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Consider the following infinite checkerboard:
«O>» «(Fr «Zr «E» = Q>
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Consider the following infinite checkerboard:
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To move, jump a checker over another checker into an unoccupied square,
either vertically or horizontally, then the jumped-over checker is removed.
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To move, jump a checker over another checker into an unoccupied square,
either vertically or horizontally, then the jumped-over checker is removed.

«O>» «F>r «=r «=>» = A



Using a clever weighting of the board, Conway showed that it is not
possible to reach row 5 with only finitely many moves.
«AO> «F)>r «=)r « =) = Q>
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The Pagoda function

Using a clever weighting of the board, Conway showed that it is not
possible to reach row 5 with only finitely many moves.

Fix a target square T' (on row n) and assign each square values of powers
of x according to the Taxicab metric from T
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The Pagoda function

Using a clever weighting of the board, Conway showed that it is not
possible to reach row 5 with only finitely many moves.

Fix a target square T' (on row n) and assign each square values of powers
of x according to the Taxicab metric from T":
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We then calculate the initial energy of the board by summing the values of
each square with a checker on (for |z| < 1).
«O>» «(Fr «Zr «E» = Q>
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The monovariant

We then calculate the initial energy of the board by summing the values of
each square with a checker on (for |z| < 1).

2"(1+ x)
E = ———*
o) = Ty
It would be very useful if this quantity were to be non-increasing with each
move made. To this end, consider a move up the board.
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The monovariant

We then calculate the initial energy of the board by summing the values of
each square with a checker on (for |z| < 1).

2"(1+ x)
=P

It would be very useful if this quantity were to be non-increasing with each
move made. To this end, consider a move up the board.

Ep(n) =

This has initial energy 2¥T2 + 2%*1 and final energy 2, hence the change
in energy is

AFE = zF(1 — 2 —2?).
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The monovariant

We then calculate the initial energy of the board by summing the values of
each square with a checker on (for |z| < 1).

2"(1+ x)
=P

It would be very useful if this quantity were to be non-increasing with each
move made. To this end, consider a move up the board.

Ep(n) =

This has initial energy 2¥T2 + 2%*1 and final energy 2, hence the change
in energy is
AFE = zF(1 — 2 —2?).

Setting this to 0 and taking the reasonable value of x gives

vVE—-1 1

2 ®

r = =!I .
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It is easy to check that the energy of the board is invariant or decreasing
under all other possible moves.
«AO> «F)>r «=)r « =) = Q>
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Plugging this value of z into Ey gives Fy(n) = «

It is easy to check that the energy of the board is invariant or decreasing
under all other possible moves.

n—>s
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Conway'’s solution

It is easy to check that the energy of the board is invariant or decreasing
under all other possible moves.

n—>s

Plugging this value of z into Ey gives FEy(n) = «

If this is greater than 1 (the energy of the target square), then it is feasible
to reach the target square in finitely many moves.
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Conway'’s solution

It is easy to check that the energy of the board is invariant or decreasing
under all other possible moves.

n—>s

Plugging this value of z into Ey gives FEy(n) = «

If this is greater than 1 (the energy of the target square), then it is feasible
to reach the target square in finitely many moves.

This gives that is not possible to reach row 5 or higher in finitely many
moves.
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Conway'’s solution

It is easy to check that the energy of the board is invariant or decreasing
under all other possible moves.

Plugging this value of = into Fy gives Eg(n) = o>,

If this is greater than 1 (the energy of the target square), then it is feasible
to reach the target square in finitely many moves.

This gives that is not possible to reach row 5 or higher in finitely many
moves.

It is reasonably easy to check that rows 1 through 4 can be reached.
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Now consider the same setup where:

@ each nonempty square now starts with m checkers

@ it is possible to move into an occupied square.

<O «Fr < » > DA



Now consider the same setup where:
@ each nonempty square now starts with m checkers
@ it is possible to move into an occupied square.
For example,

forany 0 < k < m.

/\
m—k|m—k|m+k|
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Now consider the same setup where:
@ each nonempty square now starts with m checkers
@ it is possible to move into an occupied square.
For example,

forany 0 < k < m.

/\
|m—k|m—k|m+k|

All other rules remain the same. We call this the m-game.
«O>» «(Fr «Zr «E» = Q>
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Here and throughout we define the Fibonacci numbers

1
Fk) = —(¢" = (—a)F
(8) = (e = (-
by Binet's Formula, so that F'(0) = 0 and F(1) = 1.
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Here and throughout we define the Fibonacci numbers
1
F(k) =

V5

(¢" = ()"
by Binet's Formula, so that F'(0) = 0 and F(1) = 1.
Suppose it is possible to reach the state

F(k)
F(k-1)
somewhere on the top row of checkers.
«O>» «(Fr «Zr «E» = Q>
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From this state, consider the following sequence of moves:

0 0 0 1

: F(2)|0

0 0 F(1) |0

0 0 0 0

0 0 0 0

0 | Fk—1) 0 |0

F(k) F(k—2) 0 0

Flk—1) 0 0 |0

where the final 1 is on the k& — 1" row.

(O AFr <= < 2r E HAG



Fibonacci jumping

From this state, consider the following sequence of moves:

0 0 0 |1
: : F2) |0

0 0 F(1) |0

0 0 0 |0

0 0 0 |0

0 F(k— 0 |0
Fk) | F(k—-2) 0 |0
F(k—1) 0 0 |0

where the final 1 is on the k& — 1" row.
Hence if m = F'(k) + ¢ for some 0 < e < F(k — 1) it is possible to reach
at least the k& — 1" row.
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m, we have Ey(n) = ma

By multiplying the formula derived earlier for initial energy of the board by
n—>o

«O>» «(Fr «Zr «E» Q>



Upper bound on rows attainable

By multiplying the formula derived earlier for initial energy of the board by
m, we have Eg(n) = ma" 5.

It is theoretically possible to reach the nth row in finite moves if Eo(n) > 1.
Solving this for n gives that the maximum row attainable satisfies

N < log,(m) + 5.
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Upper bound on rows attainable

By multiplying the formula derived earlier for initial energy of the board by
m, we have Eg(n) = ma" 5.

It is theoretically possible to reach the nth row in finite moves if Eo(n) > 1.
Solving this for n gives that the maximum row attainable satisfies

N < log,(m) + 5.

Since n,, is always an integer,

Ny < Uogw(m) +5].
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Consider now the restriction to a single infinite column.

a
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Consider now the restriction to a single infinite column.

Arguments very similar to before give an upper bound

Ny < [Iogw(m) +2].
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Consider now the restriction to a single infinite column.

Arguments very similar to before give an upper bound

Ny < [Iogw(m) +2].

We want to find a strong lower bound for the number of rows attainable.

«O>» «F>r «=r «=>» = A



Constructive proof

Consider the following table (for m # 1):

’ move 1

SMALL 2024

Conway Checkers

‘ target ‘ amount needed ‘
F(n+1) F(n+1) 0
2m — F(n+1) F(n) Fn+2)—2m
2m —F(n+1) | F(n+2)—2m | F(n+3)—4m
m Fn+4)—6m | F(n+4)—Tm
m F(n+5)—11m | F(n+5) —12m
m F(n+6)—19m | F(n+6) —20m

July 11th, 2024

12/23



Constructive proof

Consider the following table (for m # 1):

] move 1 ‘ target | amount needed |
F(n+1) F(n+1) 0
2m — F(n+1) F(n) Fn+2)—2m
2m —F(n+1) | F(n+2)—2m | F(n+3)—4m
m Fn+4)—6m | F(n+4)—Tm
m F(n+5)—11m | F(n+5)—12m
m F(n+6)—19m | F(n+6) —20m

The target column gives the checkers required in the column, and the
amount needed gives the amount needed to be added to that square.
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(in the -kt row) is

It can be seen that the general term for the amount needed to be added

Fn+k+1)—apm
with agyo = ag+1 +ap + 1.
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It can be seen that the general term for the amount needed to be added
(in the -kt row) is

Fn+k+1)—apm

with agyo = ag+1 +ap + 1.

We also have the initial conditions a; = 2 and as = 4.
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It can be seen that the general term for the amount needed to be added
(in the -kt row) is

Fn+k+1)—apm

with agyo = ag+1 +ap + 1.
We also have the initial conditions a; = 2 and as = 4.
This can be solved to give

ap = F(k+3)—1.

«AO> «F)>r «=)r « =)

DA



Using this method, the nt" row is attainable if, for some k,

Fin+k+1) —agm < 0.
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Using this method, the nt" row is attainable if, for some k,
Fn+k+1)—aym < 0.

A sufficient condition for this is

mag

i 1
i Flnt k+1)
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Using this method, the nt" row is attainable if, for some k,
Fn+k+1)—aym < 0.

A sufficient condition for this is

mag

koo F(n+ k+ 1)
To find this limit, we use Binet’s formula.

«O>» «(Fr «Zr «E» Q>

> 1



Noting that || < 1 and substituting the aj found earlier, we have

lim ( mP(k +3)
k—o00

Fln+k+1)

m

F(n+k+1))
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Noting that || < 1 and substituting the aj found earlier, we have

lim ( mP(k +3)
k—o00

Fln+k+1)

Fm+k+D)
= lim
k—o00

meh3 —bm  m
oA =

m

S0n—2 :
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Noting that || < 1 and substituting the aj found earlier, we have

lim ( mF(k +3)
k—o00

- m
Fln+k+1)

F(n+k+1))
= lim

me*t3 — \/5m m
k—o0 (pn—l—k—l—l

- 90n—2 :
Setting this to be greater than 1 and solving gives a bound on n,,

nm > |log,(m)+2].

«O>» «(Fr «Zr «E» Q>



Ny =

In the one column Conway Checkers m-game, for m > 1, the maximum
row theoretically obtainable in finite moves is

Llog(p(m) + 2]

If m =1, it is only possible to reach row 1.

«O>» «F>r «=r «=>» = A

and it is always possible to achieve this row.




We now wish to apply this result to the whole board.
<O 4Fr <« « = = HaAnr
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Back to the whole board

We now wish to apply this result to the whole board.

The following state can be relatively easily obtained from the starting

board:

OO O|O||o|o| O

S|ololo||lololo

J|ololo|lo||lololo

m

3(3|3|3|3|3|3|e

m

S|3|ololo||loolo

Hence it is possible to raise a column up by 2 squares in finite time.
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We now apply our previous result to this raised column.

it
a

<O «Fr < » > DA



Statements

We now apply our previous result to this raised column.

Theorem

In the Conway Checkers m-game the maximum row attainable n,, satisfies
llog,(m) +4] < ny < |log,(m) +5].
In particular, it is always possible to reach within 1 row of the theoretical

maximum.
Note this is true for m = 1 by earlier arguments.

Conjecture

In the m-game, for m > 1, n,, satisfies

nm = |log,(m)+5].
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We have also obtained similar bounds with an assumption on the size of m.

<O «Fr < » > DA

it
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We have also obtained similar bounds with an assumption on the size of m.

For m sufficiently large, we have an algorithm to obtain the bounds
[Ioglp(m) + 4.67J < ng, < I_Iog(p(m) + 5J )

«Or «Fr «Er» «E» DHa



Other results

We have also obtained similar bounds with an assumption on the size of m.

For m sufficiently large, we have an algorithm to obtain the bounds
log,(m) +4.67| < ny < |log,(m)+5] .

For many choices of m, this gives a constructive method to reach the
theoretical maximum row.
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behaviour.

We have also been looking at slightly different rules and the resulting

<O 4Fr <« « = = HaAnr
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We have also been looking at slightly different rules and the resulting
behaviour.

Consider a slightly different jumping rule, where the checker jumps over 2
squares instead of 1.
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We have also been looking at slightly different rules and the resulting
behaviour.

Consider a slightly different jumping rule, where the checker jumps over 2
squares instead of 1.

[m[m[m][0]

|m—k|m—k|m—k|k|
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With these rules, the optimal jumping method uses the Tribonacci

numbers in the same way we earlier used the Fibonacci numbers.
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With these rules, the optimal jumping method uses the Tribonacci
numbers in the same way we earlier used the Fibonacci numbers.

By similar methods to earlier, it is always possible to reach within 1 of the
upper bound.
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Other results

With these rules, the optimal jumping method uses the Tribonacci
numbers in the same way we earlier used the Fibonacci numbers.

By similar methods to earlier, it is always possible to reach within 1 of the
upper bound.

Predictably, if you jump over n squares at a time, then the (n + 1)-nacci
numbers are the optimal jumping method.
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