
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Proof of the Mellin formulation for the product (continued)

Must show sum over ¢ tends to zero as n — oo.
0:(6) = | anly)e >y

= / hn(BY)BY log B - e~ 2™¥¢dy

(0.¢]
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Proof of the Mellin formulation for the product (continued)

Must show sum over ¢ tends to zero as n — oo.

Gnl6) = / gn(y)e 2 ¥edy
hn(BY)BY log B - e~ 2™¥¢dy

— / hn( t) t—27ri§/ log Bdt
0
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Proof of the Mellin formulation for the product (continued)

Must show sum over ¢ tends to zero as n — oo.
0:(6) = | anly)e >y

= / hn(BY)BY log B - e~ 2™¥¢dy

_ /oo hn(t) t_271-i§/ log Bdt

0
B 2mig\ L B 2mié
= (Mh,) (1 ~ iog B) = [[ (M) (1 0 B) .

m=1
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Proof of Kossovsky’s Chain Conjecture for certain densities

Conditions

o {Di(0)}ic): one-parameter distributions,
densities fp,y) on [0, 00).
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Proof of Kossovsky’s Chain Conjecture for certain densities

Conditions

o {Di(0)}ic): one-parameter distributions,
densities fp,y) on [O 00).
e p: N — I X1 (1), Xm ~ Dp(m)(Xm_1).
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Proof of Kossovsky’s Chain Conjecture for certain densities

Conditions

o {Di(0)}ic): one-parameter distributions,
densities fp,y) on [O 00).

e p: N — I X1 (1), Xm ~ Dp(m)(Xm_1).

om> 2,

> X, adXm-
fn(Xm) = /0 Doy (1) (X—m) fn—1(Xm-1) Xm 1

m—1 m—1
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Proof of Kossovsky’s Chain Conjecture for certain densities

Conditions

o {Di(0)}ic): one-parameter distributions,
densities fp,y) on [O 00).

e p: N—>I X1 (1),XmNDp(m)(Xm_1).
om> 2,
f(x)—/oof X ) f ()
m\Am) — 0 Dpmy(1) X1 m—1\Am-1 X1
)

s N .
_ 2mil
nanQo Z H(prp(m)m) <1 - log B) =0

f=—00 m=1
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Proof of Kossovsky’s Chain Conjecture for certain densities

Theorem (JKKKM)

e If conditions hold, as n — oo the distribution
of leading digits of X, tends to Benford’s law.

o The error is a nice function of the Mellin
transforms: if Y, = logg X,, then

|Prob(Y, mod 1 € [a,b]) — (b+ a)| <

(b—a)- ZH(Mpo(m ( Iig’g)

—oo m=1
Z;éO

-
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Example: All X; ~ Unif(0, k)

e X; ~ Unif(0, k): without loss of generality
k €[1,10).

) Pn(S) = PI'Ob(Mm(En) < S).

o |Pn(s) —logyo(s)| <

k (log k)1 1 ¢(n) —1
s ) +<2.9n+ 57 )2'09103'
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Example: All X; ~ Exp(1)

o Needed ingredients:

o [ exp(—x)xStdx = I(s).

o |F(1 + ix)| = \/7x/sinh(rx), x € R,
o |Pn(s) —logqo(s)| <

00 27.(-2,6/ Iog B "/
logg S; <sinh(27r2€/ log B)) .
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Example: All X; ~ Exp(1) (continued)

® [Pn(s) —l0g4 8| <
©3.3-103loggs if n=2,
©1.9-10"*loggs if n=3,
©1.1-10°loggs if n=5, and
©3.6-103logg s if n = 10.

o Error at most

> 17.148¢ \ "2
<. n
'091(’3; (exp(8.5726£)) < 0577 logso s

-
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