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Intro to MSTD

Given a set A ⊂ {0, . . . , n}, we can ask when |A+ A| > |A− A|.

Idea

a+ b = b + a, but a− b ̸= b − a.
a+ a ̸= b + b, but a− a = b − b.

Martin and O’Bryant 2006 proved the proportion of subsets of
{1, . . . , n} which are MSTD (more sums than differences) is
bounded below by a constant.

Zhao 2011 proved this constant is at least 4.28 · 10−4.

Nathanson 2006 detailed the history of the MSTD problem.
Question: What happens in (abelian) groups?
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MSTD in Groups

Let G be a group and A ⊆ G . Define

AA := { x · y | x , y ∈ A } ,

and
AA−1 :=

{
x · y−1

∣∣ x , y ∈ A
}
.

Definition

A subset A ⊆ G is called

MPTQ if |AA| − |AA−1| > 0.

MQTP if |AA| − |AA−1| < 0.
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Past Results on MSTD in Groups

Miller and Vissuet 2014 showed that as a finite group gets
arbitrarily large, the proportion of subsets that are balanced
(|A+ A| = |A− A|) goes to 1

Zhao 2010 works out asymptotic results for the number of
MSTD sets in finite groups

Miller and Vissuet 2014 conjectures that the dihedral groups
are product-dominant.
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Weighted Sum

Question: For a finite group G , are more subsets MPTQ or
MQTP?

Easier to understand:

Definition

For a group G , the weighted sum W (G ) is given by

W (G ) :=
∑
A⊆G

(
|AA| − |AA−1|

)
.

W (G ) is expected to be positive (resp. negative) when G is
product-dominant (resp. quotient-dominant).

Martin and O’Bryant study this weighted sum as it describes
the average magnitudes of |AA| and |AA−1|.
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Results

Theorem

Let G be an abelian with |G | ≥ 6. Then, W (G ) < 0

Theorem

Let G be the dihedral group on n vertices. For n ≥ 3, W (G ) > 0.

Theorem

Let G be a finite group and g ∈ G. Then,

W (G ) =
∑
Cg

|Cg |

L
n/|g |
|g | −

∏
m|(2|g |)

L
c(m,g)
m

 .

where the sum is taken over conjugacy classes.
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First Step

Can rewrite

W (G ) =
∑
A⊆G

(
|AA| − |AA−1|

)
=

∑
A⊆G

∑
g∈G

(1AA(g)− 1AA−1(g))

=
∑
g∈G

∑
A⊆G

(1AA(g)− 1AA−1(g)) .

Goal: Given g ∈ G , compute:

P(G , g) := the number of A ⊆ G such that g ∈ AA.

Q(G , g) := the number of A ⊆ G such that g ∈ AA−1.

Then,
W (G ) =

∑
g∈G

(P(G , g)− Q(G , g)).
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The Forbiddance Graph

We consider

Pc(G , g) :=
∣∣{A ⊂ G : g ̸∈ AA}

∣∣,
Qc(G , g) :=

∣∣{A ⊂ G : g ̸∈ AA−1}
∣∣.

Definition (Zhao 2010)

The product (resp. quotient) forbiddance graph has:

Vertex set G

A directed edge x → y whenever xy = g (resp. xy−1 = g).

We denote this by Γ+(G , g) (resp. Γ−(G , g)).
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Forbiddance Graph Example

Γ+(S4, (1 2 3)):

Γ−(S4, (1 2 3)):
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Independent Sets

Graph theory helps us understand products and quotients:

Lemma

For any g ∈ G, both Γ+(G , g) and Γ−(G , g) are composed of
disjoint cycle graphs.

Definition

For a graph Γ, an independent set is a subgraph with no adjacent
vertices.

Lemma

Pc(G , g) = # independent sets in Γ+(G , g),

Qc(G , g) = # independent sets in Γ−(G , g).
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Lucas Numbers

Lemma

The number of independent sets of a cycle graph of length n is the
n-th Lucas number Ln.

A variant of the Fibonacci numbers:

Ln :=


1 n = 1

3 n = 2

Ln−1 + Ln−2 n > 2

= (φ)n + (φ̃)n,

where φ = 1+
√
5

2 , φ̃ = 1−
√
5

2 .
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Example Computation

Γ+(S4, (1 2 3)): # independent sets = L26 · L33 · L2 · L1

Γ−(S4, (1 2 3)): # independent sets = L83
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Quotient Forbiddance

Lemma

For g ∈ G with order ℓ,

Qc(G , g) = L
|G |/ℓ
ℓ .

Theorem ∑
A⊂G

|AA−1| =
∑
g∈G

(
2|G | − L

|G |/|g |
|g |

)
.

The value of Q(G , g) is dependent only on the order of g .

The order of an element is invariant under conjugacy classes
(more on this later).
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Cyclic Groups

Theorem

Let G = Cp. If g ∈ G, then Pc(G , g) = L
(p−1)/2
2 = 3(p−1)/2.

Γ+(C13, g) for any g ∈ C13:

• • • • • •

•

• • • • • •

Corollary

W (Cp) ∼ (p − 1)φp + 1− p
√
3
p−1

.
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Finite Abelian Groups

Theorem

Suppose G is an abelian group. Then, W (G ) ≤ 0.

Proof Sketch:

Order of g always determines Q(G , g). When G is
abelian, it also determines P(G , g).

W (G ) =
∑
g∈G

(
P(G , g)−Q(G , g)

)
=

∑
ℓ|n

E (ℓ)(P(G , g)−Q(G , g)).

where E (ℓ) is the number of elements of order ℓ.

Show each term is either negative or is canceled out by
another negative term.

Relies on Ln ∼ φn as n → ∞.

Need φ <
√
3, as we compare

√
3
n
to φn.
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Dihedral Groups (Non-Abelian)

Dihedral groups: Casework on rotations vs reflections
Example: Calculate the forbiddance sets for a rotation, ρ, in D12.

For ρ of order ℓ, with 12/ℓ odd, the product-quotient difference is

L
12/ℓ
ℓ − 312/2L

12/ℓ
ℓ , with the following kinds of cycles in PGρ:

ρ = τk

. . . στm−k στm στm+k . . .

τm τk−m

Full computation of the formulas verifies weighted product
dominance of dihedral groups.
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Connections to Representation Theory

Definition

Let p1g (x) := x−1g , (i.e. x · p1g (x) = g).

Recursively, we let pdg (x) = p1g (p
d−1
g (x)).

Length of cycle containing x is the minimal d ≥ 1 with pdg (x) = x .

Lemma

For g ∈ G and d ∈ N, the number of solutions to pdg (x) = x is

T (d , g) :=

{ ∑
χ ν2(χ)χ(g

−(d)) if d odd∑
χ |χ(gd/2)|2 if d even

The sum is taken over all irreducible representations.

Here, ν2 denotes the second Frobenius-Schur indicator.

Shows invariance of conjugacy class.
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Cycle Formula

Lemma

Let g ∈ G. The number of m-length cycles of Γ+(G , g) is given by

c(m, g) :=
1

m

∑
d |m

µ
(m
d

)
T (d , g).

Theorem

Let G be a finite group and g ∈ G. Then,

W (G ) =
∑
Cg

|Cg |

L
n/|g |
|g | −

∏
m|(2|g |)

L
c(m,g)
m

 .

where the sum is taken over conjugacy classes.

Advantages: Can quickly compute W (G ) for large groups.
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Monster Group

For fun:
Question: For the monster group, M, is W (M) positive or
negative?

Compute prime factorizations of terms of sum.

Compute magnitudes (term ∼ 1010
53
).

Identify and isolate leading terms.

Recompute only leading terms (formula simplifies =⇒
determine sign and magnitude).

Answer:

W (M) > 0

log(W (M)) ≈ 1.9276114377665424× 1053
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Future Work

Justify weighted dominance:

Show W (G ) > 0 =⇒ G has more MPTQ than MQTP sets.

Estimate proportion of subsets which are MPTQ/MQTP.

Compute W (G ) for more families:

W (N ⋊ H).

Groups of Lie type.

Compare similar families (dihedral vs. dicyclic).

Extend to infinite groups:

Covering ascending chains of subsets.

Finitely generated groups, studying words with bounded
length.

Haar measure for infinite sets.
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