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Motivation

Let’s send two messages using two different approaches:

"Hi" "Hi"
| |
0100100001101001 0100100001101001
| 1
H100M0000110mMO001 . bFLl

[ f07f17f27f37f47 f57/f67f77 f87
for Fros fi1, fros Fiss fras fis ]

l

Received:

[/!7/]517 ]iZa f3/7\.7 .L\f67f\77 f87
f97f107f117f127-7f147 f15 ]

We receive only part of a signal /frequencies - the rest is missing.

No way to restore the original
signal unless we know more :(

Questions we want to answer:

e [s it possible to reconstruct the full message?

e \What are sufhicient conditions for reconstruction?

Background

e We will call an arbitrary function f : Z% — C a signal.

e We will call an arbitrary function’s Fourier transform ]?: 75 — C a

frequency.

]?eﬁnition: Let f:Zy X Zr — C. The normalized DFT,
f . Zy x Zp — C, offisgivenby

f(mn \/77;‘ :Izyexp( QWi(x](fnly;))
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Classical Recovery Condition [2]

A

Let f: Zx X Z7 — C, and suppose we transmit the frequencies f,
but the values of f are missing in M C Zy X Zp. It f is supported
in £ C Zy X Z7 and

then f can be recovered exactly using Logan’s method [1], which
consists of finding f = argmin, ||g|| 11z, xz,) subject to

g(m) = f(m) for all m ¢ M.

Improved Recovery Condition Using the Gabor
Transform

We are interested in applying the Gabor transform, an object from
continuous harmonic analysis, to our discrete setting.

Definition: Let f: R — C be (Lebesgue) integrable. The Gabor
transform of f is defined by

Gyleo.r) = [ gl = e,

where ¢ is a window function, commonly taken to be g(t) = e 27,

The window function isolates the function within a short time span,
as it can be easier to reconstruct f with reasonable accuracy based
on knowledge of its approximate frequencies in short periods of time
than based on an imperfect transmission of the Fourier transform of
the entire function.

In the discrete setting, rather than taking the window function to be
the normal distribution, we can take the window function to restrict f
to particular rows or columns in its domain.

Definition: Given a function f : Zy x Z7 — C, we define its row-wise
Gabor Transform Gf : Zy X Z7 — C by

Gf(m,a): UQthCL 23V't,

tEZL N

ie., Gf(m,a) = f(—, a)(m).

Theorem (SMALL 2025)

Suppose f : Zy x Zp — C, where T' : N — N such that T'(N) = 0( NGN)a,
and define

Eax = max |supp,(f (¢, a))|.

CZZT

Suppose we transmit G f(m, a) for all (m, a) € Zy X Z7 and that the distribution
. Let M be

of lost frequencies is binomial with fixed probability 0 < 6 <

max

the set of missing frequencies and define
M pax = maxgez, |[M N{Gf(t,a) : t € Zy}|,
M iy := mingez,. M N{Gf(t,a) :t € Zn}|.
N
2Fax

As N — oo, P(Mmax<

unique recovery converges to 1.

> — 1, which implies that the probability of

1

N
,asN—)oo,IP’(Mmm< )%0.

Furth tor 60 >
ur ermore, or QEmaX

max

?We use standard asymptotic notation: f(N) = O(g(N)) means |f(N)| < C|g(N)| for some
constant C' > 0 and sufficiently large N, while f(N) = 0(g(/V)) means limy_,, f(N)/g(N) =

Discussion

Suppose [ : Ziy X Zp — C has support E C Zy X Z7, and we transmit
f . its Fourier transform in Zy X Zp. Suppose also that the values of
f are missing in M, and that each element of M is lost independently
with probability #. Then, the expectation of lost frequencies is NT'6.
50, according to the classical recovery condition

NT
El|M] < —-
|E| can be as large as
- NT 1
1 = 1
2NT® 20

while guaranteeing unique recovery with high probability for /N suffi-

ciently large. In our theorem, we only require

1
Emax < —
20’

which means that |E| can be as large as

" (|| )

while nearly guaranteeing unique recovery for N large enough, with the
restriction on the growth of 1" being 1" = o (\/ NeV ) .
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