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» Suppose we are given an arbitrary image generated by an arbitrary function.

» We observe a discretized version of this signal with some measurements missing.
The white squares represent unknown pixel values.

» A standard reconstruction algorithm uses the observed measurements to
estimate the missing values.

»  The reconstruction does not look good because the initial image is not
spectrally compressible.
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» Now what if we assume that the image is generated by an underlying smooth
continuous signal.

» We observe only a discretized version of the signal, and some sampled values are
missing. The white squares represent unknown measurements.

» A standard reconstruction algorithm uses the known measurements to estimate
the missing values.

>

The reconstruction closely resembles the complete discretized image that would
have been observed if no measurements were missing because this intial signal is
indeed spectrally compressible.
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The Fourier Ratio

» For a function g : va — C, define its Fourier ratio by

&
FR = =
&) = 12l

» A small ratio means the Fourier mass behaves as if it is
concentrated.

P> A large ratio means the spectrum is spread out and harder to
recover from few samples.

» We find bounds for certain families of functions across several
geometries.
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Three geometric settings

Unit Square Unit Sphere Manifold
Fourier modes spherical Laplace—Beltrami
harmonics eigenfunctions

uniform grid cells

Euclidean
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Main Results

Fractional Sobolev regularity on the square
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L2 L2

1. Sobolev—Morrey gives W*P < C%% precisely when sp > 2.
2. Any positive o improves on the trivial bound FR(g) < N.

3. The endpoint o = 1 gives the critical v/log N growth and already includes
C! functions.
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A translated grid

Let f € C*([0,1]?) be nonzero and periodic. For every N > 2, there exists
t € [0,1)? such that, for

0= (S5).

one has

Vf
PG <1+ = AR L7t

HfHL2 ([0,1]2)

1. Average over a common translation of the entire grid.

2. Choose one translation with good sampled L? mass and discrete gradient
energy.

3. This removes the fixed-grid mass hypothesis and replaces the pointwise
C?! term by the continuous H' energy.
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Sobolev regimes on compact manifolds

Let M be a compact d-dimensional Riemannian manifold and f € V| be nonzero. For
every s > 0,
FR,(f) < L U favel CM,S—H(_Ag)S/QfHLZ(M) Wy (L),
VIMI Nlli2(m)y (1711 2y
1, s> %,
Wgs(L) = VIFlogLl, s=3%,
L5-3, 0<s< 9.
1. Above the critical Sobolev index s = d/2, the bound is uniform in L.
2. At the critical index there is exactly a v/log L loss.
3. Below the critical index the Fourier Ratio grows polynomially in L.
4. For surfaces, d = 2 and s = 1, so the gradient estimate is the critical case; the

sphere is an explicit example.

Housholder Et al.



Main Results

The critical surface bound is sharp

Let M be a compact Riemannian surface and define

fL: Z )\iej.

o<x <L Y
Then V.7
FRy(f,) = log L, IVefillzan _ ViogL,
||fLHL2(M)

and therefore
PRl _

= +/log L.

HngL||L2(M)

Housholder Et al.



Main Results

The critical surface bound is sharp

Let M be a compact Riemannian surface and define

fL: Z )\iej.

o<x <L Y
Then V.7
FRy(f,) = log L, IVefillzan _ ViogL,
||fLHL2(M)

and therefore
PRl _

= +/log L.

HngL||L2(M)

1. The logarithmic loss is caused by the eigenvalue distribution, not by an
artifact of the proof.

Housholder Et al.



Main Results

The critical surface bound is sharp

Let M be a compact Riemannian surface and define

fL: Z )\iej.

o<x <L Y
Then V.7
FRy(f,) = log L, IVefillzan _ ViogL,
||fLHL2(M)

and therefore
PRl _

= +/log L.

HngL||L2(M)

1. The logarithmic loss is caused by the eigenvalue distribution, not by an
artifact of the proof.

2. Thus y/log L cannot be replaced by any o(+/log L) factor in the critical
energy estimate.

Housholder Et al.



Main Results

Perturbations in sensor placement

Let X be the unit square, the unit sphere, or a compact Riemannian
manifold. If dx(x;,y;) <6, then

|X| q 1/2
(q > Iy - f(Xi)|2> Sx O I Vxflliee(x)-
=1

Housholder Et al.



Main Results

Perturbations in sensor placement

Let X be the unit square, the unit sphere, or a compact Riemannian
manifold. If dx(x;,y;) <6, then

|X| q 1/2
(q > Iy - f(Xi)|2> Sx O I Vxflliee(x)-
=1

1. Join each sensor location x; to its perturbation y; by a minimizing
geodesic.

Housholder Et al.



Main Results

Perturbations in sensor placement

Let X be the unit square, the unit sphere, or a compact Riemannian
manifold. If dx(x;,y;) <6, then

|X| q 1/2
(q > Iy - f(Xi)|2> Sx 0 IVl (x)-
=1

1. Join each sensor location x; to its perturbation y; by a minimizing
geodesic.

2. Apply the Fundamental Theorem of Calculus along the geodesic.

Housholder Et al.



Main Results

Perturbations in sensor placement

Let X be the unit square, the unit sphere, or a compact Riemannian
manifold. If dx(x;,y;) <6, then

|X| q 1/2
(q > Iy - f(Xi)|2> Sx 0 IVl (x)-
=1

1. Join each sensor location x; to its perturbation y; by a minimizing
geodesic.

2. Apply the Fundamental Theorem of Calculus along the geodesic.
3. Bound the integrand by the L*° norm of the gradient.

Housholder Et al.



Main Results

Perturbations in sensor placement

Let X be the unit square, the unit sphere, or a compact Riemannian
manifold. If dx(x;,y;) <6, then

|X| q 1/2
(q > Iy - f(Xi)|2> Sx 0 IVl (x)-
=1

1. Join each sensor location x; to its perturbation y; by a minimizing
geodesic.

2. Apply the Fundamental Theorem of Calculus along the geodesic.
3. Bound the integrand by the L*° norm of the gradient.
4. Use the distance bound dx(x;, y;) < 0.

Housholder Et al.



Main Results

Perturbations in sensor placement

Let X be the unit square, the unit sphere, or a compact Riemannian
manifold. If dx(x;,y;) <6, then

|X| q 1/2
(q > Iy - f(Xi)|2> Sx 0 IVl (x)-
=1

1. Join each sensor location x; to its perturbation y; by a minimizing
geodesic.

Apply the Fundamental Theorem of Calculus along the geodesic.
Bound the integrand by the L°° norm of the gradient.
Use the distance bound dx(x;, y;) < 4.

AR

Square and average over the sensor locations to obtain the total
placement error.
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Random sensor sampling

Let X be the unit square, the unit sphere, or a compact
Riemannian manifold partitioned into K equal-measure cells of

diameter at most hy . If sensors are placed uniformly at random,
then

IE[Tq] — K(HK - HK—q)a gplace SX hKHvaHLOO(X)-

Partition X into K cells of equal measure.
Associate each random sensor with the cell in which it lands.
Compute the waiting time to hit each new cell.

Sum these waiting times to obtain the coupon-collector
estimate.

B wn =

5. Use the cell diameter to bound the sensor-placement error.
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Stable /! reconstruction

Suppose FR(f) < r, let D be the spectral dimension, and set
s =min{D, [r*/*]}. If

q > C,K’slog’(2s) log(2D),
then, with high probability, * minimization gives

[f* = fllz < Co(ellfllz +m),

where 1) contains measurement error, including sensor displacement.

1. Square: D = N? and K = 1.
2. Manifold: D = D, and K = K|, the eigenfunction coherence parameter.

3. The Fourier Ratio and placement estimates therefore combine into the
paper’'s end-to-end recovery theorems.

Housholder Et al.
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Main takeaways

1. Holder and fractional Sobolev regularity force nontrivial
Fourier Ratio bounds on finite grids.

2. Translating the grid gives a sharper critical estimate controlled
by the continuous H' energy.

3. Compact manifolds exhibit the same three Sobolev regimes,
and the /log L critical loss is sharp on surfaces.

4. Sensor perturbation and coupon-collector estimates convert

these analytic bounds into stable random-sampling
reconstruction results on the square and compact manifolds.

Housholder Et al.
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