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Introduction

The construction of the standard Fibonacci spiral.
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Introduction

The construction of the standard Fibonacci spiral.

0dd indexed turns: randomly place a square left/right.
Even indexed turns: randomly place the square up/down.
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Example

Consider the sequence:

Left Up Left Up Left
Right pown Right pown Right
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Example

Consider the sequence:

Left Up Left Up Left
Right pown Right pown Right

This yields the following tiling:
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One-Dimensional General Case

Set Fy=F =1...
We consider a 1-D version of our problem.
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One-Dimensional General Case

Set Fy=F =1...
We consider a 1-D version of our problem.

F2 FO F3 F4

Let b € Z*, and let X; be a random variable

X F; probability p
" lo probability 1 — p.

Then,

E(X:) = phi 3/13




One-Dimensional Expectation

Let 7). be a variable representing the index of the first flip to cover b.
Theorem

E(T;) = log, <\/§b> —3+40(1) = log,(b/p) + O(1)




One-Dimensional Expectation

Let 7). be a variable representing the index of the first flip to cover b.

Theorem

E(T;) = log, <\/§b> —3+40(1) = log,(b/p) + O(1)

By linearity of expectation and the identity "' | F; = Fj,40 — 1:

n
E(X0+"'+Xn) = pZFi = p(Fn+2*1)-
=0
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By linearity of expectation and the identity > "' | F; = Fj,;0 — 1:
E<XO+"'+Xn) = pZFi = p<Fn+2_1)'
i=0

To coverb,wesetE(Xy+---+ X,,) > b

b
p(Fn-i-Q_l) > b <= Fn+2 > -+1
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Two-Dimensional Case: Parity Decomposition

To cover (a, b), we decompose movement along each axis by step parity
(mod 2):




Two-Dimensional Case: Parity Decomposition ﬂ

To cover (a, b), we decompose movement along each axis by step parity
(mod 2):

e Odd-indexed steps (i = 1, 3,5,...): Contribute only to the width (z-axis)
¢ Even-indexed steps (i = 0,2,4,...): Contribute only to the height (y-axis)
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Two-Dimensional Expectation

Theorem

Emax{Ty,T,} = = - (ET, + ET, + E|T, — T,|)

N | —




Two-Dimensional Counting & Expectations

Using Fibonacci sum identities modulo 2:
¢ Horizontal (z-axis, ~ odd steps):
k
a
Y Fyja=Fy—-1 = E(S,)=p(Fa—1)>a = Fy>-+1
=1 b
V5a
p

— T$:2k—lzlog¢< )—2+0(1)




Two-Dimensional Counting & Expectations

Using Fibonacci sum identities modulo 2:
¢ Horizontal (z-axis, ~ odd steps):
k
a
Y Fyja=Fy—-1 = E(S,)=p(Fa—1)>a = Fy>-+1
=1 b
V5a
p

— T$:2k—lzlog¢< )—2+0(1)

e Vertical (y-axis, k£ + 1 even steps):

k
b
ZF%' = Foy1 = E(Sy) =pFogs1 >0 = Fopp1 > ~

j=0 P

5b
= T, =2k =log, (i) -2+0(1) 613




Two-Dimensional Expectation

Theorem

Emax{Ty,T,} = = - (ET, + ET, + E|T, — T,|)

1
2

Where ET,, and ET,, are calculated from the modulo 2 sub-sequences:

ET, = log,, <€a> ~2+0(1), ET,=log, (?) —240(1).
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D-Dimensional Case @

To cover (ay,as,...,aq), we must cover it on each the of d axes. This breaks
into d 1-D cases.
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D-Dimensional Case @

To cover (ay,as,...,aq), we must cover it on each the of d axes. This breaks
into d 1-D cases.

K

e i (mod d)-indexed flips contributes only to the k™ axis.
10/13




D-Dimension Expectation

Theorem

1 n
= (E[Tm} + ) ok (E[Ta;k} +E |max{Ty,, ..., Toy_, } — T | > ) :

k=2




Open Questions and Possible Directions

Open Question

Can we find a closed form for E,, (b) in 2 dimensions and higher?




Open Questions and Possible Directions ﬂ

Open Question

Is there an algorithm that allows us to generalize the Fibonacci Spiral to
the fair coin randomized tiling problem?
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